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1 Introduction

The spectral method has gained increasing popularity in scientific computations, see [2,8,
12-15,17-19,28] and the references therein. The standard spectral method is traditionally
confined to periodic problems and problems defined on rectangular domains. However, many
practical problems are set on complex domains. We usually use finite element methods for
such problems. For obtaining accurate numerical results, we may adopt spectral method and
other high order methods, see, e.g., [3,9,16,20,24,25]. We consider second-order problems
mostly. But, it is also interesting and important to study fourth-order problems, see [4, 10,
23,26,27]. Some authors proposed the spectral method for fourth-order problems defined
on rectangular domains, see [5,6,11]. We also refer to the work of [1]. Whereas, there has
been few work in the spectral method for fourth-order problems defined on non-rectangular
domains.

In this paper, we investigate the spectral method for fourth-order problems defined on
quadrilaterals. We introduce the orthogonal approximation defined on quadrilaterals, by using
an orthogonal system of irrational functions. Then, we establish the basic results on such
approximation, which play important roles in the related spectral method. As example of
applications, we provide the spectral schemes for a model problem with Dirichlet boundary
condition and mixed boundary condition respectively, and prove their spectral accuracy.
Numerical results demonstrate the high effectiveness of proposed algorithms, and confirm
the analysis well. The approximation results and the techniques developed in this paper are
also applicable to other fourth-order problems defined on quadrilaterals.

The paper is organized as follows. The next section is for preliminaries. In Sect. 3, we
study the irrational orthogonal approximation on quadrilaterals. In Sect. 4, we provide the
spectral schemes for a model problems with the convergence analysis, and present some
numerical results. The last section is for concluding remarks. The appendix is devoted to the
lifting technique.

2 Preliminaries

We first recall some results on the one-dimensional Legendre orthogonal approximation. Let
I ={&]—1 <& < 1} and x(£) be a certain weight function. For integer r > 0, we define
the weighted Sobolev spaces H. )’( (Ig) as usual, with the semi-norm [v|y,y 7, and the norm
vl x.1 - In particular, H)(()(Ig) = Li (I¢) with the inner product (u, v)y, . and the norm
lvllx.7.- We omit the subscript x whenever x (§) = 1. We denote by L;(§) the Legendre
polynomial of degree /. The set of all Legendre polynomials is a complete > (I¢)—orthogonal
system.

Let N be any positive integer. Py (I¢) stands for the set of all algebraic polynomials of
degree at most N, and 'P](\),(Ig) =PyUe) N HOZ(Ig). Throughout this paper, we denote by ¢
a generic positive constant independent of any function and the mode N.

The orthogonal projection P,%,’VOIS : Hg(lg) — P,Q,(Ig), is defined by

@F(Py v —v), )i, =0, Vo € PR().
Let a, B > —1. The Jacobi weight function x *#) (&) = (1 — £)*(1 + &)#. According
to Theorem 2.5 of [22], we know that if v € H02(I§), Bé”v € Li(mfZ.mfZ)(If)’ integers

2<m<N+1and N > 2, then
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||8§(P1%,’2§v =0l < N vl yon-2m g k=0,1,2. 2.1

In the numerical analysis of spectral method for mixed boundary value problems, we need
other orthogonal approximations. Let

0H (Ie) = {v e H*(Ig) | v(x1) = dsv(—=1) =0},  oPn(lg) = Pn(Ig) NoH*(Ig).

The orthogonal projection OPI%,‘IE : OHZ(IS) — oPn (I¢), is defined by

(07 0Py 1, v —v), 074)1, =0, Vo € ¢Pn(Ig).
By aslight modification of proof of Theorem 2.5 of [22], we have thatif v € o H 2(15), 8?’ Ve
Li(m—lmfZ)(lf)’ integers 2 <m < N + 1 and N > 2, then
19§ 0P 1,0 = Wl < N0 vl yon-2m 1, k=0,1,2. (2.2)
We may also let
OH2(I) = (v e H2(Ie) | v(x1) = :v(1) =0},  "Py(le) = Pn(Ie) NOH?(Ig).

The orthogonal projection OPI%,Jg :YH2(I) — "Pn(I¢), is defined by
@ COPF v —v),02¢)1, =0, Vg € “Pr(lp).
Ifv e "), 3'v e Li(,,,,zym,z) (I¢), integers 2 < m < N + 1 and N > 2, then

19 O PR 10 = 0l < N0 vl yon-2m 4, k=0,1,2. (2.3)

We now turn to the Legendre approximation on the square. Let I;, = {n | — 1 <n < 1}
and § = Iz ® I,,. For integer r > 0, we define the weighted Sobolev spaces H; (S) in the
usual way, with the semi-norm |v|, 5, s and the norm || v |, , 5. The inner product and the norm
of Li () are denoted by (u, v), s and ||v]],, s, respectively. We also omit the subscript x

whenever x (§) = 1. Moreover, Py (S) = Py (I) ® Py (1) and PY(S) = P (S) N HZ (S).
Let d be a non-negative constant. We introduce the bilinear form

ag(u,v) = (Au, Av)s +d(u,v)s, Vu,v e H*(S).
Indeed, ||Av||s = |v|z,s for any v € H(f(S). Moreover,
ag(u,v) = (0Fu, 9v)s + 23 du, dedyv)s + (u, 07v)s +d(, v)s,  Yu,v € Hy(S).

The orthogonal projection Py : H(S) — PY(S), is defined by

a(Pyv —v,0) =0, Vo € PR(S), (2.4)

Let x“P (&) = (1 = )*(1 + £)P and 3™ () = (1 = (1 + n)®. For description of

approximation errors, we introduce the quantity D, s(v). Dy, s(v) = ||v||,,s forr = 2, 3. For
r >4,

_ r r—1 r—2q2
D, s(v) = ||8§U||X1(r—2,r—2)’s + 119 87]U||Xl(r—3.r—3)!s + 119 a,]v||Xl<,‘_4,,_4>’S

—1 2qr—=2
+ ||8;U||X£r72,r72)’s + ||3g3,r] U||X2(r—3.r73)’s + ||3§ 8; U”Xér74,r74)’s.
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Theorem 2.1 Ifv € Hg(S) and D, s(v) is finite for integers 2 <r < N+ 1land N > 2,
then

1Py %V = vlus < cN* " Drs), pu=0,1,2. (2.5)
Proof Let ¢ = P,%,’,O,E (Pf,’gnv) = P,%,’,O,H(Pf,’,olsv) € 732, (S). We use projection theorem to
obtain
1P2% —vla s +d||PE%v — vlls < |¢ — vlos +d|lp — 2.6
NS 2,8 N5V — Vs =19 —vl2s +dlld —vlls. (2.6)
Clearly,
1651 0%2(p — v)lls < Fi(v) + F2 () + F3(v), @7
with
Fi() = 105" (PR, 052 (PR v = v) = 92 (PYS v = w5,
k k
B () = 992 (PyG v = vls,  F@) =18 92(PyS v =v)lis.
Also, we have
1851 952(¢ — v) s < Fi(v) + F2(v) + F3(v),
with
Fi() = 92 (P 95" (P S0 = v) = 35 (PR v = ) ls.

We use (2.1) with k = k; and m = 2, and (2.1) with k = k and m = r — 2 successively, to
derive that for r > 4,

_ 2,0 _ _
Fi(v) < eN"=2[1020,2 (P v = v)lls < NN+ 1070, 2v||xér74,,-74>75.
Similarly,
Fiw) = NS00 72000 i
Next, we use (2.1) with k = k; and m = r — k» to obtain
ki+ky—r | ar—k2 ok
F>(v) < cNkitke ||8$ 8"2U||X1(r—k2—2,r—k2—2)’s.
Also, thanks to (2.1) with k = k» and m = r — k|, we have
k1+ko—r | okl qr—k
F3(v) < cNFI™2 ||8$ 80 1U||X2(r—k172,r7k172)’s.

The previous statements, together with (2.7), lead to that

2,0 2,0
19 (Py' 1, (Py g, ©) = v)lls

IA

2- 2ar-2 2.2
cN ’(||8$8; U||X2(r—4,r—4),s+||8g 3nv||X|(r74,r74>’S

2ar—2
1050l o2 g + 10205720l s S) ,

IA

2, p2,0 2,0 2— 2ar—2 —2q2
102(PYS, (PR, v) = v)lls < eN ’(||a§a,; Ul gsrd g+ 1052070 s g

—2q2
+ ||3g an||xl(r74_r74).s + ||8;U”X2(r—2,r—2)’s) ,
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2 2
1969, (PR, (P, v) = vl

IA

2—r 2qr=2 r—2q2
cN (Hagan U||X2(r—4.r—4)’S+ ||3§ anv||xl(r—4,r—4)’s

r—1 r—1
+ ||3§ a;r’U“XI(r—lr—_’:)’S + 1199, v||X2(r—3,r—3)’S) ,

IA

2,0 2,0 _ —r 2ar—2 r—2q2
1P (PR, = vlls < eN T (l102 st g + 1920000 s ¢

r r
+ ||3§ v”X](r—Z.r—Z)’S + ”anU”Xz(r—Z,r—Z)’S) .

Then the result (2.5) with 4 = 2 and r > 4 comes from (2.6) and the Poincaré inequality.
In order to derive the result (2.5) with u = 2 and r = 2, 3, we should use the interpolation

of operators, as described in Brenner and Scott [7]. To do this, we define the linear operator

L, which maps v to the error P]%,’gv — v. In other words, Lv = Pﬁ,’%v — v. Clearly, £ maps

HZ(S) to HZ(S), with the norm
||£||HS(S)—>H02(S) =c. (2.8)
On the other hand, by virtue of (2.5) with u = 2 and r = 4, we obtain
1PE%0 — ]l ;205 < N 2Dy s(0) < eN72{[0]| o 5152
N.S HZ(S) = ) = HA(S)NHE(S)*
It means that £ maps H*(S) N HZ(S) to HZ(S), with the norm
-2
WL g (synmz(s)—H2(s) = N7 (2.9

As is well known, the space H 3N H02(S) is the interpolation between the spaces HO2(S)
and H*(S) N HOZ(S), see page 14 of [13]. Thus, the operator £ mapping H>(S) N Hg(S) to
H&(S) could be regarded as an interpolation between the operator mapping HOZ(S) to Hg(S)
and the operator mapping H*S)N Hg(S) to Hg(S)‘ Accordingly, by virtue of Proposition
14.1.5 with @ = { and p = 2 of [7], we have

1 1

2 2

“£“H3(S)HH3(SHH§(S) = ”[:“HOZ(S)HHOZ(S)”EHH“(S)QH(%(S)aHOZ(S)'

This, along with (2.8) and (2.9), leads to ||£||H3(S)OH02(S)_)H02(S) < ¢N~!. A combination of
the previous statements implies the validity of the desired result (2.5) with © = 2 and r > 2.

We now derive the result (2.5) with © = 0. Let g € L?(S) and consider an auxiliary
problem. It is to find w € Hg(S) such that

ag(w,z) = (g.2)s.  Vz e H(S). (2.10)

Taking z = w in (2.10) and using the Poincaré inequality, we obtain |[w|l2,s < c|lg|ls. Due
to the property of elliptic equation, we have ||w|4,s < c||glls. Thereby, using (2.5) with
= 2 yields that

1Py %w — wla.s < cN 72Dy s(w) < cN72[wllas < cN72|glls. Q.11)

Now, by taking z = Py sv — v in (2.10), we use (2.5) with 4 = 2, (2.11) and the Poincaré
inequality to verify that

2,0 2,0
|ad(PN,Sv — v, PNySw —w)|

2,0
I(Py sV — v, &)sl

IA

2,0 2,0 _
C|PN'75U - U|2,S|PN’5w —wlz,s <cN rDr,S(U)||g||S~
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Consequently,

2,0
2.0 |(PN,SU_U,g)S|
”PN”SU_U”S: sup - .

< cN' Dys(v).
g€L2(S).g£0 llglls

Finally, we use the interpolation of spaces, together with the results (2.5) with u = 0, 2, to
deduce that ||P1%,’.Osv — V|15 < ch_rDr,S(v). The proof is completed. ]

In the numerical analysis of spectral method for mixed boundary value problems of fourth-
order, we need other orthogonal approximations. For instance, let 0™*S = {(&,7n) | & =
1 orn = —1}, and d,v(&, n) be the normal derivative of v(&€, ) on the boundary of S. We
set

OH2(S) = H*(S) N{vv(=1,n) =vE 1) =0},  "Py(S) ="H*(S)NPNn(S).

Letd, B > 0, and

aq.p(u,v) = (Au, Av)s +du,v)s + B Opud,vds, Yu,v e H2(S). (2.12)
08

It can be shown that ||Av||s = |v|2,s forany v € OH2(S). Moreover,
_ (a2, a2 2. 42
ad,ﬁ(u, v) = (3514, 35 v)s + 2(353,71,{, 353,71))5 + (8?7”’ 3nv)s

+d(u,v)s + B duudavds,  Yu,v e "H?(S).
9** S

The orthogonal projection OPI%,’S 1 OH2(S) — OPy(S), is defined by
aq pCPy v —v.9) =0, V¢ € "Py(S). (2.13)

With the aid of (2.2) and (2.3), we could follow the same line as in the proof of Theorem 2.1
to reach the following result.

Theorem 2.2 Ifv € OH2(S) and D, s(v) is finite for integers 2 <r < N +1and N > 2,
then

I°PF g0 —vlls < cN* ' Dps(),  w=0,1,2. (2.14)

3 Legendre Orthogonal Approximation on Quadrilaterals

In this section, we consider the Legendre irrational quasi-orthogonal approximations on
quadrilaterals.

3.1 Some Praperations

Let €2 be a convex quadrilateral with the edges L;, the vertices Q; = (x;, y;), and the angles
0;, 1 <i <4, seeFig. 1. We make the following variable transformation

x=ao+a§ +am+azkn, y=>bo+bi&+byn+b3kn 3.D
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Fig. 1 Quadrilateral

where

1 1
ao=1(x1+x2+x3 + x4), bo=1(y1+yz+y3+y4),

1 1
a) = —(—x1+x2+x3—x4), by =—-(=y1+y2+y3—y4),

4 4
1 1
az:z(—xl _x2+x3 +x4)7 bZZZ(_y] _y2+y3+y4)7
1 1
ay = (v —x2 a3 —x), by= 1= y2 43— ). (3.2)

Then, the quadrilateral 2 is changed to the reference square S as in the last section. The
Jacobi matrix of transformation (3.1) is as follows,

0sx 0 ay+a b1+ b
Mg = 3 £y _ 1 37 1 3n ' (33)
opx  dyy ay +azé by + b3é
Its Jacobian determinant is
ay +azn by +bsn

ay +az€é by + b3k
= (a1 +azn)(by + b3§) — (b1 + b3n)(az + az§). (3.4)

Jo,n) =

Due to the convexity of €2, there exist positive constants g and 8, such that
0 <38q < Ja(& n) <85. (3.5)

The inverse of transformation (3.1) is given by & = &(x, y) and n = n(x, y). Their explicit
expressions were given in Appendix of [16], which are irrational functions generally. The
Jacobi matrix of the above inverse transformation is

Oy Oy 1 by +b —by —b
My = M5 = & AW 2 + b3é 1=bany (3.6)
0y&  dym JoE, M\ —ax —azé  a; +azn
Thanks to (3.5), we have

1 - 1
0< o = Jstr,y) = Il & < = (3.7)
Q Q
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Let x5 = x1 and y5 = y;. We set

oo = max (|by + b3&|, |by + b3nl, lax + a3&|, lar + azn|)
&.,mes

1
=3 1max (lxj = xj1ls [yj — yj+1D). (3.8)

Due to (3.2), we have (see [16])

Yo = max (lail, |bi]) < ogq. (3.9
1<i<3

On the other hand, thanks to the Poincaré inequality, there exists a positive constant cg
such that

Ivllg < callvllie,  Yve Hy(Q). (3.10)

Let d be a non-negative constant as before. By virtue of the property of elliptic equation,
there exists a positive constant ng such that

Ivlae < nellA?v+dvle. Vv e HF(Q). (3.11)

3.2 Legendre Irrational Orthogonal Approximation in H(f(SZ)

For any integer r > 0, we define the weighted Sobolev spaces H)’( (2) as usual, with the

semi-norm |v|, o and the norm |[v||,, y o. The inner product and the norm of Lf( (2) are

denoted by (u, v), @ and ||v]|, @, respectively. We omit the subscript x whenever x (§) = 1.
We shall use the following family of irrational functions given in [16],

Vim(,y) = Li(EG, )L (n(x, »)),  L.m =0,
which are mutually orthogonal with the weight function Jg, ! (&(x, ), n(x, y)). Moreover,
VN (R) = Span{yrm(x,y) |0 < 1,m < N}, Vy(Q) = H5(Q) N Vy(Q).
We introduce the bilinear form with d > 0,
aq(u,v) = (Au, Av)g +d(u, v)q, Yu,v € H2(§2). (3.12)
The orthogonal projection PI%,”% : HOZ(Q) — Vz?/ (2), is defined by
ag(PyGu—v.¢) =0,  ¥¢ € Vi(Q). (3.13)

For description of approximation error, we shall use the quantity B, o(v). B, q(v) =

8;222 1(7Q|v|,gforr_2 3. Meanwhile B, q(v) = ZS IB( (v) for r > 4, with

B ) = 857 %Z(H(l—&) 810, T vlla + 11(1 = n?) T 8l 0y Tulle),
B w) = 50 %Z(H(l—&) 2o ™oy olla + 110 - 5T 8{8y Vvlle)
‘Z(H(l ol ullg + 111 - €T 00y ull),
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r—1
B ) = 8570 S (I — 1) T 0l 0l T ullg + 110 — 7)) T 808 Vullg)
j=0
s
‘Z(n(l Tl oy llg + 11— 1) T 0la) " vl

2 2—
B W) = 57 aQZ<||(1—§> 290 Tl + 110 - £ 0l oy g

+1I1 - )T 8 V" vlle)

IZUKI )7 0l ollg + 110 - 8T 0l g

FIA=ED)T 8oy o))

2 r—4— 1 3—
+ogte 2Z(H(l )T ollg + 110 - )T 8 0 ullg

+||<1—s) T ol v)l),

2ar=2— 1ar—1—j
B w) = 857 aQZma—n) 820y > ol + 110 —n») T 88 T ullg

+||(1—n2) 370, vllg)

| r—3

o520 I = ) T i T g 110 = ) T 8l T g
j=0
.

FA =22 800, v)la)
r 4

165205 2SI = ) T ol 200 T ullg + 11— D) T 8T o g
j=0
74

HIA =) 7 89, ullg).

For notational convenience, we also set
Co.q = nQOéSS_Z%(l + 0385 N"H2(1 + dck)(oq + DY,
Cig = néagaj(l + 0285 ' N"H2(1 +dcd)*(oq + 121 + cg).
Crq = 6535%(1 +0385'N"H (1 +ded) (1 + ).

Theorem 3.1 Ifv € HOZ(Q) and B, q(v) is finite for integer 2 <r < N + 1 and N > 2,
then

1Py G = vllug < cCuaN* " Bro@), w=0,1,2. (3.14)
Proof Forany v € H3 (), we set u(&, n) = v(x(&, ), y(&, n)) € HZ(S). Let

YE ) =Pyu@E ), ¢, y) = YEX )0, ). (3.15)
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Since ¢ € V,(\), (£2), we use projection theorem and (3.10) to obtain that
|PySv — v +d|IPySv —vllg < |¢ — vl +dll¢ — vlle
< (1 +dcd)lp — vh.a. (3.16)

For estimating the right side of (3.16), we need some preparations. Firstly, a direct calcu-
lation shows that

0V = 0gud & + 0yudyn,  dyv = dzudy& + udyn,
O3 = 0Fu(3cE)* + 20 0yud £ den + 97u(d,m)* + deudg + dudin,

O3 = 97u(dy8)* + 20 0yudyEdyn + 07u(dyn)? + dudE + dudn, (3.17)
3y 0y = 0Fud EdyE + 05 Dyud £y + 0g0yudyEDcn + 0]udcndyn + dpud, dyE
+ 0yudydyn.

Next, by virtue of (3.6), we have that
0 = Jg ' E. My +b3§),  dyE = —J5" (€. n(ar + azé),
e =—Jg € b +b3n),  dyn=Jg ' E 0@+ azn).
Thanks to (3.4), we have 0¢ Jq (&, n) = a1b3 — azb; and 0, Jq (&, n) = azby — axbs. Thus,

(3.18)

aJa(E, n) = Jg ' m(a1bs — azbi)(by + bsE) — (asby — azb3)(by + bn)),
dyJaE, n) = —Jg (&, m)((a1bs — azby)(az + a3&) — (asby — axb3)(ay + azn)).
The above facts lead to that
7€ = 2J5° (6. m) (b1 + ban) by + b3§) (azby — azbs),
070 = 2J5° (5, (b1 + b3n) (ba + b3§) (a1bs — azby),
7€ = 2J5° (6. m)(a1 + asn)(az + a3€)(azby — azbs),
0in = 2757 (€. (a1 + azn)(az + az§)(arbs — azby),
dedyE = JG (&, (a1 + asn)(by + b3E) + (by + ban)(az + azé))(azbs — azb),
ddyn = Jg7 (E.m((a1 + asn) by + b3&) + (b1 + b3n)(az + a3§)) (azby — a1bs).
Accordingly, we use (3.15) and (3.17)—(3.19) to deduce that

(P —v) = (Y — u)(D:8) + 07 (¥ — u)(m)* + 20£ 0y (Y — u) 9,7
+ 0 (Y — w)dFE + 0y (Y — u)drn
= Jq & My + bs&) 2 (W — u) + J5 (&, n) (b1 + ban) oy (¥ — u)

— 2757 (&, m)(ba + b38) (b1 + b3n)dedy (Y — u)

+27053 &, n) (b1 + ban)(by + b3E) (asby — azb3)d: (W — u)
+2J5° (&, ) (b1 + ban)(by + b3E) (a1bs — azb1)d, (¥ — u).

The above equality, together with (3.7)- (3.9), leads to
193(6 — v)II§ < cogde’ (102w — w15 + 1195 (¥ — w15 + 1050, (¥ — w)[13)
+codq (10: (W — w5 + 119, (¥ — wlI3).

(3.19)
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We can estimate ||8§ (¢ — v)||% and |19, 0y (¢ — v)||? in the same manner. Consequently, we
use (3.16) and Theorem 2.1 to reach that

3
2,0 2072 2 2,0 2o—1,p2,0
|Py gV —vha < co58q” (1 + ch)(|PN’Su —ulys +058q | Py su —ulis)

_3
< c0385° (1 + 0385 N (1 +dch)N* ™" Dy s(u). (3.20)
We next estimate the up-bound of D, s(v). By (3.13) and (3.14) of [24], we know that

,
ofu = Cl(ar +asm)! (b1 + bsn)olay v,

/=0 (3.21)

,
opu =" Cl (@ +a3£)! (ba+ 35y T 8l0} .
j=0

Furthermore, we have from (3.3) that
Jgx =ay+azn, Oyx =ax+azk, 0Ogy=>by+b3sn, Oy =by+ b3é.

Thereby, we differentiate the two equalities of (3.21) to obtain that

r—1
o g = > CL (@ +asn) by + by (a2 + aseral oy Ty
Jj=0

+ (by + b3)310, 7 v)
r—2
+(r = 1) D Cly(ar +asm) by + ban) > (a3 1oy
j=0
+b307 95 ),
r71 . . .
858:171”‘ = ZC,{fl(a2 + a3€) (br + b3$)r717]((a] + a3r))8){+18;_1_Jv
j=0

+ (b1 + b3m)di 9y T v)
r—2
+ =1 > Cly(@+ast) (ba+b36) > (azdl oy vrbsaloy ).
j=0
(3.22)

Similarly, we derive that

r—2
85_28314 = Z Cl_ (a1 +asn)! (b1 + b3n)" "2 ((az + a3§)23£+23;’2*-/v
j=0
+2(a2 + asé) (ba + b3)ad 0 v (b + 360700 v)
r—3
+20r =2 Z er_3(a1 +azn)! (b + b3n) > (a3(az + 035)8){”8;_3_11)
j=0
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+ (asby + azbs + 2a3b3E)31 T, v 4+ ba(by + b38)dL ;T T v)
r—4

+ =20 =3) D" Cl_y(ar +azn) (by + bsn) "+
j=0

(@30T, y 4 2a3b301 19, w4+ b3l 0y P ),
r—2

020, 2u =D Cl_(ay +a3£)! (b + bag) ™27 (a1 +azm)?8] Py v
j=0

+2(ar + azn) by + bsm i T, v by + b3m)?0{ 8] v)
r—3

+20r=2) S Ly + a€)! (b + b3&) > (as(ar +azmdi 2oy v
j=0

+ (azby + arbs + 2asbn)dl T 9,7 v + b3 (by + b3n)dlay T v)
r—4

+0 =20 =3) 3 €y +ask) b + sy
j=0

@3 v b asbsdl T T w4+ 63000 vy, (3.23)

Now, we use (3.21) and (3.7)—(3.9) to verify that

l0full 022 g < e85 oan(l 70007 vlla,
(3.24)

lagull 22 5 < €8g” ang(l—n )T 01 0] vl
j=0

Next, we use (3.22) and (3.7)—(3.9) to derive that

—1
||8g Opu ||X(r—3,r—3),s

1
L3I0 — ) Z 8oy Tulla + 111 - 85T 810y Vulle)

-
< czSQ
Jj=0

ol ‘Z(H(l )Tl ullg + 11— )T 8d 0y i),

19¢0;~ ‘u||x(r73,r73>,s
r—l
1 1—
<csg2ah, S (10— T oo ullg + 10— D) T 0d8s vl
j=0

1 ar—2— 1-
tebglal ’Z(H(l ol llg + I - 1) T 8la) " vlla),

(3.25)
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Similarly, we use (3.23) and (3.7)—(3.9) to obtain that

1952 0ull oar g < cBg %Z(H(l )7 910 olla
]+l r—1—j J r—j
+I1 87 vlle + 111 — £ 840y Tulla)
1Z(H(l £ T80, ol

I —EH7 a’“ P2 g + 11— )T 80 vl

o~ ZZ(“(I 8]+28r —4— ]UHQ

+||(1—§> a’“ P g 4+ 11— £ T 8102 u)lg),

- 2 r—2—
100, 2ull o405 < c8g GQZ(H(l—n) A [
1 1-
HlIA=nHT a’+ 3y ulle + 111 — 0T 8} vlle)
2 3—
1Z(H(l )T 89 ol
1 2— 1-
A =) T8 ollg + 110 - A T 80y T ulle)
S -2 1— aj+2 r—4—j
+cdg? Z(H( )T vlle

=7 a“‘ g 4+ 11 = A T a8 vl
(3.26)

A combination of (3.24)—(3.26) implies
Dy s(u) < cBro), r>4 (3.27)
Moreover, according to the definitions of D, s(u) and B, q(v), we use (3.21)—(3.23) to find

that the inequality (3.27) is also valid for r = 2, 3. Consequently, we use (3.20) and (3.10)
to reach that for r > 2,

IA

2,0 21 p2,0
1PESY —vlbe < (1 +c)?1PFSY — vhoo

_3
co3857 (1 +0385' N"H(1 +ded)(1 + c)*N* " B, o(v). (3.28)

IA

This is the desired result (3.14) with u = 2.
We are now in position of deriving the optimal estimate for || PI%,(;Z v—vl|q.Letg € L3(Q)
and consider an auxiliary problem. It is to find w € HOZ(Q) such that

ag(w,z) = (g, 2)a, Yz € H(Q). (3.29)
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By taking z = Py'hv — v in (3.29), we use (3.13), (3.10) and the second equality of (3.28)
successively to verify that

2,0 2,0 2,0 2,0
[(Py qv — v, 8)| = laa(w, Py qu —v)| = laa(Py qw — w, Py qu —v)|

< |PY G — vhal PyGw — who + dlI Py 4o — vllal| Py qw — wlle
< c(1 +dcd) Py % — vhal Pygw — whe
< cog85 (1 4+ 0385 N2 (1 + dch) N~ B, o(v)Bag(w).  (3.30)

Furthermore, the Eq. (3.29) implies A%w 4+ dw = g in sense of distribution. Thus, due to
(3.11), we assert that

1 _1
Bia(w) < 3g” (0g + D wla.e < enady” (oo + DYligle. (331)
Consequently, we use (3.30) and (3.31) to deduce that for r > 2,

2,0
[(Py v — v, 8)el

||P1%/,OQU—U||Q = sup
g€L2(Q),g£0 lglle
B, q(v)B w
< cobdz (1 +0asg N~H2(1 + dey?y— EraWBialt)

gl
_7
naoddg’ (1 + 0385 ' N"H2(1 +dcd) (6 + D*N ™" B.q ().

IA

Finally, we use the interpolation of spaces to derive that
1§ G — vlle
< 1PE%0 — ol 1P — vl o
< cnéogaj (140355 N3 (1 +dck)*(0q + D2(1 + co)N' Bo).
The proof is completed. O

Remark 3.1 In the norms involved in the error estimations (3.14), there are some weight
functions which tend to zero as the points go to the corners of domain. It is useful for covering
certain singularities of the approximated functions and their derivatives at the corners.

3.3 Other Legendre Irrational Orthogonal Approximations

We consider other Legendre irrational orthogonal approximations. For example, we set
"H>2(Q)=H*(Q)N{v | v=00n 0L, d,v=00n L UL4}, °Vy(Q)="H*(Q)NVN(Q).

According to the Poincaré inequality, there exists a positive constant, which is denoted by
cq also, such that

vl < calvl.q, VveHl(Q)ﬂ{v|v=OonL1UL4}. (3.32)

Letd, B > 0, and

aq p(u,v) = (Au, Av)g +du,v)g + B 0y udyvds, Yu,v € HZ(Q). (3.33)
LoULs
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We define the operator P o : YH*(Q) — "V (), by
agpCPY qv—v.9) =0, V¢ € Vy(Q). (3.34)
It can be shown that
0p2 0p2 0
ag pC Py v —v, Pyqv—v) <daqpld—v,¢—v), Ve Vy(Q).

Let u(€.n) = v(xE ). yE m). ¥(En) = PySu.n) and ¢(x.y) = YE, ).
n(x, ¥)) in the above inequality. Then, with the aid of (3.32), the trace theorem and Theorem
2.2, we could follow the same line as in the proof of Theorem 3.1 to reach the following
result.

Theorem 3.2 Ifv € "H?(Q) and B,.o(v) is finite for integer 2 <r < N 4+ 1 and N > 2,
then

1
1 2
ACPF qv —v)llg + B2 (/ (@, P} qv— v))zds)
LoUL3

< c(14 B)C2.aN* " Bro(v). (3.35)

4 Spectral Method for Fourth-Order Problems

In this section, we propose the spectral method for fourth-order problems defined on quadri-
laterals.

LetdQ = 0*Q U 0**Q, 9*QN3**Q = Pand d, B be non-negative constants. We consider
the following model problem,

AU (x,y) +dU(x,y) = F(x,y), inQ,
AU(x,y) + B3,U(x,y) = Ga(x,y), ond**Q, @
U, y) =Gi(x,y), ond*Q,

U(x,y) = Golx, y), on Q.

If 0*Q = 9€2, then the above problem is a Dirichlet boundary value problem. Otherwise, it is
amixed inhomogeneous boundary value problem. In this case, if **Q = dQ andd = 8 = 0,
then we require the following additional condition for ensuring the existence of solution,

// F(x,y)dxldxzz/ 0, G2 (x, y)ds.
Q Q

4.1 Dirichlet Boundary Value Problems

We first consider the homogeneous Dirichlet boundary value problems, namely, 0*Q2 = 92
and Go(x,y) = G1(x,y) = 0. Let a4(u, v) be the same as in (3.12). The weak form of
problem (4.1) is to seek the solution U € HOZ(Q) such that

ai(U,v) = (f,v)g, Vv e Hy(Q). 4.2)
The Legendre irrational spectral scheme for solving (4.2) is to find uy € VI(\),(Q) such that

aalun, ¢) = (f,d)a, Vo € VI(Q). (4.3)
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We now estimate the error of numerical solution. Let P/%,’%U be the same as in (3.13).
Then

ai(PyQU.¢) = (f.)a. Vo € VR(Q).
Subtracting the above equality from (4.3), we obtain

aguy — PyQU.¢) =0, Vo € V(). (4.4)

Taking ¢ = uy — Py'QU in (4.4), we find that A(uy — Py'aU) = 0in Q. Since uy —

PI%,"%U = 0 on 0L2, we assert that uy — P/%,’!%U =0onQ,ie., uy = Pf,’!%U. Finally, we
use Theorem 3.1 to conclude that

WU —unllpe < cCpaN""BroU), pn=01,2. (4.5)

Remark 4.1 In the norms involved in the above estimations, there are some weight functions
which tend to zero as the points go to the corners of domain. It is useful for covering certain
singularities of the exact solutions and their derivatives at the corners.

We next describe the numerical implementations and present some numerical results
confirming the analysis in the last section. To do this, let L;(§)(—1 < < 1) be the standard
Legendre polynomials as before, and

1) =

2021 +5) 21 +3
204+7 20 +7 ’

1
(Lz(E) — — 7 L2 + 5= Lita®)
V221 +3)221 +5)

Obviously ¢;(£1) = dg¢p;(£1) = 0. Therefore, all of the functions ¢;(§(x, ¥))$n (n(x, y))
0 <Il,m < N —4) conform the basis of VI?, (£2). In actual computations, we expand the
numerical solution of (4.3) as
N—4N—4
U Y) = D D armdiE, ))dm(n(x, ).
1=0 m=0

By inserting the above expression into (4.3), we obtain a linear system of algebraic equations
with the unknown coefficients a; ;.

Letény,; (0 < I < N) be the zeros of the Legendre polynomial Ly (§). Meanwhile,
oy, (0 <1 < N) stand for the Christoffel numbers of the Legendre—Gauss interpolation.
Moreover, xy ;.m = X(En.1, MN.m) and Yy 1.m = Y(En 1, NN m). We measure the errors of
numerical solutions by the discrete average norm

1
N—4 N—4 2
2
Eqve,N =( E E (U N 1ms YN Im) — UNXNLms YN, Im)) wN,sz,m) ,

=0 m=0

and the discrete maximum norm

E = max max |U(x —un(x .
max,N 0§I§N—40§m§N—4| (XN, 1ms YN Im) NN Lms YN, Lm)]

We first use (4.3) to solve (4.2) withd = 1 and 8 = 0. We take the domain Q = QU with
the vertices Q1 = (—%2. =), 02 = (2. %), 03 = (2. ¥) and Q4 = (-2, ).
The smallest angle 6, = % and the two largest angles 6 = 63 = %n. The equations of the
four edges of QW are as follows,

° lell(x,y)=x+§=0,
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Table 1 The numerical errors of scheme (4.3) with domain QM

N =4 N =38 N =12 N =16 N =20
Eqve, N 2.6891e+4-00 1.0513e—-03 2.8761e—08 1.6137e—13 1.4086e—13
Emax,N 6.5952e—01 2.4686e—04 4.2607e—09 2.2204e—14 1.1102e—14

Table 2 The numerical errors of scheme (4.3) with domain Q®

N =4 N =38 N =12 N =16 N =20
Eave.n 1.1812e+01 1.2541e—02 8.9147e—07 3.1938e—12 3.1035¢—13
Epmax, N 3.2399e+00 2.1495¢—03 9.5680e—08 2.9354e—13 3.2863e—14
o Ly:h(x,y)=(3-x—y- 22 4 Lo,
o Ly:hx,y)=(3+Dx+y— 22 L _o

° L4:l4(x,y)=y—§=0.

We take the following test function,

Ux,y) =, W, B, I, y)cosx + y). (4.6)

Clearly, U(x, y) € Hoz(Q). In Table 1, we list the discrete errors Egye, v and Ejpqx, N VEIsus
the mode N. They demonstrate that the numerical errors decay rapidly as N increases. This
confirms the analysis.

We next use (4.3) to solve (4.2) withd = 1 and 8 = 0, defined on the domain = Q@

with the vertices 0 = (_\/TE’ —%), 0r= W2+ «/TE V2 - «/75)7 03 = («/75, 4) and

Q4 = (—g, 4). The smallest angle 6, = %, and the largest angles 6 = 63 = ZT” The
equations of the four edges of 2® are as follows,

° L1:ll(x,y):x+§:0,

« Lyih,y)=—Fx—y- 332 =y,
o L3Il3(x,y)=—\f3x—y+§+§:0,
° L4:l4(x,y):y—§:O.

The test function is given by (4.6) with the above new functions/; (x, y), 1 <i < 4.InTable?2,
we list the discrete errors E;pe, v and Ejqx, n versus the mode N. They also demonstrate
that the numerical errors decay rapidly as N increases. By comparing Table 1 with Table 2,
we find that the numerical errors depend on the quantity minj<;<4(6;, # — 6;). Indeed, the
bigger this quantity, the smaller the numerical errors.

4.2 Mixed Boundary Value Problems

In this subsection, we consider mixed boundary value problems. For fixedness, let 0*Q =
Ly ULy, and 3**Q = Ly U L3. Moreover, Go(x,y) = 0 on 2, and G (x, y) = 0 on 3*Q.
The space OH2() and the set Vi () are the same as in Sect. 3.3. Let aq.g(u, v) be the
same as in (3.33). The weak formulation of (4.1) is to seek solution U € ° H%(2) such that

aq (U, v) = (f,v)q +/*

9k

Gadyvds, Vv e "H*(Q). 4.7)
Q
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The Legendre irrational spectral scheme for solving (4.7) is to find uy € Oy () such that
aq pun, 9) = (f, P)a +/ Gadugpds, Yo € "Vy(Q). 4.8)
9+ Q

Let OP,%,yQU be the same as in (3.34). Then

aapCPE QU $) = (f. $)a + /a | Gabnds. V9 V(@)

By subtracting the above equality from (4.8), we obtain
aguy = "Py qU.¢) =0,  V$ € "Vy(Q). (4.9)

Taking ¢ = uy — OP§ qU in (4.9), we find that A(uy — OP§ oU) = 0 in Q. Since
uy — OPI%,’QU = 0 on 0€2, we derive that uy = 0PI%,’QU. Finally, we use Theorem 3.2 to
obtain

AU = un)llg + B2 (/B**Q(anw - uN))st) Tl B)C2.aN>"" B, q(v).
(4.10)

We now present some numerical results. Let ¢; (&) be the same as in the last subsection,
and

1 1
h_(x) = 1@3 —EP—E4+D,  hi(®) = 1@3 +&2—&—1).

It was shown in [21] that h_(£1) = hy(£l) = dgh_(1) = dghy(—1) = 0. Thus, all
G1(EC, Y)Pm ((x, ¥)), d1(E(x, y)h—_(n(x, ¥)), h- (E(x, y)i(n(x, ) O <Il,m <N —
4) and hy(&(x, y))h_(n(x, y)) conform the basis of Oyy(€2). In actual computations, we
expand the numerical solution of (4.8) as

N—4N—-4 N—4
un () = DD am@rEx )G (x. )+ D bigiE(x, y)h-(n(x. y))
=0 m=0 =0
N—4
+ D cth €, G, ¥) + ghy (ECx, y)Dh-(n(x, ).
=0

By inserting the above expression into (4.8), we obtain a linear system of algebraic equations
with the unknown coefficients a; ,,, by, ¢; and gq.

We now use (4.8) to solve (4.7) with d = 1 and 8 = 0, defined on the domain Q = Q.
The test function is

U(x,y) = x, Vb, »)3xe, IFx, y)cos(x + ). 4.11)

Clearly, U € OH2(). In Table 3, we list the discrete errors Eqve,n and Eqx n versus the
mode N. They show the rapid convergence of scheme (4.8).

We next use (4.8) to solve (4.7) with d = 1 and 8 = 0, defined on the domain Q = Q®.
The test function is given by (4.11), with the functions /; (x, y), 1 < i < 4, which correspond
to the domain @ as before. In Table 4, we list the discrete errors Egve,n and Epqx N
versus the mode N. They also show the rapid convergence of scheme (4.8). By comparing
Table 3 with Table 4, we observe again that the numerical errors depend on the quantity
ming<;<4(6;, T — 6;).
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Table 3 The numerical errors of scheme (4.8) with domain QM

N =4 N =38 N =12 N =16 N =20
Eqve, N 5.7158e—01 1.0653e—04 1.4678e—09 3.7401e—14 8.0097e—14
Emax,N 1.5218e—01 1.6412e—05 1.7325e—10 4.2188e—15 5.5511e—15

Table 4 The numerical errors of scheme (4.8) with domain Q®

N=4 N=8 N=12 N =16 N =20
Eqve.N 2.7703e+00 2.7126e—03 2.5186e—08 4.5284e—13 1.2291e—12
Epax.N 6.1198e—01 4.2986e—04 2.4788e—09 5.2403e—14 8.4488e—14

Table 5 The numerical errors of scheme (4.8) with domain QM and y=1

N=4 N =38 N=12 N =16 N =20
Eqve,N 1.2776e—00 1.0035e—02 8.3614e—04 1.3336e—04 3.1364e—05
Epmax,N 2.4907e—01 2.6478e—03 2.3239e—-04 3.8805e—05 9.7532e—06

In the error estimates (4.5) and (4.10), there exist the weights vanishing on some parts
of the edges. It would be useful to cover certain weak singular behaviors at the edges or
vertices. To show this, we use (4.8) to solve (4.7) with d = 1 and B = 0, defined on the
domain = Q( as before. We take the test function as

Ux,y) = p¥ (x, NI x, Mh(x, Mi3x, »)IE(x, y) cos(x + y), (4.12)

2 2
where p(x,y) = \/(x - 4) + (y + &) and y > 0. Clearly, the singularities of

U(x,y) occur at the vertices Q> (i —L), except that y is an even number. Also,

U € "H*(Q) N H3Y~*(Q) with arbitrary & > 0.

In Tables 5, 6 and 7, we list the discrete errors Egy. ny and E, ¢y versus the mode N
withy =1, 3, 5, respectively. We see that for the same modes N, the numerical results with
bigger y are more accurate than those with smaller y. More precisely, since U € H>T7 (Q),
we obtain from (4.10) that the numerical errors are of the order N 7. Therefore, as indicated
by Tables 5, 6 and 7, the numerical errors with bigger y decrease faster than those with small

Y.

4.3 Inhomogeneous Boundary Value Problems

We now turn to problem (4 1) with Go(x, y) ,.=é Oand G (x, y) # 0. According to the lifting,
there exists the function U(x y) such that U(x y) = Go(x, y) on €2, and 8,1U(x y) =
G1(x,y) on 9*Q2. We make the following variable transformation,

Ux,y) = W, ) +Ux,y),  fx,y)=F(x,y)— A*U(x,y) —dU(x, ),
82()57}’)=Gz(x»y)—AU(Xs)’)_lganU(xa)’)- (413)
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Table 6 The numerical errors of scheme (4.8) with domain QM and y=3

N =4 N =38 N =12 N =16 N =20
Eqve,N 1.7290e—00 1.0396e—02 3.3001e—-05 1.8002e—06 1.7903e—07
Enax.N 5.7824e—01 1.7609e—03 7.1103e—06 3.8443e—07 3.8122e—08

Table 7 The numerical errors of scheme (4.8) with domain QM and y=5

N=4 N=8§ N=12 N=16 N =20
Eqve.N 1.5000e+-01 1.8753e—02 1.0367e—05 1.1557e—07 4.8731e—09
Epmax.N 3.9229¢+00 3.8470e—03 1.1576e—06 2.1431e—08 8.9957e—10

Table 8 The numerical errors of inhomogeneous problem with domain Q®

N=4 N=38§ N=12 N=16 N =20
Eqve.N 2.8109e—1 2.9246e—3 2.7695¢—7 2.1506e—11 8.5767e—12
Emax.N 9.7307e—2 4.9174e—4 3.1609¢—8 1.5555¢—12 1.7496e—12

Then, the problem (4.1) is reformulated to

AW (x,y) +dW(x,y) = f(x,y), in€,
AW (x,y) + B3, W(x,y) = g2(x,y), o0ond™Q,
opW(x,y)=0, ond*Q,
W(x,y) =0, on Q.

(4.14)

We can solve this alternative problem numerically by the methods proposed in Sects. 4.1 or
4.2, Its numerical solution is denoted by wy (x, y). The numerical solution of the original
problem is given by uy (x, y) = Wy (x,y) + Ij(x, y).

The key point is how to construct the lifting function U(x, y). This is a difficult and open
problem for fourth-order problem. Fortunately, we solve this problem, see “Appendix” of
this paper.

‘We now present some numerical results. We consider the inhomogeneous Dirichlet bound-
ary value problem (4.1) with d = 1 and 8 = 0, define on the quadrilaterals = Q) with
the vertices Q1 = (0,0), Q2 = (2,0), Q3 = (1, 1) and Q4 = (0, 1). We take the following
test function,

Ux,y) =@ —D>x =23y —2)%sin(x — y). (4.15)

Clearly, U € H*(R2), and U possesses inhomogeneous boundary condition on 8€2. We list
the discrete errors E,pe, v and Eqx v versus the mode N in Table 8. They show the rapid
convergence of spectral scheme.
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S Concluding Remarks

In this paper, we proposed the spectral method for fourth-order problems defined on quadri-
laterals. We provided the spectral schemes for a model problem with Dirichlet boundary
condition and mixed boundary condition, and proved their spectral accuracy. We also devel-
oped the lifting technique, by which we could deal with inhomogeneous boundary value
problems reasonably. Numerical results demonstrated the high effectiveness of the suggested
algorithms. As the mathematical foundation of our new spectral method, we introduced
the orthogonal irrational approximation defined on quadrilaterals, and established the basic
approximation results, which plays an essential role in designing and analyzing the related
spectral method. The approximation results and techniques developed in this paper are also
applicable to other fourth-order problems defined on quadrilaterals.

As we know, Guo and Jia [16] first proposed the spectral element method for second-
order problems defined on quadrilateral arbitrary polygons with quadrilateral partition, while
Yu and Guo [29] investigated the spectral element method for fourth-order problems with
rectangle partition of domains. An important problem is how to generalize the approach of this
work to fourth-order problems with quadrilateral partition of domains. Like conforming finite
element method, the main difficulty of designing such method is how to ensure the continuity
of the derivatives of numerical solutions at all common edges of adjacent elements. It seems
hopeful to solve this problem by using the quasi orthogonal approximation similar to the
work of [16], coupled with the lifting technique presented in “Appendix” of this paper. We
shall report the related results in the future.
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Appendix

This appendix is devoted to the lifting technique. The edges L; of domain €2 are as follows
(see Fig. 1),

Li:li(x,y)=aix+biy+c =0, 1=<i=<4 (A1)

Let lita(x,y) = li(x,y), i = 1,2,3,4. We could rewrite the equations corresponding to
the edges as x = x;(y) for L;,i = 1,3, and y = y;(x) for L;, i = 2, 4. Clearly,
dx; bi dyi

i igori=1,3, - _Ygni=2a4 (A2)
dy a; dx bi

We denote the normal vector of edges L; by n; = (cos «;, cos ;3,-)T, 1 <i < 4. Besides, Q;
stand for the four corners of domain €2 as in Fig. 1.
Our aim is to design the lifting function vy (x, y) such that

vp(x, ML, = vp(xi (¥), ¥) = & (), Onup(x, W, = hi(y),  i=13,
vp(x, WL, = vp(x, yi(x)) = gi(x),  vp(x, YL, = hi(x), i=2,4, (A3)
where g; (¥), hi ()i = 1,3) and g;(x), h;j(x)(i = 2,4) are given functions. In addition,

the functions g; (y) and g; (x) fulfill certain consistent conditions ensuring the continuity of
vp(x, y) at the corners of domain.
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In the forthcoming discussions, we introduce the following polynomials,

B, B0 B, B (x, y)
sy =[] @x+by+ep?=- T .
I<j<4,j#i i (x,y)

ti(x, y) = (@ix +biy+c)si(x,y) =li(x, y)si(x,y), i=1234 (A4)

’

It can be checked that
Onsi(x,y) #0, si(x,y) #0, uti(x,y) #0, #i(x,y)=0, onlL;, i=123,4,
Onsi (x, ) = 81X, y) = duti (x, ) = 1;(x,y) =0, on Ul ,; L;, (AS5)
We also introduce the following polynomials,
0i1(e, ) = e MF Gy, o y) = livi(x, i (x, y),

o0i3(x,y) = li(x, y)oi1(x, y), oia(x,y) =i (x, lip1(x, y)oi(x, y),
i=1,2,3 4. (A.6)

It can be verified that
on(x, YL, = oilx, YL, =owulx, y)LuL, =0,
0001 (0, W LsuLy = 01 (X, Y)suL, =0, 1< j <4 (A7)

We can also verify that 0;;(x, y),2 < i, j < 4 have the same properties. Accordingly, we
design the desired lifting function v (x, y) satisfying (A.3) as follows,

up(x, ¥) = Z1()s1(x, ¥) + ()1 (x, ¥) + 82(0)s2(x, ¥) + ha(x)1a(x, y)

+53()s3(x, ¥) +h3(M3(x, )
4

+2a(0)sa(x, ¥) + ha()ta(x, y) + D pijoij(x, y), (A.8)
i,j=1

where g;, 71,- and p;;, 1 < i, j < 4 are undetermined functions and constants. We shall
construct those undetermined quantities properly in the following four steps.

Step 1 According to (A.3), we use (A.5) and (A.7) to derive that

vp(xX, V)l = g1(Ms1(x1(y), ¥) + prionn (x1(y), y) + pr2o2(x1(y), y)
+ pa1041(x1(), ¥) + pazoas(x1(y), ¥) = g1(y),
Up(x, V)L, = g2(xX)s2(x, y2(x)) + pa1o21(x, y2(x)) + p2oaa(x, y2(x))
+ prioni(x, y2(x)) + pizo(x, y2(x)) = ga(x),  etec.  (A9)

Furthermore, the corner Q1 = L N L;. Thus we know from (A.5) and (A.7) that

s1(x1(y), y) = s2(x, y2(x)) = o12(x1(y), y) = o13(x, y2(x))
= 021(x, y2(x)) = 022(x, y2(x)) = 041 (x1(¥), ¥)
= og43(x1(y), y) =0, at Q.

Therefore

vp(x, V), = prio1i(x, Yo, = g1(¥)lg, = &2xX)lg,-
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In other words,

L= g1, _ g2(x)| g, . (A.10)
on(x, g, oulx, ylo,

Due to the continuity of v, (x, y), we have g1(y)|g, = g2(x)|g,. Thereby, the above expres-
sion is meaningful and so determines the constant py;. In the same manner, we can calculate
the constants p;1, i = 2, 3, 4.

Step 2 For simplicity, let dys1 (x1(y), ¥) = 0xS1(X, ¥)|x=x,(y)» €tc. By differentiating the two
equations of (A.9), we derive that

Oy (wp(x1(y), ¥)) = dyg1(Ms1(x1(y), ¥) + g1 () (Qxs1(x1(¥), y) +3 ys1(x1(¥), ¥))
+ p11(0xo11(x1(y), y) +3 yo11(x1(y), y))
+ p12(0xo12(x1(y), y) L dy012(1 (), 1)
+ pa1(0x041(x1(y), y) + dyoa1(x1(y), ¥))
+ P43(0x 043 (x1(¥), y) L ayon (1 (). 1) = dy81(y),
ax (Vp (x, ¥2(x))) = 9xg2(x)s2(x, y2(x)) + g2(x) (BxS2(x, y2(x)) + dys2(x, yz(X))%)
+ P21 (3x021(x, y2(x)) + dyo21 (x, yz(X))@)
+ 22 (3 022(x, y2(x)) + dyo22(x, yz(X))f
+pi (axon(x,yz<x>>+ayan(x,yz<x> dl)
+p13 (3x013(x, y2(x)) + 9yo13(x, y2(x)) ) = 0yg2(x). (A.1D)
Moreover, we know from (A.5) and (A.7) that at the corner Q1,

s1(x1 (), y) = xest(x1(y), y) = dysi(xi(y), y) =0

$2(x, y2(x)) = dxs2(x, y2(x)) = dys2(x, y2(x)) =0,
0x041(x1(y), ¥) = 3y041(x1(¥), ¥) = 0x043(x1(y), y) = dyou3(x1(¥), y) =0,
0,021 (x, ¥2(x)) = 3y021(x, y2(x)) = 0x022(x, ¥2(x)) = dy022(x, y2(x)) = 0.

Therefore
yvp(x1(y), Mg, = p11(@xo11(x1(y), y) y +3 yo11(x1(y), Yo,

+ p120xo12(x1(y), y) + dyo12(x1(y), Yo, = dyg1(Mlo,»
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O vp(x, y2(x)) |0, = p11(3xo11(x, y2(x)) + dyo11(x, yz(x)) )|Q1

+ p13(0xo13(x, y2(x)) + dyo13(x, yz(x)) )|Q1
= 0x8&2(%)lg,- (A.12)

Consequently,

081 Mlo, = P11@xon (x1(»), ML+ d,011(x1 (), M)l g,

P12 =
(0x012(x1(y), ¥) d}‘ + dyor2(x1(y), ¥)lg,

i = 0xg2(X)g; — p11(0x011(x, ¥2(x)) + dyoq1(x, yz(X)) )|Q1 (A13)

(Dx013(x, y2 (1)) + dyor13(x, y2(0))52)| g,

These expressions with (A.10) determine the constants p2 and pj3. We can calculate the
pi2 and p;3, i = 2,3, 4 in the same way.
Furthermore, we obtain from the first equation of (A.9) that

21(»)
_& ()= pr1o11(x1(y), ¥) — p12012(x1 (), ¥) — p41041(x1 (), ¥) — p43043(x1(¥), ¥)
s1(x1(»), y) ’

(A.14)
Since p;j, 1 < i < 4,1 < j < 3 are given already by (A.10) and (A.13), the above
expressions determine the functions g (y). We also can determine the functions g, (x), g3(y)
and g4(x).
Step 3 According to (A.3), we use (A.5) and (A.7) to derive that

hi(y) = O u(x, y)|, = dxu(x1(y), y) cosay + dyu(xi(y), y) cos B,
ha(x) = Opyu(x, ¥)|L, = dxu(x, y2(x)) cosaz + dyu(x, y2(x)) cos fa.

Then, we have
) dx; dxy
dyh1 (Mg, = (Byu(x, y)E + Oxyu(x, ¥)) g, cosay + (dxyu(x, y)T
+07u(x, y))l o, cos B

dcha(0)lo, = (82u<x ¥) + ey, y) ) o, cos
+ ( oyt (x, y) + dju(x, y) ) |0, cos Ba. (A.15)
Moreover, due to g1(y) = u(x1(y), y), g4 = u(x, ya(x)) and (A.4), we find that

2 2 dxi\? dxy 5
aygl(y)|Q1 = Gxu(x, y)|Q1 E +28xyu(xv Y)|Q17+8yu(X, y)|Q1»

dy>

r ) (A.16)

0820, = dgu(x, Yo, + 20xyulx, )’)|Q1 d +3 u(x, y)lo, (
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From the first equation of (A.15) and (A.16), we have
dx1\* ((dys\?
Ao, = —_— — ) —1)o,h
01 (( dy) (dx yhi(V)lo,
dxy (dys 2 2
+ | cos B ~ 4y Uay ) oo dy81(Mlo,
dxy dx 2
+ (dy cosay — (W) cos B 8§g4(x)|Q,,
d dxi\? (dys\?
Bgp, = [cosaj +icos,31 it} 4 —1
dy dy dx
dxi d d
+2diyl% cosay + Zdiyl cos f1
dxi\* (dys\? dx;\*d
-2 ad ol cosay — 2 i} ﬁcos,Bl.
dy dx dy dx
a _ AQI
(X, Yo, = By, (A.17)
1
From the second equation of (A.15) and (A.16), we have
dxi\?* (dys\*
Co = —_— — ) —1])0,h
0 (( dy) (dx yha(y)lg,
dys dys\*
+<dxCOSﬂ4— (E cosay |3721(0)lo,
dxy 2d}’4 2
+ | cosas — qy Ecosm 07g4(x) g,
d dxi\* (dys\*
Do, = (% cosa4+cos,34) ((dxyl) (%) — 1)
dys dxy dyq
il it
+ I cosay4 + dy dx cos B4
dxi ((dys)* dxi1\* ((dys\?
2 (=2 -2 == .
dy ( dx) COS 04 dy I cos B4
C
dxyu(x, o, = DZ‘. (A.18)
1
Then, we obtain the compatibility conditions as dyyu(x, y)|lo, = Ao, _ Loy

BQl DQ1 :
Next, by differentiating the (A.8) twice, we derive that
Dy v(x, ) = 0,21 (1)3es1(x, ¥) + 81 (31 ys1(x, ¥) + T (1)t (x, )
1)yt (6, Y) + 0582 (X)dys2(x, ¥) + Z2(x)dxys2(x, ¥)
+ axﬁz(X)aytz(x, »+ 712(X)3xyl2(x, ¥) + 0y g3(y)dxs3(x, y)
+23(y)0xys3(x, y) + 3yl~13 (Ndxt3(x, y) + I3 () 0xyt3(x, y)
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+ 0,84 (X)By54(x, ¥) 4 B4 (X)daysa(x, ¥) + drha(x)dyta(x, y)
4

+l;4(x)8xyt4(x, y) + Z DijOxy0ij(x, y).
ij=1

Moreover, we know form (A.5) and (A.7) that

Oxsi (x, Yo, = 0xti(x, ¥)lo, = dnyti(x, Y)|o, = Oxyoia(x, y)lg, =0, 1 <i<4,
Oxys3(x, Yo, = Oxysa(x, ¥)lg, =0.
Therefore,

8xy”(xv)7)|Q1 = 8ny(x»Y)|Q1
4 3

= 210y s1(x, Yo, + B2(0)deys2(x, Yoy + D D Pijdayoij(x, oy
i=1 j=1

Consequently,
Oy, Mgy — @ (0)xys1 (6, M HB2 )y 206, 1)+ D0y Dy pijdy0ii (6, 1))l o,
P dryosx. g, '
(A.19)
In the same manner, we can determine the constants p;4, 1 <i < 4.
Step 4 According to (A.3), we use (A.5) and (A.7) to derive that
N 4
vy (6, MLy = 02 (@ ()1 (x.y) + Rt y) + D pijdeyoij (. y)I,
i,j=1
= h1(y). (A.20)
Moreover, with the aid of (A.5), we deduce that
On (R (11 (e, )Ly = (i (13t (x, y) cosay + dyhi (y)t (x, y) cos B
+h1(y)oyt1(x, y)cos B1)|r,
= h1(y)(Oxt1(x, y)cosay + dyt1(x, y) cos B1)IL,
= h1(y)ont1(x, V)L,
By substituting the above equality into (A.20), we obtain
_ 4
~ () = @I L = ( 20 P, ) ) I
h(y) = : , (A2D)

1 (x, Y)r,

which determines the function El (y).

In the same way, we can determine the functions Ez (x), E3 (y) and ﬁ4 (x).

Finally, a combination of (A.10), (A.13), (A.14), (A.19) and (A.21) leads to the desired
lifting function (A.8).

Remark 5.1 We can construct the lifting function for the boundary condition corresponding
to the mixed inhomogeneous boundary value problems of fourth order.
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