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Abstract In this paper we will present the stability in L2-norm and the optimal a priori
error estimate for the Runge-Kutta discontinuous Galerkin method to solve linear conserva-
tion law with inflow boundary condition. Semi-discrete version and fully-discrete version of
this method are considered respectively, where time is advanced by the explicit third order
total variation diminishing Runge-Kutta algorithm. To avoid the reduction of accuracy, two
correction techniques are given for the intermediate boundary condition. Numerical experi-
ments are also given to verify the above results.
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1 Introduction

The first Discontinuous Galerkin (DG) method was introduced in 1973 by Reed and Hill [8],
in the framework of linear neutron transport. Then it was developed into the Runge-Kutta
discontinuous Galerkin (RKDG) scheme by Cockburn and his collaborators for nonlinear
hyperbolic systems. Recently this method has been used widely for the simulation of con-
servation laws, even for the other problems with high order derivatives. For a fairly complete
set of references on RKDG methods as well as their implementation and applications, see
the review paper by Cockburn and Shu [4, 5].

The DG method uses a completely discontinuous piecewise polynomial space for the
numerical solution and the test functions, so it possesses several properties to make it very
attractive for practical computations, such as parallelization, adaptivity, and simple treatment
of boundary conditions. The most important properties of DG method is its strong stability
and high-order accuracy; as a result, it is very good at capturing discontinuous jumps.
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Many error analysis for the semidiscrete version of the DG method have been carried
out for linear conservation law, for example, [5, 6]. Recently, Zhang and Shu have analyzed
the fully discrete version coupled with the explicit total variation diminishing Runge-Kutta
(TVDRK) algorithm, given by Shu [9]. The explicit second order TVDRK time-marching is
studied for scalar nonlinear conservation law in [10], and for symmetrizable system of non-
linear conservation laws in [11]. The explicit third order TVDRK (TVDRK3) time-marching
is also considered in [12].

However, most of the above analysis are given for the periodic boundary conditions. In
this paper we will continue our work and study the RKDG method for conservation law
with inflow boundary condition. As a model, we would like to consider the following one
dimensional linear problem

U, + pu, =0, xel=(a,b),te(0,T]
ulx,0)=f(x), xel; (1)
u(a,t)=g({), te(0,T],

where, for simplicity, we assume the convection speed S is a positive constant, and conse-
quently x = a is the inflow boundary. In contract with the periodic boundary condition, we
will pay more attention to the treatment of inflow boundary condition, especially, for the
fully discrete version of this method with the explicit TVDRK3 time-marching. By virtue
of theoretical analysis, two correction techniques for avoiding the reduction of accuracy are
presented for this type of higher order algorithm.

The content of this paper is organized as follows. In Sect. 2 we give the discontinuous
finite element space as well as its properties. In Sect. 3 we present the semi-discrete version
of DG method, and then the stability result and an optimal a priori error estimate. Section 4
is the main body of this paper, where the fully discrete version of DG method coupled with
the explicit TVDRK3 time-marching is discussed in detail. To do that, we first abstract each
step of the considered algorithm into a black box, and then set up an elemental estimate. As
a direct application, we then obtain the stability result and an optimal error estimate for this
algorithm. During this process, some treatments on the inflow boundary are given to avoid
the reduction of accuracy. Finally, numerical experiments and concluding remarks are given
respectively in Sects. 5 and 6.

2 Preliminaries
2.1 Finite Element Space and Projections

Let {x; ;V:O be a partition of the interval I = (a, b), where xo = a and xy = b. Denote
each cell by I; = (x;_i, x;) with the length h; = x; — x;_;, for j =1,2,..., N. Then we
define the mesh 7, = {I; : j =1, ..., N}, with the mesh parameter # = max;<;<y h;. For
simplicity of analysis, the mesh is assumed to be regular, namely, the ratio of & over &}, for
j=1,2,..., N,is upper bounded by a fixed positive constant.

Associated the mesh 7;,, we define the so-called broken Sobolev space

H'"™(T) ={veLl’U): vl e H'U)),j=1,2,..., N}, (2)

since the functions in H""(77,) are allowed to have discontinuities across element interfaces.
For any p € H'"(7},), at each element boundary point there are two limits from different
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directions, namely, the left-side value p~ and the right-side value p*. The jump and the
mean at the element boundary point, respectively, are denoted by [p]] = p™ — p~, and
{py=30(p"+p).

By P*(Q2) we denote the space of polynomials in £ of degree at most k. The discontinu-
ous finite element space is defined as

Vi={veL*0,1):v];, eP*(U)), j=1,...,N}. 3)

Note that V, C H""(7}). As a standard trick in DG analysis, two types of projections are
used in this paper. Due to the discontinuity property of the finite element space, these pro-
jections are locally defined on each element /;.

The first one is the standard L?-projection, denoted by P,. For any function p € L*(0, 1),
the projection PP, p is defined as the unique function in V), such that

/ Py p(x) — p(X)vy(x)dx =0, Vv, eP(I;), 1 <j<N. “4)
1

This projection is often used to approximate the initial solution, and also used to obtain the
quasi-optimal error estimate.

The other is the so-called Castillo’s projection [2], denoted by R, in order to obtain the
optimal error estimate. For any function p € L?(0, 1), the projection R, p is defined as the
unique function in V}, such that

/ Ryp(x) — p(x))vp(x)dx =0, Vu,(x) € I[”kfl(lj), I<j=<N, (5a)
1j

with the exact collocation at the downwind endpoint x ;, namely
®Rup); =p;, (5b)

since the convection speed is assumed to be 8 > 0. If 8 < 0, the definition for this projection
is similar. Note that the projection R, is defined well only for k > 1.

If k = 0, the considered DG scheme is equivalent to the finite volume method. For the
error estimate for finite volume method, please see [7]. Throughout this paper we assume
k>1.

2.2 The Properties of Finite Element Space

To present the properties of the finite element space, we will use some traditional notations
of Sobolev space. For any integer s > 0, let H*(£2) represent the well-known Sobolev space
equipped with the norm || - ||5.q, which consists of functions with (distributional) derivatives
of order not greater than s in L?(R2). Next, let L>®(0, T; H*(R2)) represent the space-time
space with the norm || - || Loo(ss )y, Which consists of functions with ||u(x, 1)||s,o bounded
uniformly for any time ¢ € [0, T]. Further, let the scalar inner product on L?(2) be denoted
by (-, -)q, and the associated norm be denoted by || - ||q. If the subscript 2 = I, we omit it.

In what follows we will use C to denote a general positive constant independent of n, h
and 7, which may have a different value in each occurrence.

For any function p(x) € H**!(I), there hold the following approximation properties.
Denote by n = p(x) — Qp p(x) the approximation error, where @, is one of projections
mentioned above. By a standard scaling argument, it is easy to obtain that

1l + Rllnl 4+ B2l < CRE, (©)
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where C > 0 is a constant independent of /2 and solely depends on || p|lx+1; see [2, 3]. Here
[, is the union of all element interface points, and the L2-norm on I, is defined as

1/2
Ivllr, =[ > (v7_1)2+(v;)2} . ve HY'(T3). (7

l<j=N

It is worthy to point out that the exact collocation at element boundary point, say, n; =0
for j =1,2,..., N, holds only for the projection R;, but not for the projection PP,

We will also use the following inverse properties [3]. For any v, € V},, there exist two
positive constants p; and w,, independent of v, and #, such that
1/2

M Nl < pih™ oall; () Malln, = p2h™ " lugll- ®)

Here v, denotes the spatial derivative of v,. For simplicity, we will denote p =
max{u;, (z)?} as the uniform inverse constant.

3 Semi-discrete DG Method

First we multiply an arbitrary test function v, on both sides of the first equation in (1),
and integrate by parts in each element ;. By defining the suitable numerical flux at the
element boundary point, we will get the semi-discrete version of DG method: fine the map
u,(t) : [0, T1 — V, such that

duy (2
/ uﬁz()vhdx:m(uh(o,vh), Vo € Vi, V1 € (0, T], ©
I

where the initial value is taken as the approximation of f(x), for example, u; (0) =P}, f (x).
Here the compact notation 7; (-, -) describes the DG spatial discretization in the element /;.
For any function w and v € H'"(7},), it reads

Hj(w, v) :/ Bwv, dx — hjv; +hivl ), (10)
1j

where h = fz(wj_, w;.“) is the monotone numerical flux depending on two values at the
element boundary point x;. In practice, for the considered problem (1) the numerical flux
is often taken as the classical upwind type, namely, h i=B w; for j =0,1,..., N, since
B >0.

The general treatment in the DG framework is that we introduce the boundary condition
into the numerical flux at the boundary points. For the periodic boundary condition the
numerical flux A is defined clearly at the left and the right boundary. However, for the inflow
boundary condition, there is a little trouble. We have to define the numerical flux according
to the position of the element boundary point. Namely, we take the numerical flux h j=Bw;
for j=1,2,..., N, and take

ho(t) = Bg(t), t€l0,T], (11)

for j =0, according to the inflow boundary condition at x = a. Now the definition for the
semi-discrete DG scheme is completed.
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For notation’s simplicity, we would like to write the above scheme into a compact form

d
(auh(t), vh) =HE@):up(t), vn), Vv, € Vj, 12)

where H(g(t); u,(t), v) is the DG spatial discretization over all elements. We divide this
term into two parts, such as

H(g(@); up (1), va) = HE i (1), v) + HO(8(1); vn), 13)

where the bilinear form ¢ and the linear form H® are respectively defined by

HE(w, v) = (Bw, vy) + Z fz(w)j[[v]]j—fl(w),vv,;, Yw,ve H"(T,); (14a)
1<j<N-1

H(g;v) = Bg(Hvy, Yve H'(T;). (14b)

Here the abbreviations “c” and “b” stand for “core” and “boundary” of the elements respec-
tively. Further, for any function w, we denote the jump at boundary of computation domain
as [wllo = w" and [w]ly = wy, and denote the square of all jumps at every interface points
by

Mwl*= ) [wi. (15)
0<j=<N

Similar as those properties [12] for periodic boundary condition, the bilinear form
HC(-, ) are also approximating skew-symmetrical, negative semi-definite, and continuous
in the finite element space. These properties are given one by one in the next lemma. Since
the proof is trivial and almost same as that in [12], we omit it here.

Lemma 3.1 The bilinear form HE(-, -) has the following properties:

H(w, v) + H (v, w) = — Z IBIlwI;Ivll;, Vw,ve H"(T); (16a)
0<j<N

He (v, v) = —lgﬂmv]]]z, Yo e HY"(7); (16b)

[HE(w, v)| < youlBlA~wll[vll, Yw, v eV, (16¢)

where yy is a positive constant independent of h and .

Remark 3.1 In [12] we have defined this constant as yy = V241, by using the inverse
properties (i) and (ii), and a simple application of Cauchy-Schwarz inequality.

Based on this lemma, we are easy to obtain the stability result and error estimate for the
semi-discrete version of the DG method.

Theorem 3.1 For the semi-discrete DG method, we have, for any t € [0, T], that

MR AR +/O 1Blg* (s) ds. (17

@ Springer



J Sci Comput (2011) 46: 294-313 299

Proof Below we drop the time argument ¢ for simplicity. Taking the test function v, = u,,
in algorithm (12), then we can use identity (16b) in Lemma 3.1 to get

d
<Euh’ Mh) =M (up, up) +H (g5 up) = —%[ﬂuhﬂ]z + /381414{@ (18)

Since Iu,tol < [[u.1Il, an application of Young’s inequality to the last term yields that

Ll 4 2181 T < 21817 + < 11 (19)
= —luy = w - < = = upll”.
2 T PR = S IPIs S T

So we complete the proof of this theorem by an integration in time. |

Theorem 3.2 Let u and uy, be the solution of model problem (1) and the semi-discrete
version of DG method (12), respectively. Assume that u and u, are both in L*°(0, T; H*,
then there exists a positive constant C independent of h such that

lu — wpll oo 2y < CHFH. (20)

Proof As the usual treatment in the analysis for finite element method, we divide the error
into two parts, namely u — u, =& — n, where § = Q,u — u;, and n = Q,u — u. Here and be-
low we drop the time arguments x and ¢, for simplicity. To obtain the optimal error estimate,
we take the projection as Q, = R,,.

We multiply the test function on the first equation of model problem (1), and make an
integration by parts to yield the variation form of model problem (1). Noticing the inflow
boundary condition and the continuity of u, this variation form is as same as semi-discrete
algorithm (12), which reads

du Lh
by =H(g;u,v), YveH " (T). (21)

Then we subtract semi-discrete algorithm (12) from variation formula (21), with the same
test function v = v, = £ in both equations. This gives the identity

GO =HEE-H®E+ 0. 8). (22)

By using again identity (16b) in Lemma 3.1, we get H(§, &) = —% |BIIETN. By the virtue
of the definition of projection R, (5a) and (5b), the expression of (14a) implies that

Hm €)=Y [/1 Bnéx dx +,3nj_[IS]]j} =0, (23)

1<jsNtoli

since [é]ly = &y . Using Cauchy-Schwarz inequality to get |(1,, €)| < ([n. 1> + 1€11%)/2,
then from (22) we have that

liIISIIZJrllﬂI[IIS]]]2 < l|In 1>+ lIISII2 Vi e[0,T] (24)
2dt 2 = 2 ’ o

Since (6) holds for both projections, it follows from the initial setting u;,(0) = P, f(x)
that [|§(0)|| < CA*T'. Also we have |||l 2y < Ch**! form (6), since we assume u €
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L>®(0, T; H*"). An application of Gronwall’s inequality to (24) yields that

||$5(t)||2+/0 IBIME (s)TI* ds < C/O In:(s)1>ds + C[1£(0) >
< Ch*?, Virel0,T]. (25)

Finally, we use (6) again and obtain [u(t) — u,(¢)||> < Ch**? for any ¢ € [0, T]. It com-
pletes the proof of this theorem. O

4 RKDG Scheme with TVDRK3 Time-Marching

In this section we would like to obtain the stability result and an optimal error estimate
for the fully discrete version of RKDG method, coupled with the explicit TVDRK3 time
marching. In this paper we refer to this algorithm under consideration as RKDG3.

4.1 RKDG3

Let 7 be the time step. In general, it maybe changes for different n; however, for simplicity
we take it as a constant in this paper.

The RKDG3 algorithm is defined as follows. First, we set the initial value u2 =P, f(x).
Then for each n > 0, the approximate solution from the time nt to the next time (n + 1)t is
obtained by finding successively u)’ L u;;’z and ”ZH in the finite element space V},, such that

for any v, = v, (x) € V), there hold three variation forms

@l o) = (@l vp) + THE" Ul o). (26a)
n,2 _ 3 n 1 n,1 T n,1. nl

(uy ", vp) = Z(uh,vh)JrZ(uh ,Uh)+ZH(g Juy, vp), (26b)
1 2 n 2T n n

it o) = @ v + S5 o) + T HE S, ), (26¢)

where the last term in each equation is the DG spatial discretization H(%; -, -), which has
been defined in (14). The including values g”, g>' and g2 are the approximations of the
boundary condition g(¢) at different time stages. We postpone the detailed setting of these
values here, and will discuss them in the error analysis.

In order to obtain the stability and error estimate for the above fully discrete version in a
uniform framework, we would like to abstract each time-marching of the RKDG3 algorithm
into the following black box: given an input function wj; € Vj,, find successively the solution

q 02 . . -
w', wi* and w;™ in the finite element space Vj, such that the variation forms

(wi', o) = (W}, va) + THE (W), i) + 7L (vy), @7

n,2 3 n 1 n,1 T C n,l T n,l
(w, ", vp) = Z(w”’ vp) + Z(wh’ , o) + ZH (wy,", vp) + ZE “(vp), (27b)

1 2 ., 2t . 2t
(! vy = 3w o) + g(wﬁ, un) + ?HC(wh-z, o) + 5L (), (27c)

hold for any test function v;, € V. For this black box, wZ“ is the output function, wZ’l

and wZ’2 are the so-called intermediate solution. For convenience, we also denote £%(-) =
L'().
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In (27), the bilinear form H°(-, -) is defined as same as (14a) throughout this paper, while
the linear forms £ (-) maybe have different definition for different purposes. For example,
in the implementation of RKDG3 scheme and its stability analysis these linear forms are
given by £"(v) = H?(g"%; v) = Bg™ vy, due to (26) and (13). In the error estimate, these
linear forms will be redefined again; see (53).

4.2 Abstract Analysis

For linear evolution equation, the explicit TVDRK3 time-marching is equal to the Taylor
expansion up to the third order time derivatives, which have a strong relationship with some
certain linear combinations of the intermediate solution at each time stage of the RKDG3
algorithm. Thus we follow [12] and define for black box (27) the quantities

n n,l1 n n n,2 n,1 n
Diw, =w, —wy, Dow, =2w,” —w, —wy,

(28)
Dyw) = wit' — 2w 4wl

By virtue of some linear combinations of each variation form in the black box, it is easy

to see that the above quantities have a nice relation. We proclaim only these results in the
following lemma. For more details about its proof, see [12].

Lemma 4.1 For any v, € V,, we have the following identities

(Dywy, vy) = TH (wy, vy) + TL" (vy), (29a)
T T
Drwy, vy) = EHL(Dle, vp) + E]D)lﬁn(vh), (29b)
n T C n T n
(Dswy,, vy) = gH Dowy,, vy) + §D2£ (vn), (29¢)

where D L"(-) and D,L"(+) are linear combinations of the linear forms L£"(-), L' (-) and
L2(). In detail, they read

Dy L" () = L™ () = L (va), (29d)
DL (vp) = 2L (wp) — L () — L" (vi). (29¢)
Although at this time the linear forms in black box (27) are not given explicitly, they

are assumed to have the following continuity properties: there exist positive constants
Pn.ts One, Tn e and 6, , independent of vy, such that

1L )| < puellopdl + onellvnll, €=0,1,2; (30a)
IDeL" (W)l < T ellvalll + Onellvnll, €=1,2. (30b)

These bounded constants will be determined later, which are not same for different purpose.

Now we are going to build up a basic estimate for black box (27). To do that, we first
take the test function vy, as wy, 4w,"1’1 and 6wZ’2 in (27a), (27b) and (27c), respectively, and
then sum them up to obtain the following energy equality

3wy 2 = 3|wp|? =TTy + I, + I, G1)

where
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M = t[How], w)) +HE W', wih) + 4K (w)?, wi )], (32a)
My = t[L£"(w)) + £ (w)h) + 4L (w) )], (32b)
s = 2w — wp' — w1 4 3wt —wp, wit! — 2w 2 4 wlh). (32¢)

Below we will estimate each above term separately.
Itis easy to estimate the first two terms IT; and IT,. By using identity (16b) in Lemma 3.1,
it is easy to see that

m, = _ﬁ [[[Iwg]]]2 + [Mw) ' % + 4[|IwZ‘ZI|]2]. (33)

Noticing the assumption (30) for the linear forms L4, £ =0,1,2, after some simple
applications of Young’s inequality for those terms including the boundary jump, we have
that

M, < t[puollw) T+ pui Tw) T + 4o, 2wy T + oo llwpll + o llw) | + 4o lw)?]

_1BIr

| M 02 <+ M 2 + 4107 + v, (34)

where ®/ depends on those constants in assumption (30), and is defined as

A" = L 2 2 4 2 n n,1 4 n,2 35
1= (om0 + on1 +405] + onollwy | +onllwy Il + 40y 2 [lwy - (35)

For the third term I3, we would like to express it in term of D, wj;, D,wj and Diwj.

Noticing the identity wZ“ —wj, =Dywy, +Dow); + D3wy, we have the equivalent represen-

tation
H3 = (]D)gw;f, Dsz) + 3(D3wz, ]D)le) + 3(D3w,’1’, Dsz) + 3(]D>3wZ, ID)3wZ). (36)

Each above term on the right-hand side is denoted respectively by A;, (i =1, 2, 3, 4), which
will be estimated separately below.

First we estimate the sum of A; and A,. To do that, we use identities (29b) and (29¢) in
Lemma 4.1, with the test functions v, = D,w} and v, =D, w}, respectively. Then it follows
from a direct application of (16a) in Lemma 3.1, that
A+ Ay = —Dowy, Dowy) + 2(Dywy,, Doywy) + 33wy, Dywy)

= —[Dyw} I? + tH @y w), Daw}y) + Dy £ Daw)) 4+ tH Dyw), Dyw))
+ 7D, L" (Dywy)
= —Dywp|? =7 Y |BIIDyw;T; 2wyl + 7Dy £" (Daw)) + TDL" (D w}).

0<j=N

We first use assumption (30) to bound the last two terms, and then use Cauchy inequality
and Young’s inequality to estimate those terms including the boundary jump. Finally it yields
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that

i |8 n n
A+ A < —|Dywp|* + T[R[H]D)lwh]]]z + 4|81 D, w}

1B 2, 4
D wi P + —
+T|:16[H lwh]]] +|IB|7T)1,2

1 1
+ T|:1|ﬂ|[]ID2wZ]]]2 + ﬁﬂil} + [0 21Dy w) || + 6, 1 [ D2wj 1]

Next we turn to estimate the term As. To do that, we take the test function v, =D, wj in
identity (29¢) in Lemma 4.1, and then use identity (16b) in Lemma 3.1. It yields

A3 = 3(D3U)Z, Dsz) = THC(Dzw;:, ]D)QU)Z) + I’Dzﬁn (DQU)Z)

|BlT n " n
= —T[]IID)thIl]Z + DL L (Daw))

< —@mmwzmz + |;7|n,%,2 + 76,2 IDwj I,
where in the last step we have used assumption (30) and used Young’s inequality to control
the jump term.

Now we estimate the term A4, which need a more analysis than the formers. We first take
the test function v, = D3wj; in identity (29¢) in Lemma 4.1. Denote by A = u| Blth~! the so-
called CFL number. By virtue of assumption (30) for the linear forms, a simple manipulation
yields that

T T
IDswj 1> = Dswj, Dawy) = gHC(Dsz, Dywy) + g]D)zE"(D.%wZ)

1 1

= gl/okIlDszH ID3wy | + gr[ﬂn,z[IIDsz]]] + 6,2 D3wj 1]
1

< [ Dawi Il + Tl 22k~ + 6, 1] ID3wy |,

3

where in the second step we have used the continuity property (16c) in Lemma 3.1, and in
the last step we have used the inverse inequality (ii). Consequently, by the simple inequality
(a +b)? <2(a* + b?) we get

2 2
Ay =3|Dswp|* < gyéxznmzwznz + §r2[m,zu2h-“2 + 6,20

Now we substitute the above estimates about terms A, Ay, Az and A4, into formula (36).
Since A = u|B|th™" and (14,)? < L, it yields that

1Bl . 2 ,
115 = BI Dy + 4181 WD I + (25622 1) D + v0
|ﬂ|T nm2 n,1m?2 ny2 2 242 ny2 n
= = w2 + Wy 7] + 81817 IDawf I, + 304 = 1) IDaw} | + 70}
T 2
< %[mwzm2 + [Mw} ' 7] + <§y§x2 + 81— 1>||ID>2wz||2 + 163, 37)
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where in the second step we have used the simple inequality [[v]]*> < 2||v||2h, and in the
last step we have used the inverse inequality (ii). Here ®) = 0}, 4+ 07, is resulted from
assumption (30) for the linear forms D, £"(-), in which each term is given as

1 2
e, = m[ﬂil + 5700 ]+ ST 2sh ™ 4 00T, (38a)
O = [Bu2 IDyw] | + 6,1 ID2w] || + T6, 2 I Dow] [1]- (38b)

Finally we insert the above estimates about I, [T, and IT5 into energy identity (31), and
get the following estimate

3wt 1 = 3wy 1 + 2181wy * TPt < PV Daw}||* + 107 + 103, (39)
where
2 5.2
P()v)=§)/0k +8r—1. (40)
This implies the following lemma for black box (27).

Lemma 4.2 Assume w)™" € Vj, is the output function by the black box (27), with the input

Sunction wy, € Vy,. If the CFL number A is small enough such that P (L) <0, then we have
3wy 1% = 3llwy I1? + 2181w, Pt < 1O + 105, (41)
where ©F and ®F have been defined in (35) and (38), respectively.

In the next two subsections we will present the stability result and a priori error estimate
by mean of this lemma. To do that, we only define the corresponding linear forms in black
box (27) and the corresponding estimates for ©7 and ©7.

4.3 Stability Analysis
To obtain the stability result, we have to give the explicit definition of linear forms £™*,

and the corresponding bounded constants in assumption (30). The nth time-marching in the
RKDG3 algorithm is to get u} ™" from u} by black box (27), with three linear forms

£ (vy) = Bg" vy, €=0,1,2. (42)

It is easy to see that
1L )| < 188" Ilviol < 1Bg™ Ivall,  €=0,1,2, (43a)
IDe L (vi)| < 1BDeg"|v) ol < 1BDeg" |[vsll, €=1,2. (43b)

So the bounded constants in assumption (30) are determined as

one=1Bg"",  0,.=0, £=0,1,2; (44a)
Toe = Deg"l,  6,0=0, £=1,2. (44b)

Consequently, from (35) and (38) we have
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O + 65 = BI[(e")? + (&")* +4(¢"*)* + (Dig")* + (D2g")’]
< CIBI[(€"* + (&")* + (&"H?]. (45)

Now we can obtain the L?-norm stability for the RKDG3 algorithm by directly using the
elemental lemma 4.2 and inequality (45).

Theorem 4.1 Let uj, be the solution of the fully discrete version (26) of the DG method. For
any time level n satisfying (n + 1)t < T, we have the following stability result

2 n n
iy P+ 3 DO 1B IPT < )+ C D[ + (") + (@™ ]r, (46)

m=0 m=0

if the CFL number X is small enough such that P (1) < 0, where A = u|B|th™". In the above
estimate the bounded constant C > 0 is independent of h, t and uy,.

4.4 A Priori Error Estimate

In this subsection we would like to use Lemma 4.2 again and obtain the optimal a priori
error estimate for the RKDG3 algorithm, under the careful treatment for the inflow boundary
condition.

4.4.1 Error Equations

First we define the errors corresponding to different stages of the RKDG3 algorithm. To
do that, we introduce the reference functions paralleled to the Runge-Kutta time discrete,
following [12]. In detail, let u©@ (x, t) = u(x, t) be the exact solution of conservation law (1),
and

UV, ) =u®x, 1)+ tu”(x, 1), (47a)

3 1 1
u®(x,1) = Zu(o)(x, 1+ ZW(x, 0+ me”(x, 0. (47b)

Associated the construction of the explicit TVDRK3 time-marching, the local truncation
error in time direction can be bounded by the following lemma.

Lemma 4.3 Ifu,,;, € L>®(0, T; L?), there exists the local truncation error in time direction
E(x,t) € L=(0, T; L?) such that

1 ©) 2 ) 2 (2)
ulx,t+1)= gu (x,t)+ gu (x,t)+ gru, x,t)+Ex,t), xel,t+1€(0,T],
(48)
where ||E(x, 1) Loo(12) < Ct* and the bounded constant C > 0 is independent of T.
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Proof Noticing definition (47), a simple manipulation yields that

1 2 2 5 1 1 2 03 1 1
U+ qu? + = 6u(0)+6u(1)+6tufl>+3tat[ <°>+Zu<“+zru§”]
5 1 1 1 1
= u® 4 u s g+ )
0) o, 20,130
=u’ +Tu, + < r Uy + —T Uy,

6

where we have dropped the arguments (x, #) for notation’s simplicity. Consequently, from
Taylor’s expansion in time direction we have

M@J+ﬂ=—(Wx0+§ﬁmxw+3wb@0+/1T"A)U+r5f®,@%

t

where the last integration in (49) is the local truncation error, denoted by £(x, t). Hence,
under the assumption of this lemma we have [|E(x, )| 2) < C 4, where the bounded
constant C > 0 is independent of t. It completes the proof of this lemma. O

Denote, respectively, the error of the fully discrete algorithm at each time stage by
e =u®(x, ") —uf, I =uV(x, ") — !, I =u®(x, ") —ul?. (50)

Similar as the analysis for semidiscrete version, we also take the projection Q, = R, and
divide each above stage error into the form e"¢ = ¢ — £"¢, where

g =t — Q") " =u ") QP ("), €=0,1.2. (51)

For notation’s simplicity, below we will omit the argument x and denote u® (x, 1) = u® (¢).
We also omit the index of time stage for the above notations if £ = 0.

In what follows we are going to estimate £™¢ and n™‘ separately. The approximation
error i™* are resulted from the projection, which can be estimated easily from the approxi-
mation property of finite element space. However, we have to make great efforts to estimate
g™t €'V, starting from its error equations at any time stages.

The error equations are obtained in two steps. In the first step, we give the variation
forms for the reference values. To this end, we multiply the test function v € H"“"(7},) on
the both side of identities (47a), (47b) and (48). Let the time be ¢t = . We transfer the time
derivatives to spatial derivatives, by virtue of the first equation in (1). Then an integration by
parts gives the variation formulas for @ (¢"), u™ (") and u® (#"). Noticing the continuity
of above variables and the inflow boundary condition, one can get the variation formulas
almost same as the RKDG3 algorithm. To be more specific, they are given as follows

@), v) = @O @), v) + TH@O ¢"); u® "), v),

3 1
@ (@"),v) = Z(u“’)(t"), v) + Z(u(”(t”), v) + %H(u(”(t"); u(@t"),v),
0) (.n+1 1 0) r4n 2 (2) 40 n 2t ©2) iny. ., (2) 40
@™ @), v) = E(M (t )7U)+§(M "), v) + (& 7U)+?H(M @);u? ("), v),
where v is any function in H'"(73,), and £" = £(x, t").
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In the second step, since V,, C H Li (7)), we subtract above variation formulas from the
RKDG3 algorithm, and obtain the following error equations under the framework of black
box (27): for any test function v;, € V}, there hold

€™ o) = (", o) + THEE" o) + L (), (52a)

(E"2, 00) = 2" vp) + (€™ ) + THEEM v + S (o) (52b)
s Un 4 s Uh 4 3 4 s Uh 4 h)s

1 2 2 2
€ u) = 3E" )+ 56" v) + ?’H%s“, ) + ?’c"-z(v;». (52¢)

Here the bilinear form HC(-, -) is still defined same as (14a). However, the linear forms
L£™(-) are different with those in the stability analysis. In the process of error estimate,
£7¢(-) are made up of the inflow boundary condition, the local truncation error in time
direction, and the linear combinations of approximation errors at different time stages.

For notation’s simplicity, we would like to write the linear form in a uniform construction

1
£ ) = — @) = HE v = B9, €=0,1,2, (53)

Each term on the right-hand side of (53) is defined with different meaning. The first term
represents the time discretization, since ¢* is composed of the time-marching of approxi-
mation error and the truncation error in time, say,

;rL,O — nn,l _ nn’ ;.n,l =4nn.2 _ 3nn _ nml’

(54)
gn,Z — (3nn+l _ nn _ 2nn.2 4 35”)/2
The second one represents the DG spatial error without the inflow boundary condition, and
the last one represents the inflow boundary error, where

9" =uV@ M — g™ €=0,12. (53)

Here, u® is the reference functions defined by (47), and g™* is the setting of the inflow
boundary at each time stage.

4.4.2 Estimates the Linear Forms (53)

We would like to estimate £”¢ by using Lemma 4.2, since error equation (52) is given in
the form of black box (27). To this end, we need to determine those bounded constants in
assumption (30) for the linear form (53). This depends on the estimates for the stage errors
and their combinations.

Below we would like to assume the exact solution of model problem (1) is smooth enough
such that u, u, and u,, € L*(0, T; H*t"). It follows from (6) that

"+ ™ I+ ™21 < CR*Y, - Vnine < T (56)

where the constant C > 0 is independent of #, & and 7. Next we estimate the time-marching
of stage error, by the fact that the projection Q) is linear and independent of time.

For any given constants {c,}2_, satisfying 3"7_, ¢, = 0, denote L" (1) = 37, cou'®(t").
From definition (47) it follows that L" (u) is equal to a certain linear combination of u©@ ("),
ru,(o) (") and ruﬁl)(t"). Consequently L"(u) € H**!. The corresponding projection error is
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> 7 _,cen™". Then it follows from (6) that || Y";_,c,n™‘|| < Ch**'z, where the constant
C > 0 solely depends on et |l oo rirty and (ue || oo (prrery. 3
Further denote L%(u) = u(x, "t — wu(x,t"), which satisfies IL? ) les1 <

T|lus || poo(gi+1y. Noticing the projection error is "+t — ", it follows from (6) that
"™ — 9" || < Ch*'z, where the constant C > 0 solely depends on |[u, || oo jt+1)-

It follows from Lemma 4.3 that ||£"| = O(z*) holds uniformly. By (54), the definition
of ¢™¢, we have

lg™ ) < C T+ 8y7%),  £=0,1,2, (57)
where the constant C > 0 is independent of n, h, and 7. Here §,, is the usual Kronecker

symbol, i.e., 55, = 1 if £ = 2; otherwise, §,, = 0.

Lemma 4.4 There exist positive constants C independent of n, h, t and vy, such that
12 ()] < 1B |vnll + C[A* + 8207 [llwnll,  Yvp € Vi, £=0,1,2, (58a)
DL (i) < 18D Mvill + C[A*H + 8202 lnll,  Yon € Vi, £=1,2,  (58b)

where 9" =u® (a, t") — g"*.

Proof The estimates are almost same, so we only prove estimate (58a) for £ = 2. Since
(57), we get |1(¢"2, vy)| < C(A*T' 4 %)||vy]|. Same as (23), the projection R, implies
HE(n™2, vy) = 0. Further, we also have |;819"*2v;r,0| < |B9™2|[Mv, 1. Now we complete the
proof of this lemma. O

As a direct conclusion of Lemma 4.4, the bounded constants in assumption (30) for the
linear form (53) are determined as

Pue = 1B, Oy =C[H* +8,7°], €=0,1,2; (592)
Tae = |BDe9"|, One=C[ +857°], €=1,2. (59b)

By noticing the definitions (35) and (38), we use triangle inequality to both ||D,&"| and
|Dg®"| for £ =1, 2, and then have the following error estimate for the linear form (53) such
that

O + 0 <Ch* " + 1%+ & + & (60a)

Here, £} and £}, are the boundary error and the global L-error, respectively. They are given
as

E=C[®+ "+ "],  E&e=C[IE"I*+ IE™" >+ I1E™2I*].  (60b)

Before we use Lemma 4.2 to obtain the optimal a priori error estimate, we need to esti-
mate the above two quantities in the next two subsections.

4.4.3 Estimate the Boundary Errors
The natural expectation is that the boundary error does not destroy the accurate of the
RKDGS3 algorithm for periodic boundary condition, namely, the boundary error should be

bounded by the form 8¢ = O(h**! 4+ 3) for £ =0, 1, 2. Below we will discuss "¢ under
the different setting of boundary condition.
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Recall that, in the explicit TVDRK3 time-marching, the intermediate solutions are given
at the certain time stages. Therefore, an immediate setting is to take the intermediate bound-
ary condition g"* = g]'f:’xlam as the exact boundary condition at these time stages, such as

n n n n n n 1
8Exact :g(t )’ gE;clact :g(t + t)’ gEfact :g<t + §T> (61)
To verify whether there holds 9" = u® (a, ") — gl = O(W*! 4 73), we express the

reference value at the inflow boundary in term of the exact boundary information g(#). Since
u(a,t) = g(t) along the inflow boundary, it is easy to see that @ (a, t") = g(¢"), and

uV(a, 1" = g™ + g’ ("), (62a)

2) n n 1 o 1 2 Ii4n
u (a,t):g(t)—}—itg(t)—{-zrg(t )- (62b)

Obviously ¢ = 0, and the simple Taylor expansions for g]'f:’xlam and g]’f:’xzacl show that

1

" =uW(a, ") — gg’xlact = Erzg”(t”) + 0@, (63a)
1

9" = uP@a, ") — g,’éfact = g‘rzg”(t”) +0O(tY. (63b)

If g”(t") # 0, this so-called exact treatment for the inflow boundary condition leads to a
reduction of accuracy that the third order temporal error decrease to two order.

To avoid the reduction of accuracy, in this paper we will consider two correction tech-
niques, which are referred to as strategies (I) and (II).

Strategy (I) is to take the local solution of each Runge-Kutta time-marching, namely

gn,l — giul — u(é)(a’ M, £=0,1,2, (64)

where u©(a, t"), £ =0, 1,2, are given by (62). From (70), we can see that this strategy (I)
does not bring any error at the inflow boundary. However, this treatment is not easy to
implement in a uniform coding.

On contract with strategy (I), strategy (II) is to take the global solution of Runge-Kutta
time marching. That is to say, we define the following ordinary differential equation

[w,(t):g/(t), t>0 65)

w(0) = g(0),

in which the exact solution is just the given boundary condition g(¢). Next we apply the
same explicit TVDRK3 algorithm to get the approximation w™¢ at every time stages. Then
we take the inflow boundary condition as g"¢ = gﬁ‘é = w™*. This correction technique has
been proposed by Carpenter and Gottlieb [1].

Now we check the order of the boundary error 9"t for £ =0, 1, 2. It is well known that
the explicit TVDRK3 algorithm has error estimate g (") — w" = O(t?). Consequently, #" =
u®(a, 1) — git = g(t") —w" = O(z?). Hence it follows from (62a) and (62b), respectively,
that

,L?n.l — u(l)(a, tn) _ gﬁ,l — u(l)(a, tn) _ wn,l

=[g(") + g/ ("] = [w" + 7' ("] = g(t") — w" = O(@Y), (66a)
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,L?n,Z — u(2)(a’ tn) _ gﬁ,Z — M(Z)(a’ tn) _ wn,2

(tn) 4 1 /([n) 4 1 2 //(tn) 3 n + 1 n,1 4 1 /([n+1)
= =T -7 —|-w"+-w" 4+ -1
§ 2" 4" ¢ 4 4 48

_|: (tn)—l—l /(l‘n)-i-l 2 //(tn)] _ |:§ n_i_l( L. /(tn))-i-l /(tn+1)i|
=18 2rg 4‘[ g 4w 2 w T8 4rg

=g(") —w"+ %fzg”(t”) + %T[g/(t") —g@H]=0@Y, (66b)

where in the last step in (66b) we have used Taylor’s expansion for g’(t"*!) at the point
t=1t".

The above analysis show that although the strategy (II) introduces an error at each time
stage, but this error is more or less the same as the temporal error in the interior domain.
Therefore, DG approximations near the boundary will be better than with the exact boundary
values.

4.4.4 Optimal Error Estimate

Now we would like to obtain a priori optimal error estimate if we use the strategy (I) and
(II) to cope with the inflow boundary condition to ensure

& < C(h* ™ + 19, (67)

where the bounded constant C > 0 is dependent of n, 4 and t.
Noticing Lemma 4.2 and (60a), we have to only estimate the second term &g in (60b).
For this purpose, we give the following lemma.

Lemma 4.5 There exists constant C > 0 independent of h and t, such that
g™ 1% < CLIE" 17 + TIBI(™)* + h* 2], (68a)
IE™2117 < CLUE™ 1> + 1™ 1> + T IBI@™ 1) + 2h*F2]. (68b)

Proof The proofs for the above conclusions are same, so we only prove the first one now.
To do that, we take the test function v, = £" in (26a). Then we use the continuity inequality
(16¢) in Lemma 3.1, and the inverse property (ii), to get that

IE™% < UE"IIE™ 1+ yorlIE" INE™ | +  [onollE™ T + 0n0llE™ 1]
1
< [+ ) IE" | + Tiah ™2 puo + Tou 0] IE™ -

By inserting (59), and dropping the term [|£™-!|| on both side, we obtain conclusion (68a),
where the bounded constant C > 0 depends on A. It completes the proof of this lemma. [

As a direct corollary of Lemma 4.5, we can bound Epp, in form
&g < CIE"IP+TIBI@" O +1|BI@" ) + T 2] < C[IIE" 1>+ <& +T°h* 7], (69)

which also depends on the boundary error £;. Applying Lemma 4.2, as well as (60a), (67)
and (69), we have for any n : nt < T that

31" = 318" 117 + 21 BIME™*T*e < CIE" 11> + A2 + °]«, (70)

since T < 1, where the bounded constant C > 0 is independent of n, & and 7.
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As we have shown before, there holds [|£°]] < Ch**!. Then an application of discrete
Gronwall’s inequality for (70), as well as the approximation property (56), yields that

le"* < C(h*** +1%, Vn:nt<T, (71)

where the bounded constant C > 0 is independent of n, & and t. Now we obtain the opti-
mal error estimate for the RKDG3 algorithm with both strategies (I) and (II) for the inflow
boundary condition. We conclude these results in the following theorem.

Theorem 4.2 Let u;, be the numerical solution of the fully discrete version (27) of the DG
method coupled with the explicit TVDRK3 time marching, where the inflow boundary condi-
tion is approximated by either strategy (1) or strategy (1), and the finite element space Vj, is
made up of piecewise polynomials with degree k > 1, defined on the regular triangulations
of I =(a,b).

Let u is the exact solution of problem (1), which is sufficiently smooth such that
u, Uy, uy € L2, T; HYY and uy,y € L0, T; L?). Then there exists a positive con-
stant C independent of h and t, such that

max lu@"y —upll < C(H**' + %), (72)
nt<

if the CFL number X is small enough such that P (L) < 0, where > = j|8|th™".

Remark 4.1 This error estimate as well as the above stability result can be extended easily to
the multidimensional problem. There are no essential difficulties since our analysis is based
on the general energy analysis, which can be applied to arbitrary mesh with varying sharp
and size.

Remark 4.2 If we take the standard L2-projection, we will lost a half order and get the
quasi-optimal error estimate, because of the approximation property (6) and the loss of exact
collocation at the downwind endpoint of each element.

5 Numerical Experiments

To illustrate the above analysis numerically, we use the fully discrete version (27) of the
DG method coupled with the explicit TVDRK3 time-marching to solve u; + u, = 0 with
the exact solution u(x, t) = sin(x — ). The spatial domain is / = (0, 47), and the initial
value is given by the exact solution at t = 0. Two types of boundary conditions will be
considered in our test. One is the periodic condition u (0, t) = u(4rm, t), and the other is the
inflow boundary condition u(0, t) = sin(—1).

In our test, we always take the finite element space as the piecewise quadratic polynomi-
als, and set the final time 7 = 20. The time step is always taken as T = 0.16A4. In Table 1 we
list the error and the approximating error order in L?-norm and L*-norm, respectively, for
the periodic boundary condition and for three kinds of treatments of the inflow boundary.

One can see the optimal error order for periodic boundary condition, and the reduction
of accuracy if we take the exact approximation (64) on the inflow boundary. For the strate-
gies (I) and (II) the error order is restored to be optimal in L?-norm and L*-norm, respec-
tively, However, there are no obvious difference in numerical results for the both correction
techniques.
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Table 1 Errors and orders for different boundary conditions and different treatments for inflow boundary
condition. Here N is the number in the partition of (0, 477)

N L -error L-order L2-error L2-order
Periodic b.c. 40 5.10e—4 4.81le—4
80 6.50e—5 297 1.64e—5 3.03
160 8.18e—6 2.99 7.35e—6 3.01
320 1.03e—6 2.99 9.17e—7 3.00
640 1.29e—7 3.00 1.15e—7 3.00
1280 1.61e—8 3.00 1.43e—8 3.00
Exact for inflow b.c. 40 6.14e—4 4.13e—4
80 1.04e—4 2.56 5.17e-5 3.00
160 2.10e—5 2.31 6.55e—6 2.98
320 6.18e—6 1.77 8.88e—7 2.88
640 1.39e—6 2.15 1.19e—7 291
1280 3.00e—7 222 1.59¢—8 2.89
Local for inflow b.c. 40 5.14e—4 4.02e—4
80 6.45¢e—5 3.00 5.0le—5 3.01
160 8.08e—6 3.00 6.26e—6 3.00
320 1.0le—6 3.00 7.82e—7 3.00
640 1.27e-7 3.00 9.77e—8 3.00
1280 1.59e—8 3.00 1.22e—8 3.00
Global for inflow b.c. 40 5.04e—4 4.03e—4
80 6.3le—5 3.00 5.02e—5 3.01
160 7.92e—6 3.00 6.26e—6 3.00
320 9.93e—7 3.00 7.83e—7 3.00
640 1.24e—7 3.00 9.77e—8 3.00
1280 1.55e—8 3.00 1.22e—8 3.00

6 Concluding Remarks

In this paper we discuss the detailed treatment for inflow boundary condition, under the
general RKDG framework for linear conservation law. When the explicit TVDRK3 (one
type of high order) time-marching is used, the boundary condition must been defined in a
reasonable form to avoid the reduction of accuracy. Both theoretical analysis and numerical
experiment show strategy (I) and (II) are good candidate techniques to restore the algorithm
to be optimal order error estimate. In the further work we will extend our analysis on these
correction techniques to nonlinear conservation laws, in which the approximating skew-
symmetric property (16a) does not hold again. Also we will consider the other types of
equations with high order derivatives.
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