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Abstract A new weak Galerkin (WG) finite element method for solving the biharmonic
equation in two or three dimensional spaces by using polynomials of reduced order is intro-
duced and analyzed. The WG method is on the use of weak functions and their weak deriv-
atives defined as distributions. Weak functions and weak derivatives can be approximated
by polynomials with various degrees. Different combination of polynomial spaces leads to
different WG finite element methods, which makes WG methods highly flexible and efficient
in practical computation. This paper explores the possibility of optimal combination of poly-
nomial spaces that minimize the number of unknowns in the numerical scheme, yet without
compromising the accuracy of the numerical approximation. Error estimates of optimal order
are established for the corresponding WG approximations in both a discrete H2 norm and
the standard L? norm. In addition, the paper also presents some numerical experiments to
demonstrate the power of the WG method. The numerical results show a great promise of
the robustness, reliability, flexibility and accuracy of the WG method.

Keywords Weak Galerkin finite element methods - Weak Laplacian - Biharmonic
equation - Polyhedral meshes

Mathematics Subject Classification Primary: 65N30, 65N15, 65N12, 74N20 -
Secondary: 35B45, 35J50, 35J35

The research of Zhang was supported in part by China Natural National Science Foundation (11271157,
11371171, 11471141), and by the Program for New Century Excellent Talents in University of Ministry of
Education of China.

R. Zhang (X)) - Q. Zhai
Department of Mathematics, Jilin University, Changchun, China
e-mail: zhangran @mail.jlu.edu.cn

Q. Zhai
e-mail: digl@mails.jlu.edu.cn

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10915-014-9945-7&domain=pdf

560 J Sci Comput (2015) 64:559-585

1 Introduction

This paper will concern with approximating the solution u of the biharmonic equation

Au=f, inQ, (1.1

with clamped boundary conditions
u=g, onag, (1.2)
g—z =¢, onadf2, (1.3)

where A is the Laplacian operator, €2 is a bounded polygonal or polyhedral domain in R¢
for d = 2, 3 and n denotes the outward unit normal vector along d<2. We assume that f, g, ¢
are given, sufficiently smooth functions.

This problem mainly arises in fluid dynamics where the stream functions u of incom-
pressible flows are sought and elasticity theory, in which the deflection of a thin plate of the
clamped plate bending problem is sought [26,34,36].

Due to the significance of the biharmonic problem, a large number of methods for discretiz-
ing (1.1)—(1.3) have been proposed. These methods include dealing with the biharmonic oper-
ator directly, such as discretizing (1.1)—(1.3) on a uniform grid using a 13-point or 25-point
direct approximation of the fourth order differential operator [9,24]; mixed methods, that
is, splitting the biharmonic equation into two coupled Poisson equations [1,4-7,12,15,17—
20,25,27]. Also there are some other approaches to the biharmonic problems, like the confor-
mal mapping methods [11,35], integral equations [29], orthogonal spline collocation method
[8] and the fast multipole methods [23], etc.

Among these methods, finite element methods are one of the most widely used technique,
which is based on variational formulations of the equations considered. In fact, the biharmonic
equation is also one of the most important applicable problems of the finite element methods,
cf. [2,13,14,16,22,41]. The Galerkin methods, discretizing the corresponding variational
form of (1.1) is given by seeking u € H>(S2) satisfying

du
ulyo = g, —lo=¢
on
such that
(Au, Av) = (f,v), Yve H3}(Q), (1.4)

where Hg(Q) is the subspace of H 2(Q) consisting of functions with vanishing value and
normal derivative on 92.

Standard finite element methods for solving (1.1)—(1.3) based on the variational form (1.4)
with conforming finite element require rather sophisticated finite elements such as the 21-
degrees-of-freedom of Argyris (see [3]) or nonconforming elements of Hermite type. Since
the complexity in the construction for the finite element with high continuous elements, H?2
conforming element are seldom used in practice for the biharmonic problem. To avoid using
of C!-elements, besides the mixed methods, an alternative approach, nonconforming and dis-
continuous Galerkin finite element methods have been developed for solving the biharmonic
equation over the last several decades. Morley element [28] is a well known nonconforming
element for the biharmonic equation for its simplicity. A C interior penalty method was
developed in [10,21]. In [30], a hp-version interior penalty discontinuous Galerkin method
was presented for the biharmonic equation.
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Recently a new class of finite element methods, called weak Galerkin(WG) finite ele-
ment methods were developed for the biharmonic equation for its highly flexible and robust
properties. The WG method refers to a numerical scheme for partial differential equations
in which differential operators are approximated by weak forms as distributions over a set of
generalized functions. This thought was first proposed in [38] for a model second order ellip-
tic problem, and this method was further developed in [31,39,40]. In [32], a weak Galerkin
method for the biharmonic equation was derived by using discontinuous functions of piece-
wise polynomials on general partitions of polygons or polyhedra of arbitrary shape. After that,
in order to reduce the number of unknowns, a C® WG method [33] was proposed and analyzed.
However, due to the continuity limitation, the C 0 WG scheme only works for the traditional
finite partitions, while not arbitrary polygonal or polyhedral girds as allowed in [32].

In order to realize the aim that reducing the unknown numbers and suit for general parti-
tions of polygons or polyhedra of arbitrary shape at the same time, in this paper we construct a
reduction WG scheme based on the use of a discrete weak Laplacian plus a new stabilization
that is also parameter free. The goal of this paper is to specify all the details for the reduction
WG method for the biharmonic equations and present the numerical analysis by presenting
a mathematical convergence theory.

An outline of the paper is as follows. In the remainder of the introduction we shall introduce
some preliminaries and notations for Sobolev spaces. In Sect. 2 is devoted to the definitions
of weak functions and weak derivatives. The WG finite element schemes for the biharmonic
Egs. (1.1)—(1.3) are presented in Sect. 3. In Sect. 4, we establish an optimal order error
estimates for the WG finite element approximation in an H? equivalent discrete norm. In
Sect. 5, we shall drive an error estimate for the WG finite element method in the standard
L? norm. Section 6 contains the numerical results of the WG method. The theoretical results
are illustrated by these numerical examples. Finally, we present some technical estimates
for quantities related to the local L? projections into various finite element spaces and some
approximation properties which are useful in the convergence analysis in “Appendix”.

Now let us define some notations. Let D be any open bounded domain with Lipschitz
continuous boundary in RY, d = 2, 3. We use the standard definition for the Sobloev space
H®(D) and their associated inner products (-, -)s, p, norms || - ||s. p, and seminorms | - |5 p
for any s > 0.

The space H°(D) coincides with L2(D), for which the norm and the inner product are
denoted by || - ||p and (-, -) p, respectively. When D = 2, we shall drop the subscript D in
the norm and in the inner product notation.

The space H (div; D) is defined as the set of vector-valued functions on D which, together
with their divergence, are square integrable; i.e.,

H(div; D) = {v velL2(D)4,V-ve L2(D)] .
The norm in H (div; D) is defined by

1
2 2\2
IVll2aivpy = (VI + 1V - viip) -

2 Weak Laplacain and Discrete Weak Laplacian
For the biharmonic equation (1.1), the underlying differential operator is the Laplacian A.

Thus, we shall first introduce a weak version for the Laplacian operator defined on a class of
discontinuous functions as distributions [32].
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Let K be any polygonal or polyhedral domain with boundary d K. A weak function on
the region K refers to a function v = {vo, vp, V,} such that vy € L%(K), v, € L%(dK), and
Vg-n € L2(3K), where n is the outward unit normal vector along 0 K. Denote by W(K) the
space of all weak functions on K, that is,

W(K) = {v = {v0. vy, vg} : vo € L*(K), vp, Vg -m € L*(3K)} . (2.1)

Recall that, for any v € W(K), the weak Laplacian of v = {vo, vp, Vg} is defined as a
linear functional A, v in the dual space of H 2(K) whose action on each peH 2 (K) is given
by

(Awv, @)k = (vo, Ap)k — (Up, Vo - D)gk + (Vg -1, 0)yk, (2.2)
where (-, -)g stands for the L2-inner product in L*(K) and (-, )5k is the inner product in
L*(3K).

The Sobolev space H*(K) can be embedded into the space WW(K) by an inclusion map

iw : HX(K) — W(K) defined as follows

iw(@) = (k. dlok, (Vo -mmlsx), ¢ € HA(K).

With the help of the inclusion map iy, the Sobolev space H2(K) can be viewed as a subspace
of W(K) by identifying each ¢ € H(K) with iy (¢).

Analogously, a weak function v = {vg, vp, v} € W(K) is said to be in H?(K) if it can
be identified with a function ¢ € H2(K) through the above inclusion map. Here the first
components vy can be seen as the value of v in the interior and the second component vy,
represents the value of v on d K. Denote Vv -n by v,, then the third component v, represents
(Vv -m)n|zx = v,n. Obviously, vg - n = Vv - n. Note that if v ¢ H%(K), then v and Vg
may not necessarily be related to the trace of vy and (Vvg - n)n on 9K, respectively.

For v € H?(K), from integration by parts we have

(Awv, @)k = (v, Ap)k — (v, Vo -m)yx + (Vv -n, ¢)gk
= (vo, Ap)k — (vp, Vo -m)yk + (Vg - 1, @)jk .
Thus the weak Laplacian is identical with the strong Laplacian, i.e.,
Ayiyw(v) = Av

for smooth functions in H2(K).

For numerical implementation purpose, we define a discrete version of the weak Laplacain
operator by approximating A,, in polynomial subspaces of the dual of H>(K). To this end,
for any non-negative integer r > 0, let P.(K) be the set of polynomials on K with degree no
more than r.

Definition 2.1 ([32]) A discrete weak Laplacian operator, denoted by A, , g, is defined as
the unique polynomial A, . kv € P, (K) satisfying

(Aw.r kv, @)k = (0, AP)k — (b, V@ -M)yk + (Vp - M, @)ak. Yo € P(K). (2.3)
From the integration by parts, we have
(vo, Ap)k = (Avo, @)k + {vo, Vo - m)ax — (Vo - m, @)yk .
Substituting the above identity into (2.3) yields
(Aw,r kv, @)k — (Avo, @)k = (vo — Vb, Vo - Mok — (Vo — Vo) -, 9)sk, (2.4)
for all ¢ € P.(K).

@ Springer



J Sci Comput (2015) 64:559-585 563

3 Weak Galerkin Finite Element Scheme

Let 73, be a partition of the domain €2 into polygons in 2D or polyhedra in 3D. Assume that
T), is shape regular in the sense as defined in [39]. Denote by & the set of all edges or flat
faces in 7, and let 6,? = &, \ 092 be the set of all interior edges or flat faces.

Since v, represents Vv - n, then v, is naturally dependent on n. To ensure a single valued
function v, on e € &, we introduce a set of normal directions on &, as follows

Ny = {n, : n, is unit and normal to e, e € &}. (3.1)

For any given integer k > 2, T € 7;, denote by Wi (T') the discrete weak function space
given by

Wi (T) = {{vo, vp, vyne} : vo € Pr(T), vp, vy € Pr—1(e), e C 0T} (3.2)

By patching Wi (T) over all the elements 7' € 7}, through a common value on the interface
5,?, we arrive at a weak finite element space Vj, given by

Vi = {{vo. vp. vame} : {vo, vp, vame}| € Wi(T), VT € Tp} .

Denote by Vh0 the subspace of V), constituting discrete weak functions with vanishing traces;
1.e.,

VY = {{v0, Vb, val,} : {v0, Vp, UaMe) € Vi, Uple = 0, Uple =0, e € dT NIQY.

Denote by Ay, the trace of Vj, on 92 from the component vp,. It is obvious that Aj consists
of piecewise polynomials of degree k — 1. Similarly, denote by Y}, the trace of V}, from the
component of v, as piecewise polynomials of degree k — 1. Denote by A, x—> the discrete
weak Laplacian operator on the finite element space V;, computed by using (2.3) on each
element T for k > 2, that is,

(A -2V T = Ay r—2,7(VIT) YV € V). (3.3)

For simplicity, we shall drop the subscript k£ — 2 in the notation A, x—» for the discrete weak
Laplacian operator. We also introduce the following notation

(Ayv, Ayw), = Z (Awv, Ayw)T.
TeTy

For each element 7' € 7, denote by Qg the L? projection onto P (T), k > 2. For each
edge/face e C 9T, denote by Qj the L? projection onto Py_1(e). Now for any u € HX(Q),
we shall combine these two projections together to define a projection into the finite element
space V}, such that on the element T

Qnu = {Qou, Qpu, (Qp(Vu - me))n,}.

Theorem 3.1 Let Qp, be the local L? projection onto Py_». Then the following commutative
diagram holds true on each element T € Tj,:

AwQnu = QuAu, Yue HX(T). (3.4)

Proof For any ¢ € Py_(T), from the definition of the discrete weak Laplacian and the L?
projection
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(Aw Qpu, )7 = (Qou, AP)T — (Qput, Vo - a7 + (Qp(Vu - n)Ne - 1, @)aT
= (u, APp)T — (u, Vo -n)y7 + (Vu -n, d)yr
= (Au, ¢)7 = (QrAu, ¢),

which implies (3.4). ]

The commutative property (3.4) indicates that the discrete weak Laplacian of the L2
projection of u is a good approximation of the Laplacian of u in the classical sense. This is
a good property of the discrete weak Laplacian in application to algorithm and analysis.

For any u;, = {ug, up, uyn,} and v = {vg, vp, vyN,} in Vj, we introduce a bilinear form
as follows

—1
sQun, v) = D hy (Vug - me — uty, Vg - me — va)ar
TeT)

+ D h7 (Qpuo — up, Qpvo — vb)ar-
TeTy,

Weak Galerkin Algorithm 1 Find uy, = {uo, up, uyn.} € Vj satisfying up, = Qpg and
u, = Qpp on 32 and the following equation:

(A, M) + s@p, v) = (f, v0), Yo = {vo, vp, vane) € V). 3.5

Lemma 3.2 Foranyv € V,?, let ||v]| be given by

Iol* = (Awv. Ap)y + 50, v). (3.6)
Then, || - || defines a norm in the linear space V,?.
Proof For simplicity, we shall only prove the positivity property for || - [|. Assume that
llvll = O for some v € V}?. It follows that A, v = 0 on each element T, Qpvg = vp and

Vg - n, = v, on each edge d7. We claim that Avg = 0 holds true locally on each element
T. To this end, for any ¢ € Pr_2(T) we use A, v = 0 and the identify (2.4) to obtain

0= (Ayv. @)1 3.7
= (Avo, @)1 + (Qpvo — Vb, V@ - M)y7 + (UyNe - 1 — Vg - I, @) g7
= (Avg, @)1,

where we have used the fact that Qpvg — vp = 0 and
vy, -n— Vuyy-n==x(v, —Vyg-n,) =0

in the last equality. The identity (3.7) implies that Avg = 0 holds true locally on each element
T.

Next, we claim that Vvg = 0 also holds true locally on each element 7. For this purpose,
for any ¢ € Px(T), we utilize the Gauss formula to obtain

(Vvo, V)r = —(Avo, )1 + (Vo - m, d)ar = (Vo - n, @)y (3.8)

By letting ¢ = vg on each element 7 and summing over all 7 we obtain

> (Vv Vug)r = D (Vo - m, vo)ar- (3.9)

TeT, TeT),

@ Springer



J Sci Comput (2015) 64:559-585 565

For two elements Ty, T> € 75, which share e € &, \ 92 as a common edge, denote v(l), vg
the values of v in the interior of 77, T», respectively. It follows from Qy vé =0 v(2) = vp On
edge e and the fact Vvg - n, = v, € Pr_1(e) that

(Vg - nyy, v(l))e +(Vv§ - ng, v%)e = = (va, vy — v%)e = = (va, Opvg — th(%)e =0,

where nr,, ny, denote the outward unit normal vectors on e according to elements 77, 17,
respectively. This, together with Vvg-n = v, = 0 on the boundary edge e € £, N9 implies

Z (Vuo -m, vo)yr = 0.
TeTy

It follows from Eq. (3.9) that | Vvg||7 = 0 on each element 7. Thus, vg = const locally on
each element and is then continuous across each interior edge e as

vole = Qpvo = Vp.

The boundary condition of v, = 0 then implies that v = 0 on €2, which completes the
proof. O

Lemma 3.3 The weak Galerkin finite element scheme (3.5) has a unique solution.

Proof Assume uzl) and u,(f) are two solutions of the WG finite element scheme (3.5). It is

(1 (2)
— uy

obvious that the difference o5 = u;, is a finite element function in V}? satisfying

(Awpn, AV + s(on, v) =0, Vv € V. (3.10)
By letting v = p;, in above Eq. (3.10) we obtain the following indentity
(Awpn, Awpr)n + 5(on, pr) = 0.

It follows from Lemma 3.2 that p, = 0, which shows that uﬁll) = u;lz). This completes the
proof. O

4 An Error Estimate

The goal of this section is to establish an error estimate for the WG-FEM solution uy, arising
from (3.5).

First of all, let us derive an error equation for the WG finite element solution obtained
from (3.5). This error equation is critical in convergence analysis.

Lemma 4.1 Letu and uy, € Vy, be the solution of (1.1)—(1.3) and (3.5), respectively. Denote
by

ep = Qpu — up

the error function between the L projection of u and its weak Galerkin finite element solution.
Then the error function ey, satisfies the following equation

(Awen, Apv)p + s(ep, v) = £y (v) 4.1
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forallv e V,?. Here

L) = D (Au—QuAu, Vg -0 = vun, - m)yr 4.2)
TeTy
— D {V(Au—QuAu) -0, vo — vp)ar + 5(Qnit, v).
TeTy,

Proof Using (2.4) with ¢ = A, Qpu = Qp Au we obtain
(ApQpu, Ayv)T

= (Avg, QuAu)T + (vo — vy, V(QrAu) -m)y7 — ((Vvg — vune) - m, QpAu)yr

= (Au, Avo)r + (vo — vp, V(QrAu) -m)yr — ((Vvg — van,) - m, QpAudyr,
which implies that

(Au, Avg)T = (ApQntt, Apv)T — (V0 — Vp, V(QrAu) - m)y7 4.3)
+{(Vvg — vune) - m, QpAu)yr.
Next, it follows from the integration by parts that
(Au, Avg)r = (A%, v0)7 + (Au, Vg - m)yr — (V(Au) -1, vo)ar -

By summing over all 7 and then using the identity (A%u, vo) = (f, vo) we arrive at

D> (Au, Avo)r = (f,v0) + D (Au, Vg -n — v, -y
TeTy TeTy,

— D> (V(Au) - m, vo — vp)ar,

TeTy

where we have used the fact that v, and vp, vanish on the boundary of the domain. Combining
the above equation with (4.3) yields

(Ao Qnit, Apv)i = (f,00) + D (Au — @ Au, (Vg — v,m,) - Moy
TeT,

— > {(V(Au— QuAu) -0, vp — V)7
TeT),

Adding s(Qpnu, v) to both sides of the above equation gives
(Aw Qnu, Apv)p +5s(Qpu, v)

= (f,v0) + D (Au—QuAu, (Vvg — vam,) - n)yr
TeTy

- Z (V(Au — QupAu) -n, vo — vp)ar + s(Qpu, v). (4.4)
TeTy

Subtracting (3.5) from (4.4) leads to the following error equation

(Awen, AW+ s(en, v) = D (Au—QuAu, (Vv — vam,) - m)ar

TeTy
— D {(V(Au— QuAu) -, vo — vp)ar + 5(Qpit, v)
TeTy,
forallv € V}? . This completes the derivation of (4.1). O
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The following Theorem presents an optimal order error estimate for the error function ey,
in the trip-bar norm. We believe this tripe-bar norm provides a discrete analogue of the usual
H?-norm.

Theorem 4.2 Let up, € Vy, be the weak Galerkin finite element solution arising from (3.5)
with finite element functions of order k > 2. Assume that the exact solution of (1.1)—(1.3) is
sufficiently regular such that u € H*2(Q). Then, there exists a constant C such that

Nup — Qrull < CH*" Jlulta. 4.5)

The above estimate is of optimal order in terms of the meshsize h, but not in the regularity
assumption on the exact solution of the biharmonic equation.

Proof By letting v = ¢, in the error Eq. (4.1), we have

llewll* = €(en), (4.6)
where
Clen) = D (Au—QuAu, (Veg — eyme) - mhyr (4.7)
TeT,
— D (V(Au— QuAu) - m, eo — ep)ir
TeTy
+ D> hy'(VQou -me — Qyp(Vu - m,), Vey - n, — en)or
TeTy
+ Z h7>(Qp Qou — Qput, Qpeo — ep)ar-
TeTy

The rest of the proof shall estimate each of the terms on the right-hand side of (4.7). For
the first term, we use the Cauchy—Schwarz inequality and the estimates (7.5) and (7.6) in
Lemma 7.4 (see “Appendix”) with m = k to obtain

> (Au—QuAu, (Vey — eyne) - m)yr

T€771
1 1
2 2
2 —1 2
< D rrlau—@uauliy | [ D 7' IVeo - ne —enli3r
TeT, TeT),
k—1
< CH M ulisallenll. (4.8)

For the second term, using Lemmas 7.4, 7.6 and 7.9 we obtain

> (V(Au—QuAu) - n,eo — ep)or
TeTy

< | D (V(Au—QuAu) - n, Qpe — ep)ar

TeTy,

+ | D (V(Au— QuAu) - n,eo — Qpeo)or
TeTy
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= | > (V(Au—Q4Au) - n, Qpeo — ep)ar

TeTy

+{ D V(AW — Qp(V(Au)) - m, eg — Qpeo)or

TeTy
1 1
2 2
<| D mivau—@uawlis | - D] h10se0 — esll3r
TeT, TeT,
3 3
+{ D2 IVAaw) = Qa5 | - [ D lleo — Qpeolliy
TeTy TeTy,
< CRH 7 lullgs2llenll, (4.9)

where the H¥+2-norm of u is used because the estimate in Lemma 7.9 is not optimal in terms
of the mesh parameter /.

The third and fourth terms can be estimated by using the Cauchy—Schwarz inequality and
the estimates (7.7) and (7.8) in Lemma 7.4 as follows

> b (VQou - — Qp(Vie-m,), Veo - e — en)ar | < CH ullipallenll  (4.10)
TeTy
and
> h7 (s Qou — Qpu, Qveo — epar| < Ch*ulerallenll.  (4.11)
TeTy
Substituting (4.8)—(4.11) into (4.6) gives
lell® < CH*=" Jullksallenll,

which implies (4.5) and hence completes the proof. O

5 Error Estimates in L2

In this section, we shall establish some error estimates for all three components of the error
function e, in the standard L2 norm.

First of all, let us derive an error estimate for the first component of the error function ey,
by applying the usual duality argument in the finite element analysis. To this end, we consider
the problem of seeking ¢ such that

A%¢ =¢p, inS, (5.1)
¢ =0, ondf,

ad

—‘/’:o, on 0L2.

on
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Assume that the dual problem has the H* regularity property in the sense that the solution
function ¢ € H* and there exists a constant C such that

lella < Clleoll. (5.2)

Theorem 5.1 Let u, € Vy, be the weak Galerkin finite element solution arising from (3.5)
with finite element functions of order k > 2. Let ko = min{3, k}. Assume that the exact
solution of (1.1)—(1.3) is sufficiently regular such that u € H*2(Q) and the dual problem
(5.1) has the H* regularity. Then, there exists a constant C such that

luo — Qoull < CR*TRO=2|[ulyy, (5.3)

which means we have a sub-optimal order of convergence for k = 2 and optimal order of
convergence for k > 3.

Proof Testing (5.1) by error function ep and then using the integration by parts gives

leoll® = (A%, e0)
D (Ag, Aeg)r + D (V(AQ) -, eo)sr — D (A, Ve - myr

TeTy, TeTy TeTy,
= > (A, Aeo)r + D (V(Ap) -m, e — ep)or
TeT, TeT),
— > (Ag. (Veo — exme) - m)or.
TeT),

where we have used the fact that e, and e;, vanishes on the boundary of the domain Q2. By
letting u = ¢ and vy = e, in (4.3), we can rewrite the above equation as follows

leol® = (AwQng, Awen)n + D (V(Ap) = V(QiAQ) -1, €0 — ep)ar
TeTy,

— D (Mg — QuAg, (Veo — exn,) - D)o7.
TeTy

Next, by letting v = Qp¢, from the error equation (4.1), we have

(AwQig, Awer)n = D ((Au—QuAu, (VQop) - n — Qp(Ve - no)n, - n)yr
TeTy

— D (V(Au— QuAu) -m, Qop — Qpp)ar

TeTy
—s(en, Qnp) +s(Qnu, One).

Combining the two equations above gives

leoll> = D ((V(Ag) = V(QuAP) - 1, €0 — ep)ar
TeTy

— D (A —QuAg, (Veg - 1. —e,) - m)yr
TeT,
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+ D ((Au—QuAu, (VQop) -n — Qp(Ve - m)n, - nhyr
TeT)

— > (V(Au— QuAu) -0, Qop — Qpp)ar

TeTy

—s(en, Qne) +s(Qnu, Qre). (5.4)

From the Cauchy—Schwarz inequality and Lemma 7.4, we can estimate the six terms on
the right-hand side of the identity above as follows.

For the first term, it follows from Lemmas 7.4, 7.9 and the fact ko = min{k, 3} < 3 that

D {(V(Ap) — V(QuAp)) - m, €0 — ep)ar

TeTy

N—

2
< D mlIvag) = V@iap)li5r | | D k7 1Qeo — enll3y
TeTy TeTy,
1 1
2 2
+ | DIV — VAR ir | | D lleo — Qveolliy
TeTy, TeTy

D=

<[ D mivae) = v@ap) i3, | llexll
T€771

1

2

1
+Co | D IV(AQ) — OV A3, | - h 2 lleoll
TeTy

1

2

3
+C > Ivag) — 0Vap3y | -k llesll
TeTy,

1 _1
< CHO7 (lgllkg+1 + hdkg 2Nl @ll)llenll + CrhZ llplla - h 2 leoll
_s 3
+ CHR72 (Jl@llkg 1 + Mk 2ll@lla) - B2 [lenll
< CH Yiglallenll + Crllgllalieol-

(5.5)
For the second term, it follows from (7.3) with m = k¢ that

D (Ap — QuAg, (Veg -, — e,) - Mor

TeTy
1 1
2 2

< D hrllap—@uaglliy | | D h7'IVeo - ne —enl3r

TeTy, TeT,
< CHP Migllkgzillenll < CHR igllallenll. (5.6)
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As to the third term, it follows from Cauchy—Schwarz inequality and Lemma 7.4 that

D (Au—QuAu, (VQop) -m— Qp(Ve - ne)n, - m)yr

TeT),
1 1
2 2
< | 2. hrlau—@udulir | | D0 IV Qo9) -n— 05 (Ve - mo)ll5y
TeT, TeT,
< CH Ml ik igllkge1 < CRR72 a1 @ lla (5.7)

For the forth term, by using Lemma 7.3, we have

> (V(Au—QuAu) -1, Qop — Qpp)ar
TeTy

2 2
> hpIvan—Quanlis | | D0 hF 100w — el3r
TeT, TeT,
CR Y it + B8k 2 llulla) i@l kg1
< CH* N (lullksrg—2 + hde2llulla)l@lla- (5.8)

IA

IA

As to the fifth term, we also use the Cauchy—Schwarz inequality and Lemma 7.4 to obtain

Is(en. Qnp)| < | D h7'(Veg - me — €. VQog - me — Qp(Ve - 1e))or
TeTy

+ Z h>(Qpeo — ev, Qb Qop — Qpp)ar

TeTy
< Ch* Y gllallenll. (5.9)

The last term can be estimated as follows

Is(Qnut, Qn@) < | D b7 {(VQou - m, = Qp(Vit - me), (VQog - me — Qp(Vep - 1e))or
TeT)

+ Z h73(Qp Qou — Qput, O Qop — Qpp)or

TeT),
< CH  Mullepr KO @41
< CE* =21 llglla. (5.10)

Substituting all the six estimates into (5.4) we obtain

leoll* < CRA 72 (llulligr + hdeallulla) @l
+Ch plallenll + Crllgllalleoll.
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Using the regularity estimate (5.2) and choosing constant A such that CA||¢|l4 < %||6‘0||, we
arrive at

leoll < CHO Venll + CHF O 2(lull g1 + hde o llulla)
< CR*HR =21y 4.

Together with the H 2 error estimate (4.5) we have the desired L? error estimate (5.3). ]
In order to study the error estimates on edges, we shall introduce the edge-based L? norm

here. To keep the consistency of order, the edge-based L2 norm is different from the standard
L? norm.

Definition 5.2 For any function v defined on the edges &,
iz, = D hellvliag,,
ec &y
where 4, is the measure of edge e € &p,.

Next, we shall derive the estimates for the second and third components of the error
function ¢y,.

Theorem 5.3 Let uj, € Vj, be the weak Galerkin finite element solution arising from (3.5)
with finite element functions of order k > 2. Let kg = min{k, 3}. Assume that the exact
solution of (1.1)—(1.3) is sufficiently regular such that u € H*2(w) and the dual problem
(5.1) has the H* regularity property. Then, there exists a constant C such that

lup — Qptlle, < CHRO72ulis0, (5.11)
iy — Qp(Vuo - 1) llg, < CHFROZ3 w40 (5.12)
Proof 1t is obvious that

lesl}ag) < 2(1Qbe0ll7a(,, + 11Qbe0 = evl7a,)-

Summing over all edges, we have

lup — Qoullg, = D hellup — Qpull3s,,

ee&y

<2 D hellQveollagy + D hellQveo — el

eeéy eeéy

< C D hrlQveoliayr + D hrllQeo = esliagry | - (5:13)
TeT, TeT,

We shall discuss the two terms separately. For the first part, by applying the trace inequality
(7.1), the inverse inequality (7.2) and the error estimate for ¢g in Theorem 5.1, we have

D hrlQveolliary < D hrlleol?aqr

TeT), TeT),

C > (lleolZap, + M1V eol2a )
TeTy

IA
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§ 2
= C ”eOHLZ(T)
TeTy

< Ch#* o=y . (5.14)

For the second part, we use the trip-bar norm to handle the second part.

> hrll@veo = epl oy < 1t D0 I1Q0e0 — enlfagory < HHllenll® (5.15)
TeT), TeT),

Combining the above two estimates gives the desired error estimate (5.11).
Similarly, we establish the error estimates for ej,.

2 2
leallz, = D hellenlljag,

ee&y,

<C| D] hrliVeo - nellar + D hrlVeo -ne — eyllor
TeTy TeT),

< C | D hrlVeollor +h* D h7'IVeo - n, — enllar
TeTy TeTy

<C | D IVeolr + R llexll
TeTy

< C | 2 hr’lleolr +hllenl
TeT),

< € (2070 124 Ju (5.16)

Thus, we have
k+ko—3
lenlle, < CR O u ks,

which completes the proof. O

6 Numerical Results

In this section, we would like to report some numerical results for the weak Galerkin finite
element method proposed and analyzed in previous sections. Here we use the following finite
element space

Vi = {v = {vo, vp, Uale}, vo € Pa(T), vp, v € Pi(e), T € T, e C Ep).

For any given v = {vo, vp, vyn.} € \7;, and ¢ € Py(T), we compute the discrete weak
Laplacian A, v on each element 7" as a function in Py(T") as follows

(Ayv, @)1 = (vo, Ap)T — (Ub, Vo - M)yT + (UpNe - M, )T,
which could be simplified as

(Aypv, @)1 = (Uyne -1, Q)57
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Table 1 Errors and orders of Example 6.1 in H? and L2 with k = 2

h llup — Qpull Order llug — Qoull Order
3.74355e—01 3.69061e—01 4.29897e—02

1.91955e—01 1.89785e—01 9.59493e—01 1.11418e—02 1.94801
9.56362e—02 1.01110e—01 9.08440e—01 2.97175e—03 1.90660
4.78382e—02 5.57946e—02 8.57728e—01 8.08649¢—04 1.87773
2.20971e—02 3.00721e—02 8.91700e—01 2.14457e—04 1.91483
1.10485e—02 1.55286e—02 9.53498e—01 5.49264e—05 1.96512
Table 2 Errors and orders of Example 6.1 in L2 and L™ for ep withk =2

h 1Qpu —upllg, Order 1 Qpu — uplloo Order
3.74355e—01 1.21967e—01 1.18101e—01

1.91955e—01 3.12884e—02 1.91858 3.27686e—02 1.84964
9.56362e—02 8.39049¢—03 1.89880 8.84728e—03 1.88901
4.78382e—02 2.28623e—03 1.87578 2.39957e—03 1.88246
2.20971e—02 6.06514e—04 1.91436 6.33868e—04 1.92052
1.10485e—02 1.55351e—04 1.96501 1.62044e—04 1.96780

The error for the weak Galerkin solution is measured in six norms defined as follows:

lleall® = (/ |vah|2dT+h;1/a |(Vvo) - me — v,|*ds
T T

TeTy

i’ [ @ —uas) (A disrse 1 norm
aT

1o —wit= 3 [

1Qsv — vollg, = D" he [ 1Qpv —vpl*ds  (Edge based L* norm for vj)
e

1Qbv = vallg, = D he [ 1Qpv —val’ds  (Edge based L? norm for v,)
e

1Qpv — vplloo = max{|Qpv — vpl}
eesh

TeT),

ee&y,

eegy

|Qov — vo|*dT

1Qpv — Vnlloo = max{|Qp(Vug - ne) — vy}
ee&y

(Element based L? norm)

(Edge based L°° norm for vp)
(Edge based L norm for v,,)

Example 6.1 Consider the biharmonic problem (1.1)—(1.3) in the square domain 2 = (0, 2.
It has the analytic solution u(x) = x2(1 — x)? y2(1 — y)2, and the right hand side function
f in (1.1) is computed to match the exact solution. The mesh size is denoted by 7 = 1/n.
Table 1 shows that the convergence rates for the WG-FEM solution in the H? and L? norms
are of order O (h) and O (h?) when k = 2, respectively.

Table 2 shows that the errors and orders of Example 6.1 in L? and L for e;,. The numerical
results are in consistency with theory for these two cases.

Table 3 shows that the errors and orders of Example 6.1 in L? and L for e,,. The numerical
results are in consistency with theory for these two cases.
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Table 3 Errors and orders of Example 6.1 in L2 and L for e, with k = 2

h 10p(Vu - ne) —unllg, Order 10p(Vu - ne) — unlloo Order
3.74355e—01 1.18286e—01 5.28497e—02

1.91858e+00 3.12884e—02 1.91858 1.51029¢—02 1.80707
9.56362e—02 8.39049¢—03 1.89880 7.33970e—03 1.04103
4.78382e—02 2.28623¢—03 1.87578 3.41617¢—03 1.10334
2.20971e—02 6.06514e—04 1.91436 1.18287e—03 1.53009
1.10485e—02 1.55351e—04 1.96501 3.30602¢—04 1.83912

Table 4 Errors and orders of example 6.1 in H 2 and L2 with k = 3

h e, — Qnull Order llup — Qoull Order
3.74355e—01 1.17819e—01 4.56114e—03

1.91955e—01 3.56257e—02 1.72558 4.16403e—04 3.45334
9.56362e—02 1.00915e—02 1.81977 3.55158e—05 3.55145
4.78382e—02 2.56977e—03 1.97343 2.30985e—06 3.94259
2.20971e—02 6.44317e—04 1.99580 1.44990e—07 3.99378
1.10485e—02 1.61222e—04 1.99873 9.07702e—09 3.99759

Table 5 Errors and orders of example 6.1 in L2 and L™ for ep withk =3

h Qpu — upllg, Order 1Qpu — upllco Order
3.74355e—01 8.34847e—03 1.15414e—02

1.91955e—01 8.06272e—04 3.37217 1.08014e—03 3.41753
9.56362e—02 7.89345e—05 3.35254 9.02080e—05 3.58181
4.78382e—02 5.19889e—06 3.92438 5.93961e—06 3.92481
2.20971e—02 3.26604e—07 3.99259 3.72799e—07 3.99390
1.10485e—02 2.04554e—08 3.99699 2.33003e—08 3.99998

Table 6 Errors and orders of example 6.1 in L2 and L™ for e, with k = 3

h 19p(Vu - ne) —unllg, Order 105 (Vu - ne) — unlloo Order
3.74355e—01 5.23031e—02 1.15371e—01

1.91858e+00 8.83906e—03 2.56493 1.96390e—02 2.55449
9.56362e—02 1.50030e—03 2.55865 3.59916e—03 2.44799
4.78382e—02 1.89000e—04 2.98878 4.60320e—04 2.96695
2.20971e—02 2.33468¢—05 3.01709 5.56932¢—05 3.04707
1.10485e—02 2.89988e—06 3.00916 6.86324e—06 3.02054
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Table 7 Errors and orders of Example 6.2 in H? and L2 with k = 2

h Neep, — Qpull Order llup — Qoull Order
3.74355e—01 3.51847e+01 4.18608e+-00

1.91955e—01 1.79831e+01 9.68306e—01 1.06553e+4-00 1.97403
9.56362e—02 9.36621e+00 9.41104e—01 2.74735e—01 1.95546
4.78382e—02 4.90899e+-00 9.32039e—01 7.07013e—02 1.95823
2.20971e—02 2.51557e+00 9.64541e—01 1.79112e—02 1.98087
1.10485e—02 1.26858e+4-00 9.87671e—01 4.49750e—03 1.99367
Table 8 Errors and orders of Example 6.2 in L2 and L for ep withk =2

h 1Qpu — upllg, Order 1Qpu — uplloo Order
3.74355e—01 1.15398e+4-01 1.10028e4-01

1.91955e—01 2.99335e+-00 1.94679 2.97577e4-00 1.88654
9.56362e—02 7.75705e—01 1.94818 7.77671e—01 1.93603
4.78382e—02 1.99884e—01 1.95635 2.00300e—01 1.95700
2.20971e—02 5.06547e—02 1.98039 5.07058e—02 1.98194
1.10485e—02 1.27205e—02 1.99354 1.27268e—02 1.99428
Table 9 Errors and orders of Example 6.2 in L2 and L™ for e, with k =2

h 195(Vu - ne) — unllg, Order 195 (Vu - ne) — unllco Order
3.74355e—01 1.15398e+-01 4.02986e+-00

1.91955e—01 2.99335e4-00 1.94679 1.26437e4-00 1.67231
9.56362e—02 7.75705e—01 1.94818 4.40635e—01 1.52076
4.78382e—02 1.99884e—01 1.95635 1.74400e—01 1.33718
2.20971e—02 5.06547e—02 1.98039 5.22660e—02 1.73846
1.10485e—02 1.27205e—02 1.99354 1.37655e—02 1.92482
Table 10 Errors and orders of example 6.2 in H? and L2 with k = 3

h Neep, — Qpull Order lluo — Qoull Order
3.74355e—01 9.17084e+4-00 3.37369e—01

1.91955e—01 2.46720e+00 1.89418 2.77383e—02 3.60438
9.56362e—02 6.52418e—01 1.91900 2.14578e—03 3.69231
4.78382e—02 1.65736e—01 1.97691 1.36946e—04 3.96982
2.20971e—02 4.16442e—02 1.99270 8.50154e—06 4.00974
1.10485e—02 1.04302e—02 1.99734 5.29568e—07 4.00484
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Table 11 Errors and orders of example 6.2 in L2 and L™ for e}, with k = 3

h 1Qpu —uplig, Order 1Qpu — uplloo Order
3.74355e—01 5.34596e—01 7.40358e—01

1.91955e—01 4.42882e—02 3.59346 6.53790e—02 3.50132
9.56362e—02 3.79823e—03 3.54353 5.37615e—03 3.60418
4.78382e—02 2.44771e—04 3.95582 3.54304e—04 3.92351
2.20971e—02 1.51601e—05 4.01308 2.24297e—05 3.98151
1.10485e—02 9.43450e—07 4.00619 1.40631e—06 3.99543

Table 12 Errors and orders of example 6.2 in L% and L™ for ¢, with k = 3

h 19p(Vu - me) —unllg, Order 19p(Vu - me) — unlloo Order
3.74355e—01 3.44921e+00 8.19181e+00

1.91858e+4-00 5.38035e—01 2.68049 1.42296e+-00 2.52529
9.56362e—02 7.93752e—02 2.76094 2.26764e—01 2.64963
4.78382e—02 9.99040e—03 2.99007 3.26867e—02 2.79442
2.20971e—02 1.23394e—03 3.01727 4.33160e—03 2.91573
1.10485e—02 1.52755e—04 3.01398 5.50588e—04 2.97585

In Tables 4, 5 and 6 we investigate the same problem for k = 3. Table 4 shows that the
convergence rates for the WG-FEM solution in the H 2 and L? norms are of order O (h%) and
O (h*). Tables 5 and 6 show the errors and orders in LZ and L for e}, and e,,, which are also
consistent with theoretical conclusions.

Example 6.2 Consider the biharmonic problem (1.1)—(1.3) in the square domain 2 = (0, 2.
It has the analytic solution u(x) = sin(;rx) sin(;ry), and the right hand side function f in
(1.1) is computed accordingly.

The numerical results are presented in Tables 7, 8, 9, 10, 11 and 12 which confirm the
theory developed in previous sections.

Acknowledgments We gratefully acknowledge Professor Junping Wang for presenting this problem and
giving us many valuable suggestions. The authors also thank the anonymous referees and editor for their
careful reading of the manuscript and their valuable comments to improvement the work.

7 Appendix: L? Projection and Some Technical Results

In this section, we shall present some technical results for the L? projection operators with
respect to the finite element space V},. These results are useful for the error estimates of the
WG finite element method.

Lemma 7.1 ([39]) (Trace Inequality) Let 7}, be a partition of the domain 2 into polygons
in 2D or polyhedra in 3D. Assume that the partition Ty, satisfies the assumptions (A1), (A2),
and (A3) as specified in [39]. Then, there exists a constant C such that for any T € T}, and
edge/face e € AT, we have

@ Springer



578 J Sci Comput (2015) 64:559-585

1612 < Chz (1615 + rE1Ive ), (7.1)

where 8 € H'(T) is any function.

Lemma 7.2 ([39]) (Inverse Inequality) Let T, be a partition of the domain 2 into polygons
or polyhedra. Assume that Ty, satisfies all the assumptions (Al)—(A4) as specified in [39].
Then, there exists a constant C(n) such that

IVollr < Cohy'lllr, VT €T, (7.2)
for any piecewise polynomial ¢ of degree n on Tj,.
7.1 Approximation Properties

The following lemma provides some approximation properties for the projection operators

O and Q.

Lemma 7.3 ([32]) Let T, be a finite element partition of Q2 satisfying the shape regularity
assumptions. Then, for any 0 < s <2 and2 < m < k we have

Yreq, B3 lu = Qoul? 7 < CR2M D2, (73)
Srer W2 1A — QuAul?, < CH2ODu)2,,, (7.4)

Lemma74 Let 2 < m < k,w € Hm+2(S2). There exists a constant C such that the
following estimates hold true:

=

> hrllAw —QAoliy | < CR" N wln, (1.5)
TeTy
1
2
> hpIV(Aw — QuA0) 3y | < CH"  (lollni + hémallols),  (7.6)
TeTy,
1
2
> hEIV(Qow) - re — Qp(Vor -5 | < CR" ol (1.7)
TeT),
1
2
> hF10s000 — Qpoliy | < CH"Mwlmt, (7.8)
TeTy
1
2
3
D IVAw) = Qp(V(Ao) 5 | < CH™ 3 @2 (7.9)
TeT)

Here §;, j is the usual Kronecker’s delta with value 1 when i = j and value 0 otherwise.
Proof To derive (7.5), we use the trace inequality (7.1) and the estimate (7.4) to obtain
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> hrllAw — QuA0|3;
TeT)

=C > (160 - @0l + 1}V (Ao - Quaw) [})
TeT),
< Ch*2|wllz, ;-
As to (7.6), we use the trace inequality (7.1) and the estimate (7.4) to obtain
> hHIV (Ao — QuAw) [l

TeTy

<C > (hFIV(A0 — QuAD) [} + hT [V (Aw — QuAw)[1F)
T€771

= Ch 2 (Jol 1y + H26nallol]).

As to (7.7), we have from the definition of Qy, the trace inequality (7.1), and the estimate
(7.3) that

> b7 1IV(Qow) - me — Qp (Vo - me) 157

TeT),
< > 7' IV Q0w — Vo) - n |3,
TeTy
<C 3> (1Y Q00 = Vol + V0w - Vol ;)
TeTy

w2y 12
< Ch"olygr-

Notice that Qj, is a linear bounded operator, we use the definition of Qj and the trace
inequality (7.1) to obtain

> hP 105 Q0w — Qpooll3y

TeTy

IA

> (#7*1Qo0w = wli} + 5721V (Qow — )13

TeT,

2m—2), 112
Ch™" ol 41 -

IA

To derive (7.9), we use the trace inequality (7.1) and the estimate (7.4) to obtain

> IV(Aw) — (Y (Aw) 57

TeTy
<c> (h;‘ IV(A®) = Qp(V(A0) 7 + hr [V (V(Aw) — wamw)))n%)
TeTy
< Ch*" ol 42-
This completes the proof of (7.9), and hence the lemma. O

7.2 Technical Inequalities

The goal here is to present some technical estimates useful for deriving error estimates for
the WG finite element scheme (3.5).

@ Springer



580 J Sci Comput (2015) 64:559-585

Lemma 7.5 There exists a constant C such that, for any v = {vg, vp, VyR.} € Vj, the
following holds true

> lawllz < Clivil. (7.10)

TeTy
Proof From the identity (2.4) with ¢ = Avp we have
Al = (Awv, Avo)r — (Qpvo — vp, V(Avg) - m)a7 + ((Vug — vpme) - 1, Avg)ar

Thus, using the Cauchy—Schwarz inequality, trace inequality, and the inverse inequality we
obtain

lAavol7 < IAwvllizllAvollr + 1Qsv0 — vpllar |V (Avo) - milar
+ 11 (Voo — vane) - mfla7[| Avollyr

_1
< C(lAapvliTlAvollT + hy* [1Qpvo — vpllar IV (Avg) - m|7
_1
+hT2 (Vuo — vame) - mlly7 | AvollT)
_3
< C(lawvliTllAvolir 4+ hy* | Qpvo — vpllar | AvollT

_1
+hy[(Vvo — vame) - mllg7[| Avoll7).

Hence,
2 2 -3 2 -1 2
lAvoll7 = ClAwVIIT + A7 [1Qpvo — vull57 + hy [[(Vvo — vane) - ml57),
which verifies the inequality (7.10). O

Lemma 7.6 ([37], Lemma 10.4) There exists a constant C such that, for any v € V}?, we
have the following Poincaré inequality:

lvoll> < C { D IVuollF + 27" D 1Qsv0 — wsli3y |- (7.11)

TeTy, TeTy

The following lemma provides an estimate for the term > T, Vv ||2T. Note that v is a
piecewise polynomial of degree k > 2. Thus, Lemma 7.7 is concerned only with piecewise
polynomials; no boundary condition is necessary.

Lemma 7.7 Let ¢ be any piecewise polynomial of degree k > 2 on each element T. Denote
by Vi and Ao the gradient and Laplacian of ¢ taken on each element. Then, for any
& > 0, there exists a constant C such that

IVipll* < ellgll® + CeAnpl?

_ oL dpR 2

1 1

h~ E —— ) d 7.12
/(8nL anR) s ( )

ecéy

ren (3 [ Qoo = 0voas

ecy

Here @y is the trace of ¢ on e as seen from the “left” or the opposite direction of n,. If e is
a boundary edge, then the trace from the outside of 2 is defined as zero.

@ Springer



J Sci Comput (2015) 64:559-585 581

Proof On each element 7', we have

Summing over all T € 73, we have

IVagl? = /¢Ah€0dT+ Z/ —wads (7.13)

TeT),

Using the identity ay by + arbgr = (ar + ar)br, + ar(bg — by) we obtain

d ad
Z/ —wadv—Z/(ﬂQb +£Qm)dv

TeT), ety
a a
= Z/(azL ‘”R) OspLds
et L
+ / —— (Qoyr — QppL)ds.
ee&y

Thus, from the Cauchy—Schwarz inequality we have

9 dor\>
> [ = (2 [ (o +ome) @

2
/ | Qppr P ds

TeTy ee&y ee&y,
1 1
dpr :
Z e 2 [ (Qvpr - Qvpr)’ds
ee&y R ee&y
(7.14)
Next, we use the trace inequality (7.1) and the inverse inequality (7.2) to obtain
[1osoas < [ g as
e e
< c[h—l/ <p2dT+h/ |V<p|2dT]
T T
< Ch_l/(psz, (7.15)
T
and
dpr | 1 2 212
/ — a’ssC[h_ /|Vgo| dT+h/ V| dT]
e |Ong T T
< Ch—l/ [Vo|?dT. (7.16)
T
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Substituting (7.15) and (7.16) into (7.14) yields

1 doL | dor)’
> | S owds| < citigl Z/(anL anR) ds

TeT), ee&y

+Ch 2Vl [ D [ (Qvor — Qupr)ds | . (7.17)

ec&y V€

Substituting (7.17) into (7.13) gives

1 dou  d¢r 2
Vil < 18nell ol + Ch™2p] Z/( 4 ) ds

n n
ee&y ong 8 R

1

1
+ Ch™2 |V /(Qb(PR — Qvpr)ds |

ee&y

which, through an use of Young’s inequality, implies the desired estimate (7.12). This com-
pletes the proof. O

Lemma 7.8 There exists a constant C such that for any v = {vg, vp, vyn,} € VhO the
following Poincaré type inequality holds true

Vavol = Clivll. (7.18)
In addition, we have the following estimate
I¥avoll < b~ flvll + Chllull, (7.19)

where A is a positive constant.

Proof The first component vy is a piecewise polynomial of degree k > 2. Using the estimate
(7.12) in Lemma 7.7 we have

2 2 -1 2
Vivoll” < ellvl|® 4+ Ce [[Apvol

_ dvor  dwor )’

1,—1

h™ E d
/(anL ong s

ee&y,

+Ch! Z/(vaoR—va()L) ds . (7.20)

ee&y,

By inserting v, n, - n in each integrand we obtain

3UOL 8v0R 2 2

ee&y TeTy

Similarly, by inserting vy,

> /(thoze — Qpvor)’ds < C D [1Qpv0 — vyl37-

ecE, V¢ TeT,
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Substituting the above two inequalities into (7.20) yields

2 2 —1 2 -1 2
IVhvoll> < elvl® + Ce™ [ Anvoll* + Ch™" D~ 11Qpvo — w57
TeT,

+Ce'h™ D> (Vo e — vl (7.21)
TE,J?I

Using the Poincaré inequality (7.11) and the estimate (7.10) we arrive at
IVhvoll? < eClIVavl* + Ce™ v,

which leads to the inequality (7.18) for sufficiently small ¢.
Finally, by setting ¢ = Ak~ in (7.21) we arrive at

IVhvoll® < Ah 2 w)1> + CR?|IvlI?,

where A is a positive constant. This verifies the inequality (7.19), and hence completes the
proof of the lemma. O

Lemma 7.9 There exists a constant C such that for any v = {vg, vp, U;N,} € V}? one has

> [ o= Qs < chion? (7.22)
Te1, /0T
and
> / (vo — Qpvo)’ds < CAh™"|* + CRP (v, (7.23)
aT

TeT,

Proof From the trace inequality (7.1) and the inverse inequality (7.2), we have

/ (vo — Qpvo)’ds < Ch/ |Vvo|?dT.
oT T

Summing over all T € 7, yields
> / (vo — Qpvo)*ds < Ch | / |Vvol?dT, (7.24)
TeT7;,” 97 T7e7,” T

which, combined with (7.18) and (7.19), completes the proof of the lemma. O

Remark 7.1 The estimate (7.22) in Lemma 7.9 is sufficient for us to derive an optimal order
error estimate for the WG finite element solution arising from (3.5). But the estimate (7.22)
is sub-optimal in terms of the mesh parameter 7. We conjecture that the following inequality
holds true

> /8 (- Qpv0)°ds < Ch? vl (7.25)

TeT,

However, with the current mathematical approach, we are unable to verify the validity of
(7.25). This estimate is then left to interested readers or researchers as an open problem.
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