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Abstract In this paper, using the bubble functions, we construct two C°-nonconforming
triangular prism elements for the fourth order elliptic problem in three dimensions. By the
abstract convergence theorem in (Chen et al. in Numer. Math. (2012, accepted)), one element
is proved to be of first order convergence and the other one is proved to be of second order
convergence.

Keywords Fourth order elliptic problem - Bubble functions - C°-nonconforming
elements - Error estimates

1 Introduction

The construction of appropriate finite element spaces for the fourth order elliptic boundary
value problem is an appealing subject. This problem has been well-studied in two dimen-
sional spaces [4, 5, 8, 13, 16, 23, 27]. Recently some papers for three dimensional fourth
order elliptic problem were presented [24—27]. In those papers, the domain is divided into
triangles or rectangles in two dimensional spaces and tetrahedrons or cuboid in three dimen-
sional spaces, respectively. However, there has been very little work devoted to triangular
prism elements.
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A conforming finite element space for the fourth order elliptic problem consists of piece-
wise polynomials that are globally continuously differentiable (C!). To meet this smooth-
ness requirement, the degree of piecewise polynomials must be very high. In two dimen-
sional case, Argyris element [8] with 5-degree polynomials, Bell element [8] with incom-
plete 5-degree polynomials are conforming triangular elements. Bogner-Fox-Schmit (BEFS)
element [8] with bicubic degree polynomials is a conforming rectangular element. To lower
the polynomial degree, some macroelements were created on triangle grids, see e.g., [8, 15].
Recently, a macro type of biquadratic C' finite element was constructed on rectangle grids
[10], which is a rectangular version of the C' Powell-Sabin element [15]. In three dimen-
sional case, the situation becomes more complicated. A conforming tetrahedral element was
first constructed in [28] using 9-degree polynomials, The number of degrees of freedom is
220. In [5], a three-dimensional conforming BFS element on cuboid mesh with tri-cubic de-
gree polynomials and 64 degrees of freedom was developed. This element is of second order
convergence. Macroelements have also been developed for the three-dimensional problems,
see, e.g. [10].

To reduce the order of polynomials and degrees of freedom on each element, many lower
order nonconforming elements have been constructed and used in practice. In two dimen-
sions, there are many well-known nonconforming elements. Morley element [8, 9, 11-13,
18], Veubeke element [8, 23] are triangular elements and they are even not C 0_continuous.
Zienkiewicz element [8, 13] is a C-triangular element, but this element is convergent only
on some special meshes [16], because the mean values of normal derivatives on the bound-
ary of the element are not continuous across the elements. The rectangle Morley element
[27] is not C°-continuous. Adini or ACM element [8, 13] is a C%-rectangular element. The
mean values of normal derivatives on the boundary of Adini element are not continuous
across the elements, and its convergence depends on the special geometric property of the
rectangular mesh.

In three-dimensional case, several nonconforming elements for the fourth order prob-
lems were developed in [24-27]. On the tetrahedral meshes, the three-dimensional Morley
element was presented in [24]. The three-dimensional Zienkiewicz element, and a quasi-
conforming element by modifying the three-dimensional Zienkiewicz element were pre-
sented in [25, 26]. On the cuboid meshes, the three-dimensional Morley-like element, the
three-dimensional Adini element, and the three-dimensional BFS-like element were pre-
sented in [27]. All of these nonconforming elements are of first order convergence and
they are the generalizations of the corresponding two-dimensional elements. Among them,
three-dimensional Zienkiewicz element and three-dimensional BFS-like element are C°-
continuous, others are non-C°-continuous. It should be pointed out that the above three-
dimensional BFS-like element is different from the one in [5]. It is nonconforming and
only of first order convergence, while the one in [5] is conforming and of second order
convergence. We note that the degrees of freedom of these nonconforming elements are
substantially smaller than those of known conforming elements. There are some other ways
constructing elements. Quasi-conforming elements [22, 29], Generalized-conforming ele-
ments [14, 19] and Double set parameter elements [4, 6] are nonstandard elements. We do
not describe them in detail here.

In [21] Stummel presented a sufficient and necessary condition for the convergence of
nonconforming finite elements, named Generalized Patch-Test, but it is difficult to use in
practice. In [17] Shi presented a sufficient condition, named F-E-M Test, which is easier to
use in practice. For the fourth-order elliptic problem, to satisfy the strong F-E-M Test, the
function values and the first-order derivatives of the shape functions should be continuous
in the mean across the elements. In three-dimensional case it makes the order of element
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interpolation matrix very high. As a result, it is difficult to check the nonsingularity of this
matrix.

For the columnar regions with complex base, the triangular prism elements have ad-
vantages than the tetrahedral and cuboid elements. In this paper, we construct two C°-
nonconforming elements for the fourth order elliptic problem. The idea is to divide the shape
function space into two subspaces using bubble functions. One subspace is responsible for
the C°-continuity of the shape functions and getting the approximation error. Another one,
which contains the bubble functions, is responsible for the continuity in the mean of the
normal derivatives of the shape functions across the elements and getting the consistency
error. The resulting element interpolation matrix is a block lower triangular matrix which
greatly simplifies the proof of the nonsingularity of this matrix. In [7], an abstract con-
vergence theorem was given, which builds a theoretical frame to prove the convergence of
C°-nonconforming elements for the fourth order elliptic problem. In this paper, by using this
convergence theorem, for the two proposed C°-nonconforming triangular prism elements,
we can prove that one element is of first order convergence and the other one is of second
order convergence.

The rest of this paper is organized as follows. Section 2 gives the preliminaries. Section 3
gives the abstract convergence lemma. Section 4 gives detailed descriptions of two triangular
prism elements. Section 5 shows the error estimates of the two elements. Some concluding
remarks will be made at the end of the paper.

2 Preliminaries

‘We consider the following fourth order elliptic boundary value problem [8]:

A%y = f, in £2,
ou @1

u=—=0, onads2,
on

where £2 C R? is a bounded convex domain with Lipschitz continuous boundary 982, f €
L?(£2), n = (ny,ny,n3)7 is the unit outer normal to 92 and A is the standard Laplace
operator.

Yu,v € H}($2), define

3
a(u,v):/ Zaijua,-jvdx, f(v):/ fudx. 2.2)
Lol 2

Here 9;; = —”_ The weak form of 2.1)is: Seeku € H(f (£2) satisfying

0x;0x;
a(u,v) = f(v), VYve H; (). (2.3)

We adopt the standard notation H" (£2) for Sobolev space [1] on §2 with norm

W2 = [Dv]: o

la|<m
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and semi-norm |v|% o = >l | D*v]|§ . Where & = (1, a2, @3) is an index,

=m

3 glal , ,
o
I ) L ||w||0,g=/wdx.
= 0x, ' 0x,” 0x5 Q

We set

a7
Hé”(Q):{veH’”(.Q); 8—3’.:0, on 922, 0§j§m—l}.
n

The energy norm of (2.2) is defined by
1
llvll =a(v, v)? = |vl,q.

By Poincaré inequality [8], it is well known that | - |,  is a norm on Hoz(.Q) and is equivalent
to || - |l2.e- Then (2.3) has a unique solution by Lax-Milgram Theorem [8].

Let 7;, be a triangulation of £2 into triangular prisms with mesh size 4, and {7,} be a
family of triangulations with 2 — 0. Let (T, Py, Xr) be a finite element where T € 7}, is
a triangular prism, Pr the shape function space and X7 the vector of degrees of freedom,
and let X7 be Pr-unisolvent [8]. Throughout the paper, we assume that {7} is regular and
quasi-uniform, namely it satisfies that:

hr/pr <on,  hr/hy <os, VT,T €T, Vh, 2.4)

where hr and pr are the diameters of 7 and the largest ball contained in T, respectively,
o1 > 0, 0, > 0 are constants independent of . Let F C 9T be aface of T and Fj, ={F; F C
oT, T € Tp}.

For each 7}, the nonconforming finite element space V), is a piecewise polynomial space
and V, ¢ HOZ(.Q). The discrete problem of (2.3) is: Find u,, € V), satisfying

ap(up,vp) = f(vp), Vo, €Vj, (2.5)
where
3
[lh(l/th, Uh) = Z / Z Bijuha,jvhdx. (26)
re7;, VT i j=1
We introduce the following mesh-dependent energy norm ||| - ||:
Moally = " w7, You € Vi 2.7)
TeTy

3 An Abstract Convergence Lemma

For nonconforming elements, the basic mathematical theory has been established [3, 8, 13,
17, 21, 29] for different problems. In this section, we will give an abstract convergence
lemma for the fourth order elliptic problem, which was proved in [7].

Suppose F =T NT . We define

[w]llF = wlrnr — Wl aps [wllF =wlr, if FC0S2.

The following result is well known as the Strang Lemma [2, 8, 20].
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Lemma 3.1 Assume that || - || is a norm on V). Let u and u;, be the solutions of (2.3) and
(2.5), respectively. Then

. lan(ut, wy) — f(wy)]
e — wnlln SC( inf flu—vglly + sup === 2, 3.1)
Vh h

wyeV; lwn

where C > 0 is a constant independent of h.

The first term of (3.1) is the approximation error and the second term of (3.1) is the
consistency error.

Forany F C oT,VT € Ty, letn= (n, ny, n3)T be the unit outer normal to F and 7, s be
two unit vectors orthogonal each other on F, then we have

0; = Bejdc + ByjOs + Buidns  Bi+ B+ By =1, 1=<j<3,

where
d d d d
i=7—, O=7—, =7, Oh=—.
0x; at as on
By Green formula [8],
3
ap(u, w,) = Z / Z 8iju8,-jwhdx
I
3
= Z Z :/ (aijblajwhi’li - 8,-,-juwhnj)ds —|—/ 8iijjuwhdx]
TeT, i j=1""0r T

3
= Z / { Z 0iju(Brjor wy + BsjOswy + Bujduwp)n; — 3nAMwh}dS
aT

TeT),

+ Z/Azuwhdx.
T

TeT)

i,j=1

Since A%u = f, we have

3
ah(u’ wh) - f(wh) = Z / [ Z 8i_ju(/3rjarwh
aT

TeTy, i,j=1
—+ lgsj aswh + ,an anwh)ni - 8nAuwh }ds (32)

If V,, C H} (£2), then
VE COT, VYT €T, [wyllr=I[0;wpllr=[0;ws]llr=0.

We get

3
an(u, wi) = fw) =D Y By D / dijudywingds, Vwy € Vi (3.3)
F

TeT) i, j=1 FCoT
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Let I; be the C° piecewise polynomial interpolation operator, such that ; is affine equiv-
alentand v=v,on T, Vv € P.(T), VT € T,, then it is well known that [2, 8]:

v — Ll r < CH ol 7, 0<1<kVoe HN(T). (34)

The finite element interpolation operator on V), is denoted by I7,. Now we give the fol-
lowing abstract convergence lemma for C°-nonconforming elements for the fourth order
elliptic problem.

Lemma 3.2 [7] Assume that || - || is a norm of Vy,. Suppose that there is an integer m > 2,
such that

(H1) V, C Hy(£2),
(H2) flv — vl < CA" olwsre.  Yve H"H(R2),

(H3) / ploywylds =0, Vpe Py o(F), VF € Fy, Yw;, € V),
F

then
Nl — unlls < CH"tlms1,2- 3.5)

Here u and u), are the solutions of (2.2) and (2.5), respectively, C > 0 is a constant inde-
pendent of h and I, is the finite element interpolation operator on V.

4 C"-Nonconforming Triangular Prism Elements

Let 7 be the triangular prism element with nodes g;, 1 <i < 6, the face of T opposite
a;d; .3 is denoted by F 1<i<3. Triangle ajayas is denoted by Fy and triangle dsdsag is
denoted by 13"5. The barycentric coordinates of this two triangles, named )A\,-, 1 <i <3, have
the following properties [8]:

3
A € Pi(Fy), 5»:'(&_;')25:'_/, Ziizl, )A\i|ﬁi:0s 1<i,j<3, “4.1)
i—1

where P (F) is the polynomial space of degree not greater than k on F.Set X4 =3, hs =
1 —3%3. [ = ara3, b = 4143, I3 = 41y, I = GsGe, Is = Qadie, I = daas, l7 = 0,44, Iy = G2ds,
ly = a3dg, and b; be midpoint of [;, 1 <i <9.

4.1 C°T P1 Element

The shape function space of C°T P1 element is taken as:

Prp :ﬁz*@bels 4.2)

tion with b7 |z =0, 1 <i <5, Q1 ={A1, A2, k3, 4, Ashs}. Here b; Q) is the basis function
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Fig. 1 Degrees of freedom of
COT P1 element

a5(1,0,1)

a3(0,1,0)

a(1,0,0)

by

@1(0,0,0)

set of the product of b; and the set Q. It is easy to see that the dimension of f’r p1 s 20.
The degrees of freedom of C°T P1 element are:

A 90
0(a;), 1<i<6; (b)), 1<i<9; / —Ifdf, 1<i<5. 4.3)

- 7 on
See Fig. 1.
The corresponding interpolation operator IT, : H*(T) — Prp, is defined by
(® — My d)(a;) =0, 1<i<6, (6 —I0)(b)=0, 1<i<9,
(D — ﬁ ~ “4.4)
/ =TI oo 1<i<s.
F; 8I’l

Lemma 4.1 The interpolation operator 1, is well posed, namely, the degrees of freedom
(4.3) are Prpy-unisolvent.

Proof Because both the dimension of IST p1 and the number of degrees of freedom are 20, it
is sufficient to show that if v € Pyp; and

v(@)=0, 1<i<6; 0(b)=0, 1<i<9; /—ds—, 1<i<5,

then v =0.
f)|ﬁi € P2(I:",-), i =4,5,and v =0, at the 3 vertices of I:", and the middle points of 3 sides
of I:",«, hence

0]z =0, i=4,5. 4.5)

0| € Py(F) @ {£3%5, £1%3} (or {xZX3, £%2}),i = 1,2, 3, which is the serendipity element
space; and v = 0, at the 4 vertices of F,- and the middle points of 4 sides of F,-, hence

ﬁ|ﬁi=0’ i=1,2,3. (4.6)
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By (4.2) ¥ has the following expression
4
ﬁ=bfﬁ, ﬁ:ZOli)\.i +Ol5}\.4)\.5.
i=1
Since b; |ﬁi =0, 5»,- |ﬁi =0, we have

N A 5
0 b oA TS A
/ —'fdﬁ:/ fﬁd&:/ TT &) bes.
i on foon £ oon g ;

Set A; = ]_[i:lj#i ij, 1 <i <5, Itis easy to see that f;‘ #0,1 <i <5. Then we can have

[ A;ipds =0, i=1,2,3,4,5.
F;

i

That is,

1
/A Alﬁd§ = [ dl/ )\.2)\.3)23(1 —)23){0{2)\.2 +(¥3)\3 +Ol4)23 +Ol5£3(1 —f3)}
I 0

Fy
/1]

= %{5012 =+ 50[3 + 50[4 + 20[5} = 0;

1
/1 Azﬁd§ = /: dl/ AMAsxs(l —)23){0[1)»1 + o33 + oa X3 + asxs (1 —£3)}
133 123 0

I
= %{50{1 +50{3 +50{4 +20{5} :0;
~ 1;\ ~ ~ A~
/A A3[3d,9\:/:dl/ )»1)\2)23(1—)23){0(1)»14‘0[3)\34‘0!4)23 +O{5£3(1—23)}
F3 I3 0
—|i3|5 Sa; 4 Sy + 205} = 0;
—%{ ay + 5o + Say + 205} =05

o faa o oa . « . |E
/A Aqpds Z[ AAzAz{an A + apdy + a3dslds = %{Oll +oar + a3} =0;

Fy Fy

/: Aspds = / Mhohs{onhy + aoha + ashs + og}ds
Fs Fs

:@{a +ar+ a3+ 304} =0
TR 4 .

The above linear systems can be expressed by
AX =0,
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T
where X = (a1, o, o3, 04, 5) ",

05552
505 5 2
A=1]5 5 0 5 2
1 1100
1 11 30
By simple calculations, we get
det A =450+#£0.
Hence X =0, namely, o; =0,1 <i <5. Then 9 =0. O

4.2 C°T P2 Element

The shape function space of C°T P2 element is taken as:
Prea=P; @b} 05, 47

where

133* =P ® {)213)23, 123, X383, Rak3, B0 %3, )21)?3323},

02 = {1, A2, As, Aiha, Aoks, Ak, A, Aods, Asds,

Suhats, Arkats, Aukids, A2ha, 2205, A24, ).
It is easy to see the dimension of 131 p2 is 41. The degrees of freedom are:
0(@),  0y(@), 1<i<6,1<j<3, 0, j=12,

., . . -
—lfqu, geP(F), 1<i<5,
7 on

(4.8)

where ¢4, ¢, are the central points of 1:"4 and 1:"5, respectively. See Fig. 2.

Fig. 2 Degrees of freedom of
COT P2 element
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The corresponding interpolation operator ﬁz H 4(TA") — 131 p2 1s defined by

. 3D — Id
& — Ihiy@a) =0, 200 Gy

. (b — Id .
G-miey=0. j=12 [ 05i—0. pend1ziss
) il
4.9)

Lemma 4.2 The interpolation operator 1 is well posed, namely, the degrees of freedom
(4.8) are Prp;-unisolvent.

Proof 1ltis easy to see that the number of degrees of freedom (4.8) is also 41, so it is sufficient
to show that if 0 € Prp, such that all the degrees of freedom of 0 are zero, then v = 0.
Since | i€ P3(F;),i =4,5, and 0 = 0, at the 3 vertices and the barycenter of F; and

two one-order derivatives on 3 vertices of I}, are zero, hence
ﬁ|ﬁi =0, i=4,5. (4.10)
015 € P3(Fy) @ (%%, £1%3) (or (#3%3, £%3}).i = 1,2, 3, which is the Adini or ACM el-

ement space; and the function values as well as two first order derivatives are zero on 4
vertices of F;, hence

ﬁ|ﬁi=0, i=1,2,3. (4.11)

By (4.7), v has the following expression
V=b3p.
where

p= @A 4 arhs + 013):3 + Qghido + 055):23»3 + 016)135»1 + 0175»1323 + 0183»2923
+ Qghs ks + @ikt Aoy + o1 AohaRs + @ipAahi ks + 0!135»%5»2 + 05145»§5»3

+ 06155\55\1.
By a similar argument used in Lemma 4.1, since bf|ﬁf =0, ):ilﬁi =0, we have
v . . ~n A .
—qds =0 <+— A;pgds =0, 1<i<5.
£ on B
The above linear systems can be expressed by

AX =0,
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where X = (o1, a2, @3, ..., o15) 7,
0320100210131 o00120
02301001 320131o002320
5 5 3 3 3 1
03301003 302320071340
3020013010011 o00 32
203001 103003100 %
S 5 3 3 3 1
2 0200130200200 4
320100321031 00%00

A=12 3 0 1 0 01 2 0 100 2 00
5 5 3 3 3 1
2320100432 32o02o00143o00
4 4 1 1 1 2 1 1
2333330000005 5 3
4 4 1 1 1 12 1
3 23372 323 0000005353
4 4 11 1 11 2
3325332000000 5 53
23313332355 33525 5 %
409 4 L L L4 5 4 11112
3 32 2 3 3 32 2 3 6 9 9
404 9 L L L4 4 5 111112
3 3 32 2 3 3 32 2 9 6 9
By simple computations, we get
det A = ~! #0
AT 3 xH B
Hence X =0, namely, ; =0, 1 <i <12. Then v =0. O

5 Convergence Analysis

In this section, we will give the convergence analysis of the elements given in Sect. 4.1 for
the fourth order elliptic problem (2.1).

Define Prp; = {v =170 G;';Vd € Prpi}, Prpo={v="100G;";¥d € Prpy}. Then
IT, : H¥(T) — Pyrp; and IT, : H*(T) — Pyp, are the interpolation operators of C°T P1
and C°T P2 elements, respectively. The corresponding finite element spaces of C°T P1 and
COT P2 elements are defined by

Vi1 = {vnlr € Prp1, YT €7;, the degrees of freedom (4.3)

are continuous across the elements and are zeros on 952}, 6D
Vio = {vnlr € Prpa, YT €7;, the degrees of freedom (4.8)

are continuous across the elements and are zeros on 92}. 5.2)

The finite element interpolation operators IT;,;: H*(£2) — Vi1 and Iy, : H*(2) — Vi
are defined by

Iy |r =, M|\ =1, YT eT,.
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Under x = Gr (), let&; <> a;,1 <i <6; F; < F, 1<i <5 [ <, bj<b, 1<i<
9; Prpi <> Prpi, Prpy <> Prpy; 0(X) =v(x).
The discrete variational problems to solve (2.3) are: Find u;,; € Vj,; such that

ap(up, vp) = f(up), Y, € V. (5.3)
Find u;, € V), such that
ap(upz, vp) = f(vp), Vv, € Vpo. 3.4

It is easy to check that || - |||, is a norm of V},; and V},,, respectively, so (5.3) and (5.4) are
unisolvent by Lax-Milgram Theorem [8].

For getting the error estimates for C°T P1 and C°T P2 elements, it is only needed to
check (H1) (H2) (H3) of Lemma 3.2. By (4.5), (4.6), (4.10) and (4.11), it is easy to prove
that

Vi C Hy(2), Via C HY(R2). (5.5)

Because P,(T) C Prpy, P3(T) C Prp;, by the well-known interpolation theorem [2, 8], we
have
e — ITpyulln < Ch|214|3,9, 5.6)
llu — Maull, < Ch*lulye.
Here u € HOZ(SZ) is the solution of (2.3) with the additional regularity u € H"(§2), where
r =3 for the C°T P1 element and r = 4 for the C°T P2 element. By the last sets of the
degrees of freedom (4.3) and (4.8), we obtain that

Bwh
8_ dS:O, VFE]‘—I,, thGVhl,
n
£ o (5.7)
/ p[a—h]ds =0, VFeF, ¥YpePi(F), Yw, € V.
F n

By (5.5), (5.6), (5.7), we know that (H1) (H2) and (H3) are satisfied for C°T P1 with m =
2 and for COT P2 with m = 3. Then by Lemma 3.2, we obtain the following convergence
theorem for C°T P1 and C°T P2 elements.

Theorem 5.1 Suppose that the mesh Ty, into triangular prisms for C°T P1 and C°T P2 el-

ements is regular in the sense of (2.4), u is the solution of (2.3) with the additional regularity

u € H (82), and uy, and uy, are the solutions of (5.3) and (5.4), respectively, then
{mM—MWMECMMhm

(5.8)
llu — upalln < Ch*luls o,

where r =3 for the C°T P1 element and r = 4 for the C°T P2 element.

6 Conclusion

In this paper, we present a method to construct the C°-nonconforming elements for the
fourth order elliptic problem by using the bubble functions. It makes the element interpola-
tion matrices being block lower triangular and it is easy to choose the matched shape func-
tion spaces and degrees of freedom. By this method, we construct two C°-nonconforming
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triangular prism elements to solve the fourth-order three-dimensional elliptic problem. One
element is of first order convergence and the other one is of second order convergence. In the
future work, we will carry out some numerical experiments to verify our theoretical results.
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