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Abstract In this paper, we present a fully discrete scheme by discretizing the space with
the local discontinuous Galerkin method and the time with the Crank—Nicholson scheme to
simulate the multi-dimensional Schrodinger equation with wave operator. The scheme can
preserve the energy conservation which is an important property of the nonlinear Schrodinger
equation with wave operator. The energy conservation is also a crucial property for long time
simulations which will be demonstrated in the numerical experiment. The optimal error
estimates of the semi-discrete scheme can be obtained for the linear case. Some numeri-
cal experiments in multi-dimensional spaces are shown to demonstrate the accuracy and
capability of this scheme.

Keywords Schrodinger equation with wave operator - Local discontinuous Galerkin
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1 Introduction

In this paper, we consider the nonlinear Schrédinger equation with wave operator (NLSW)
in a bounded domain with dimension d < 3

uy — Au+icuy + B f(uPHu=0, xeQ, 0<t<T),
ux,0) =uox), urli=0 = ui(x), x € Q), (L.

Research supported by NSFC Grant Nos. 11371342, 11031007, Fok Ying Tung Education Foundation
No. 131003.

L. Guo - Y. Xu (X))

School of Mathematical Sciences, University of Science and Technology of China, Hefei 230026, Anhui,
People’s Republic of China

e-mail: yxu@ustc.edu.cn

L. Guo
e-mail: 1ili2010 @mail.ustc.edu.cn

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10915-014-9977-z&domain=pdf

J Sci Comput (2015) 65:622-647 623

where u(x, t) is a complex function, « is a real constant, 8(x) and f(x) are real functions,
and i = —1. NLSW can be used in a wide range of physical applications such as the
nonrelativistic limit of the Kelin-Gordon equation [17,19,21], the Langmuir wave envelope
approximation in plasma [4] and the modulated planar pulse approximation of the sine-
Gordon equation for light bullets [2,25].

We will present the fully discrete local discontinuous Galerkin (LDG) scheme with the
Crank—Nicholson time discretization to solve the nonlinear Schrodinger equation with wave
operator. This scheme is implicit in time which is unconditionally stable and can preserve
the energy in discrete level.

This equation had been discussed in [12] and its reference. An important property of
Eq. (1.1) is energy conservation. Computing the inner product of Eq. (1.1) with u; and then
taking the real part, we can obtain the conservative law as follows

7 ||2 + ||Vu||2 +/ ,B(x)F(lulz)dQ = Constant, (1.2)
Q

where F(s) = fos f(r)dr. Hence, the conservative scheme should work better than the non-
conservative ones. In [30], Zhang et al. had pointed out the nonconservative schemes may
easily lead the nonlinear Schrodinger equation blow up, and therefore they had developed a
conservative difference scheme for the nonlinear Schrédinger equation. Even though adding
a little dissipation could make the non-conservative scheme stable, it would destroy the accu-
racy. Many methods had been found to solve the nonlinear Schrodinger equation with wave
operator. In [12], an implicit nonconservative finite difference method had been found, but
it needed lots of algebraic operators. There was an explicit conservative finite difference
scheme to be constructed in [31]. However, this method was conditionally stable. Moreover,
in [24,32] the conservative finite difference schemes were used to simulate the generalized
nonlinear Schrodinger equations with wave operator. The results of these schemes worked
well, however, the convergence order of all schemes was low. In [23], discrete-time orthogo-
nal spline collocation methods for the nonlinear Schrodinger equation with wave operator had
been constructed. A finite difference scheme could be found in [1] and Bao had given the uni-
form error estimate of this method. In [22], multisymplectic Fourier pseudospectral method
had been presented for the nonlinear Schrédinger equation with wave operator. In [14], a
compact finite difference scheme had been developed to solve the nonlinear Schrédinger
equation with wave operator. In addition, many LDG methods had been developed to solve
time dependent Schrédinger equations in [11,15,16,27]. Xu and Shu gave the proof of error
estimates about the linear Schrodinger equation in [29]. Energy conserving LDG methods
for wave propagation problems had been developed in [26]. These schemes mentioned above
were only considered in one-dimensional case.

In this paper, we consider the multi-dimensional case for the nonlinear Schrodinger equa-
tion with wave operator. We will present a high order energy conserving LDG method to
simulate this equation. Discontinuous Galerkin (DG) methods are a class of finite element
methods using completely discontinuous basis functions, which are usually chosen as piece-
wise polynomials. They were first designed to solve hyperbolic conservation laws with only
first order spatial derivatives such as in [18] for solving steady state linear equations, and
Cockburn in [5-8] for solving time dependent linear equations. The LDG method is an exten-
sion of DG method aimed to solve PDEs which contain high order spatial derivatives and it
was first introduced by Cockburn and Shu in [9] to solve nonlinear convection diffusion equa-
tions which were motivated by successful numerical experiments in [3] for the compressible
Navier—Stokes equations. The LDG method has several advantages as follows. Firstly, it can
be designed as any order of accuracy. Since the order of accuracy can be locally determined
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in each cell, it has efficient p adaptivity. Secondly, the allowance of arbitrary triangulation
even with hanging nodes makes efficient /2 adaptivity come true. Moreover, the method has
embarrassingly high parallel efficiency because the elements only communicate with imme-
diate neighbors regardless of the order of the accuracy of the scheme. More details about the
LDG methods for high-order time dependent PDEs can be found in the review paper [28].

This paper is organized as follows. In Sect. 2, we develop the semi-discrete LDG method
for the nonlinear Schrodinger equation with wave operator and give the proof of the energy
conserving property. In addition, some optimal error estimates for the linear case in multi-
dimensional space are analyzed in this section. The fully discrete LDG method coupled
with the Crank—Nicholson time discretization and the energy conserving properties are pre-
sented in Sect. 3. Numerical results in multi-dimensional spaces are shown in Sect. 4 and the
concluding remarks are given in Sect. 5.

2 Local Discontinuous Galerkin Method for the Nonlinear Schrodinger Equation with
Wave Operator

In this section we will give the semi-discrete LDG method for the nonlinear Schrédinger
Eq. (1.1). Here we use the homogenous Dirichlet or periodic boundary conditions in a bounded
domain with dimension d < 3. We will discretize the space by using the LDG method and
leave the time dependence continuous. For the simplicity, we first give some notations, inner
products and norms in the complex space.

2.1 Notations, Inner Products and Norms in the Complex Space

In order to define the LDG method we should introduce some notations and inner products
and norms in the complex space.

2.1.1 Notations

We first introduce the finite element spaces associated to the triangulation 7, = {K} of Q.
The domain €2 can be decomposed into the set of 7. The boundary of €2 can be denoted as
I = 9Q. Let . P¥(K) denote the space of complex polynomials of degree at most k > 0 on
each element K. The piecewise complex polynomials space .V}, is defined as the space of
piecewise complex polynomials of degree at most k in each variable,

Vh={weLl*Q): vk € PNK), VK €Tyl
We also give this definition for vector-valued functions by defining
Eh={p L@ @Ik € [PYEK)Y, VK €T).

For each K € 7, let hg denote the diameter of K and we set i := maxge7, hg. The
functionsin . Vj and . ¥, are complex valued functions and are allowed to have discontinuities
across element interfaces. In order to define the flux functions some notations are necessary to
be introduced. Let e be an interior edge shared by the “left” and “right” elements denoted by
K and Kg. The “left” and “right” can be uniquely defined for each e according to any fixed
rule. If ¢ is a function on K;, and K g, but possibly discontinuous across e, let@;, := (¢|x,)|e
and ¢ := (P|k, )l be the left and right trace respectively.
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2.1.2 Inner Products and Norms in the Complex Space
Let w* denote the conjugate of w and define the inner product as

(w, V) :/ wv*dK, (w,v)sx :/ wv*ds,
K

K
(P. 9k =/ p-q"dK, (p.9)k :/ p-q’ds,
K 9K
and the conjugate of the inner product is defined as

(w, V% =@, wg, P.9% =@.Pk,

for the scalar variables w, v and the vector variables p, g respectively. The definitions of the
L*-norm over K and on the boundary K are given as

Inli% =/ nPdK. gl =/ g PdK.
K K

I3 =/ Inlds, lql3x =/ lg|ds.
0K 0K

The L2?-norm in the domain §2 is defined as

Inld= > Inlk. laly= "> lalk-

KeTy, KeTy,

The H!(K)-norm over K is defined as

nllgrgy = [ D100l | . 1>0.

la|=t

The H!(€2)-norm in the domain 2 is defined as

2 2

Il = 2 g | - Malae = 2 14l |
KeTy, KeT,

where [ = 0 is the L2-norm.

2.2 The LDG Scheme

In order to define the LDG method, we rewrite the nonlinear Schrodinger Eq. (1.1) into a
system of the first order equations

uy — V- q + o, + ) f(lul>)u =0,
q—Vu=0.

The general formulation of the LDG scheme is to find uy € .Vj, and g5, € X, such that for
all K € 75, and all test functions v € .V}, and ¢ € .X;, we have

(Wn)ie. vk + @n YOIk — @y v, v)ok +ie(n)i, vk + (BE) f(unHup, v)g =0,
(2.1)

@n. @k + Wn, V- )k — (in. ¢ -v)yx =0, (2.2)
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The “hat” terms in (2.1)—(2.2) in the cell boundary terms from integration by parts are the
numerical fluxes, which are functions defined on the edges and should be designed to ensure
stability and v is the outward normal vector of the integrated domain. Here we use the simple
alternating fluxes:

an=4qnlr, p =uplr. (2.3)

The choice of the fluxes is not unique.
We define the numerical entropy flux as

Hykx (v,;0,0) = (1, -v)sk + (0, - V)ak — (v, - V)ak.

By using the numerical flux defined above we have the following property (see [10],
Lemma 2.2).

Lemma 1 (Dong and Shu [10]) Suppose e is an inter-element face shared by the elements
K1 and K5, then

H3K1 ﬂe(vs ¢v {)7 &) + HBKzﬂe(va ¢7 ﬁ, &) =0,

for any v € .V, and ¢ € .Xy. Here 0, = vy and &e = ¢g. In addition, the periodic
boundary conditions and the homogenous Dirichlet boundary conditions give

> Hik (v, ¢;9,¢) =0.

KeTy
2.3 Energy Conservation
In this subsection, we will show that the semi-discrete LDG method conserves energy. This
property is consistent with Eq. (1.2).
Proposition 2 The energy with time continuous
En() = | un)e g + lgnle + BG). Flunl*)e. 2.4)

is conser\{ed by using the semi-discrete LDG method (2.1)—-(2.2) for all time. Where
F(s) = [y f(r)dr.

Proof We first take the derivative of Eq. (2.2) about time and choose the test function¢ = g,
then we have

((Qh)t’ ‘Ih)K + ((uh)la V : qh)K - ((ﬁh)h Qh . v)aK = 0’ (25)
and take the conjugate of (2.5), we get
@n. @)k + (Vg wp))k —(qn v, @)k =0. (2.6)

In Eq. (2.1), we choose the test function v = (uy,); to obtain
(@n)ees n)k +(qns Vun)k — @p v, n))ok
+ i (un)e i)k + (B@) f (P, )ik =0, 271
and also take the conjugate of (2.7), one can obtain
(@), W)k + (VWn)e, qn)x — (@i, g - V)ak
— it (un)e, un))k + (B@) f(unl®@n)e. un)x = 0. (2.8)
We add Egs. (2.5)—(2.8) to get
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(@pee, )k + (@p)e, W)k + (@i, qn)k + @y (@n))k

+ (B f (unHun, i)k + B f(un*) wn)e, un) g

+ (e, Vogqn)k + V), gk + NV -qn, up))k +@n, Vup))k

— (@i qn -vax — ()i, Gy - VIak — (@n - v, Ar))ak — @p - v, up))ox =0,
2.9)

and with the integration by parts of (2.9), one can obtain
(@n)ir, W)k + (up)e, W)k + (@n)e- qn)x + @n, (@r))k

+ (B@) f(un®)un, @)k + B fQunl®) @n)e, un)x
— Hyx (wn)e, qns Ginder@n) — Hak @n, un)es @y, Gin)e) = 0. (2.10)

Using the results in Lemma 1 and the numerical fluxes (2.3), we can obtain following equation
by summing up Eq. (2.10) over all elements K

d
- (1@ IS + 1gnlig + (B, Funl))e) = 0.
From this equation we can see that the energy Ej () is invariant for all time. O

2.4 Error Estimates for the Linear Equation

In this section, we derive the optimal error estimates for the energy conserving LDG method
proposed in Sect. 2.2 of the linear Schrodinger equation with wave operator that is

uyy — Au+iou; + fx)u =0, xe€Q, 0<t<T). (2.11)

We will give the energy norm and L? norm in the different cases of 8(x). Moreover, in this
section, we omit the subscript €2 when need || - ||q for convenience. The proof is based on
the rectangular meshes and we will first give some notations and projections on this special
meshes.

2.4.1 Notations on Rectangular Meshes

Without loss of generality, we consider a two-dimensional rectangular domain €2 and it is easy

to be extended to the three-dimensional case. The computational domain is discretized into

shape-regular rectangular meshes K; ; = I; x J; where I; = [xif% , xi+%], i=1,..., Ny,

and J; = [yj,L, yj+l]’ Jj =1,..., Ny. The center of each mesh is (x;, y;) where x; =
2 2

(xl._%+xi+%)/2, yj = (yj_%+yj+%)/2.Themesh sizes are denoted by 7* = maxi<;<n, hf,

y . y X _ y _
h _maxlijNyhj where h; _xiJr% xif%,hj _yH%

the maximal mesh size. We denote by u (xitr 1, y)andu (xl_:r 1 » ¥) the values of u at x; 11 from
2 2

- y];% and h = max(hy, hy) is

the right cell, K; 1, ;, and from the left cell, K; ;, respectively; u(x, y;r+ ) and u(x, y;+ D)
2 2

are defined in the same way. We denote K; ; by K for simple presentation.
Let . Q%(K) denote the space of tensor product of complex polynomials of degree at most
k > 0 on each element K. In this case the spaces .V} and ¥, can be written as,

Vi={vel’(Q): vk e K), VK eT),
h={p e LX) ¢lx €[ QN(K)Y, VK € Tp).

For the one-dimensional case, we have .OF(K) = .P*(K) which is the space of complex
polynomials of degree at most k > 0 defined on K.
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2.4.2 Projections and Inequalities

We need to introduce some projections and inequalities which will be used to prove the error
estimate. We consider the standard L? projection P of a function w(x) with k 4 1 continuous
derivatives into space .V}, that is

(Pw,v)g = (w, v)gq,

forany v € .QF on K.

Moreover, we will give two special projections which will be used throughout this paper
in the one-dimensional case. The one-dimensional projections Px:IE for a complex-valued
function w, which project w into the one-dimensional piecewise polynomial space of degree
k while taking the values of w at the cell interface, are defined as follows

(Pyw,v);, = w,v),, Yve PN and (P7w) (x;l) —w (x,_ 1),
2

(P;'w, v = (w,v);, Yve PN and (ij) <X+ 1) =w (xj' 1)~

=z 2

The one-dimensional projections on the y-direction Pyi are defined in the same way. Since
in this paper we use the Cartesian meshes, we can extend the definitions of the above special
projections to two dimension on a two-dimensional rectangular element K = [; x J; , the
projection P~ for scalar functions is defined as

PT =P ®P;.

The projection P~ on the Cartesian meshes has the following super-convergence property
(see [10], Lemma 3.7).

Lemma 3 (Dong and Shu [10]) Suppose n € HM2(Q), p € X and the projection P,
then we have

(= P™0. V- p)a — (1 — P, p -] < CH gl i g I s
where the “hat” term is the numerical flux.
The projection T+ for vector-valued functions p = (p1(x, y), p2(x, y)) is defined as
M*p = (P ®Pyp1, Py ® P p2),

where Py, Py are the standard L? projections in the x and y directions, respectively. It is easy
to see that for any p € [H'(£)]?, the restriction of MNTptol ® J(= K; ;) is the elements
of [(OF(I ® J))? that satisfies

(M*p — p, Vw) gy =0,

for any w € [Q¥(I ® J)], and

((H+P (xl;%’ ) —-p (xF ) )) v, w (x:—_y )) =0, Vwe QI ®J),

((n+p ( yjié) —p ( y‘,-,%)) vw ( y;r_%) = 0, Ywe oI ®J).
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There are some approximation results for the projections defined above (see, e.g. [10])
In°lle < CR il gre g (2.12)
Ip¢lla < CH M pl e g (2.13)

where n° = Pn—n,orn° = P*y—n, p¢ = IITp — p and C is independent of mesh size /.

2.4.3 A Priori Error Estimates

In order to obtain the error estimates for smooth solutions of the energy conserving LDG
scheme, we first give the error equations.

Notice that the LDG scheme is also satisfied when the numerical solutions uj, q; are
replaced by the exact solutions u, g = Vu (the consistency of the LDG scheme). The error
equations are as follows

(—up), )k +(@q —qn, Vo)g — (@ —qp) - v, v)sk
+ia((u —up), v)k + (B&E)w —up),v)xk =0, (2.14)
@q@—aqn P+ w—up,V-¢)x —(u—1iy, ¢ v)sx =0. (2.15)

Denote
ey, =u—up=u—Pu+ Pu—uy, =u— Pu+ Pe,,
¢g =9 —qn=9q —1lqg+1lg —qn =q —Tlg + Tleg.
In this section, we choose the projections as follows without special illustration
(P,T1) = (P~, P*) in one dimension,
(P,T1) = (P~, 1) in multi-dimensions.
Lemma 4 Assume the initial conditions of the LDG scheme are given by
up(x,0) = P ux,0), (up)(x,0) = Pu,(x,0), (2.16)
here P is the standard L* norm, then we have
1Pe, ()] =0, [ITleg(O)] < CA*, [[(Pe) (0)]] < CH*H, 2.17)
()i (0), vk =0, Vve Q" (2.18)

Proof Here we only give the proof for the error estimate of || TTeg4 (0)||. The others are obvious.
Taking ¢ = Ile, in the error equation of (2.15), we have

g —qn Teg)x + w —up, V- (Teg))x — (u — iy, (Teg) - v)yx = 0.

With the help of the interpolation error estimates (2.12), (2.13) and Lemma 3 we can obtain
the initial error estimate of || TIe4 (0) ||

ITleg (0)]| < CR*FT.

We complete the proof. O

Lemma 5 Let u and q be the exact solutions of Eq. (1.1), and up, qj be the numerical
solutions of the semi-discrete LDG method with the numerical fluxes in (2.3) and the initial
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conditions (2.16). Assume the function B(x) is bounded and let B = Ilﬁl fQ |B(x)|dx > 0,
then we have

d 2 2 2 2
77 Megl™ + 1 (Pew): 1™ + Bll Peull”) (2.19)

< CH** (I Teg || + l(Peu):Il) + 2max |B(x) — Bl Peullll(Pey)ll, (2.20)
where C is independent of the size mesh h.

Proof We take derivative about time in the error Eq. (2.15) and let v = (Pey); in (2.14),
¢ = Ile4 in (2.15), we have

(w—up), (Pe))k + (@ —qn. V(Pe))k — ((@ —qp) v, (Pew))ak
+ia((u —up)e, (Pey))x + (B —up), (Pey))x =0, (2.21)

(@ —qn)e, Meg)x + (u —up), V- Teg)) g — (0 — itp)s, (Tleg) - v)ax
-0, (2.22)

letu —up = u— Pu+ Pey,q —q, = q — Ilg + Ile,; and using the properties of the
projection IT we can derive

((u — Pu)y, (Pey))k +ia((u — Pu);, (Pey) )k +ia((Pey);, (Pey))k

+ (Pew)u, (Pe)n)k + (Teg, V(Pe)) k — ((Tleg) - v, (Pew))ak

+ (B(x)(u — Pu), (Pey))k + (B(x)(Pey), (Pew))k
=0, (2.23)

((q — Tg);, Meg) g + ((u — Pu), V- (Tleg)) xk — (e — Pu),, (TTeg) - v)sk
+ ((Meg)r, Meg)k + (Pey), V - (Teg)k — (Pe)r, (Tleg) - vk
=0, (2.24)
and take the conjugate of (2.23) and (2.24), we can obtain

((Pew)s, u — Pu)) g —ia((Pey)s, u — Pu))k —ia((Pey):, (Peu))k

+ ((Pew)r, (Pe)im)k + (V(Pey), Tleg)k — (Pey)r, (Tleg) - v)ak
+ ((Pew)r, B — Pu)k + (Pey)r, Bx)(Pe))k
=0, (2.25)
(Tleg, (@ — TIg@))k + (V - (Tleg), (u — Pu))k — (Tleg, (u — Pu), - v)px
+ (Tleg, (Tleg) )k + (V - (Teg), (Peu) )k — ((Tleg) - v, (Pe))ak
=0. (2.26)

By summing up Eqgs. (2.23)—(2.26) over all rectangular elements K and with the integration
by parts and let B(x) = (B(x) — B) + B, we can get

d 2 2, 2
77 Megl” + 1 (Pew): 1™ + Bl Peull™)

= > [Hyk((Pey). Teg: (Pey), Tleg)
KeTy
+ Hyg (Tleg, (Pey); Teg, (Pey)r)]

— [((g — Tg):. (Tleg))a + ((Teg), (g — Tg)1)e
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+ ((u — Pu)y, (Pey)r)a + ((Pey)r, (u — Pu)y)ql

= D [ = Pu), V- (Teg)) g — (u — Pu),. (Tleg) - v)yk
KeTy

+ (V- (Tleg), (u — Pu))) g — (Tleg, (u — Pu); - v)px |

—ia[((u — Pu);, (Pew))a — (Pew)s, (4 — Pu))el

—[(B@)(u — Pu), (Pew))a + ((Pey)s, Bx)u — Pu))gl
—[(B&x) = B)(Pew). (Pe)a + (Pey)s, (Bx) — B)(Pew))al.

Now we use the results in Lemma 3, Lemma 1, the Cauchy—Schwartz inequality, and the
interpolation error estimates (2.12) and (2.13) to achieve

d 2 2 2 2
77 IMeqI” + I(Peu)ll” + Bll Pewll”)

<2|l(g — Tg): | ITeg || + 201 — Pu)sc || (Peu): || + Crh* ' flug || ey |
+ 2afl(u = Pu) [ (Pew) || + 2 max [Sx)[lju — Pullll(Pew):|

+2max |B(x) — Bl Pey |l (Pey)|
xeQ
< CH** (I Teg || + l(Peu):I) + 2max |B(x) — Blll Peyllll(Pey)l.
The last inequality is established because the 8 (x) is bounded. O

Theorem 6 Let u and q be the exact solutions of Eq. (1.1), and up, qp be the numerical
solutions of the semi-discrete LDG method with the numerical fluxes in (2.3) and the initial
conditions (2.16). For the case that $(x) is bounded, nonzero and B = ‘lﬁl fQ |B(x)|dx >0

and |B(x) — B| < M, where M is a positive constant. Then we have
eIl < Cexplanh*!, legl| < Cexpan)h®™!, el < Cexplanh*™,  (2.27)

forany t € [0, T] where C and a are constants which are independent of the size mesh h
and C does not depend on M while a depends on it.

Proof From Lemma 5, we have
%ameqn2 + [(Pew)lI* + Bl Peull?)
< CH**(ITegll + 1 (Peu): ) + 2max [B(x) — Bl Peulll (Peu)|
< Ch* 2 4 ||Tleg ? + |(Peu)i I* + M Pey||* + M||(Pey), |I*

M -
< EﬂnPeu 12+ (M + DII(Peu):I* + ITleg||* + Ch**+2

M _
< max (F’ M+1, 1)(||neq I+ 1(Peu)I” + Bll Peull®) + Ch**2,

let o = max(%, M + 1, 1) and by using the Gronwall inequality and Lemma 4 we can
obtain,
I(Peu)il < C explan)h!,

ITleg |l < C exp(at)h**,
| Peull < Cexp(at)hk+1.
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Together with the approximation errors in (2.12) and (2.13), the error estimate (2.27) can be
derived. All the C in the proof may be different. O

Remark 7 From this theorem we have derived the optimal energy norm and L? norm error
even though the coefficients of the estimates are exponential increase. Indeed, if the function
B(x) is positive constant, without loss of generality we assume S(x) = 1 and at this case
M = 0, we can obtain a linear increase about the coefficients of the estimate by suffering a
little modification in the proof. That is

< ChHHNT + 1), < ChMNT 4+ 1),
tg[lg;] lew): |l < (T+1) [g[l&);] llegll < (T+1

max_|[le, || < CHN(T +1). (2.28)
te[0,T]
However, when the function B(x) is negative constant, we could not obtain the same result.

In the next, we will give the estimates when the function S(x) = 0.

Theorem 8 Let u and q be the exact solutions of Eq. (1.1), and uy, qp, be the numerical
solutions of the semi-discrete LDG method with the numerical fluxes in (2.3) and the initial
conditions (2.16) and B(x) = 0 we have the following error estimates

el < CHEF @+ 1), legll < CRATY (e + 1), fort €0, T], (2.29)
and the L? norm estimate

max [le, (D] < C(T + 1)*h, (2.30)
t€(0,T]
where C is independent of the mesh size h.

Proof e Estimates of ||Tle, || and [|(Pe,), ||
We first give the estimates in the sense of energy that is the inequality (2.29). Since
B(x) =0, Lemma 5 can be written as

L (ITegI2 + I(Peu), 2
T (IMeg I + 1 (Pew): )
< CHM (I TTeg || + 1 (Pew): D)
1
< CHM(ITTeg |17 + 1l (Pew):[1)2
which leads to
d i
—-(ITleq |2 + [[(Pew) )2 < CA!T!,

After using the property of the initial condition (2.17) and integrating this equation with
respect to time between 0 and ¢ we can obtain

1
(ITegI* + [(Pen):1?)? < C(t + DAFT

Together with the approximation errors in (2.12) and (2.13), the error estimates (2.29) can
be obtained.

o Estimate of ||(Pe,)|
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Then we give the L? norm error estimate. By using the property of IT and the chain rule
in time derivative we can rewrite the error Eq. (2.14) as

— (Pew)is vk + (Tleg, Vo)g — ((Tleg) - v, v)ok + ia((u — up)i, v)k
d
= (@ = Pu)y, v)x = —((Peu)s, V). 2.31)

For any time v < T, denote

T

E, (1) = / ' Pey(s)ds, Eq(t) = / Teg (s)ds,
t t

E; (1) =/ (u — Pu)(s)ds, Eg(t) =/ (q — Tg)(s)ds.
t t

We take the integral of the error Eq. (2.15) between ¢ and t, then we have

(ES, )k + (ES,V @)k — (E5, ¢ - )k
+ (B @)k + (Ea. V- §)k — (Eu.p - )k = 0. 2.32)

We choose the test function to be v = E, (¢) in (2.31) and ¢ = Ileg in (2.32), we can achieve

((Pew)r, Pe)k + (Teg, VE )k — ((Tleg) - v, Ex)ax +ia((u — up)s, E)g

. d .
=—((u—Pu)u, E)k — E((Peu)ts E)k, (2.33)
(Eg, Meg)k + (E,, V- (Tleg))k — (Ef. (Teg) - v)yk
+ (Eq, Meg)k + (Eu, V - (Tleg)) k — (E:us (Ieg) - v)jx =0, (2.34)

and take the conjugate of (2.33) and (2.34), we can obtain

(Pey, (Pe) )k + (VE,, Teg) g — (Ey, (Tleg) - v)gx — ia(Ey, (4 — up)i)k

_ d -
= —(Eu, 0 = Pu)ir)x — - (Eu, (Pew) )k, (2.35)
(Meg, Ef)k + (V- (Tleg), Ef)k — ((Teg) - v, Ef)ok
+ (TMeg, Eg)k + (V- (Tleg), E)k — ((Tleg) - v, Eox = 0. (2.36)

Let
T = —ia[((u — up)s, Ee — (Eu, (4 — up)p)el,

_ d _ _
17 = — [((u — Pu)y, Ey)o + E((Peu)zs E)q + (Ey, (u — Pu)y)g
d -
+E(Eu7 (Peu)t)ﬂ] — [(Eg, Teg)a + (Tleg, Eg)al
d -
= —[((u — Pu);, Pey)a + E((" —un)t, Ena + (Eg, Tego

d -
+ (Pew, (4 = Py + —(Eu, (4 = un))a + (Meg, Eg)al,
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IIT = — D [(EL. V- (Teg)k — (Ef. (Teg) - v)ak + (V - (Teg), Ef)k
KeTy,

— ((Teg) - v, E£)pk 1,

IV = > [Hyk(Ey. Teg: Ey. Tleg) + Hyk (Tleg, Ey: Teg, Eu)].
KeTy,

By summing up Eq. (2.33)—(2.36) over all rectangular elements K and noticing the opposite
fluxes in (2.3), using the periodic or homogenous Dirichlet boundary conditions and Lemma
1, we get

d -
—-(IPe, 12 = 1Eg|») =T+ I +IIT + IV =T+ 11 + I11. (2.37)
By integrating Eq. (2.37) from O to t and using the fact Eq () = 0 we have

T
I Peu(D)> = IPes(0)|1* + | Eq(0)]1> = / (Z + 717 +7IIT)dt.
0

Note that

£y = [ (@ -nis = ([ awis) -1 ([ awas).
t t t

and the definition of £, (1), we have | Ef|| < Ch*™! and ||E, || < CT max | Peyl.
1€|0,

Since we have E,(t) = 0, the initial error estimate (2.18), the results in Lemma 3 and the
inequality (2.29), we can obtain

T
/ I7dt
0

T

T
< 2/ Il (u — Pu)rIIIIPeulldt+2/ 1 Eq Il Tleg lidt
0 0

<2t max ||(u — Pu),|| max ||Pe,| + 2t max ||E;|| max | ITeg||
t€l0,7] tel0,T] tel0,T] tel0,T]

<2T(max |(u— Pu);|| max ||Pe,| + max |EZ| max |Ile,

<27(max l— Puy | max || Peyll + max G| max |Tlegl)

< CT (W' max ||Pey| + (T + Dh**?);
t€[0,T)

T
/ I77dt
0

T
< 2/ Ch* | Tley |1dt
0
< 2CH* 't max ||Tle,|
te[0,T]

< CT(T + 1)h**2;

T
/ Zdt
0

T
5205/() e I Eylldt

T
<2 / e ICT max |[Pey|ds
0 1€[0,7]
< 24CT+ max [l(e)]l max || Peul
te[0,T] te[0,7T]

< CTX(T + DKM max || Pey|l.
t€(0,T]
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Summing up all these three equations and noticing that the || Pe, (0)|| = 0 in the initial error
estimates (2.17) and using the fact

ab < — +b
= ’

Pey | + |1 E, (0)]1?
max | Peull® + 1 Eq O

< CT(HW! max ||Pey| +2(T + DA*H? + T(T + DA*! max || Pey|)
te[0,T] t€[0,T]
1
telo,

1
< C(T + D)*n?+2 4 5, max | Pey .

From this equation we can conclude

max ||Pe,|| < C(T + 1)2h**1,
t€[0,T]

combining with the approximation error we have

max_|le, (1|l < C(T + 1)?h*+1,
t€[0,T)

where C is independent of 4. And the constant C may be different in different equations. O

3 Time Discretization

In this section we extend the semi-discrete LDG method to the fully discrete method which
can also conserve the energy. Here we consider the Crank—Nicholson scheme based on the
LDG method for space discretization, which is well-known to conserve the energy.

3.1 Difference Operators

In this section, we introduce some difference operators about time which will be used through-
out the next contents. Let 0 = 79 < f; < --- < ty = T be a partition of the interval [0, T']
with the time step At, = 1,41 — t,. Here we use the uniform time step Az and u" is the
numerical value at ¢ = ¢,.

Forward difference operator

A un+1 —ut
u =
* At
Backward difference operator
u — un—l
Ay = ———
At
Central difference operator
un+1 _ un—l
" = ——
2At

Second-order central difference operator
8214’1 _ Apu" — A_u" _ u oy +un—1
At At?
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Average value operator

3.2 Time Discretization

The fully discrete approximation u}, = u(-, t,,) of Eq. (1.1) are shown as follows

(8%un, v)k + (5qn, Vo)x — (8q), - v, v)ax +ia(Sup, v)g + (Gdup, )k =0,  (3.1)

@ ¢k + @V @)k — @ ¢ vk =0, (3.2)
@k + 6V ek — @ g vk =0, (3.3)

for all test functions v € V), and ¢ € ¢t and the numerical fluxes are defined in (2.3),

_ F(luy ™ 1) —F(uf ™!
where G = B(x) WP
We have shown that the semi-discrete LDG method conserves the time continuous energy

Ej(t) in Sect. 2.3. Similarly, we can show the energy conservation property for the fully time
discrete method.

2
) We can see this scheme is implicit.

Proposition 9 The solutions to the fully discrete LDG method (3.1)—(3.3) conserves the
discrete energy

2 2
R V] N e PG P) £ F Q)
T A + 2 + /Q p) 2 = Ene
(3.4)
forall n.
Proof In Eq. (3.1), let the test function v = §uj,, we can obtain
(8%un, Sup)k + (5qn, Véup)x — (84, - v, Sup)og + ic(Sup, Sup)x
+ (Géuy, Sup)g =0, 3.5)
and take the conjugate of (3.5) to get
Gup, 8*up)k + (Voup. 5qn)k — (Bun, 8q,, - v)ox — io(Sup, Sup)g
+ (Gup, up)g = 0. (3.6)

In Egs. (3.2) and (3.3), we choose the test function to be ¢ = th/At, we have
n+l 3 n+1 .5 _(pnt! § . =
(qh ,th/At)K n (uh v aq,,/m)K (uh . 5qn/ At v)aK 0. (37
n—1 g n—1 N _ n—1 % . =
(qh ,(th/At)K n (uh V- th/At)K (uh ,5qn/ At ”)aK 0, (3.8
subtracting (3.7) and (3.8) yields
(8qn, 3qn)k + Bun, V -8qn)k — (Sikn, 8qi - v)ax =0, (3.9)
and its conjugate

(5qn, 8qn)k + (V- 8qu, Sup)k — (8qn - v, 8iip)sx = O. (3.10)
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We add Egs. (3.5)—(3.6) and (3.9)—(3.10) to get

(8%un, Sup)k + (Sup, 8*un)k + (5qn. 5qn)k
+ (3qn. 8qn)k + (GSup, Sup)k + (GSup, Sup)k
= —{(5qn. Véup)k + (Vup. 8qn)k + Gun, V -3qn)kx + (V- 8qp, Sup)g
— [5Gy, - v, Sun)ak + Bun, 8qy, - VIgk + (Sitn, 3qn - V)ak + (8qn - v, Siin)ak 1},

3.11)
and with the integration by parts of (3.11), one can obtain
(8%un, Sun)k + Gup, Pun)k + (3qn, 5q1)k
+ (8qn. dqn)k + (Gdup, Sup)k + (Gdup, dup)k
= Hyg (Sup. 8qu: Siin. 84y,) + Hyk (8. Sup: 5y, Suiy). (3.12)

Noticing Lemma 1 and summing up Eq. (3.12) over all elements K, after some calculations
we can obtain

2 2
5 1 uZH uj uz—uz_l
2At At At
+1
oy ] ] i H + gy ai & H
L
2At 2 2
1 F(up ™' ) + F(up 1)
2 d2
VY /’3( ) 2
F +F 2
_/ﬂ(x) (ut?) : (Jul'~ |)d9}:0’ 613
Q

from Eq. (3.13) and the definition of E}! h in(3.4), we have E;, = | ; forall n. This illustrates
the discrete energy is conserved by using this fully dlscrete method. O

This fully discrete scheme is unconditionally stable and since we use the Crank—Nicholson
scheme on the time space the fully scheme has second order accuracy. From Proposition 9
we know this method can maintain the energy.

Remark There are some conservative high order temporal discretization in [13] such as
multi-stage Runge—Kutta methods and symmetric methods. However, they conserve linear
first integrals [20] and it is difficult to prove the energy conversation of the fully discrete
scheme if we use the high order ones on time space. Therefore, in this paper we only consider
the Crank—Nichoson scheme and in the future we will study the high order schemes for the
time discretization.

3.3 Implementation of the Fully Discrete Scheme

The fully discrete scheme (3.1)—(3.3) will result in the following nonlinear algebraic equation

w ™ =L@l N uh, (3.14)
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n—1

where u;, denotes the vector containing the degrees of freedom for u,, ﬁ(u;l Uy, u;’l“) is
a linear function of uZ_l, uj, uZH and N is a nonlinear function of u;l'_l, u;’l“.

For the nonlinear term A/ (uzfl, uZH), we use Newton method to linearize the nonlinear

system. In each Newton iteration, we will solve the linear equation system
Aul™ = Bull + cul !, (3.15)

where A, B and C are matrices depending on uj, and uz_l. Then we use iterative approach
(GM RES) to solve the linear system (3.15).

4 Numerical Results

In this section, we give some numerical examples in multi-dimensional spaces to illustrate
the validity and capability of the conservative method which we have developed above.

4.1 One-Dimensional Case

In this subsection, numerical experiments in the one-dimensional case are designed to show
the performance of the conservative scheme. Since the second order central difference is used
on time discretization and we mainly concern the effect of the spatial discretization, we use
the time step At = cf1 % h?. This relation guarantees that the error will be dominated by the
spatial discretization.

Example 4.1 We consider the case of « = 8 = 1 and let f(|u|2) = 1 in Eq. (1.1) to obtain
Uy —Uuxx +iuy +u =0, x €]0,2m],
where the exact solution is u(x, t) = exp(i(x + ¢)) and the boundary condition is periodic.

Example 4.1 aims to test the accuracy and the advantage of the conservative scheme. The
result can be found in Table 1. We give the L? and L error of the real part and the image
part respectively to show the accuracy. From the table, we can observe that the conservative
scheme mentioned above with the space of polynomials with degree k has (k + 1)th order
of accuracy. The table demonstrates that numerical results are consistent with the theoretical
result which we have proved in Sect. 2.4.3.

In Fig. 1, we give the numerical solutions with the conservative scheme and the LDG
scheme with the explicit time discretization until time 7 = 20072 with the uniform mesh
N = 40 and the degree of polynomials is 2. From this figure, we can conclude the solution of
conservative scheme almost overlaps the exact solution while the LDG scheme with explicit
time discretization maintains the shape but has a phase shift. Moreover, in Fig. 2, we give
the energy time evolution and we can see that the numerical energy is conserved by the
conservative scheme. For the LDG scheme with explicit time discretization, the numerical
energy is not conserved very well.

Example 4.2 Let us consider the case of @ = 1, B(x) = exp(—x?) and let f(Ju|?) = 1 in
Eq. (1.1) with the initial condition

uo(x) = exp(ix), wuj(x)=iexp(ix), x €[0,2x].

We use periodic boundary condition in this example.
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Table 1 Example 4.1, accuracy test at time 7' = 72 with the conservative scheme

N Real part Imaginary part
L? error Order  L° error Order L7 error Order  L°° error Order
pO 20 1.97E—01 - 2.09E-01 - 1.97E—01 - 2.09E-01 -

40 8.78E—02  1.17 8.69E-02  1.27 8.78E—02  1.17 8.69E—-02  1.27
80 4.33E-02  1.02 4.11E-02  1.08 433E-02 1.02 4.11E-02  1.08
160 2.16E-02  1.00 2.01E-02  1.03 2.16E-02  1.00 2.01E-02  1.03
p! 20 4.76E-02 - 379E-02 - 476E-02 - 3.79E-02 -
40 441E-03 343 5.05E-03 291 441E-03  3.43 5.05E-03 291
80 9.26E—-04  2.25 1.31E-03 195 9.26E—-04  2.25 1.31E-03 195
160 2.24E—04  2.05 322E-04 2.02 224E-04  2.05 3.22E-04 2.02
p? 40 7.05E-04 - 425E-04 - 7.05E-04 - 425E-04 -
80 4.44E-05 398 2.79E-05 3.92 444E-05 398 2.79E-05 3.92
160 2.79E-06  3.99 1.81E-06  3.94 2.79E—-06  3.99 1.81E-06  3.94
320 2.02E-07  3.79 1.59E—-07  3.51 2.02E-07  3.79 1.59E—-07  3.51
I 20 1.80E-03 - 9.93E-04 - 1.80E—-03  — 9.93E-04 -
40 1.13E-04  4.00 6.22E—-05  4.00 1.13E-04  4.00 6.22E—-05  4.00
80 7.04E—-06  4.00 3.89E-06  4.00 7.04E—-06  4.00 3.89E—-06  4.00
160 445E—-07  3.98 2.46E—-07  3.98 445E-07 398 246E—-07  3.98

Exact solution Exact solution

— — — - Conservative scheme i — — — - Nonconsertive sheme

Fig. 1 Example 4.1, left the exact solution and the numerical solution with the conservative scheme; right
the exact solution and the numerical solution with the nonconservative scheme. T = 20072

In Fig. 3, we give the time evolution of || of NLSW with the variable 8(x) by using the
conservative scheme with p2 polynomials and the uniform mesh N = 160. The difference
between Examples 4.1 and 4.2 is the value of B(x). We can observe that the value of |u| is
equal to 1 in Example 4.1 while in Example 4.2 it is not.

Example 4.3 We give an example with the parameters as
a=p=1f(u? =uf,
with the initial condition

uo(x) = (1 + i)xe100=97 ;1 (x) =0,

@ Springer



640 J Sci Comput (2015) 65:622-647

131 Energy with the conservative scheme
[  — — — Initial energy
- Energy with the nonconservative scheme
129
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Fig. 2 Example 4.1, The energy time evolution for 7 = 20072

and the computational domain
x € [—40, 40],
where we use the homogenous Dirichlet boundary conditions.

In Fig. 4, we give the movement of the soliton |u| of Example 4.3 with the space of
polynomials with degree k = 2. Comparing with other schemes such as compact finite
difference scheme in [14], conservative finite scheme in [31] and in [24] and so on, we
use less meshes with higher order scheme and the scheme has higher resolution which can
capture the oscillation precisely. Therefore, this scheme is stable and could not occur blow-up
phenomenon which has been presented in Fig. 4. This example illustrates the validity and
capability of the conservative scheme we presented.

Example 4.4 We consider the equation with the parameters as
2 2
a=1 B=-2, f(ul")=lul",
and the exact solution is

u(x,t) = Asech(Jx)e'®, x e [-50,50],

where
1
A=1|J|, ©= 5(_1i\/1 —4J2).
In the computations, we take J = % and ® = —% — ?. More details can be found in [22].

We show the numerical results of Example 4.4 in Fig. 5 with polynomial spaces of different
degrees. This example is designed to illustrate the advantages of high order schemes. We
can see that these simulation solutions with polynomials of higher degree are better than that
with polynomials of lower degree from Fig. 5. One can conclude that the LDG method can
simulate some problems well since it can be designed as any order of accuracy.
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Fig. 3 Example 4.2, the figure time evolution of |«| by the using conservative scheme with p2 polynomials
and N = 160

4.2 Two-Dimensional Case

In this subsection, some numerical experiments will be designed to show the validity and
capability of the conservative scheme in the two-dimensional case.

Example 4.5 Here, we will consider the equation
1 .
Uy — E(uxx +uyy) +iu +u =0,

where the exact solution is u(x, y, 1) = ¢! +¥*+) and the domain is [0, 27] x [0, 27] to test
the accuracy of the conservative scheme which has been designed above.

Since we use the second order scheme on time discretization, in order to obtain the accuracy
which will be dominated by the spatial discretization, we take the time step At = cf1 * h>.
We give the L? and L error of the real part and the image part respectively of Example 4.5
to test the accuracy of the conservative scheme in Table 2. we can see that the scheme with
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Fig. 4 Example 4.3, the movement of soliton |u| by using the conservative scheme with the degree of
polynomial & = 2 and the mesh size 4 = 0.05
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k=0 k=1
0.3 03
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Exact solution
Q — — = Numerical solution Q — — = Numerical solution

02} 02k
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X
k=2 k=3
03 03
Exact solution Exact solution
== == = Numerical solution = == = Numerical solution

0.2

[ul

01}

Fig. 5 Example 4.4, numerical solutions and exact solutions with different degree of polynomials by using
the conservative scheme and the mesh size is # = 0.25 at time 7 = 2

the space of polynomials with degree k has (k 4 1)th order accuracy which is consistent with
the theoretical result which we have proved in Sect. 2.4.3.

Example 4.6 In this example, we give the parameters in Eq. (1.1) as
a=p=1 f(u?) =uf,
with the initial condition
uo(x,y) = (1+)(x + e 0Ty (x,y) =0,
and the computational domain
(x,y) € [—40, 40] x [—40, 40].
The boundary condition is the homogenous Dirichlet boundary condition.

In Fig. 6, we use the conservative scheme which we have developed in this paper to
simulate Example 4.6 and it can capture the soliton precisely. We give the movement contour
figure of soliton |u| in the left side and the section views when x = y are given to show the
effect of the scheme clearly in the right side of Fig. 6. Here we only give the figures in the
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Table 2 Example 4.5, accuracy test at time 7 = 72 by using the conservative scheme

Nx x Ny Real part Imaginary part
L2 error Order  L°° error Order L2 error Order  L°° error Order
po 16 x 16 1.82 - 4.79E—01 1.82 - 4.79E—01

32 x32 795E-01 1.20 2.10E-01 1.19 795E-01 1.20 2.10E-01  1.19
64 x 64 3.93E-01 1.02 1.0IE-01 1.05 3.93E-01 1.02 1.0IE-01 1.05
128 x 128  1.96E—01  1.00 4.98E—-02 1.02 1.96E-01 1.00 498E-02 1.02
pl 16 x 16 6.39E—-02 - 1.44E-02 - 6.39E—-02 - 1.44E-02 -
32 x32 1.50E-02 2.09 3.38E—03 2.09 1.50E-02 2.09 3.38E—03  2.09
64 x 64 3.64E—03 2.05 8.20E—-04 2.05 3.64E—03 2.05 8.20E—-04 2.05
128 x 128 8.93E—04 2.03 2.01E-04 2.03 8.93E-04 2.03 2.01E-04 2.03
p? 8x8 444E-02 - 9.26E-03 - 444E-02 - 9.26E-03 -
16 x 16 6.27E—-03 2.82 1.41E-03 2.72 6.27E—-03 2.82 1.41E-03 2.72
32 x32 6.32E—-04 3.31 1.42E—-04 3.31 6.32E—04 3.31 1.42E—-04 3.31
64 x 64 6.85E—-05 3.21 1.54E-05 3.20 6.85E—05 3.21 1.54E-05 3.20
P 8x8 425E-02 - 8.87E-03 - 425E-02 - 8.87E-03 -
16 x 16 2.64E-03 4.01 5.94E—-04 3.90 2.64E-03 4.01 5.94E—-04 3.90
32 x32 1.67E—04  3.98 3.77TE-05 3.98 1.67E—-04 3.98 3.77TE-05 3.98
64 x 64 1.06E—-05 3.98 2.39E-06 3.98 1.06E—-05 3.98 2.39E-06 3.98

domain [-3,4] in the right side figure to illustrate the stability of the scheme. From the right
side figures, we can see that the numerical results are stable and do not blow up since we use
high order energy conserving scheme which has high resolution. Moreover, these numerical
results show that the conservative scheme can work well at solving the nonlinear Schrédinger
equation with wave operator.

4.3 Three-Dimensional Case

In this subsection, we only give a numerical experiment to test the accuracy in the three-
dimensional case.

Example 4.7 We consider the equation
1 .
U — g(um +uyy +ug) +iug +u =0,

where the exact solution is u(x, y, z,1) = A0y ++) and the domain is [0, 2] x [0, 27]
x [0, 2r]. In addition, we use the periodic boundary condition.

Similarly, in order to obtain the accuracy which will be dominated by the spatial discretiza-
tion, we take the time step At = cf1xh?. We present the L2 and L™ error of the real part and
the image part respectively of Example 4.7 to test the accuracy of the conservative scheme
in Table 3. We can achieve the theoretical result like one-dimensional and two-dimensional
cases.
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Fig. 6 Example 4.6, the movement of soliton |u#| by using the conservative scheme with the degree of
polynomial k = 2. The left side figures are contour figures of u; the right side figures are section views when
xX=y

5 Conclusion

In this paper, we have developed the LDG method for multi-dimensional Schrodinger equa-
tions with wave operator. The energy conservation is an important property of Schrodinger
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Table 3 Example 4.5, accuracy test at time 7 = 72 /8 by using the conservative scheme

Nx x Ny x N;  Real part Imaginary part

L2 error Order L error Order L2 error Order L% error  Order

16 x 16 x 16 2.69 - 4.92E-01 - 2.69 - 492E-01 -
32 x 32 x 32 1.35 099 244E-01 1.02 135 099  244E-01 1.02
64 x 64 x 64 6.74E—01 1.00 121E-01 1.0l 6.74E—01 1.00 1.21E-01 1.01
16 x 16 x 16 3.88E-01 — 1.09E-01 - 3.88E-01 - 1.09E-01 -
32 x 32 x 32 9.60E—-02 202 278E-02 198 9.60E—02 2.02 2.78E—-02 1.98
64 x 64 x 64 238E—-02 201 6.96E-03 2.00 238E-02 2.0l 6.96E-03 2.00
8x8x38 3.06E-01 - 1.0IE-01 - 3.06E-01 - 1.01IE-01 -
16 x 16 x 16 3.87E—02 2.98 1.37E-02 289  3.87E-03 2098 1.37E-02 2.89
32 x32x32 469E-03 3.04 1.60E-03 3.09 4.69E-03 3.04 1.60E-03 3.09

equations and hence we give the energy conservative scheme to simulate these equations.
This scheme is designed by discretizing the space with the LDG scheme and the time with

the

Crank—Nicholson scheme. We also give the error estimates of the conservative scheme

for the linear case and the fully discretization is conservative. Some numerical examples in
multi-dimensional spaces are shown to illustrate the accuracy, validity and capability of the
energy conservative scheme.
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