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Abstract We employ a Kansa-radial basis function (RBF) method for the numerical solution
of elliptic boundary value problems in annular domains. This discretization leads, with an
appropriate selection of collocation points and for any choice of RBF, to linear systems in
which the matrices possess block circulant structures. These linear systems can be solved
efficiently using matrix decomposition algorithms and fast Fourier transforms. A suitable
value for the shape parameter in the various RBFs used is found using the leave-one-out
cross validation algorithm. In particular, we consider problems governed by the Poisson
equation, the inhomogeneous biharmonic equation and the inhomogeneous Cauchy—Navier
equations of elasticity. In addition to its simplicity, the proposed method can both achieve
high accuracy and solve large-scale problems. The feasibility of the proposed techniques is
illustrated by several numerical examples.
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1 Introduction

During the past decade, radial basis function (RBF) collocation methods have attracted great
attention in scientific computing and have been widely applied to solve a large class of
problems in science and engineering. Among the various types of RBF collocation methods,
the Kansa method [15], proposed in early 1990s is the most known. One of the main attractions
of this method is its simplicity, since in it neither a boundary nor a domain discretization are
required. This feature is especially useful for solving high dimensional problems in complex
geometries. Furthermore, we have the freedom of choosing an RBF as the basis function which
does not necessary satisfy the governing equation. Hence, the Kansa method is especially
attractive for solving nonhomogeneous equations. In general, the multiquadric (MQ) function
is the most commonly used RBF in the implementation of the Kansa method. Using the MQ,
an exponential convergence rate has been observed and thus high accuracy beyond the reach
of the traditional numerical methods such as finite element and finite difference methods can
be achieved. Despite all the advantages mentioned above, the Kansa method has a number
of unfavorable features. It is known that the determination of the optimal shape parameter of
various RBFs is still a challenge. Currently, there are a variety of techniques [5,11,16,26,32]
available for the determination of a suitable shape parameter. In this paper, we will use the
so called leave-one-out cross validation (LOOCYV) proposed by Rippa [32] to find a sub-
optimal shape parameter. Another potential problem of the RBF collocation methods is the
ill-conditioning of the resultant matrix. On the one hand, when the number of interpolation
points is increased, the accuracy improves, while, on the other hand, the condition number
becomes larger. This phenomenon is referred to as the principle of uncertainty by Schaback
[33,34]. Eventually, when the number of interpolation points becomes too large, the condition
number becomes enormous and the solution breaks down. When using globally supported
RBFs such as the MQ, the resultant matrix of the Kansa method is dense and ill-conditioned.
Not only do we have a stability problem, but also the computational cost becomes very high.
The Kansa method is thus not suitable for the solution of large-scale problems which require
the use of a large number of interpolation points. In recent years, the localized Kansa method
[27] has been developed for handling large-scale problems. In this approach, a local influence
domain is established for each interpolation point and only a small number of neighbouring
points is used to approximate the solution. The resultant matrix is thus sparse allowing for
the use of a large number of collocation points. However, the accuracy of the localized Kansa
method is rather low because the local influence domain only contains a small number of
interpolation points.

In this paper, we couple the Kansa method and a matrix decomposition technique for solv-
ing problems using a large number of interpolation points. Since global RBFs are used as
basis functions, we can also achieve high accuracy in numerical results. To be more specific,
we consider the discretization of elliptic boundary value problems in annular domains using
the Kansa method. For any choice of RBF, such appropriate discretizations lead to linear sys-
tems in which the coefficient matrices possess block circulant structures and which are solved
efficiently using matrix decomposition algorithms (MDAs). An MDA [1] is a direct method
which reduces the solution of an algebraic problem to the solution of a set of independent
systems of lower dimension with, often, the use of fast Fourier Transforms (FFTs). MDAs
lead to considerable savings in computational cost and storage. This decomposition technique
not only allows us to handle large-scale matrices but also makes it possible to implement
the LOOCYV technique to find the sub-optimal shape parameter of the RBFs used. It should
be noted that the LOOCYV technique is not suitable when the size of the matrix is too large.
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Such MDA have been used in the past in various applications of the method of fundamental
solutions (MFS) to boundary value problems in geometries possessing radial symmetry, see
e.g., [17,18]. A similar MDA was also applied for the approximation of functions and their
derivatives using RBFs in circular domains in [21], see also, [13]. Some preliminary results
for the Dirichlet Poisson problem have recently been presented in [20].

The paper is organized as follows. In Sect. 2 we present the Kansa method and the proposed
MDA for both the Dirichlet and the mixed Dirichlet—-Neumann Poisson problem. The Kansa-
RBF discretization for the first and second biharmonic problems is given in Sect. 3. The
corresponding discretization and MDA for the Dirichlet and the mixed Dirichlet-Neumann
boundary value problems for the more challenging Cauchy—Navier equations of elasticity
is described in Sect. 4. In Sect. 5 we present the results of three numerical experiments. In
the first example various RBFs are tested and the normalized MQ turns out to be the most
effective one. As a result, in the other examples, we focus on using the normalized MQ. We
also show that the LOOCV technique is very effective for finding a good shape parameter
of the RBFs. All three examples show that we can solve large-scale problems with high
accuracy. Finally, in Sect. 6 some conclusions and ideas for future work are outlined.

2 The Poisson Equation

2.1 The Problem

We first consider the Poisson equation
Au = f in Q, (2.1a)

subject to the Dirichlet boundary conditions

u=g; on 09, (2.1b)
u=gy on 9%, (2.1¢)

in the annulus
Q={xeR:p0 <|x| <02}. 2.2)

The boundary 9Q = 9Q; U 3, 9Q N3 = ¥ where 3Q; = {x e R?: |x| = 01}
and 02, = {x eR?: x| = Qz}.

2.2 Kansa’s Method

In Kansa’s method [15] we approximate the solution u of boundary value problem (2.1) by
a linear combination of RBFs [3,7]

N
UN(x,Y) = D angn(x.y).  (x.y) € Q. (2.3)
n=1
The RBFs ¢n(x, y),n =1, ..., N can be expressed in the form
¢n(x,y) = (r). where ry = (x —xn)” + (y — yn)>. (24)
Thus each RBF ¢y, is associated with a point (xn, yn). These points {(xp, yn)}”=l are usually

referred to as centers.
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The coefficients {an}r';‘=1 in Eq. (2.3) are determined from the collocation equations

Au(xm, ym) = f(xm, ym), M=1,... My, (2.5a)

u(xm, ym) = g1(xm, ym), M= M + 1, ..., Mint 4+ Mpry, , (2.5b)

u(xm, ym) = &2(m, ym), M= M + Mbryl +1,..., Mjp + Mbry7 (2.5¢)

where Mip + Myry = M and the points {(xm, ym)}m=1 € § are the collocation points. Note
that, in general, the collocation points are not the same as the centers and M > N.

In this work, however, we shall assume that M = N and that the centres are the same as
the collocation points. In particular, we define the M angles

2m(m — 1)
ﬁm:T’ m=1,...,M, (2.6)
and the N radii
rn=91+(Q2—Q1)Q, n=1,...,N. Q.7)
N-—-1

M,N

The collocation points { (X, ym”)}m=1,n=

| are defined as follows:

2oy, . 2oy,
Xmn = Ip cOS | O + M s Ymn = Tpsin Oy + M )

m=1,.... M, n=1,...,N.

(2.8)

In (2.8) the parameters {oz,,},}lv=1 € [—1/2, 1/2] correspond to rotations of the collocation
points and may be used to produce more uniform distributions. Typical distributions of
collocation points without rotation (o, = 0,n = 1, ..., n) and with rotation are given in
Fig. 1. In the current application of Kansa’s method, we take

M N
UMN (6, Y) = DD A (x,Y),  (x, ) € Q, (2.9)

m=1n=1
where the M = MN coefficients {(am,,)},/,';[’:]Y,n=l are unknown. These coefficients are

determined by collocating the differential equation (2.1a) and the boundary conditions (2.1b)—
(2.1c) in the following way:

Fig.1 Typical discretization of the domain with a no rotation of the collocation points and b with rotation of
the collocation points. The crosses (+) denote the collocation points
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Al'iMN(xmmymrL) = f(xmna)’mn)v m=1,....M, n=2,...,N—1,
UpMN X1, Ym1) = &1 Xm1, Ym1)s  UMN XN, YmnN) = 82XmN, YmN), m=1,..., M,
(2.10)

yielding a total of M = M N equations.
By vectorizing the arrays of unknown coefficients and collocation points from

An—)M+m = Amn, Xm—D)M+m = Xmn, Yn—D)M+m = Ymn,
m=1,....M, n=1,....N, .11

Equation (2.10) yield a linear system of the form

Al,l Al,2 Al,N ag b1
A1 Azp ... Aon a; by
Aa = . . = . =b. (2.12)
AN,I AN’2 AN,N an bN
The M x M submatrices A, n,, n1,n2 =1, ..., N are defined as follows:

(A”l*”2)m1,m2 = A¢m2,n2(xm1,nla yml,n1)7
my,my=1....M, ny=2,....N—1, np=1,...,N

"(2.13a)

(Al,n)ml’m2 = ¢m2,n(xm|,lv yml,l)v
my,mpy=1,...,M, n=1,...,N, (2.13b)
(AN’”)ml,mz = Gmyn(Ximy,Ns Ymy,N)» (2.13¢)

while the M x 1 vectors a,,, b,,n =1, ..., N are defined as
@), =amn, m=1,...,M, N=1,..., N,
b)) = fF&Emns Ymn), m=1,.... M, n=2,...,N —1,
(bl)m = gl(xmL yml); (bN)m = g2(-me7 ymN)7 m=1,...,M.

2.2.1 Neumann Boundary Conditions

Suppose that instead of boundary condition (2.1b) we had the Neumann boundary condition

ou

— = g1 on 0%y, (2.14)

on
where n(x, y) = (n,, n,) denotes the outward normal vector to the boundary at the point
(x,y). The corresponding submatrices (Al,n) ,n=1,...,N,in (2.13b) are now defined
by

99
(A1) iy iy = = Gt Y1)y msma =1, M. (2.15)

As proved in the “Appendix” (Lemma 1) each of the M x M submatrices Ay, »,, n1,n2 =
1, ..., N,in the coefficient matrix in (2.12) is circulant [6]. Hence matrix A in system (2.12)
is block circulant.
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2.3 Matrix Decomposition Algorithm

First, we define the unitary M x M Fourier matrix
1

1 1 1 .
1 02 oM-1
1 -2 -4 ~2(M—-1 ;
Uy = NI 1 o ® A . where w =™ /M 2 _1,
M-l 2= S(M-D)(M-1)
(2.16)

If Iy is the N x N identity matrix, pre—multiplication of system (2.12) by Iy ® Uy yields
2.17)

(IN@Um)A(IN®Uy) (Iy®Uy)a = (Iy®@Um)b or Ad = b,

A=(Ix®Uy) A(Iy ®Uy)

where
UuAiUy;, UpyAipUy, - UyAinUy, Dy Dip -+ Dy
UnAr Uy, UpAz2Uy -+ UnAynUy, Dyy Dy --- Don
UuAn,1Uy, UyAnpUj, UuAnnUj; Dy1 Dy2 -+ Dnn
(2.18)
and
Upa aj Upyb 1;1
~ Upas a N Unbs b,
a=(In®@Uy)a= ) =| . |, f=Un®Un)b= ) =\ .
ay Umubn by
(2.19)

Upan

From the properties of circulant matrices [6], each of the M x M matrices D, n,, n1,n2 =

1,---, N, is diagonal. If, in particular
Dy, n, = diag (Dn,ynz] s Dnynoys - Dnl,nzM) and

Ll Anl,nzM) ’

Ay n, = circ (Anl_n21 s Anying,
(2.20)

we have, forn;,np, =1,--- | N,
M
Dm,nzm = ZAn]’nka(k—l)(m—l), m=1,--- M
=1
Since the matrix A consists of N2 blocks of order M , each of which is diagonal, the solution
of system (2.17) can be decomposed into solving the M independent systems of order N
-, M, 2.21)

Enxym =y, m= I--
@Springer
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where
(Em)nl,nz = Dnl,nzmv ny,np=1,---, N,
and
e = @+ (9), = (Ba) =10 N, (2.22)
Having obtained the vectors x,,, m = 1,---, M, we can recover the vectors a,, n =
1,---, N and, subsequently, the vector a from (2.19), i.e.
ag U}T/[‘il
ar U?{,Itiz
a=| . | =(In®@Uy)a=| . (2.23)
an U[T,[dN
In conclusion, the MDA can be summarized as follows:
Algorithm 1
Step 1: Compute b, b,=Uyb,, n=1--- N.
Step 2: Construct the diagonal matrices Dy, ,, from
(2.20) .
Step 3: Solve the M, N x N systems (2.21) to obtain
the {xm}%zl,
and subsequently the {dm}r/:l/:1 from (2.22).
Step 4: Recover the vector of coefficients a from
(2.23).

In Steps 1, 2 and 4 FFTs are used while the most expensive part of the algorithm is the
solution of M linear systems, each of order N. The FFTs are carried out using the MATLAB®
[35] commands £ft and 1 £ ft. In addition to the savings in computational cost, considerable
savings in storage are achieved since only one row of the circulant matrices involved needs
to be stored.

3 The Biharmonic Equation

3.1 The Problem

We next consider the biharmonic equation
A'u=f in Q, (3.1a)

subject to the boundary conditions

d
u=g and L —h on 99, (.1b)
on
ou
u=g and — =hy on 09, 3.1¢c)
n

where €2 is the annulus (2.2). This problem is known as the first biharmonic problem.
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3.2 Kansa’s Method

We approximate the solution u of boundary value problem (3.1) by (2.9).
The coefficients are determined by collocating the differential equation (3.1a) and the
boundary conditions (3.1b)—(3.1c¢) in the following way:

Az“MN(xmnsymn) = fxmn, Ymn), m=1,.... M, n=3,...,N =2,

du
upmMN X1, Ym1) = g1(Xm1, ym1) and %(xml,ym1)=h1(xm1,ym1), m=1,...,M,

du
UpMNXmN, YmN) = &2(XmN, ymn) and %MMN(me, YmN) = h2(XmN, YmN),
m=1,..., M, (3.2)

yielding a total of M N equations.

By vectorizing the arrays of unknown coefficients and collocation points via (2.11),
Eq. (3.2) yield a system of the form (2.12). In this case, the M x M submatrices
Ap iy, n1,n2 =1,..., N are defined as follows:

2
(A”lsnl)ml,mz =A ¢mz,n2(xm1,nl, )’ml,nl)v
my,my=1,....M, ny=3,....N—2, np=1,...,N,

OPm,n
(Al,n)ml’m2 = ¢m2,n(~xm1,lv yml,l)a (Az*”)ml,mz = an

(xm1,17 le,l),

my,my=1,....M, n=1,..., N,
_a¢m2,n
on

(xml,Na yml,N)7
3.3)

(AN*”)ml,mz = ¢m2,n(~xm1,N7 yml.N)» (ANfl,n)ml’m2

while the M x 1 vectors a,,, b,,n =1, ..., N are defined as

@an)y, =amp, m=1,.... M, N=1,...,N,

b)) = f@mnys Ymn), m=1,.... M, n=3,...,N =2,

G = g1om1s ym1),  B2)y = h1 (X1, ym1), m=1,..., M,
ON)m = 82w, YmnN)s  (On-1)yy = h2(XmN, Ymn), m=1,.... M.

3.2.1 Second Biharmonic Problem

Suppose that instead of boundary conditions (3.1b)—(3.1c) we had the boundary conditions

u=gy and Au=h; on 99, (3.4)
u=gy and Au=hy on 9. 3.5)

This problem is known as the second biharmonic problem.
The corresponding submatrices (A2,), (Ay—14).n = 1,..., N, in (3.3) are now

defined by
(142,}1)mlvm2 = A(mez,n(xml,la yml,l)a

(ANfl,n),m’m2 = Adpmyn Xmy N Yy ,N)» mi,ma=1,..., M. (3.6)
As shown in the “Appendix” (Lemma 2), as in the case of the Poisson equation in Sect. 2.2,
each of the M x M submatrices A, n,, n1,n2 =1, ..., N,is circulant and hence the matrix
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A is block circulant. The resulting system can therefore be solved efficiently using the MDA
described in Sect. 2.3.

4 The Cauchy-Navier Equations of Elasticity

4.1 The Problem

We finally consider the Cauchy—Navier system for the displacements (i1, u7) in the form
(see, e.g. [12])

1% 0%u, 9%uy
L , = uA = fi,
1y, up) = p u1+1—2v(3x2 +3x8y h
in €, (4.1a)

uw 0%u, 9%u,
Lo(uy, uz) = (

Auy = f7,
1 —2v \ 0xdy 8y2)+u ur=J2

subject to the Dirichlet boundary conditions

uy =g and wup =h; on 99, (4.1b)
uy =g and up =hy on 99, (4.1¢)

where Q2 in the annulus (2.2). In (4.1a) the constant v € [0, 1/2) is Poisson’s ratio and i > 0
is the shear modulus.

4.2 Kansa’s Method

We approximate the solution (u;, u7) of boundary value problem (3.1) by (u%v, “5\3)1\/)

where

M N
Y _
Wi ) =D albun e, y), €=1.2,  (x.y) e, 4.2)
m=1n=1
. ON Rt
and the 2M N coefficients { (a;;, et ¢ =1, 2, are unknown.
m=I,n=

The unknown coefficients are determined by collocating the differential equations (4.1a)
and the boundary conditions (4.1b)—(4.1c¢) in the following way:

Cl(’/‘x[)N» uﬁ)[\/)(xmna Ymn) = JeEmns Ymn)s £ =1,2,
m=1,.... M, n=2,...,N — 1,

1 2
uﬁ\}N(xml, Ym1) = g1(Xm1, Ym1) and ugu)]\l(xml’ Ym1) = h1(Xm1, Ym1)s

m=1,...,M,
1 2
MSW)/V(mev YmN) = & (XmN, ymn) and ugu)/v(mev YmN) = h2(XmN, YmN),
m=1,...,M, 4.3)

yielding a total of 2M N equations.
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By vectorizing the arrays of unknown coefficients and collocation points as in (2.11),
Eq. (4.3) yield a 2MN x 2MN system of the form (2.12). The 2M x 2M submatrices
Apiny, n1,np =1,..., N are now defined as follows: (note that we are now defining the
matrix and vector elements in (2.12) as 2 x 2 and 2 x 1 arrays, respectively)

(),

w9 Py,

W PPy
APy ny Xy oy » Ymyng) + =2 ox2 Xmy.ny s Ymy.ny) =2 Wzyz(xm.m-)’mun)
- w2 P 5 P Pun,
e ax;yz Compony + Yonyny) 1Dz oy Y ) + 70 =5 57 Comm s Yy )
my,my=1,..., M, n=2,..., N—1,n=1,...,N, (443)
¢m2,n(xm1,]v)7m1,1) 0
(Arn), o = , (4.4b)
1.mz 0 ¢m2,n(xm1,lv yml,l)
mi,my=1,....M, n=1,..., N,
X, , 0
(AN,n)m = Gmyn (X N s Ymy . N) , (4.4¢)
1,m2 0 ¢m2,n(-xm1,Nsym1,N)
while the 2M x 1 vectors a,,, b,,n = 1, ..., N are defined as
a(l)
(an), = ’g;’; ,m=1,....M,n=1,...,N,
Amn

fl(xmna ymn))
bl‘lm: ) :1,...,M, :2,...,N_1,
(0n) (fZ(an» Ymn) " "

g1(Xm1, Ym1) &2 (XN, YmN)
b)), = . (b)), = ., o m=1,..., M.
G0 (hl(xml,yml)) bw) (hZ(me»ymN)) "

4.2.1 Neumann Boundary Conditions

Suppose that instead of the Dirichlet boundary conditions (4.1b) we had the Neumann bound-
ary conditions

tp = g1 and H=~h; on 0%y, 4.5)

where (1, 1) are the tractions defined by [12]

, ) 1—v\ dug n v ouy N ouy n dun
= — n — + — | ny,
P=RI\0220 ) o "\ ) ay |™ T HE ey T e

; ouy n duyp 42 v duq n 1—v Y\ dup
= — 4+ —|n _ ) — ) — |n,.
25 Sy T [T IS e T\ =) Ty |

In this case, we have, instead of (4.4b), that the submatrices (A 1,,,)
1,...,M, n=1,..., N, are defined by

iy s LMY=
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(Alx”)ml,mz
) L=V \ 0¢myn n, + 0Dmy.n n, 2v 0Pmy.n n, + 0Dmy.n n,
—u 1—-2v ax ay 1—2v ay ox
8¢m2,n n, + 21) a¢m2,n ny a¢m2,n n, + 2 1—v 8¢m2,n ny
dy 1—2v ax ox 1—2v ay
ad 0
=pu ( qg’;z’n ny + %";z'n ny) L
d ad
Gmy.n n, o Dma.n N, + (1 — 20) ZPman ¢m2 " .
g ax ; 5 dy ’
1 — 2\) (1 2‘)) ¢’n2 n n, 2\) ¢m2,n ny d)mz,n l’ly

dx ay
(4.6)

with all the quantities in (4.6) evaluated at the boundary point (X, 1, Yim;,1)-

In contrast to the Poisson and biharmonic cases, matrix A in (2.12) does not possess a
block circulant structure. However, as described in the context of the MFS, in e.g., [23-25]
a block circulant structure can be obtained by means of a simple transformation.

4.3 Matrix Decomposition Algorithm

We introduce the 2M x 2M matrix

Ry ] OlO|-] 0 |0
0 [Ro,|O]--| 0 |0

R=1 -] ]| “.7)
0100 |Ryy,| O
000 0 |[Roy

where

Ro — cos ¥ sin ¥y 9 _ 2nk—1)
% = \ sin ¥ —cos k= M )

Since clearly R129k = I, then R% = L.
We premultiply the 2M N x 2M N system (2.12) (Aa = b) by the 2M N x 2M N matrix
Iy ® R to get

(IN®R)Aa=(Iy®R)b or Aa=b, (4.8)
where
A=(UN®RA(UIy®R), a=Uy®Ra, b=(Uy®R)b.
The 2M N x 2M N matrix A can be written as

A:l.l A:I,Z A:l,N
A2,1 Az.’z AQ,N

B
I

4.9
AN,I AN72 AN,N
where each of the 2M x 2M submatrices Am’g = RA, ¢R.
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2
Moreover, keeping in mind that the elements (Am.nz) = ((Am,nz) )
' miy,my mymzf i
are 2 x 2 arrays, we have
(An,,nz)ml o = Ry (An) g Rosy mioma =1 M mim =1 N
(4.10)

Further, as proved in the “Appendix” (Lemma 3), each submatrix An] msn1,n2=1,..., N,
has a block 2 x 2 block circulant structure. The 2M N x 1 vectors a, b are written as

a; b
_ a . by
a= ,b=1 . 1.
&N BN

where the 2M x 1 subvectors a,,, I;,, ,n=1,...N,are defined by a, = Ra,, INJ,, = Rb,, and
the 2 x 1 subvectors ((@n)m)7,, ((bp)m)?—,, m =1,..., M, are defined by

@ = Ro, @ (Ba) = Ro, (B

m

We next rewrite system (4.8) in the form
Bi1|B12\ (c1 dl)
) = (), 4.11
(321 Bzz) (Cz) (dz @10
where the M N x M N matrices B;j, i, j = 1, 2, are expressed in the form

ij sij ~ij
B/, B/, ... B/,
Bij R Rij

Bz,l Bz,z Bz,N

B,‘j =
s s D
BN’1 BN’2 BN’N
Each M x M submatrix B,i,/;,nz, i,j =12, ni,np =1,..., N, is circulant and defined
from
(Brlzjl,ng) = ((Anl.;zz) ) , my,my=1,..., M. (4'12)
mip,my mip,my ij
Also, the MN x 1 vectors ¢;,d;,i = 1,2, are defined from
. ~i
¢l d
ch d
=1 .|, di= ,2 ,
& 7,

where
(Efz)m = (@), - (c?,i)m = ((b)m) m=1,....M. 4.13)
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We premultiply system (4.11) by the matrix I ® Iy ® Uy to get

B11|B12 * (cl)
LIN®U LRINQU LRINQU —
(L ® Iy M) (4‘7321 Bzz) (L ® Iy ) (L® Iy M) o

d
= (L®Iy®Uy) (d—l) : (4.14)
2
or
(1§11 1?12) (ﬁil) _ (‘Ll) (4.15)
Ba1| B2 2 a.)’
where

P\ _ ay (1) _ dy
(Pz) =(0LINn®Uym) (62) , (qz) (L®Iy®Uym) (dz) ,

where fori = 1,2

B! @
R T
p; = . . q; = . , with p, =Uymc,, q,=Und,, n=1,...,N.
Py dlv

The matrices B’i j»i, j = 1,2 are given from
Bij = (IN®Un) Bij (In®Uyy)
and since each of the matrices B}, i, j = 1, 2 is block circulant, from (2.18) it follows that
ij ij ij
Dy, D1,_2 o D!,.N
ij ij
Dyy Dy, - D2,N

= , (4.16)
ij ij ij
Dy Dy, Dyy
where each M x M matrix D:f,,,,z, ni,ny =1,..., N, is diagonal.
More specifically, if
ij . ij ij ij
Dy, », = diag (Dnl,nz‘ s Dy sy e s Dnl,nzM) and
~ij . ~ij ~ij ~ij
Bnls”Z = crce (Bnl’HZI’ B”L"ZM Tt BHIJIZM) ’
we have, forn;,np =1,--- | N,
M
ij ~ij k—1)(m—1
Dy = D BV m=1, M (4.17)
k=1

Since each matrix f?i i, i, J = 1,2, consists of N2 blocks of order M each of which is
diagonal, the solution of system (4.15) can be decomposed into solving the M systems of

order 2N
Em Em xm ym)
11 12 1 = 71 . m:1,~~«’M7 418
(Fien) ) = G 19
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where
(Ei’;!)nlm = D s nima=1,--- N
and
(), = (5) M, = (@) »n=1 .. (4.19)
From the vectors x",i = 1,2;m = 1,..., M we can obtain the vectors pi, p> and the

vectors ¢, ¢z, and subsequently the vector a, before finally obtaining the vector a.
The MDA, in this case, can be summarized as follows:

Algorithm 2
Step 1: Compute b= (In ® R)b.
Step 2: Calculate the 2 x2 arrays (A""”z)lmz
Step 3: Compute t]il = UM;l;, n=1,...,N and hence
y',m=1,...,N from (4.19).
Step 4: Construct the diagonal matrices D;,jlm from
(4.17) and hence matrices El”; in (4.18).
Step 5: Solve the M, 2N x 2N systems (4.18) to
obtain the x/",i=1,2;m=1,....M,
and subsequently the vectors p;,i=1,2.
Step 6: Recover the vectors c¢;,i =1,2 from
&=Usp n=1,...,N.
Step 7: Reorder vectors ¢;,i =1,2 to obtain vector a.
Step 8: Compute a= Iy ®R)a.

In Steps 3, 4 and 6 FFTs are used while the most expensive part of the algorithm is the
solution of M linear systems, each of order 2N. Again, substantial savings in storage are
obtained as only the first line of the circulant matrices involved needs to be constructed and
stored.

5 Numerical Examples

In all numerical examples considered, we took collocation points described by «, =
(=1D)"/4,n = 1,..., N (cf. (2.8)). The inner and outer radii of the annular domain 2
are 01 = 0.3, 02 = 1, respectively. We calculated the maximum relative error E over MN
test points in € defined by

2n(m — 1)

1, (cos ¥y, sind,,), where ¥, = v m=1,...,. M, r, =01
+ (02 — )71 =1 N 5.1)
, n AV 5.
02 Ql./\/ 1

Unless otherwise stated, we choose N = 25, M = 50 so that the test points are different
than the collocation points. The maximum relative error E is defined as

u—u o
E — m (5.2)

lull oo
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The proper selection of an RBF is crucial in obtaining good accuracy. In the first example,
we test various commonly used RBFs and then choose the best one to perform the tests for
the remaining examples. The determination of a suitable shape parameter remains a major
issue in the many applications of RBFs involving such parameters. As we have mentioned
earlier, numerous techniques have been proposed for the selection of an appropriate shape
parameter. In this work, we apply the so-called LOOCV (leave-one-out cross validation)
algorithm proposed by Rippa [32] for the identification of a suitable shape parameter. The
MATLAB® codes for LOOCV can be found in [9]. The MATLAB® function fminbnd is
used to find the minimum of a function of one variable within a fixed interval. Since fminbnd
is a local minimizer, an initial guess of the lower and upper bounds denoted by min and max
needs to be provided so that the search takes place in the interval [min, max]. One of the
attractive features of using LOOCYV is that we do not need to know the exact solution of the
given problem for the selection of a (sub-optimal) shape parameter. Typically, in the problems
considered, there are M systems of equations of order N to be solved, see, e.g., (2.21). It is
clearly not cost-effective to apply the LOOCYV to each of the M systems and determine the
sub-optimal shape parameter for each. We therefore only apply the LOOCV to a randomly
chosen system among the M systems. This adds O (N?) computational complexity to the
proposed technique. The sub-optimal shape parameter thus obtained is then used for all the
other systems. This technique, as shown by the results, appears to be working well.

All numerical computations were carried out on a MATLAB® 2010a platform in OS
Windows 7 (32 bit) with Intel Core(TM) i5 2.4 GHz CPU and 4 GB memory.

We have considered the following numerical examples.

5.1 Example 1

We consider the Poisson equation (2.1a) with a Neumann boundary condition prescribed
on 0€2; and a Dirichlet boundary condition prescribed on d€2;. The boundary conditions
correspond to the exact solution which is given by u = e* .

We first perform some tests with the normalized multiquadric (MQ) basis functions

Gj(x,y) = @) = /(cr)?+1, ri=@&—x)"+ -y

where c is the shape parameter. In Fig. 2, we present the maximum relative error in u versus
the shape parameter ¢ for the case when M = 128, N = 64 using the normalized MQ basis
functions. From this figure, we can observe that the optimal shape parameter is ¢ = 5.208 and
the corresponding error is 2.940(—8). The results in Table 1 are obtained using the LOOCV
algorithm for various search intervals [min, max]. When comparing the results in Fig. 2

Fig. 2 Example 1: maximum 1078
relative error versus shape
parameter with
M =128, N = 64 -6

10

L
107
¢ =5.208, E = 2.940(-8) \
107
4 5 6 7 8

¢
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Table 1 Example 1: sub-optimal

shape parameters and the [min, max] Sub-optimal ¢ £

corresponding maximum relative [0.8] 5013 8.790 (—8)

errors for various search intervals ’ ' ’

using fminbnd with [0,10] 5.005 6.706 (—8)

M =128, N =64 [0,12] 5.078 3.432 (-8)
[0,14] 5.001 6.062 (—8)
[0,16] 5.002 8.902 (—8)
[0,18] 5.006 2.361 (=7)
[0,20] 5.007 6.516 (—8)

Table 2 Example 1: sub-optimal M=N Sub-optimal ¢ E

shape parameter and the

maximum relative errors for

various M = N with initial 80 4714 9:316 (=7)

search interval [0, 20] 100 6.057 3.361 (=7)
120 7.499 2.247 (=7)
140 8.896 3.045 (=7)
160 10.445 1.949 (=7)

Fig. 3 Example 1: maximum 10° [ ‘ ‘ —— M=16,N=8 i

relative error versus shape : - - - M=32N=16

parameter with different numbers : - M=64,N=32

of degrees of freedom == - M=128,N=64

and Table 1, we can see that the (sub-optimal) shape parameter results obtained for various
search intervals are very stable and satisfactorily close to the optimal shape parameter. In
terms of accuracy, the errors obtained using the LOOCYV algorithm are comparable to the
ones obtained using the optimal shape parameter. Moreover, in order to obtain the optimal
shape parameter in Fig. 2, one needs to know the exact solution. In contrast, to obtain the
sub-optimal shape parameter using the LOOCV algorithm in Table 1, it is not necessary to
know the exact solution a priori. The results obtained for the Dirichlet problem (2.1) are very
similar.

In Table 2, we present the results obtained using various numbers of collocation points
M = N.Itcan be seen that the sub-optimal shape parameter becomes larger when the density
of the collocation points increases.

In Fig. 3 we present the error convergence plots for (M, N) = (16, 8), (32, 16), (64, 32)
and (128, 64) for varying c. From these plots we observe that as the number of degrees of
freedom increases, the accuracy improves.
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Table 3 Example 1: comparison of CPU times and E for full Kansa RBF and MDA Kansa RBF solutions
for various M = N with initial search interval [0, 8]

Full Kansa MDA Kansa

M=N E CPU (s) Condition # E CPU (s) Condition #
20 5.066 (—5) 1.062 1.37 (+19) 2.558 (—4) 0.143 6.65 (+5)

30 4.032 (-5) 5.410 6.94 (+19) 4.062 (—6) 0.309 1.03 (+13)
40 2.683 (—5) 19.124 2.53 (+20) 2.069 (—6) 0.638 1.75 (+15)
50 7.163 (—6) 55.684 4.29 (4+21) 7.223 (—6) 0.947 8.24 (+13)
60 3.253 (—6) 214.481 8.21 (+20) 1.985 (—6) 1.608 7.93 (+15)
100 - - - 4.951 (=7) 6.087 1.40 (+17)
150 - - - 2.672 (—6) 21.053 1.03 (+18)

We also compared the performance of the proposed MDA Kansa-RBF versus the full
Kansa-RBF solution in which the full system (2.12) is solved. In Table 3, we present the
errors E, CPU times and condition numbers for the full Kansa-RBF and the corresponding
quantities using the proposed MDA Kansa-RBF for various numbers of degrees of freedom,
using LOOCYV. The most time consuming part in both approaches is the search of a suitable
shape parameter using LOOCYV, in which systems are solved repeatedly. This makes the
advantage of the MDA Kansa-RBF even more pronounced as, for example, the solution
of the full Kansa system for M = N = 50 once requires 2.82s while with LOOCV the
method requires 55.68 s. Clearly, the use of LOOCV with the MDA Kansa approach does not
slow the process as considerably. Note that for M = N = 100 and 150 the size of the full
Kansa-RBF matrices becomes prohibitive. From the values of the condition numbers in the
two approaches we may infer that the Principle of Uncertainty [32,33] is more pronounced
for the full Kansa-RBF than the MDA Kansa-RBF. The sub-optimal shape parameters are
not given in Table 3 since the focus is on the CPU time and accuracy. Similar results were
observed for the other examples considered.

Next, we examine and compare the performance of different RBFs using the proposed
MDA. The Matérn RBF [30,31]

O(r) = (ro)"Kn(ro),

where n € 7Z, K,, is the modified Bessel function of second kind with order n and c is the
shape parameter, is known as a highly effective basis function. In [31], the Kansa method
using the Matérn RBF was applied to solve Poisson’s equation. For large-scale problems,
domain decomposition was applied to decompose the domain into smaller domains so that
the Kansa method can be applied. In this work, instead of domain decomposition, we use
matrix decomposition to handle large-scale problems. For (2.1a) with Dirichlet boundary
conditions, the profiles of the maximum relative error versus the shape parameter for the
Matérn RBF of orders n = 4, 5, 6, and 7, with M = 128, N = 64, are shown in Fig. 4. As
can be observed, as the order increases so does the value of the optimal shape parameter.
Furthermore, the stability of the curve deteriorates as the order becomes higher due to an
increase in the higher condition number. As shown in Table 4, when using the Matérn of
order 6, the results for various search intervals are compatible with the results in Table 1.
Since the value of the optimal shape parameter increases with the order of the Matérn RBF,
we use different search intervals for different orders. In Table 5, we present the sub-optimal
shape parameters and the corresponding errors for various orders of the Matérn RBF. The

@ Springer



J Sci Comput (2015) 65:1240-1269 1257

Fig. 4 Example 1: maximum -2
relative error versus shape
parameter for various orders of
the Matérn function with

M =128, N =64

Table4 Example 1: sub-optimal shape parameters and the corresponding maximum relative errors for various
search intervals using the Matérn function of order 6 with M = 128, N = 64

[min, max] Sub-optimal ¢ E

[0,12] 9.048 2.026 (—8)
[0,14] 9.055 2.246 (—8)
[0,16] 9.037 2.010 (—8)
[0,18] 9.020 2.335(-8)
[0,20] 9.026 1.985 (—8)
[0,22] 8.979 2.046 (—8)

Table 5 Example 1: sub-optimal

shape parameter and the order Sub-optimal ¢ E

Various orders o the Matémn + ¢ 1.006 8123 (-7)

function with M = 128 and 5 3.735 2.888 (—8)

N =64 6 9.049 2.300 (—8)
7 13.854 2.888 (—8)
8 18.466 4.953 (—8)

accuracy obtained using the Matérn RBF of various orders and the LOOCYV algorithm is very
close to the results obtained using the actual optimal shape parameters as shown in Fig. 4.
Even though the results are highly accurate, the drawback of using the Matérn RBF is the
high cost of computation due to the presence of the special function K, (cr).

The Gaussian RBF

2 .
®(r) =e™ ", where c is the shape parameter,

is another popular and widely used RBF. As shown in Fig. 5, we see a very different profile
of the shape parameter versus the maximum relative error, for problem (2.1). The errors
are fluctuating between 10~* and 10~°. Despite this irregularity, we obtain excellent results
using the LOOCYV algorithm, as shown in Table 6. We note that all the local minima in Fig. 5
have similar accuracy. The MATLABO function £minbnd is capable of finding the local
minima and, hence, as we can see in Table 6, for different search intervals we may obtain quite
different sub-optimal shape parameters and yet the obtained accuracy is very satisfactory. In
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Fig. 5 Example 1: maximum

relative error versus shape

parameter for Gaussian RBF with 10—4
M =128, N =64

L
10°
c=21.880, E=8.583(~7) \
5 10 15 20 25 30
Cc
Table 6 Example 1: sub-optimal [min, max] Sub-optimal ¢ E
shape parameters and the . P
corresponding maximum relative [0,6] 5.657 2319(—6)
errors for various search intervals ’ ' '
using the Gaussian RBF with [0.8] 3.028 1.597(=6)
M =128, N =64 [0,10] 6.176 2.340(—6)
[0,12] 10.493 9.629(=7)
[0,14] 9.076 9.728(—7)
[0,16] 12.262 6.537(—17)
[0,18] 12.480 1.000(—6)
[0,20] 13.055 1.988(—6)
[0,22] 11.603 1.103(—6)

conclusion, however, it is preferable to use one of the previous two RBFs which are more
predictable in finding a suitable shape parameter.
Finally, we tested the performance of the inverse multiquadric (IMQ) RBF

D)= where c is the shape parameter,

1

V14 (er)?
for the same example. The results obtained were very similar to those obtained using the
normalized MQ RBF but the best accuracy recorder in this case was slightly worse at around
1077

Among all the RBFs tested in this example, we conclude that the normalized MQ is the
best in terms of efficiency, stability, and accuracy. As a result, we will only consider the
normalized MQ as an RBF for the next two examples.

Remark 1 We also considered a distribution of the collocation points which renders their
concentration near the boundaries denser (see, e.g., [10]). In particular, instead the of the N
uniformly distributed radii defined by (2.7) we used the N Chebyshev—Gauss—Lobatto points
on the interval [o1, 02], defined by

=3 (o1 o+ @1 —encos ("F)). n=1..N (5.3)
n—2 01 02 01 02) COS N , n=1,..., s .

while the angles are still defined by (2.6) and the collocation points by (2.8). Extensive
experimentation revealed no significant difference in the accuracy of the results with the
uniform distribution and the Chebyshev—Gauss—Lobatto point distribution. Moreover, it was
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observed that there was no significant difference between the size of the errors near the
boundaries and the interior of the domain.

5.2 Example 2

We next consider the first biharmonic boundary value problem (3.1) corresponding to the exact
solution # = sin(wx) cos(wy/2). In Table 7 we present the sub-optimal shape parameters
and their corresponding errors using the LOOCV algorithm with various search intervals
for the case M = 128, N = 64. As in Example 1, the results we obtained are very stable
irrespective to the initial search interval. Without prior knowledge of the exact solution, we
can find a good shape parameter and obtain accuracy which is fairly close to the optimal
accuracy, as shown in Fig. 6.

In Table 8 we present the sub-optimal shape parameters and errors in u for various values
of M = N using the LOOCV algorithm for the case of Dirichlet and Neumann boundary
conditions. The initial search internal is set to [0, 20] and obtain stable and accurate results.
We also run a similar test for the corresponding second biharmonic boundary value problem
(3.1a), (3.4) and (3.5) in which the initial search interval was set to [0, 10]. The results are
shown in Table 9.

5.3 Example 3

We finally consider a mixed boundary value problem for the Cauchy—Navier equations of
elasticity given by (4.1), (4.5) and (4.1c) and corresponding to the exact solution u| = e**7,
uy = sin(x + y). We take Poisson’s ratio and the shear modulus to be v = 0.3 and 1 = 1,
respectively. In Fig. 7 we present the errors in # and u; for various numbers of degrees

Table 7 Example 2: sub-optimal

shape parameters and the [min, max] Sub-optimal ¢ E
corresponding ma?gi.n}um relative [0,8] 4.433 1.713(—6)
errors for various initial search
interval using fminbnd for [0,10] 4.351 1.422(-6)
M =128, N =64 [0,12] 4.590 1.066 (—6)
[0,14] 4.211 4.485(—6)
[0,16] 4.272 4.184(—6)
[0,18] 4.242 2.411(—6)
[0,20] 4.235 1.801(—6)
Fig. 6 Example 2: maximum 107
relative error versus the shape
parameter for M = 128, N = 64
4
10
wi0”®
10°
c =4.5833, E = 6.277(-7) |
-7
10 3 4 5 6 7 8

Cc
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Table 8 Example 2: sub-optimal
shape parameters and the
maximum relative errors for 80 4.003 1351 (—5)
various M = N

M =N Sub-optimal ¢ E

100 5.429 5.353(—6)
120 7.311 3.583(—6)
140 7.857 5.250(—6)
160 9.219 9.647 (—6)

Table 9 Example 2: sub-optimal M=N Sub-optimal ¢ E

shape parameters and the

maximum relative errors for

various M = N for the second 80 3.678 L651(=5)

biharmonic problem 100 4.991 4,172(=5)
120 6.774 1.839(—4)
140 7.329 8.462(-5)
160 8.451 9.012(-5)

Fig. 7 Example 3: maximum 102

relative error versus the shape
parameter with
M =128, N =64

of freedom versus the shape parameter ¢ when the tractions are prescribed on 9€2; (cf.
Sect. 4.2.1). In this case, the optimal shape parameter is ¢ = 5.216 and the corresponding
errors in #1 and u, are 3.530(—8) and 1.059(—7), respectively. Note that the errors £ and
E> in u; and u; are defined using (5.2).

In Table 10 we present results obtained when applying the LOOCYV algorithm to find the
sub-optimal shape parameter and the corresponding errors in #; and u». Overall, accurate
results are obtained for various initial search intervals. If we choose the interval properly,
the accuracy can be very close to the optimal one as shown in Fig. 7. In Table 11 we present
results obtained using various M = N for a search interval of [0,20]. We also considered
the corresponding Dirichlet boundary value problem (4.1) and in Table 12 we present results
obtained using various M = N for a search interval of [0,20] which are very similar to those
in Table 11. Moreover, these results are consistent with the corresponding results obtained
in Examples 1 and 2.
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Table 10 Example 3:

sub-optimal shape parameters [min, max] Sub-optimal ¢ Er E2

and the corresponding maximum g, 6.791 3.647(=7) 9.501(=7)

relative errors for various initial

search intervals using fminbnd (3. 8] 5.631 7.482(=8) 1.732(=7)

with M = 128, N = 64 [0, 8] 4.944 1.654(—7) 3.806(—7)
[0,10] 8.439 1.487(—6) 4.767(—6)
[0,12] 8.440 1.488(—6) 4.771(—6)
[0,14] 8.427 1.472(—6) 4.722(—6)
[0,16] 8.421 1.464 (—6) 4.697(—6)
[0,18] 8.443 1.491(—6) 4.778(—6)
[0,20] 8.432 1.477(—6) 4.738(—6)

Table 1.1 Example 3: M=N Sub-optimal ¢ E E,

sub-optimal shape parameters

and the. maximum relative errors 80 6.391 5.987(—6) 2.484(—5)

for various M = N
100 7.585 4.755(—6) 6.914(—6)
120 9.202 1.728(—6) 5.171(—6)
140 12.071 4.045(—6) 1.431(-5)
160 12.121 1.966 (—6) 2.943(—6)

Table 1.2 Example 3: M =N Sub-optimal ¢ Eq E>

sub-optimal shape parameters

and the maximum relative errors

for various M = N for Dirichlet 80 7.227 1.368(=5) 3.191(=3)

boundary value problem 100 8.741 1.212(-5) 1.736(-5)
120 9.905 2.877(—6) 8.399(—6)
140 11.695 3.262(—6) 1.173(-5)
160 13.471 4.089 (—6) 6.032(—6)

6 Conclusions

We have applied a Kansa-RBF method for the solution of elliptic boundary value problems
in annular domains. With an appropriate choice of collocation points, the discretization of
such problems governed by the Poisson, inhomogeneous biharmonic or the Cauchy—Navier
equations of elasticity leads to linear systems in which the coefficient matrices are either block
circulant or can be easily transformed into block circulant matrices. Thus these systems may
be solved efficiently using MDAs leading to substantial savings in computational cost and
storage. In addition, a major advantage of the proposed technique, other than its simplicity,
is that it is applicable for any RBF and, as shown in our numerical tests, it is applicable to
large-scale problems achieving high accuracy. Moreover, the use of the LOOCYV algorithm
enables us to select a good shape parameter which is critical to ensure appropriate numerical
accuracy. We would like to indicate that the proposed method can be extended to solving
a large class of partial differential equations without difficulty. The algorithm proposed in
this paper can be easily applied to other RBF collocation methods [4,8,29]. In the spirit of
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reproducible research and for the convenience of interested readers the MATLAB® code for
Example 1, as described by Algorithm 1 in Sect. 2.3, maybe accessed at [14].
Possible areas of future research include

e The application of the method using compactly supported RBF, see, e.g., [2].

e The application of the method using a localized RBF collocation, see, e.g., [28].

e The extension of the current method for the solution of three-dimensional axisymmetric
elliptic boundary value problems, see, e.g., [22].

e The extension of the current method to problems in which the type of boundary conditions
alternates on the circular segments of the boundary, see, e.g., [19].

Acknowledgments The authors wish to thank the referees for their helpful comments and suggestions which
resulted in an improved manuscript.

Appendix

We consider the RBFs ¢,,, m = 1,...,M,n = 1,..., N. These satisfy, see, e.g., [7,
Appendix D],

G (X, ) = D (Fmn)s Ty (X, ) = (X = Xn)> + (3 = Yn)* (6.1)
It can be easily seen that
o @ (ryun) Lo @ (ryn)
TR Y) = — (0 = Xn)s e (6, Y) = —— (Y = Yun)s (6.2)
ox T"mn dy mn
82 P’ ol Y
¢’nzm (x,y) = (rmn) + Tmn (rmn3) Tmn) (x — xmn)Z’ 6.3)
dx Fmn mn
92 D/ (r, Fon®” (rpn) — ®'(r,
¢};’[}’l (-x7 y) — ( mn) + mn ( mn3) ( mn) (y _ ym’l)z, (64)
dy "'mn mn
and
3%, Fun®” (Fyun) — @ ()
() = ( L m )(x — X)) (Y = Youn).- 6.5)
y mn
Also,
@' (ryn)
APun(x,y) = CI)”(rm”) + - (6.6)
Ymn
and
20" (r, D’ (r, ' (r
N, 3) = O 1) + ) D )y D o), 6.7)
T'mn rmn rmn
In the sequel, we shall be using the notation (cf. (2.8))
2ra, 2,
8m1,m2x = Xmi,n; — Xma,ny = I'ny COS(l?ml + = —_—) = I, COS(l?mz + 22 ),
2ma, . 2,
aml,mzy = Ymi,n1 — Yma,np = I'ny sm(ﬁml + L —_—) — In, 51n(l9mz + 22 ). (6.8)
We shall also need the normal derivatives on the boundary 92 which are given by
2 2mwo
(0, ny) Xy 15 Ymy,1) = — (cos(ﬁ‘m1 + ) sin(V,, + N )) . (6.9)
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We next state and prove the following lemmata:

Lemma 1 For any radial function, each submatrix (Anl,,,z) in (2.12) possesses a circulant
structure.

Proof We first consider the submatrices (Anl,ru) ,n=2,....,.N—1,ny=1,...,N,
which are defined by (2.13a). From (6.6), A¢y,, », is an RBF, i.e. it is a function of ry,, ,,
(cf. (6.1)). Moreover,

2 2 2 2 2
rmz,nz(xml,m s Ympng) = GmymaX)” + Gmymyy)” = Gy T,

2”(“}’!1 - anz))

—2Iy, Iy, €OS (ﬁm, — Oy, + N

shows that for fixed ny, n2, the quantity 7., 1, (X 1y Ymy,n,) o0ly depends on (9, — U, ),
i.e. (m; — m») and therefore the submatrices are circulant.

The proof that the submatrices (A, »,) . n1 =1, N, na =1,..., N,defined by (2.13b)-
(2.13c¢), are circulant in the case of Dirichlet boundary conditions is identical since their
elements involve the RBFs ¢, ,,, which only depend on 7, 5, .

In the case of a Neumann boundary condition on 9<2{, however, we have that the subma-
trices (A1,,), n=1,..., N, are defined by (2.15), or

3(25,,,2 ny n,(x
( L )I N — T’(xmp]’yml*l) X( mi, 1> yml,])
a¢mZ,”2 ]l) X
+ 7()("”71’)/"“,1) ( mi,1s }ml,l)v

and from (6.2) and (6.9) we obtain

Q' (rmyny) Kmy, 15 Yy, 1) 2o
= - marz tk s (xml,l _xmz,nz)cos 19m] + —

rman(xm|,laym1,l)) N
. 2o
+(ym1,l _ymz,nz)snl 7-9m1 +T .
Ignoring the radial part, we examine
2mwag . 2mog
(Xmy,1 = Xmy,ny) €OS | Oy + T + Omi1 = Ymgony) SIn | Oy + T

= (n cos (z?ml + Znal) — Iy, COS (19m2 + 27y )) cos (19,,1[ + 2710{1)
N N N

+ (I’l sin (ﬁml + @) — 1, sin (19 n 2wy, )) sin (19 n 2na1)
N : "2 N " N

2 —
= I — Iy, COS (ﬂmz — O, + (a]f]al)) (6.10)

which, again, only depends on (m, —m1). Hence, this part is also radial and the corresponding
submatrices are circulant. O

Following identical arguments we also arrive at the corresponding result for the biharmonic
case.

Lemma 2 For any radial function, each submatrix (A,, L ,12) in (2.12) corresponding to col-
location scheme (3.2), for both the first and the second biharmonic problem, possesses a
circulant structure.
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Finally, we consider the corresponding result for the Cauchy—Navier equations of elastic-
ity.

Lemma 3 For any radial function, each submatrix (An . nz) in (4.9) possesses a 2 x 2 block

circulant structure.

Proof In order to prove the lemma we need to show that, see, e.g. [23],

Rﬂml (Anlan) Rﬂmz = Rl?ml-%—m (AnlaHZ)m1+m,mz+m Rﬂmz-%—m’

miy,my=1,...,M, ni,np=1,..., N, (6.11)

mip,m

providedmy +m,my+m < M.Incasem| +m > M, m| +m isreplaced by m; +m — M
and in case my +m > M, my + m is replaced by my +m — M.
Since Rl%k = I proving (6.11) is equivalent to proving

Rﬂm1+m Rﬁml (Anlan)ml’mz Rﬁmz Rﬁm1+m = (Anlsnz)ml+m,m2+m’

mi,my=1,...,M, nj,np=1,..., N. (6.12)
However,
R R [ cos Dy pm SIN Dy 4m coS Uy, SIN Uiy,
Umptm 0my =\ gin Dmi+m —COS O +m Sin ¥y, —cos Oy,
_[cosDy, —sind, \ W
~ \sinw9, cosd, )~ "0
and
Ry R [ cosDy,, sindy, COS U 4m  SIN Dy 4m
Uy R0mytm =\ gip U, —COS Uy, Sin Oy 4m —COS Oy 4m

[ cos¥y sindy, !
“ \ —sind,cos, )] " On’

Hence proving (6.12) is equivalent to proving that

Wa,, (An.n») Wyl = (An12) o, s - (6.13)

mip,mz

From (4.4a), form,mp =1,...,M, ny =2,...,N—1, np =1,..., N, we can write

(A"Iv”Z)ml,mg = WAy ny (xm|,n1 , yml,n|)12

3Py s 3Py s

Xmyny s Ymymy) myny s Yy ny)

2
LM 28x 28x8y (6.14)
1=2v | 3 Pmyn, 3" Py ny
9xdy Gemyonys Ymyny) 9y2 Gemyonys Ymyny)

We first consider the first term in (6.14), namely W AGuy ny Xm0y s Yimyn ) 12-
We clearly have that

WAGs 1y Xy ny s Yy ) Wo,, IZWg_ml = WAGmy 0> Xy ny s Yy )12
= MA¢m2+m,n2 (xm1+m,n1 s ym]er,n])IZ,

since the Laplacian of ¢, », (x, y) is radial from (6.6) and
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2w (ap, — Op,)
Gy mz )+ Gy )2 = 12+ 12— 20,1y, cOS (ﬁml — Oy + #)

N
= GmytmmatmX)® + Gomytmmr+m ¥)* (6.15)

Therefore, the first term in (6.14) satisfies (6.13).
For the second term in (6.14), from (6.3)—(6.5) and ignoring the radial parts we only need
show that

(cos O — sin O,y ) ( Sy myx)? Smy.myX) Gy mny) ) (cos O sin Oy, )

Sin ¥, cos Oy GmymyX) Goyomyy)  Gmyomy)? — in By COS Dy

_ ( (8m1+m,mz+mx)2 (8m1+m,m2+mx)(8m1+m,mz+m)’)) (6.16)
(5m1+m,m2+mx)(8m1+m,m2+m)’) (8m1+m,m2+m)’)2 ' '

By performing the multiplications on the left hand side of (6.16) we obtain that it is equal to

(COS Dy Sy my X — SIN Dy Sy my ¥) (COS Dy Sy my X — SIN Dy Sy oy ¥) (SIN Dy Sy iy X + €OS Doy Sy iy ¥)
(COS Dy Sy my X — SIN Dy Sy gy ¥)(SIN Dy Sy iy X + €OS Dy Sy iy ) (Sin Oy Sy iy X + COS DSy my ¥)

Moreover, it can be easily shown that

. 2oy,
€08 B8y, myX — SIN U8y my Y = Ty €OS | Oy 4m + N

2wy,
— Iy, cos 17mz+m + N

and

. . 2oy, . 2may,
SN B8y imy X +COS Uiy Sy ymy Y =Ty SN\ Doy 4+ N — Iy Sin | Dyt + N ,

from which (6.16) follows. Hence, the second term in (6.14) also satisfies (6.13).
We next need to prove that

Wo,, (A]'"Z)ml,mz Wﬁ_ml = (Al’"Z)m|+m,mz+m and

W, (AN12) s s Won = (AN2) s oy - 6.17)

Since from (4.4b) we can write

(Al’"2)m1,m2 = ¢m2,n2(xm1,ls yml,l)IZ and (ANJ’Z)ml,mg = d’mz,nz(xm],Na yml,N)IL

from (6.15), following a similar argument to the one used for the first term of (6.14), (6.17)
follows.

Finally, we show that if instead of the displacements u 1, #> we have that the tractions t1, #,
are prescribed on, say, the boundary 92y, cf. Sect. 4.2.1, then

Wl?m (Al,’lz) Wﬁ_ml - (Al,nz) (618)

miy,my mi+m,my+m

is still true.
We write

(T T2
(ALn) g my = (T21 Tzz)’ (6.19)

where Tj;, i, j = 1, 2, are the appropriate quantities in (4.6).
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We can easily show that

T Tz .
Wl7m Wﬂm
Ty T
€082 Dy Ty | — €08 Oy sin Oy (Ta1 + T12) + sinZ Oy Ty cos? 9 Tia + €08 Oy sin O (T11 — Tro) — sin? 9 T
082 O Ta) + cos O sin O (T1] — Tra) — sin? 9, Thp sin? O Ty + cos O sin O (Ta) + T12) + cos? O Tan

We shall first show that the first term in (4.6) is radial. Using the notation of (6.8) with
n; = 1, we have from (6.2) that

3¢m2,n
0x

— (D/(rmzn) [8

a¢m2,n
ay

(xml,ls yml.l)nx(xml.l, yml,]) + (-xﬂll,ls yml,l)ny(xml,lv le,l)

, my,moX nx(xml,la yml,l) + 8ml,mgy ny(xm],l» yml,l)] 5
man

and ignoring the radial factor, we have, using (6.10) that
8m1,m2~x nx(xml,la yml,l) + 5m1,m2yny(xml,l; yml,l)

27 (atpy — al))

=11 — Iy, cos(Dyy, — Uy + N

which only depends on (my — m1), hence it is radial.
We next consider the second term in (4.6). Dropping the multiplying constants and the
obviously radial parts, and with the appropriate notation, we consider the quantities

~ 5 2o
Ti1(m1, m2) = Sy myX N Xy 15 Yimy,1) = F1€08~ | Dy + N

27 ap, 2may
— Iy, cos | D, + N cos | Uy + )

T]Z(ml ,my) = 2V8m1,m2y nx(xml,lv le,]) + - 2‘))5n11,m2x ny(xml,] , le,l)

= rysin (ﬂml + @) cos (z?m1 + M)
N N
-1y (21} cos (19 + —2710[1) sin (19 + Znanz)
2 mj N my N
+ (1 —2v)sin (z?ml + ﬂ) cos (19,"2 + 27 oy ))
N N

rsin (9 + 2oy P 2mwoy
= ry sin ——— ) cos —_—
1 mi N mi N

2w -

-y (zv in (% o + M)
N

2mag 2,
N ) cos (19m2 + T”Z)) ,
Ty (my,ma) = (1= 20)8m;.my ¥ N (o1, Y1)

+ 2V5m1,mzx ny(xml,l s }’mlfl)

+ sin (ﬁml +
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o ) ( 2”“‘)
= Iy sin cos | Dy +
27 atny
— Iy, | (1 —2v)cos sin | Oy, + —— N
o

2mag 27104

. 2710[1 27‘[0{1
=rysin |y, + N cos | U, + N

27 (o) — anz))
N

mi

+ 2vsin (z?ml +

— I, (2v sin (ﬁm. — U, +

2war\ . 2oy,
+ cos | Oy + N sin | 9y, + N s

- .2 2mag
Too(my,my) = 5m1,m2y ny(xml,l, )’ml,]) =rysin” | ¥y, + N

. 2wy, 2moy
— Iy, sin | Oy, + N sin | ¥, + )

By using (6.9), we first consider the term

c08” Oy T11 — €08 O sin O (Ta1 + T12) + sin’ 9, T

2 . )
= COS” B0y, myX Ny — COS By, SIN Dy (5m,,mzy Ny + Sy maX ny) + Sin” 9,8y, o y 0y

5 2wy n 2way
=y cos z?ml—i-l?m—i-T — Iy, COS cos | Dy + U+ N

= Ty1(my 4+ m, my +m).

mp

We next consider
cos? . 7~“12 + cos ¥, sin l?m(f“ll — 7~‘22) — sin? D le
= cos? . (2v8,n1,m2y N +(1=2V)8,, m, X ny) +cos Dy, Sin By, By my X Dy — 8y mp ¥ Dy)

—8in% Oy ((1 = 20)8m, iy Y Nx + 208, mp X Ny) = =200, SIN (D — O,

+27T(an2_al))+r . 9 49 +27‘[0l1 9 4B +27‘[0{1
—_— sin COS
N 1 mi m N mj m N

. 2oy
—Iy, sin | Oy + U + N cos

Similarly, we have that

my

nz) = Tip(my +m, my + m).

cos? . T21 + cos B, sin z?m(f"ll — f"zz) — sin? . le = cos? -
X ((1 —2V)8my,my Y Ny + 208, my X ny) + ¢0s By, Sin V(S imp X Dy — Sy mp ¥ Dy)

—8in% Oy (208, mo ¥ N + (1 = 20)83, mpx 0y) = =201, sin (z?ml — O,
27 (ay — otpy) . 2w 2mwo
—1—# =+ rysin { @y, +19m+T cos | Dy + U +

N
— Iy, COS (

mi

apy . 2oy, ~
sin { Oy + O + N =T (m1 +m,my + m).
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Finally,

sin? - fu + cos B, sin z?m(f}l + Tlg) + cos? . Tzz

= Sin% DSy o X N + COS Dy SIN Dy (S iy ¥ M + Sy iy X D) + €OS® DSy, iy ¥ Dy
.9 2mag . 2mwo, \ . 2may
rysin® | 9, +9,,+ N — Iy, Sin | Oy + O+ N sin { Uy, +0 + N

= To(my 4+ m, my +m).

Therefore (6.18) is satisfied and the proof is complete. O
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