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Abstract An approach to solve finite time horizon suboptimal feedback control problems
for partial differential equations is proposed by solving dynamic programming equations on
adaptive sparse grids. A semi-discrete optimal control problem is introduced and the feed-
back control is derived from the corresponding value function. The value function can be
characterized as the solution of an evolutionary Hamilton—Jacobi Bellman (HJB) equation
which is defined over a state space whose dimension is equal to the dimension of the under-
lying semi-discrete system. Besides a low dimensional semi-discretization it is important
to solve the HIB equation efficiently to address the curse of dimensionality. We propose to
apply a semi-Lagrangian scheme using spatially adaptive sparse grids. Sparse grids allow
the discretization of the value functions in (higher) space dimensions since the curse of
dimensionality of full grid methods arises to a much smaller extent. For additional efficiency
an adaptive grid refinement procedure is explored. The approach is illustrated for the wave
equation and an extension to equations of Schrodinger type is indicated. We present several
numerical examples studying the effect the parameters characterizing the sparse grid have
on the accuracy of the value function and the optimal trajectory.
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1 Introduction

In this paper we present a framework for finite horizon closed-loop suboptimal control of evo-
lutionary partial differential equations (PDEs) based on a dynamic programming approach
on adaptive sparse grids. We consider control problems for systems which arise from a
semi-discretization (in space) of a PDE and solve the corresponding dynamic programming
equations with adaptive semi-Lagrangian schemes on sparse grids. More precisely, we con-
sider optimal control problems of the following type

T
min J (1) :/ [(y(t), u(t))dr,
0

ueUy

yi(t) = f(y@), u()),
y(0) = yo.

(1.1)

with dynamics f: R? x R™ — R,d,m € IN, which arise from a semi-discretization of
a PDE, running cost /: RY x R™ — R, the initial state Yo € R, the set of admissible
controls Uyq, and time horizon 0 < T < oo. The presented approach is illustrated and
numerically analyzed for the wave equation. Additionally we show how the approach can be
transferred to equations of Schrodinger type and present numerical examples for a simplified
bilinear setting in 2D. Although other approaches may be considered to control the solution
of the corresponding semi-discrete systems—without using Hamilton—Jacobi Bellman (HJB)
equations—the presented approach aims to give a general framework which is applicable on
a wider class of problems. There are only few results on numerical methods for closed-loop
optimal control of partial differential equations which are suitable for nonlinear problems.

To set up a feedback law we characterize the value function of problem (1.1) as the viscosity
solution of an instationary HJB equation, from which we derive a control in feedback form.
However, solving the HIB equation numerically is due to the curse of dimensionality very
challenging in higher dimension. To reduce the computational effort there exist different
possibilities. On the one hand the dimension of the dynamical system can be reduced by using
model order reduction techniques for the discretization of the underlying PDE. An efficient
reduction method is, e.g., proper orthogonal decomposition (POD) for certain classes of
nonlinear equations, see, e.g., [32,33]. A low-dimensional discretization based on spectral
elements (taking the first d sinus-modes as a basis of the discrete state space) is used in
[31]. On the other hand efficient numerical methods are crucial for solving the HIB equation.
There exists a wide range of methods including (higher order) finite difference [41], semi-
Lagrangian [13,15], discontinuous Galerkin methods [28], sparse grids [10], or low rank
tensor approximation for linear HIB equations [27].

In this paper we use spectral elements for the discretization of the underlying PDE fol-
lowing the approach in [31]. The corresponding HIB equation is solved by an adaptive
semi-Lagrangian scheme on sparse grids based on [10]. While the HIB equation is defined
on the full space, for the numerical approximation a finite computational domain and an
artificial boundary condition has to be chosen carefully. The use of regular sparse grids
implies a reduction of the degrees of freedom. For functions f from the Sobolev-space
with dominating mixed derivative Hriix the number of grid points on discretization level n,
with one-dimensional mesh size #, = 27", reduces from O(h;d) to O(h;l(log h;l)d_l),
whereas the asymptotic accuracy with respect to L2- or L>°-norm decreases only from O (h,zl)
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to O(h2(logh; ")¥="). Sparse grids go back to the work by Smolyak [44] and in particular
Zenger [47], Griebel [23], and Griebel and Bungartz [11]. In case of nonsmoothness of the
solution an adaptive sparse grid scheme may allow to improve the accuracy of the approxi-
mation, we refer to [17,43] for references on adaptive sparse grids. Note that the interpolation
on sparse grids is not monotone [10,43], e.g., the sparse grid interpolant of a non-negative
function can be negative on non-interpolation points. Therefore the scheme is in general not
monotone and a convergence theorem follows not directly from Barles and Souganidis [5].

In this paper we consider control problems for the wave and the bilinear Schrédinger
equation. In contrast to [ 10] we consider different underlying systems and allow more general
controls than bang-bang controls. We study numerically the error in the approximating value
function (for d = 2) and the optimal trajectory and control (2 < d < 8). Since for normal
sparse grids the nodes on the boundary become dominant in the computational complexity
in higher dimensions, i.e. the ratio of points on the boundary versus that in the interior grows
significantly with increasing dimensions [43], it is crucial to solve the equation by using only
inner nodes and to use a fast approach to determine the Hamiltonian minimizing control.

To put the results in a general context we give an overview of some related work. For
results on feedback control of infinite dimensional, second-order (in time), linear oscilla-
tors, see [21]; further we refer to the review article by Morris [39] on feedback control
problems of PDEs considering in particular applications in the control of noise and plate
vibrations. Moreover, we mention the monograph by Lasiecka and Triggiani [34] on control
theory of PDEs. Regarding feedback stabilization of (the finite- and infinite-dimensional)
Schrodinger equations, see, e.g., [7,37,38]. For optimal feedback control problems by solv-
ing HJB equations for reduced systems using proper orthogonal decomposition we refer to
[1,2,22,26,32,33], for reduced system using spectral elements to [31]. Regarding estimates
for the error between the value functions of the continuous and semi-discrete optimal con-
trol problem in case of linear dynamics we refer to [16]. For publications on sparse grids
we refer, e.g., to [11,19,23,25,43,47]. For sparse approximation of PDEs in high dimen-
sions, see, e.g., [14] and for sparse grids methods for solving Schrodinger equations we refer
to [20,24]. Higher order semi-Lagrangian schemes on sparse grids for second order HJB
equations are considered in [46]. Furthermore, in [45] several two dimensional numerical
examples for semi-Lagrangian schemes on sparse grids for first order HIB equation are con-
sidered. We further mention that model order reduction in combination with sparse grids was
considered in [6,42].

The paper is organized as follows. In Sect. 3 we formulate the closed-loop optimal control
problems arising from control of the wave and Schrodinger equation, in Sect. 4 we recall
the basic ideas of sparse grids, in Sect. 5 we formulate the semi-Lagrangian scheme, and in
Sect. 6 we present several numerical examples illustrating our approach.

2 Notation

Throughout the paper we use for given interval (resp. bounded domain) 2 C K with
K € {R, C} the usual notation for the real-valued (resp. complex-valued) Lebesgue spaces
L?(£2, K) (resp. L*(£2, K)), and analogue for Sobolev spaces Hj (£2) = H} (£, R) (resp.
Hi(2) = Hj(22,C)),m € N. We set H = L*(2, R) and H = L?(£2, C). Furthermore,
we introduce for a Hilbert space W the Bochner and Hélder spaces by L?(0, T; W) and
ck 0, T; W), k =0, 1, omitting the index for k = 0. For the Euclidean and maximum norm
in R", n € IN, we use the usual notation |-, and ||-|| 5-
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3 Optimal Control Problems

In this section we introduce an optimal control problem for the wave and Schrodinger equation
and the corresponding semi-discrete (in space) problems.
In the following, let 7 > 0 be a finite time horizon, L > 0, and ¢ be a positive scalar.

3.1 Optimal Control of the Wave Equation

To formulate the optimal control problem for the wave equation, we first define the set of
admissible controls

UY:=L*(0,T;U"), with U":={ueR"|us <u<up) (3.1)

for ug, up € R™, m € IN. For controls u € U, the equation is given by

S —cAY = B¥u in (0,7T) x £2,
yO) = Jo, 3(0) =3 ing2, (3.2)
y=0 on (0,T) x 382
for initial state and velocity Yy € HOl (£2) and y; € L2(£2), and control operator B" (x) :=
(sin(mxy), ..., sin(mmxy)) for x € £2. Equation (3.2) has a unique solution
$eC(0,T; Hy(2))NnC (0, T; L*(2)), 3.3)

see [35, pp. 275 and 288]. Let the cost functional be given by

T
I (u,3) = /O (B 15() = vall 3y + Bulu?) dr, (34)

for yg € H and By, > 0 and B, > 0. We denote the control-to-state operator for the wave
equation by $,[-]. The optimal control problem is given by

min F* () := J" (u, $ulul), ueUY. (3.5)

The existence of a unique solution of the control problem (3.5) follows by classical arguments,
see, e.g., [36].

Next, we introduce a semi-discrete formulation of the control problem, in particular we
use the method of lines. For a given basis b := (g1, ..., ¢4), with ¢; € HO1 (£2),d € N, we

define
A= ((V(p,- (x), Vo (x)i j=1,.., d) (stiffness matrix),

(3.6)
M := ((¢i (x), j (X))i, j=1....d) (mass matrix).
Note that for our numerical experiments in Sect. 6 we will choose
i (x) :=sin(inx), i=1,...,d, 3.7
and obtain
A = diag ((1/2(in)2)i:1’_wd) . M = diag((1/2)i=1....a)- (3.8)

although the following exposition holds for a general basis b.
A semi-discrete formulation of the wave equation with respect to a basis b is obtained by
a first order system in time given by

Yu®) = fYOuw®, u@®), >0, y(0) =y (3.9)
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with v, (£) € R?? and the dynamics
FU R xR” > R, fY(x,u) = A%x + B%u, (3.10)

where

wo._ 0 1y wo.__ 0 2d
(L0 ) (). wer o

Furthermore, we define the functional
T
Jy (u, y) 2=/ I (y(), u(r))dr (3.12)
0

with running cost ¥ (x, u) := ﬂyxlTMxl + BuuTu for x = (x1,x2) € R* y € U". The
semi-discrete optimal control problem is given as

min F)’ (u) == J;" (u, yplul), u € Uy. (3.13)
Existence of a solution for (3.13) follows similarly as in the continuous case.

3.2 Optimal Control of the Schrodinger Equation

We define the set of admissible controls for the Schrodinger equation
Si=L2(0,T;U%), with U := {u € Rlug < u < up) (3.14)
and introduce the equation for controls u € U} by
iyr+cAy —uB*y =0 in(0,T) x £2,
$(0) = o in 2, (3.15)
y=0 on (0,T) x 082,
with initial state yo € P_Iol (£2), and scalar B* € RR. Equation (3.15) has a unique solution in
C(0,T; Hy())nc' (0, 7; H'(2)), (3.16)

see [35]. We define the cost functional as
s N r N 2 2
5 5) = [ (8 150 =l + putuoF) o (3.17)

with yq € H, By > 0and B, > 0. The optimal control problem is given by
min F* (u) := J* (u, 35[ul), ue U}y (3.18)

where, in analogy to the wave equation, ys[u] denotes the solution of (3.15) for given u €
U3, The existence of a solution of (3.18) can be shown using classical arguments, see [3,
Proposition 7.5].

We introduce a semi-discretization of the Schrodinger equation as a real-valued system
as

FOR¥ xR —> R, fS(x,u):=Ax +uB’y (3.19)
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with
s 0 cM~1A (M 0 s 1A
A'_(—CM_'A 0 , M= o M) B’ = M™'B,
0 3 (3.20)
A — = . } s dxd
B-—(g 0), B =diag (B*,..., B’) e R“*“.
The discrete cost functional is given by
T
Jp (U, y) 2=/0 F(y(), u())dt (3.21)
with running cost
I (x, u) i= ByxT Mx + Bu’ u, (3.22)

where x = (x1, x2) € R?,u € U. The semi-discrete optimal control problem is given as
min Fj (u) := Jj (u, ys[ul), wu € Uy. (3.23)
Again, existence of a solution of (3.23) follows similarly as in the continuous case.

3.3 Suboptimal Feedback Control
We introduce the value function for both semi-discrete problems (3.13) and (3.23):
T
v(x, 1) = inzf]/ [(y(s), u(s))ds, s.t. (3.24)
uet Jt

y(s) = f(s), uls), y®)=x, s>t, (3.25)

forz € [0, T]and x € R* with[ = 1", f = f*, and U = U¥ (resp.[ = I, f = f*, and
U = U?) for the wave (resp. Schrodinger) equation. The value function satisfies the dynamic
programming principle

v(x, 1) = inf (/ [(y(s), u(s))ds + v(y(z), r)) in R* x [0, T, (3.26)
ue t

for all T € [t, T] and can be characterized as the unique viscosity solution of

—v(x, 1)+ H(x,Vv) =0 inR* x [0, T],
[ v(x, T)=0 in R, (3.27)
with Hamiltonian
H(x, p) == sup (—f(x, W p—I(x, u)) (3.28)

uelU

for x € R% and pE R, see [4,29].

We assume that for the value function holds v € C1(R2? x [0, T']). To derive a feedback
control law from the value function we introduce the set-valued map (following the notation
in [18, Chapter I]) given by

¢*(x, 1) := argmin {—f(x, W Vou(x, 1) — I(x, u)} : (3.29)

uel
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We call u: R* x (¢, T) — U an admissible feedback control and define u(s) := u(y(s), ).
Let u* be an admissible feedback control with

u*(x,s5) € g¥(x,5) (3.30)

for all (x,s) € R* x (¢, T) and admissible for the initial condition (x, ), then we call u*
an optimal feedback control and with the corresponding solution y* we have

u(s) = u*(y*(s), 5). (33D

We call the corresponding trajectory for given initial state (x, t) optimal.
Note that for f and [ given as above we obtain from the feedback law in (3.29) that

1
(), 5) = Pup, (—ﬂ—(BW)Tvxv (), s)) (3.32)
for the semi-discrete wave equation and
1
u* (y*(s).8) = Pys, (—ﬂ—y*mT (B)" Vo (y* (), s)) (3.33)

for the semi-discrete Schrodinger equation, where Pyu (resp. PU{fd) denotes the projection
on the set of admissible controls.

3.4 Curse of Dimensionality

Optimal control problems of type (3.24) and (3.25) allow to derive controls in feedback
form from the corresponding value function given as the unique viscosity solution of an
instationary HJB equation (3.27). However, when the problem arises from a semi-discrete
optimal control problem governed from a PDE, it usually leads to a high dimensional state
space and, because of the curse of dimensionality, the numerical approximation becomes
very challenging.

For the numerical approach, the first step is a restriction of the state space to a suitable
bounded subdomain Q C R??. To make the problem numerically feasible and to reduce
the computational effort two different aspects are crucial. On the one hand the reduction of
the dimension of the underlying system and on the other hand efficient schemes for solving
the HJB equation (3.27). In this paper we focus on the latter and analyze the approximation
by adaptive semi-Lagrangian schemes on sparse grids. Nevertheless, a low dimensional
approximation is necessary such that the problem is numerically feasible. Here, following the
approach presented in [31], we consider semi-discretizations based on spectral elements and
the aimis to control the lower modes (neglecting the behaviour of the higher modes). However,
the presented framework could also be applied to optimal control problems of parabolic
equations for which model order reduction techniques like proper orthogonal decomposition
are very efficient (cf. the cited references in the introduction).

4 Sparse Grids

For the numerical approximation of the value function we use a semi-Lagrangian scheme
on adaptive sparse grids. In the following we recall the main ideas behind (adaptive) sparse
grids, more details can be found in e.g., [11,19,43]. Let here, to simplify the exposition,
0 =10, 119, d € IN. For a multiindex [ = (I1,...,1ly) € IN we introduce a mesh Q; with
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mesh parameters h; = (hy,, ..., h;) which are constant /;, := 2~ in each direction but
may differ with respect to the dimensions. The grid points are denoted by

Xj= (i o Xigja) s X = el t=1,....d. 4.1)

Here, [ denotes the level which characterizes the resolution of the discretization and j defines
the position of the mesh point. Let

=span{(p£l j,=0,...,2”,z=1,...,d} 42)

be the space of all d-dimensional piecewise d-linear hat functions. The hierarchical difference
space is given by

d
W= V\EP Vie,. (4.3)

t=1

where ¢; denotes the 7th unit vector. Therefore W; consists of the functions in V; which are
not in any V;_,, and this allows the construction of a multilevel subspace splitting. Thus we
define, denoting by < a component-wise relation here and in the following,

=P we. (4.4)
k=l

cf. Fig. 1. With V,, := V{,, ) forn € IN every f € V, can be characterized as

Z Zal jre(x 4.5)

llloo<n jeB;

.....

with so-called hierarchical coefficients o, ; € R and for

B = [ jeNd |/ (4.6)

=1,...,2 =1, jodd, t=1,...,d, ifl, >1,
[—012 t:l,...,d, lfl[:l ’

In nodal (4.2) or hierarchical (4.5) basis a function f € V,, with discretization level n is
characterized by (2" + 1)¢ points.

To proceed, we need the so-called Sobolev-space with dominating mixed derivative Hr%lix.
We introduce the corresponding norm and semi-norm

k
171 0= 2 105 B and Iflg o= |0 of| . @D
0<k<2 XXy d
respectively. One formally defines
H2 (@) = [f e H [ Iflz =C for >0 4.8)

which satisfies the relation H>4(Q) C H2, (Q) C H?*(Q), see [25]. For f € H2. (Q)
there holds, see e.g., [11],

[£il, = @ - 2720 2 (o, 4.9)

with constant C(d) > 0 depending on the dimension d and

fi = Zal’lqbl*l(x) eWw.

JeBL
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Fig. 1 Supports of the basis functions ¢y, ; of the hierarchical subspaces W} of the space V4 = V(4 4, where

the functions of each W have disjunct support. The regular sparse grid Véf contains the upper left triangle of
spaces

The hierarchical mesh becomes a sparse mesh when taking out those basis function which
have a small contribution to the representation of the function, i.e. those with a small support
due to estimate (4.9). Following Griebel [23] and Zenger [47], we replace ”L ”oo < n by the
rule

I, <n+d—1. (4.10)

For the dimension of the sparse grid space it holds dim V] = O(2" - n?=1), in comparison
to regular grids where we have dim V,, = @(2"¢). For functions f € HZ2. (Q) there holds

the error estimate i
[ £ = £, = 0 (3 (1ogh, ")) (.11)
in comparison to the approximation on regular grids, where we have
If = fal,=0m). (4.12)

This fact leads to a strong reduction of the computational storage consumption in comparison
to a full mesh approach for a similar approximation quality. If the required Hrfl -regularity
is given, the points in the sparse grid are optimal in a cost-benefit analysis [11].

ixX

@ Springer



10 J Sci Comput (2017) 70:1-28

4.1 Adaptive Sparse Grids

For a further reduction of the number of nodes we use an adaptive refinement strategy as in
[10], where the values of the hierarchical coefficients are employed as error indicators [17,43].

We now collect the indices (I, j) of the employed adaptive sparse grid functions in an
index set Z, denote the resulting discretization mesh as Q7 and start with some suitable
initialization Z = {(/, j)l¢,; € V;;} for a small n. In the iterative adaptive procedure to build
the refined index set Z, an index ([, j) € Z is then marked for refinement if there holds, for
given parameter £ > 0, B

jar | H‘/’MH > ¢ @.13)

for the hierarchical coefficient ¢;, ; in the function representation (4.5). In such a case the 2d
children, left and right in each dimension, are added to Z, where for consistency one might
need to add fathers in other dimensions of these newly added sparse grid points. The spatially
adaptive refinement algorithm to build an adaptive sparse grid for given function F, initial Z,
and ¢ is presented in Algorithm 1 and is based on [10] and described in more detail therein.

Algorithm 1: Spatially adaptive refinement

Data: initial Z, refinement threshold ¢ and function evaluation F
Result: refined 7, adaptive sparse grid approximation of F in V7
for all indices (1, j) € Z do
L compute F(QTJ-) > evaluate F on initial grid

compute hierarchical values ¢ ; for all indices;
while indices are added to T do

for (I, j) e Zdo > look at all indices
if ‘O‘Lll . “@’l” > ¢ then
forr=1,...,ddo > surplus is large
it A,j) ¢ Tforl=1+e andj€{j+ ji e + 1) then
{ LI;IU(L 0 - > add children not in 7

check V(I, j) € I: a, z) € Zforl <land supp(drl’;) al supp(¢Ll) #0;

for all added indices (1, J)e€Tdo
L compute F@Lj) > evaluate F at new grid points

compute hierarchical values o ; for newly added indices

Additionally, we also use coarsening of the spatially adaptive sparse grid, i.e. for given
parameter 77 > ( we remove an index (, j) from Z if

a1 || <. (4.14)

and no children of (/, l) are in Z, see Algorithm 2. This is to avoid unnecessary function
evaluations on sparse grid points whose basis function only have little contribution, again
see [10] for more details. A typical choice is n = ¢/10, which we will use in our experiments
in Sect. 6.
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Algorithm 2: Spatially adaptive coarsening
Data: index set Z, coarsening threshold 7, and o v, l) el

Result: coarsened index set Z
while indices are removed from T do

for (I, j) e Zdo > look at all indices

if oy ;|- lléy, Il < n then > surplus is small
itve=1,...,d:(I,j) ¢ Tfori=1+e and j €{j+ ji e, 1} then

LI:I\Q,D > remove if no children in 7

Note that several norms are possible in (4.13) and (4.14), e.g., L*(Q), L2(0), LY(0),
H'(Q) or mixtures thereof. In the numerical experiments we use | - || zoo(p) which is one for
the employed basis functions.

5 The Semi-Lagrangian Scheme

To compute the value function numerically we apply a semi-Lagrangian scheme, cf., e.g.,
[15]. For a bounded domain Q c R? we apply for its discretization Q7 the procedure

5.1
k() =0 e

[ vh (@) = min (Arl(x, u) + 1 [v] (e (AD),
u

forallx € Q7,timestep At >0,k =K, ...,0,and K = T/At, where 7 is either the index

set of a regular or adaptive sparse grid. The interpolation operator [ is defined on the grid

points of Q7 by I[v](x) = v(x) forall x € Q7 and y, (At) denotes the state obtained by a

time discretization scheme when going from x one step forward in time.

5.1 Computational Domain and Boundary Treatment

When using sparse grids, the number of points on the boundary increases, in comparison to
inner points, strongly with respect to the refinement level and the dimension, see, e.g., [43].
To avoid this behaviour we use so-called fold out ansatz functions which are defined with
inner nodes only and extrapolate them to and over the boundary following ideas developed
in [10,43], see Fig. 2a, b.

Besides this, we have to prescribe some boundary condition for solving the dynamic
programming equation on the extended domain. We set the second derivative equal to zero,
which corresponds to a linear extension of the values on inner nodes over the boundary. With
the fold out basis functions we have this extrapolation outside of the domain naturally, see
Fig. 2c¢. For the normal basis function we set the value of v for an evaluation point outside
of the domain, i.e. (X, y) = (x & h, y) with (x, y) € dQ; and h > 0 the distance from X to

0, as
v(X,y)=v(xxh,y):=2-v(x,y) Fvix Fh,y), (5.2)

taking either the backward or forward difference quotient depending on which part of the
boundary we are. If the evaluation point is outside of the domain in more than one dimension
we treat all affected dimensions in this way.
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?1,0 b1,1 b1,2 $1,1
2.1 $2,3 ¢2,1 ¢2,3

¢31 ¢33 ¢35 037 3,1 ¢33 ¢35 ¢3,
(a) (b)
b2,3 b2.3

92,3
x2,3 1 z2,3 1 T23 T

(o)

Fig. 2 Normal and fold out basis functions. a Normal basis, b fold-out basis, ¢ last basis before the boundary
gets folded up and linearly extrapolated across the boundary

5.2 Computational Aspects of the Minimization in the Hamiltonian and the
Feedback Law

In general the determination of the minimum in the right hand side of (5.1) over the set
of admissible controls on sparse grids is a non-trivial task; already on regular grids this
questions has to be addressed carefully, for a discussion of first-order and second-order
algorithms see [30]. For global minimization algorithms on sparse grids see, e.g., [40]. In the
following we discuss two different methods to determine the minimizing control which can
be used within the SL-scheme as well as for computing optimal trajectories.

5.2.1 Feedback Law Based on Minimization by Comparison

In this approach a finite subset U, C U canbe chosen over which the minimizer is determined
by comparison over its elements, i.e. we chose

w*(x,5) € argmin (o5 + At f@u),5) + Al ), x€ Q7 (53)
uelU
see, e.g., [4,15]. This approach is easy to implement and allows to consider also non-smooth
cost functionals, however it is very time consuming in higher dimensions in particular if the
control has several components.

5.2.2 Feedback Law Based on the Gradient of the Value Function

In case of differentiability of the value function a projection formula for the minimization
using the gradient of the value function can be used, see (3.32) and (3.33). Within the semi-
Lagrangian scheme, the value function of the previous time step is used to evaluate the right
hand side in the feedback law. A suitable approximation of the gradient has to be chosen.
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A finite difference approximation using the interpolation on sparse grids can be used given
by

1
u%gw)sz(—ng%Tv%ﬁ“@Lw) (5.4)
for the wave equation and
1
u%Lm=PU(§wUWVWw“@»0 (5.5
u

for the Schrodinger equation, respectively, with

(vhvnﬂ(L s)) :: VT x4 hiys) — 0T (x — Ry s) 5.6)
i 2h
forh; = (0,...,h,0,...0) € R* and h > 0. However, the choice of 1 > 0 in the difference
quotient approximation is not naturally given on sparse grids as it is the case for regular grids.
In Sect. 6 we will compare numerically both approaches for determining the minimizing
control.

5.3 Evaluation of the Right Hand Side in (5.1)

For the computation of yy (At) we use the second order Heun scheme

1 - -
yi(At) = 3 (x+X+Ar- f(xu)), (5.7
where X is computed with the Euler scheme
Ve(AD) 1= x + Atf(x. u). (5.8)

For the evaluation of the right hand side of (5.1) in the n-dimensional space given by
Fr(x) = mi{} (e (AD) + Atl(x, w)), k=K, ...,0, (5.9
ue -

we interpolate the expression on sparse grids as presented in Algorithm 3.

Algorithm 3: Adaptive SL-SG scheme
Data: suitable initial index set Z, refinement constant ¢ and coarsening constant 7

Result: sequence of adaptive sparse grid solutions vy € Vz) fork =K, ...,0

Alg. 1 with Z, ¢, and Fi(x) =0 > interpolate ¢ by vy € Vz()

Alg. 2 with Z(0), n, and vo > coarsen v

fork=K—-1,...,0do > iterate in time with Ar=T/K
Alg. 1 with Z(k), € and Fy(x) > compute vr—1 € Vzp—1)

L Alg. 2 with Z(k — 1), n and vx_ > coarsen Vi1 € Vzu-1)

5.4 Computation of the Trajectory

For the computation of optimal trajectories we solve the dynamical system (3.25) with the
control given by the feedback laws using comparison after (5.3) or using the gradient of the
value function after (5.4) and (5.5), respectively. The dynamical system is solved by the Heun
time-stepping scheme. Note that one can choose the stepsize i for computing (5.6) for the
trajectory differently from the choice within the semi-Lagrangian scheme.
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The computational domain is chosen (by ‘testing’ and ‘checking’) in such a way that the
trajectory does not reach the boundary to avoid numerical artefacts.

6 Numerical Examples

In this section we present several numerical examples in which we study for optimal control
problems of type (3.24) and (3.25) the accuracy of the discrete value function (for d = 2)
and optimal trajectories (for 2 < d < 8) when solving the corresponding HIB equation by
the SL-SG-scheme described in Sect. 5. For the study of convergence of the SL-SG-scheme
we focus on the discretization error in space while using a time resolution which is “good
enough”. While on regular grids various error estimates for semi-Lagrangian schemes are
known, see, e.g., [4, Appendix A] and [5], on sparse grids very little results are available in
the literature, see, e.g., [46] where under a certain assumptions an estimate is derived.

Since we only have an inefficient proof-of-concept sparse grid implementation available,
we abstain from giving runtimes. Using efficient sparse grid implementations [12,43] would
significantly (an order of magnitude or more) change the needed runtime.

In the following experiments with the semi Lagrangian scheme, we use for the feedback
law by comparison (5.3) a discretization of the control space with 40 equidistantly spaced
controls in one dimension, while for the feedback law by using the gradient after (5.4) and
(5.5) we use the stepsize h = %.

6.1 Reference Solutions

To analyze the accuracy of our computed discrete value function we compare it with a
reference solution vy computed with a higher order finite difference code on a uniform
mesh based on methods developed in [9,41]. We compute a reference solution vrer by an
ENO scheme as a variant of a Lax—Friedrichs scheme

ok () = vgxn) = Artter (1, D ulCen), D7 vkg(x) ©.1)

where Hj g is the numerical Hamiltonian, Divfef(x 1) are higher order approximations of

the gradient in grid point x;, I € Z, k is the time step, At the temporal mesh parameter, and
coupled with a Runge—Kutta time discretization scheme of second order, for details see [31].
For the numerical realization of the scheme we use the software library ROC-HJ (see [8]).

To quantify the error in the optimal trajectories for the control problem for the semi-
discrete wave equation we compute reference trajectories y, in state space and u, in control
space using a Riccati approach, i.e. we solve backward in time

—P,(t) = AP(@t) — PO)A+ PT()BTRBPy(r) =0, t>0 62)
P(T)=0 :
with A = A", B = BY and set the feedback operator as
u(x, 1) = —R BT P(1)x (6.3)

with R = B,. For computing the trajectory from our solution, we employ i = % in (5.6). This
is to decouple the step sizes for the semi-Lagrangian scheme and the trajectory computation.
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We estimate the error in the value function by computing the vector difference to the
reference solution on its discretization grid, and denote it by

ey = l[v — v¥[l 20y ~ % (6.4)
g = llv = v*[lLo(g) & [[v = vrlloo- (6.5)
For the errors in the state and control we use the following notation:
e% =y — y*”LZ(o,T;]RM)’ ego =y—- y*IILoo(O’T;de), (6.6)
ey = llu—ull 20 1.mm)  €oo := llt — u*|lLoo,7:Rm), (6.7)
and approximate the L°°-error by maxy—1,...7/As |y — y¥| and the L2-error by
& k_ kg2
VTt ; (R 4
Furthermore, we give convergence rates for the different discretization errors e; as
peli) = log, (e’; ) : (6.8)

where e; denotes the error on level i or the error for ¢ = 0.1 x 1/ 2 respectively, and e is
any one of the above errors.

6.2 Control of the Harmonic Oscillator

As a first example we consider a simplification of the semi-discrete wave equation, namely
the Harmonic oscillator, i.e. we consider dynamics of type (3.10) with

By=2, B,=01, T=1, Ar=00l, sz(_ol (1)) sz(?), (6.9)

initial data x € R?, computational domain Q = [—1, 11>, U,, = [—3.5, 3.5]. We solve the
corresponding HIB equation (3.27) and compare different variants of our semi-Lagrangian
scheme on sparse grids. The reference value function is computed as described in Sect. 6.1
on the domain [—1, 1] with Ax = 1/200 x length(Q) = 1/200 x 2 and At = T/1000.

6.2.1 Error in the Value Function

To show the overall behaviour of the four different variants of our approach (namely using
normal or fold out basis functions and uniform or adaptive refinement, respectively) we
present in Fig. 3 combined convergence plots for the error in the value function at the initial
time in comparison to the reference solution.

We also show two exemplary convergence tables with more detailed numbers. In Table 1
we give the error on regular sparse grids using the scheme presented in Algorithm 3 which
includes nodes on the boundary, as well as fold out basis functions following Sect. 5.1; while
in Table 2 we compare the error on the adaptive sparse grids with normal hat functions
for decreasing refinement thresholds at the initial time zero by using either the gradient or
comparison of all actions to realize the minimization on the sparse grid.

From Table 1 and Fig. 3a we can see that the different variants show the similar convergence
of the error in regard to the level. Since a regular sparse grid with the fold-out basis functions
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Fig. 3 Harmonic oscillator (6.9) in 2D: error in the approximating value function comparing the scheme
based on sparse grids using normal hat and fold out basis functions and feedback laws from 5.2.1 and 5.2.2.
a Error in the value function versus level, b error in the value function versus &, ¢ nodes versus ¢ and d error
in the value function versus nodes, feedback law based on gradient approach

Table 1 Harmonic oscillator (6.9) in 2D: error in the value function with regular sparse grids using both kinds
of basis functions and the gradient approach

Level Normal Fold out
€ Py € Pel, € Py s P,

2 791 x 1072 - .09 x 1071 - 1.09x 1071 - 268 x 1071 -

3 381 x1072  1.05 529x1072 105 282x1072 195 4.02x 1072 2.74
4 1.80x 1072 108 266x 1072 099 180x1072 065 419x1072 —0.06
5 850x 1073 1.08 1.44x1072 0.89 889x1073 1.02 3.07x 1072 0.45
6 398x 1073 1.09 872x1073 073 453x1073 097 242x 1072 0.34
7 200%x 1073 099 593x1073 056 2.62x1073 079 2.04 x 1072 0.25
8 137x1073 055 575x1073 004 215x1073 029 206x1072 —0.02
9 1.15x 1073 025 3.84x1073 058 1.90x1073 017 1.89x 1072 0.13

1.10x 1073 006 345x1073 0.6 151x1073 033 1.25x10°2 0.60

—
(=]
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Table 2 Harmonic oscillator (6.9) in 2D: error in the value function for adaptively refined sparse grids using
compare and gradient approaches with the normal basis functions

& Gradient Compare
63 peg g% Pel, 6121 peg g Pel,
5.00_, 5.86 x 1072 7.54 x 1072 5.69 x 1072 7.45 x 1072

250_, 520x1072 0.17 644x1072 023 505x1072 017 631x10"2 024
125_, 496x1072 007 6.18x1072 006 481x1072 007 595x10~2  0.08
6253 379x1072 039 513x1072 027 3.69x1072 038 495x1072 027
3.03_3 253x1072 058 3.73x1072 046 256x 1072 053 386x1072 036
156_3 170x1072 057 251x1072 057 171x1072 058 253x1072 0.6l
781_4 101x1072 076 1.63x1072 062 1.00x1072 078 1.60x 1072  0.65
3914 684x1073 056 1.03x1072  0.66 697x1073 052 1.04x1072  0.63
195_4 411x1073 074 640x1073 068 4.16x1073 074 646x1073  0.68
977_5 283x1073 054 451x1073 050 294x1073 050 4.61x1073 049
488_5 1.88x1073 059 345x1073 039 195x1073 059 3.92x1073 023
244_5 156x 1073 027 531x1073 —0.62 1.66x1073 023 5.60x1073 —0.51

uses less points, it is the preferred choice in this setting, although for very fine resolution the
convergence stagnates. Note that for a sparse grid with level 10 one has 13,313 nodes with
normal hat functions and 9217 with fold out hat functions, respectively. To study the influence
of the artificial boundary condition on the error, we also computed regular sparse grid solutions
on the enlarged domain [—2, 2]2, but evaluated the error onlyon Q = [—1, 1]%. We observe
overall very similar convergence behaviour for this setting and essentially identical errors for
the normal and fold out basis functions, which indicates that the treatment of the boundary
of the enlarged domain has little effect on the value function in Q.

From Table 2 and Fig. 3b we also see no big difference between the compare and gradient
variants. We observe that the normal hat functions show slightly better performance when
looking at the decrease of the error in comparison to e. When taking the effort into account
by counting the number of points in the adaptive sparse grids at the end of the computation,
we see a stronger increase in the number of points for the fold-out basis function than for the
normal ones, while for coarser ¢ the fold-out ones use less basis functions, see Fig. 3c. When
comparing the error reduction with increasing number of nodes for adaptive versus regular
grids, we see in Fig. 3d, that for normal hat functions there is no real difference, while for
fold out hat functions the regular approach performs better and more stable.

6.2.2 Error in the Trajectory and Control

Next we study for given initial point x = (0.4, —0.2)7 the accuracy of the corresponding
trajectory and control when using regular/adaptive sparse grids, the gradient/comparison
approach, and normal/fold out basis functions. Overall, the behaviour is very similar over
the different measured errors, in particular when comparing the different basis functions and
feedback laws on regular sparse grids. However, on adaptive sparse grids we observe for the
fold out basis functions oscillating convergence behaviour.
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Table 3 Harmonic oscillator (6.9) in 2D: error in the trajectory and control with regular sparse grids using
the gradient approach and fold out basis functions

u u

Level e; pe%v ego pego e peg ego Peity
2 417x 1070 - 3.60 x 10! - 731 x 1070 - 1.68 x 100 -

3 7.64x 1072 245 6.53 x 100 246 133x1071 246 274x1071 261
4 3.64 x 1072 1.07  3.10 x 100 1.07 6.09x 1072  1.12 118 x1071 1.1
5 190x 1072 093 1.62 x 10° 093 3.18x1072 094 597x1072  0.99
6 1.03x 1072 089 877x1071 089 1.72x1072 089 320x 102  0.90
7 588x 1073 080 5.04x1071 080 99Ix1073 079 2.02x1072  0.66
8 3.60x 1073 071 3.09x10°! 070 6.09x1073 070 124x1072  0.70
9 447%x1073 —031 3.80x 1071 —030 739x1073 —028 1.21x1072  0.03

4.08 x 1073 0.13  3.49 x 107! 0.13  6.80 x 1073 012 125x1072 —0.04

—
(=]

Table 4 Harmonic oscillator (6.9) in 2D: error in the trajectory and control with adaptive grids using the
gradient approach and fold out basis functions

y y
€ € pe% €0 pego 6124 peg ego Pel
5.00_, 4.17x1071 - 3.60 x 101 — 731 x 1071 - 1.68 x 100 —

250_, 3.99x10°1 007 3.43x 10! 0.07 689x1071 009  1.34x10° 0.33
125, 1.92x1071  1.05 1.63x 10! 1.07 315x1071 113 511x107! 1.39
6.25_3 740x1072 138 6.10 x 10° 142 124x1070 134 202x107! 134
3.13.3 3.24x1072  1.19 2.79 x 10° 113 6.01x1072 1.04 149x107! 044
1.56_3 599x1072 —0.89 5.17x10° —0.89 1.09x10~1 —086 236x10"! —0.66
781_4 234x1072 135 2.03x 10° 135 453x1072 127  995x 1072 1.5
3914 332x1072 —050 286x10° —050 594x1072 —039 124x10~' —0.32
1954 129x1072 136 1.08 x 100 141 216x1072 146  3.69x 1072  1.75
977_s 173x 1072 —0.42 148x10° —046 294x1072 —045 6.11x1072 —0.73
488_5 843x1073  1.03 722x107'  1.04 142x1072 106 264x107%2 121
244_5 1.02x1072 —027 872x10"! —027 171x10"2 —027 328x1072 —0.31

In Table 3 we see the error in the state and control with respect to the L>- and L°°-norm
and the corresponding rates of convergence on regular sparse grids with the gradient approach
and fold out basis functions. The rate of convergence shows a similar behaviour in all three
variables with values from 0.5 to values around 1.

For adaptive and regular sparse grids using the gradient approach and normal basis func-
tions we observe a similar behaviour, see Fig. 4. When using fold out hat functions in
comparison to normal ones we observe a slight reduction of the convergence rate for the
feedback law by comparison and the amplitude of the oscillations increases when using the
feedback law based on the gradient on adaptive sparse grids, see Fig. 5 and Table 4. In Fig. 6
the behaviour on regular and adaptive sparse grids with respect to the number of nodes is
shown. We again observe an oscillatory behaviour when using fold out basis functions on
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Fig. 4 Harmonic oscillator (6.9) in 2D: comparing the scheme on regular sparse grids using normal hat and
fold out basis functions. a Error in the trajectory versus level, b error in the control versus level
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Fig. 5 Harmonic oscillator (6.9) in 2D: comparing the scheme on adaptive sparse grids using normal hat and
fold out basis functions. a Error in the trajectory versus &, b error in the control versus &

adaptive sparse grids. The corresponding adaptive sparse mesh at initial time with normal
and fold out basis functions is shown in Fig. 7.

Since we have numerically confirmed that the compare and gradient approaches behave
essentially the same, we only investigate the gradient approach for the following examples
to avoid the more costly comparison approach in the higher dimensional control spaces.

6.3 Control of the Semi-discrete Wave Equation (4D)

In this example we consider the optimal control problem (3.24) and (3.25) for the semi-
discrete wave equation (3.10) in dimension four, that means we discretize the state and

velocity by two modes using (3.7). We choose the parameters as
0 =[-3,3]" By=2, Bu=0.1, T=4, Ar=0.01, c¢=0.05. (6.10)

Since a full grid approach is very costly in four dimensions, we consider directly the error
in the state and control along an optimal trajectory for a given initial point to study the
convergence. For the initial pointx = (0.4, 0.6, 0, O)T we see in Tables 5 and 6 the behaviour
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Fig. 6 Harmonic oscillator (6.9) in 2D: comparing the scheme using the gradient approach 5.2.2 on adaptive
and regular sparse grids using normal hat and fold out basis functions. a Error in the trajectory versus nodes,
b error in the control versus nodes

(b)

Fig. 7 Harmonic oscillator (6.9) in 2D: adaptive sparse grid for ¢ = 1.95 x 10~*. a Normal hat functions, b
fold-out hat functions

of the error ford = 2 and m = 2 using fold out basis functions on regular and adaptive sparse
grids. Note that when using normal basis functions on an adaptive sparse grid we observe
a similar performance. In Fig. 8a we see the error on adaptive sparse grids. As before the
error with respect to the threshold & behaves similarly for normal and fold out basis function,
here not only in the convergence rate, but also in absolute values. In this four dimensional
example the fold out basis functions use less basis functions for the same ¢, therefore when
considering the error with respect to the number of nodes we observe in Fig. 8b that the
fold out basis functions perform better than the normal ones. Furthermore, when comparing
adaptive against regular sparse grids, we see from the figure and Tables 5 and 6 that the
adaptive scheme needs an order of magnitude less points for the same accuracy. Since the
absolute value of the entries in the stiffness matrix increase in higher dimension and require a
finer discretization, the behaviour of the error can therefore be interpreted in the way that the
adaptive algorithm automatically leads to adaptivity with respect to the different dimensions
leading to anisotropic sparse grids.
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Table 5 Wave equation (6.10) in

y | u
4D: error in the trajectory and Level  exo Pel, oo Pet, Nodes (end)
control with regular sparse grids
using the gradient approach and 6.93x 1071 - 2.87 x 109 - 9

fold out basis functions 627x 1071 014 1.79x 100 068 49

440 x 1071 051 136x10° 040 209
261x1071 075 572x1071 124 769
145x 1071 085 295x 107! 096 2561

9.00 x 1072 0.68 1.95x10~! 059 7937

453 %1072 099 947x1072 105 23,297
142x 1072 168 328x1072 153 65,537

10 601 x 1073 124 143x1072 1.19 1.78 x 10°

O 0 N N W R W N

Table 6 Wave equation (6.10) in 4D: error in the trajectory and control with adaptive grids using the gradient
approach and fold out basis functions

y

& exo ey el Pt Nodes (end)
5.00_5 3.67 x 107! - 3.05 x 109 - 389
2.50_, 252 x 107! 0.54 1.28 x 109 1.25 567
1.25_, 1.38 x 107! 0.87 1.07 x 100 0.27 655
6.25_3 135 x 107! 0.03 3.46 x 10! 1.62 889
3.13_3 139 x 107! —0.04 3.29 x 107! 0.07 1051
1.56_3 1.41 x 107! —0.02 450 x 107! —0.45 1231
7.81_4 8.73 x 1072 0.70 1.42 x 107! 1.67 1671
3.91_4 6.33 x 1072 0.46 7.37 x 1072 0.94 2207
1.95_4 453 x 1072 0.48 5.23 x 1072 0.49 3581
9.77_s 3.09 x 1072 0.55 3.59 x 1072 0.54 5133
4.88_s 1.94 x 1072 0.67 3.04 x 1072 0.24 9829
2.44_5 1.27 x 1072 0.61 1.84 x 1072 0.73 13,249

In Fig. 9 we confirm that the feedback control we derive from the value function leads to
a trajectory which coincide (up to a small error depending on the mesh parameter) with a
reference trajectory derived from a Riccati equation.

6.4 Control of the Semi-discrete Wave Equation (6D)

Next, we consider problem (3.24) and (3.25) for the semi-discrete wave equation (3.10) in
six dimensions with data as given in (6.10) and initial point x = (0.4, 0.6, 0.2, 0, 0, 0.
Note that we have to decrease the size of the time step to At = 0.0025 when increasing
the entries in the stiffness matrix. We remark that larger entries in the stiffness matrix lead
to an increase of the derivative | H, (x, p)|, which requires in the context of finite difference
schemes a smaller time step because of the CFL-condition. As before we use the gradient
approach to derive the feedback and now employ only fold out basis function to keep the
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Fig. 8 Wave equation (6.10) in 4D: error in the control comparing the scheme based on sparse grids using
normal hat and fold out basis functions, regular and adaptive sparse grids. a Error in the control versus ¢, b
error in the control versus nodes
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Fig. 9 Wave equation (6.10) in 4D: Components of the optimal state y and corresponding optimal control u
resulting from the SL-SG approach on a sparse grid with threshold ¢ = 2.44 x 1075, As a reference solution
the corresponding components of a solution generated by a Riccati approach are presented. a y1, b y3, c uq,
dyy,eyq, fuy

computational cost low. In Table 7 and Fig. 10 the behaviour in the state along an optimal
trajectory is shown, overall similar to the 4D case, although a certain resolution needs to be
there for the convergence to kick in.
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Table 7 Wave equation (6.10) in 6D: error in the trajectory and control with adaptive grids using the gradient
approach and fold out basis functions

3 eX Pl eso Pk, Nodes (end)
5.00_» 5.75 x 107! - 1.69 x 100 - 43
2.50_, 5.78 x 107! —0.01 1.70 x 109 —0.01 69
1.25_, 1.51 x 107! 1.94 2.33 x 100 —0.45 1015
6.25_3 1.18 x 107! 0.36 1.77 x 100 0.40 919
3.13_3 1.11 x 107! 0.09 3.07 x 107! 2.52 1549
1.56_3 1.14x 107! —0.04 415 x 107! —0.44 1779
7.81_4 1.06 x 107! 0.10 3.13 x 107! 0.41 2053
3.91_4 7.73 x 1072 0.46 2.12x 107! 0.56 2851
1.95_4 4.80 x 1072 0.69 1.03 x 107! 1.04 3657
9.77_s 2.98 x 1072 0.69 535 x 1072 0.95 5415
4.88_s 235 x 1072 0.34 3.68 x 1072 0.54 9691
2.44_5 1.59 x 1072 0.57 2.59 x 1072 0.51 12,507

107 F R ' e fold out (gradient) | | ol - [ e fold out (gradient) |

107! 1072 1073 104 107! 102 1073 104
€

() (b)

Fig. 10 Wave equation (6.10) in 6D: the adaptive sparse grids scheme using fold out basis functions. a error
in the trajectory versus &, b error in the control versus &

6.5 Control of the Semi-discrete Wave Equation (8D)

Next, we consider problem (3.24) and (3.25) for the semi-discrete wave equation (3.10) in
eightdimension with data as given in (6.10) and initial point x = (0.4, 0.6, 0.2, 0.1, 0, 0, 0, 0.
Again, we needed to decrease the time step, now to Az = 0.00125. In Fig. 11 and Table 8
we see the errors with respect to the threshold ¢. Again, the approach needs a certain reso-
lution for a stable convergence behaviour, which now starts for a smaller ¢ than in the 6D
case. The number of mesh points on the finest refinement level is still moderate, however the
computational cost is relatively high.

This being our example with the largest number of dimensions, we note that we needed
about 2.5 GB of main memory during the computation for the finest resolution.
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Table 8 Wave equation (6.10) in 8D: error in the trajectory and control with adaptive grids using the gradient
approach and fold out basis functions

3 eX P,y eso Pk, Nodes (end)
o0
5.00_5 5.64 x 1071 - 1.63 x 100 - 49
2.50_, 5.74 x 107! —0.03 1.68 x 109 —0.04 63
1.25_, 5.77 x 1071 —0.01 332 x 109 —0.98 241
6.25_3 1.40 x 107! 2.04 251 x 109 0.40 1391
3.13_3 1.17 x 107! 0.26 1.78 x 100 0.50 1455
1.56_3 1.15x 107! 0.03 3.57 x 107! 2.32 2169
7.81_4 1.08 x 107! 0.09 3.56 x 107! 0.00 2759
3.91_4 1.01 x 107! 0.11 3.81 x 107! —0.10 3283
1.95_4 7.26 x 1072 0.47 2.18 x 107! 0.81 5011
9.77_s 3.89 x 1072 0.90 6.92 x 1072 1.65 7113
4.88_s 2.90 x 1072 0.43 4.98 x 1072 0.47 9059
& &
i o10°F 1
Bl 3
5 !
10t 1 -
10—1 - -
107! 10‘*2 10‘*3 1(1‘*4 10! 10‘*‘2 1(;*3 10‘*4
(a) (b)

Fig. 11 Wave equation (6.10) in 8D: the adaptive sparse grids scheme using fold out basis functions. a Error
in the trajectory versus ¢, b error in the control versus &

6.6 Control of a Bilinear System (2D)

In this last example we consider a dynamics arising from a bilinear dynamical system which
is of Schrodinger type, see (3.19). Because of the nonlinear coupling of state and control the
Riccati approach is here not directly applicable.

We consider two settings; while in the first one we observe numerically a smooth value
function, in the second one a non-differentiability appears.

Remark 1 1f the value function is not differentiable in a point (x, t), then (x, ) is not a
regular point, i.e. there exists not a unique optimal trajectory y*(-) starting in x at time ¢ with
y*(t) = x, see [18, p. 42, Thm. 10.2].
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- . ; ; 100F T T i 3
100F —e— normal hat (gradient) | —e- normal hat (adaph.ve)
- —=— fold out hat (gradient) —=- fold out hat (adaptive)
—e— normal hat (compare)
—— fold out hat (compare) 10-1E i
107 1
8 g
<] g
g g 1072F E
v b
1072 F g
1073 E
1075 F E
1 1 1 . . -
; 1 2 3
10! 102 10-3 10— 10 10 10
€ nodes (end)
(a) (b)

Fig. 12 Bilinear equation (6.11): error in the value function comparing the scheme based on sparse grids
using normal and fold out basis functions, adaptive sparse grid (2D). a Error in the value function versus €, b
error in the value function versus nodes

T T T T

- T T T
100 | < —e— normal hat | | Ny —e— normal hat
N —m— fold out hat o AN —=—fold out hat
100 ]
1071 F y .
g S0tk A
5 5
1072 ]
1072F 4
L I I i L It I I
10! 102 103 104 Lot 107 10° 1ot
€ nodes (end)
(a) (b)

Fig. 13 Bilinear equation (6.12) in 2D: error in the value function comparing the scheme based on sparse
egrids using normal and fold out basis functions, adaptive sparse grid. a Error in the value function versus €, b
error in the value function versus nodes

Example 1 Let Q = [-2, 2]2, T =1, At =1/200, 8y =2, 8, =0.1,

s (0 01y 5 (0 -0 (10
A_(—O.l 0)’ B_(O.l 0 ) M‘(o 1)’ @10

and control bounds inactive, i.e. we choose Uy = [—10, 10] big enough for the comparison
approach. For computing a reference value function as described in Sect. 6.1 we choose Ax
and Ar as given in Sect. 6.2. In Fig. 12 we see the error when using comparison and the
gradient. Using normal/fold out basis functions and a comparison/gradient based approach
lead to a similar behaviour of the error in the value function with respect to the threshold e.

@

Example 2 Let
0 0.5 - 0 -05
s —
A= (—0.5 0 ) » B= (0.5 0 ) (6.12)
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(a) (b)

Fig. 14 Bilinear equation (6.11) and (6.12) in 2D: adaptive sparse grid. a Example (6.11) with feedback (5.3),
fold-out basis functions and & = 1.95 x 1074, b example (6.12) with feedback (5.3), fold-out basis functions
and ¢ = 7.78 x 10~%

and, besides Az = 1/500, the other parameters as in Example 1, and let the control space be
givenby U = [—4, 4]. InFig. 13 we see the behaviour of the error when using the comparison
approach and normal and fold out basis functions, respectively. In Fig. 14 the meshes for
e=195x10"%and ¢ = 7.78 x 10~* are shown. We observe a strong refinement of the
mesh along the non-differentiability.

In both example we observe a similar convergence behaviour as for the wave equation.
Furthermore, in this two dimensional setting again the different approaches lead to quite the
same results.

7 Outlook

The presented approach allows to include further aspects to increase the accuracy and to
reduce the computational costs. A higher order interpolation could be used within the semi-
Lagrangian scheme (cf. also [46]). Additionally an efficient numerical algorithm to determine
the minimum within the Hamiltonian in the semi-Lagrangian scheme could be developed
which is also suitable for a more general class of cost functionals. Finally information on the
basis function could be used to introduce a priori an adaptivity with respect to the dimensions.

Note that the computational bottleneck is the evaluation of the sparse grid function in
the scheme (5.1). Our current proof-of-concept implementation is essentially unoptimized
for this aspect. The more evolved and sophisticated SG++-library [43] already would most
likely show a much reduced computational time. Furthermore, there are recent results for
more efficient and suitable data structures for sparse grids which take machine constraints
into consideration [12], which have the potential to gain a factor of two to three in serial
runtime against the mature SG++, while allowing for multicore parallelism. In conclusion,
although the runtime for the eight dimensional problem is in our implementation in the order
of days, it is fully justified to assume it can be reduced to hours, if not less, on multicore
architectures.

Besides an efficient implementation of the sparse grid function evaluation, two other
aspects warrant further investigation. One is the interplay between spatial and time resolution.
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While in this work we concentrated on the spatial resolution, it is well known that these
discretizations should be analyzed jointly. Here, the non-local nature of the sparse grid basis
function pose additional difficulties in the analysis. The other is the spatial adaptivity, here we
concentrated on using the hierarchical coefficients, but these refine in all dimensions, which
results in the examples in overrefinement in some dimensions due to anisotropic nature of the
problem. Only through the coarsening these grid points will be removed again, but of course
it would be much more efficient, if the adaptive procedure only refines in some dimensions.
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