J Sci Comput (2010) 43: 416-432
DOI 10.1007/s10915-009-9283-3

A Mass-Conservative Characteristic Finite Element
Scheme for Convection-Diffusion Problems

Hongxing Rui - Masahisa Tabata

Received: 29 April 2008 / Revised: 31 January 2009 / Accepted: 20 February 2009 /
Published online: 5 March 2009
© Springer Science+Business Media, LLC 2009

Abstract We develop a mass-conservative characteristic finite element scheme for convec-
tion diffusion problems. This scheme preserves the mass balance identity. It is proved that
the scheme is essentially unconditionally stable and convergent with first order in time in-
crement and k-th order in element size when the P, element is employed. Some numerical
examples are presented to show the efficiency of the present scheme.

Keywords Method of characteristics - Mass-conservation - Convection-diffusion - Finite
element - Error estimates

1 Introduction

Convection-diffusion problems are solved in various fields of sciences and technologies,
e.g., transport problems of heat and solutes in moving fluids. In many applications the Pé-
clet number is high, so the problems become convection dominant. In such circumstances the
Galerkin finite element scheme produces easily oscillation solutions. Hence, elaborate nu-
merical schemes based on new ideas such as upwind method, Petrov-Galerkin methods and
characteristic(-curve) methods have been developed to perform stable computation. Among
them the procedure of the characteristic method is natural from the physical point of view
since it approximates particle movements, and it is attractive from the mathematical point of
view since it symmetrizes the problem. Many authors have contributed to develop, analyse
and apply characteristic finite element schemes; see [1, 3, 68, 13—16, 21] and references
therein.

An important property that the convection-diffusion problems possess is the mass bal-
ance; the mass should be preserved if there is no source. In the framework of characteristic
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methods it is not trivial to maintain this property. Some schemes have been proposed and
studied from this point [1, 6, 8, 21].

In this paper we present a new characteristic finite element scheme which preserves the
mass balance. Our approach is different from those taken in the previous study. Usually
the characteristic method is used to approximate the material derivative term, i.e., the time
derivative term plus the convection term of non-divergence form. We do not assume the
velocity is incompressible. We use the divergence form and we approximate directly the
time derivative term plus the divergence term (Lemma 1). Thus, it is proved that the mass
balance is satisfied completely. When the equation is of divergence form like the density
equation in the compressible flow field, the mass balance remains true whether the velocity
is incompressible or not. Our result corresponds to it. We prove the stability and convergence
with first order in time increment and k-th order in element size when the P, element is
employed.

We use the Sobolev spaces L?(£2) and H™ (£2), m > 1, with norms denoted by || - || and
Il - l.u, respectively. We also use the Sobolev space W"*°(£2). We use the function spaces
H"™(X)=H"(0,T); X) and C"(X) = C"([0, T]; X) for positive number 7 and Banach
space X, whose norms are denoted by || - || gm(x) and || - |[¢m(x), respectively. We often omit
(0, T) and £2 if there is no confusion, e.g., we write C/ (H™) in place of C/ ([0, T]; H™(£2)).
The symbol (-, -) is used for the inner products in both L?(£2) and L?(£2)¢, d =2,3. We
use ¢ (with or without subscript) to denote a generic constant independent of discretization
parameters /, At, and solutions, which can take different values at each occurrence.

The remainder of this paper is organized as follows. In Sect. 2 we present the mass-
conservative characteristic finite element scheme and show the mass balance identity. In
Sect. 3 we analyze the stability and prove the convergence. In Sect. 4 we give two numerical
examples. After stating the conclusion, in Appendix we review two upwind finite element
schemes referred in Sect. 2. The behavior of numerical solutions is also discussed when
Péclet number increases.

2 A Mass-Conservative Characteristic Finite Element Scheme

Let £2 be a bounded domain in R (d =2, 3) with piecewise smooth boundary I", and T
be a positive constant. We consider the convection-diffusion operator

3¢ 3¢
L=+ V- wp—vVd)= = +u-Vé+ (V- u)p—vAg, (1

where v > 0 is a diffusion coefficientand u : 2 x [0, T] — R?is a given velocity. We do not
assume that the velocity u is incompressible. Let L be a representative length of the domain.
When the Péclet number Pe = |u|L /v is high, For the remedy we focus on schemes based
on the method of characteristics.

An important property of the operator £ is the mass-conservation. To describe it we
consider the following initial boundary value problem; find ¢ : £2 x (0, T] — R such that

Lop=f in2 x(0,T], (2a)
d¢
v——¢u-n=g onl x(0,T], (2b)
on
#(,00=9¢" ing, (20)
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where f: 2 x (0,T]—> R, g: I x (0,T]— R, and ¢° : 2 — R are given functions. Let
V = H'(£2). A corresponding weak formulation to (2) is to find ¢ : [0, T] — V such that

a9
<8—(f(t), W) +ai (@), Y u®) +ao(@@), ) = (fO).¥) +[g@®).¥], VeV, (3a)

$(0) = ¢°, (3b)

where

a1(¢’ ¢7M)=—(¢7MVW)» a()(¢7 W)=V(V¢svw),

4
6, ] = / pvds.
r

Substituting ¥ = 1 in (3a), we can easily derive the mass balance identity for ¢ € (0, T']

f¢(x,t)dx:/¢0(x)dx+/ dt/ f(x,t)dx+/ dt/g(x,t)dx. 3)
2 2 0 2 0 r

This property is preserved for the conventional Galerkin finite element method as fol-
lows. Let V, be a finite-dimensional subspace of V and At be a time increment. We set
Nr = |T/At]. Let ¢, be the solution of the problem; find {¢;’l},lN:T1 C Vj, such that for
n= 1, ey N T,

n _ an—1
<¢}'A—zh’ 1/fh> +ai (@, s u") +ao(@y, ¥i) = (" ) + (8" ¥nl, Yy € Vi, (6)

where ¢? € V, is an approximation to ¢° and the super-script n of u, f and g means that
the functions are evaluated at t = nAt. Substituting ¥, = 1 in (6) and summing it up from
n=1untilm,wegetform=1,..., Nr

/(b,’[‘d)C:f ¢2dx+AzZ(/ f”dx—i—/g"ds). @)
2 2 o U8 r

This property, however, does not hold for upwind approximations which modify the con-
vection term u - V¢, e.g., the upwind element choice approximation (36), which corresponds
to the upwind finite differencing on the triangular mesh. To realize (7) in the framework
of upwind approximations has been done by a mass-conservative upwind finite element
method [2], where upwind modification is done for the term —(¢, u - Vi/). In Appendix we
review the ideas of these two approximations.

On the other hand, numerical schemes based on Petrov-Galerkin approximation sat-
isfy (7). In the streamline upwind Petrov-Galerkin method we substitute v, + tu(t) - Vi,
into v, elementwise in (6) or a similar equation to it, where 7 is a positive parameter of
element size order [4, 11]. Therefore, by setting vy, = 1, the identity (7) is obtained.

Characteristic methods are usually derived from the approximation of material derivative

0
co¢za—‘f+u.v¢. @®)

They are applicable to convection-dominated, or even purely hyperbolic problems and have
an advantage that derived matrices are always symmetric. To the best of our knowledge,
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however, there are no characteristic schemes which satisfy (7), a discrete version of the
mass balance identity (5). Our idea is to apply the characteristic approximation to the term

3¢
Lig= 2= +u-Vo+(V-w)p, ©)

but not to the term (8). The present scheme we show below is proved to satisfy (7).

We assume that the velocity u has the following regularity and vanishes on the boundary.
The latter assumption leads to Proposition 1 below, which makes the argument simple and
clear.

Hypothesis 1 The velocity u satisfies
ueC’([0,T; Wh™(£2)), u=0o0nds.

Let X: (0, T] — R be a solution of the ordinary differential equation,

X v
ar et

Then, we can write (8) as

d
(Lo)(X (1), 1) = Eqﬁ(X(t), 0.

We set 1" = nAt for n € Z. Subject to an initial condition X (") = x we get an approximate
value of X at t"~! by the Euler method,

Xi(x)=x—u"(x)At. (10)
The following result has been proved in [15].
Proposition 1 Under Hypothesis 1 and
At < 1/llullcogyios (11)
it holds
X} ()= . (12)

Let 7, = {K} be a partition of Q by elements K, /& be the maximum diameter, and
V, C H'(£2) be a finite element space. In the sequel, we assume that the domain £ is
polygonal, which leads to | J{K: K € T} = £2.

The mass-conservative characteristic (MCC) finite element scheme we propose reads as
follows; find {(b,’j},}l\zl C Vysuchthatforn=1,..., Np,

B =9 o Xiy"
At

,Wh> +v(Vey, V) = (" ) + 8% vnl, VY e Vi, (13)

where ¢} € Vj, is an approximation to ¢°, Z’l o X{ is a composition defined by
(@ o XT) ) =¢;7 (XT W),

@ Springer



420 J Sci Comput (2010) 43: 416-432

and y" is the Jacobian of the transformation X7,

X7 ou’
p" = det (8—xl> =det (8,‘}‘ — At ai?) . (14)
J

Theorem 1 (Mass balance) Let {¢,’j}f;’:71 be the solution of (13). Under Hypothesis 1 and
(11) it holds that form =1, ..., Ny

/¢;,"dx:f ¢2dx+m2(/ f"dx+/g"ds). (15)
2 2 ol e r

Proof Substituting 1 € Vj, into ¥, in (13) and multiplying Az, we get

@ D — (@ o X{y", )= At{(f". 1) +[g". 11}.

By the inverse transformation of X and Proposition 1, we have

/¢;;*lox7y"dx:/ ¢ dx, (16)
2 2

which implies
@p. D= (g " D=at{(f". D +Ig" 11}.

Summing up the equations above form n = 1 until m, we get (15). ]

Remark I 1In the proof of Theorem 1 the numerical computation is assumed to be performed
exactly. Let ¢;,; be the base function at node P;. In the real computation the integration of
composite term ¢Zfl o X1y"¢,; may cause numerical errors because the integrand is not
smooth on element K which the support of the integrand intersects with. If we do not use
the identity (16), the term

m—1

Er=) (¢ — o Xiy" 1)

n=0

should be added to the right-hand side of (15). More precisely the integration of composite
terms is carried out, smaller E; becomes.

Remark 2 The conventional characteristics/Galerkin finite element method which approxi-
mates the material derivative term (8) leads to the scheme

(‘Mf — ¢ o X}
At
=(f" ) +1g" vl Y € V. (17)

; wh) +v(Vey, Vi) + (V- u") gy, ¥n)

This scheme does not satisfy the mass balance even when div " = 0. Comparing to (17),
the present MCC scheme (13) is simpler and of mass-conservative.

Remark 3 Neglecting the term of second order in At in (14), we can replace y” by

Yo =1— At divu”.
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When the fluid is incompressible, y; becomes identical. Although this replacement does
not affect the convergence rate shown later in Theorem 3, the quantity E; in Remark 1 may
increase because the identity (16) holds no more.

3 Stability and Convergence

In this section we present two main theorems. The former shows the stability of scheme
(13), and the latter gives error estimates.
For a set of functions {¢"},1:’:T0 we define the following norms,

Ny 1/2
— n — ny2
Il = max 19"1, 9l = (ZO Atll" | ) :
. e (18)
Bl = (Z Ar[¢",¢"]> :
n=0

Theorem 2 (Stability) Let {¢Z},I:]:TO be the solution of (13). Suppose Hypothesis 1 and (11)

hold. Then, there exists a positive constant ¢y = ¢1(||u]| cow1.0y, V) independent of h and At
such that

lBnllicor2y + VAN L1nnlli2 2y + NSz 22y < Cl(“¢}?”L2 + 1 2@z +18l2wz),
(19)
where
o= 9 o Xy
Ly =21 7
1P, A7

When g =0, ¢ is independent of v.

Proof Let § be any small positive number. Substituting ¥, = ¢, in (13), we have

1 — n n At n n n n
A (lopl> = llgy~" o Xy IIP) + 5 I1£ud} 1>+ vV = (f". é) + [g". o1
(20
Since y" < 1+ cAt, the inverse transformation of X{ (x) leads to
16" o X1y 12 < (1 + cAD) / @ o X1y dx
2
=(1+cAn|¢i |2 (21)

The right-hand side of (20) is estimated as

noan 1 n 2 8 n2
(fh,dﬁh)S%IIfh l +§|I¢hll ,

and

g" &1 < lg"lzcry B2y < el l2am 1 a2
2
c v
< ny2 . n)2
— 2\) ”g ||L2(1")+ 2”¢h”H|(_Q)
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Combining these estimates with (20), we obtain

1

At v
nn2 n—12 nyp2 ny2
o> — o — L —| Ve
21t(“ h” || h || ) 2 || 11 ;,” 2” h”

_ B 1 .
=clgn™ 1P + S I + S5 I + oM Ig" 12 (22)

which is equivalent to

1 At v
1 —§At nn2 _ n—12 1 ny2 2V 2
( )_ZAI (311> = llgp~"11%) + 5 1L I” + 2|| &l

8 - 1 n n
< (c+ 5) 16517 55 171+ o g I - 23)
Choosing
1
At < —, 24
% (24)

we get 1 — §Ar > 1/2, which completes the proof by virtue of Gronwall’s inequality. O

Remark 4 In the proof of Theorem 2 the condition (11) is used only for (12). The condition
(24) is not restrictive since we can take any small é > 0. In this sense the scheme (13) is
essentially unconditionally stable.

In order to state error estimates we prepare the following hypotheses. Let IT,, be the
Lagrange interpolation operator from C°(£2) into V;, [5].

Hypothesis 2 There exists a positive integer k such that for ¢ € H*' N C°(2)
1Th¢p = ¢lls < ch ' llglleer (s =0,1).
Hypothesis 3 ¢ has the regularity,
¢ COH"HNncl(HYHY N c*(L?).

Lemma 1 (Consistency) Suppose functions u and ¢ satisfy Hypotheses 1 and 3 for k =1,
respectively. Then, it holds that forn =1, ..., Nt
8¢" d)n _ ¢nfl ° Xillyn
t At

3 +V-(u'e") - < cAtPllc22ynet (YO (H2) -

Proof The left-hand side is written as || I; + I5||, where

Iy = (a;; +u .v¢"> L9 oK d’;l °Xi (25)
L= (V-u"g" —¢" o X{(1—y")/At. (26)

We can evaluate /' like [15] and get
P < cAtldllczzynct (rtyncocu?y- 27
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From (14) we have

n

l—y
At

=V-u"+ O(A?),
which leads to
151 =1V -u"(@" —¢" " o X1) + 0(ANY" " o XTI,
< cAt|1dllcomnnet 12)- (28)

Combining (27) with (28), we get the result. O
Now we show the error estimate.

Theorem 3 (Error estimate) Let ¢ be the solutions of (2). Suppose (11) and Hypotheses 1,2
and 3 hold for a positive integer k. Let ¢y, be the solutions of scheme (13) subject to the initial
condition

¢ = Myo".

Then there exists a positive constant ¢; = cy(||u]|co(w1.y, V) independent of h, At and ¢
such that

lldn — Dllice 2y + vV ALNL1a(dn — D22y + VIV DL — D)l 22
< (hk||¢||c0(yk+l)nc1(11k) + At”¢”CZ(LZ)mC‘(H')ﬂCO(HZ))' (29)

When g =0, ¢, is independent of v.

Proof Let § be any small positive number; (2a) is equivalent to

39"

StV (Vg — v = f (30)

From (30) it holds that for any ¥ € H'(£2)

(¢n _¢n71 OX?)/”

Al ,kﬁ) +v(Ve". V) =" ) +g" v - U+ 15 y), (3D

where I} and I are defined in (25) and (26). Set e} = ¢ — I1,¢" and 0" = ¢" — I1,¢".
Substituting v, = ej, in (13) and ¥ = ¢}, (31), and subtracting (31) from (13) , we have

1 n -1 n,,n At n n
E(Ilehllz—llez o Xiy ||2)+7|I£1h€h||2-i-l/||V€h||2

e —el o Xtyn
= <A—t, e ) +v(Vel, Vel
77n _ nnfl ° Xillyn

— In In, n
(' +1 eh)+< A7

,eZ> +v(Vn", Vey). (32)

From Lemma 1 the first term of the right-hand side is estimated as

2
c 8
2 2
([ln [n!ez) E 6 ”¢”C2(L2)NC1(Hl)mCU(Hz) Z”@Z” .
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Similarly to [15] we estimate the second term of the right-hand side to obtain

nn _ 77nfl ° Xillyn o) = 77n _ nnfl OX’; . N nnfl OX?(I _ yn) 2
At o At o At o

7,)n _ 77nfl o X" B
< <‘T' +el™ o XTI ) lleg
nn _nn—l .
— n—1 7
< <‘ UYEE +clln" i +clin” ||> lle
2k
<

2 2
= T|l¢||c()(Hk+l)mcl(Hk) + Z“eZ” .
The third term is easily evaluated as
k v 2 2 qp 4112
v(Vn", Vey) < cvh™||@llcorry IV e, | < EIIWZII + VAT Dl co grsry-

Combining these estimates with (32), we get

1

n— n At 7 v
TA; (lepll* = lep™" o Xy"I1%) + 7|I£1h€h’ll2 + EIIWZII2

8 2 Con2ia2 2%k 4112
SE”eZ” +S(Al ”¢”CZ(LZ)HCI(HI)HCO(HZ)+h ||¢||C0(Hk+l)ﬂC1(Hk))'

A similar transformation from (22) to (23), the choice (24) of At, the discrete Gronwall
inequality and Hypothesis 3 lead to

lenllio 2y + VAL Linenlli2zy + VVIIVerllz 2
k
< (h &1l cortiynet ey + At||¢||c2(L2)mc1(H1)nc0(H2)) . (33)

Combining (33) with the estimate of ", we complete the proof. |

4 Numerical Examples

In this section we show some numerical results to observe the efficiency of the present MCC
finite element scheme. We compare numerical results of the MCC scheme (13) with those
of the mass-conservative upwind FEM (39) and the conventional characteristics/Galerkin
FEM (17).

In schemes (13) and (17) composite functions are integrated on elements. We approxi-
mate the integral [, =1 o X", y"dx by a numerical integration formula. We use the same
numerical integration method as the one in [15]. We divide the triangle K into 16 congruent
small triangles, see Fig. 1. Approximating ¢}’,’71 o X1y y" by the linear interpolation on
each small triangle and integrating the interpolated function, we get an approximate value
of the integral. In the following examples we use the P; element. Hence, Hypothesis 2 is
satisfied for k = 1 [5], which implies the convergence order is O (At + h) by Theorem 3. As
we take Ar = O (h) in the examples, the final convergence order becomes O (h).
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Fig. 1 A triangle K divided into
16 congruent triangles

4
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SIS RAISSEREIRISIIRSK,
SER AT VAV A G A A LAV S AT
VAV AVATAVAS S ey a S S AW AT av e s TAVA

2 SRR

2\
XTI
SSRRALSA
SERESEN
QRIS IS
SO

Fig. 2 A mesh (N = 16) and the exact solution ¢ of Example 1 att = 0.5

Example 1 The data and ¢ are as follows:
2=(-1L1)x(-11), T=0.5,

u(x, ) = (1 +sin(t — x;), 1 +sin(z — )7, v =0.01,

¢(x,t) =exp (—M) exp <_M> )

(34)

Vv Vv

Then, the right-hand side f in (2a) is identically equal to 0. The velocity is not incompress-
ible, V - u # 0. Although Hypothesis 1 is not satisfied, i.e., u # 0 on I", the value of ¢ on I"
is almost equal to zero, less than 5.0 x 107°, we can neglect the effect of the flux ¢u - n on
the boundary. Dividing each side of the square into N segments,

N =16, 32,64, 128,256,

we make partitions {7} consisting of non-uniform triangular elements; see Fig. 2. We set
h=2/N and At = h. Figure 3 shows relative errors in £>(L?)-norm, ¢*(H, )-seminorm,
and of mass at T,

s — Ml x [ o dx — [, Myp™Tdx|
1Tl x | [ T prdx|

by the MCC FEM (e), the conventional characteristics/Galerkin FEM (o) and the mass-
conservative upwind FEM (¢). The errors of mass by the mass-conservative upwind FEM

(X =£2(L%), £ (Hy)),
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Log[Er_mass]
0

Log[Er_LAi(LA2)]
0 Log[Er_LA2(HA_0)] o
o 0 o
<& o < o
© <
° o -1 °
C o]
o]
-1 . -1 . °
° -2
)
°© °
-2 ° -
o) 2 * -3
L] . °
(]
. ° °
4 ®
=3 ) 1 Loglh] -3 ) 1 Log(h] ) 1 Log(h]
Fig. 3 Errors vs. i (Example 1). €°°(L2)—norm (left), 62(H(} )-seminorm (center), and mass (right)
Table 1 The slopes of the .2 2 1
graphs by the results on the finest ~ Scheme Symbol (L9 o (Hy) Mass
two meshes (Example 1)
(39) o 0.63 0.61 -
17) o 1.02 1.19 1.02
MCC (13) . 0.84 1.11 0.90

(39) are too small to be plotted in the graph. We can see good convergence results of the
MCC FEM in both norm and seminorm. Caused by numerical integration error, the mass
balance by MCC is not preserved exactly, but is much better than (17). The slopes of the
graphs obtained from the finest two meshes, N = 128, 256, are listed in Table 1. The the-
oretical convergence results O (h) are reflected. When the viscosity v decreases, the Péclet
number P, increases. In Appendix we discuss the behavior of numerical solutions when P,
increases.

Example 2 The data and ¢ are as follows,
=01 x@O1D, T=1,
u(x) = (—xysinmx; sinwx,, xg sinzx; sinzx,)”,  v=0.01,

¢d(x,1) = x1x2(1 — xp) cos(t + x1 + x3).

The velocity is not incompressible, V - u 7 0. By substituting the above ¢, # and v in
(2a) and (2b), respectively, f and g are obtained; they are not equal to zero. Dividing each
side of the square into N segments,

N =38,16, 32,64, 128,

we make partitions {7,} consisting of non-uniform triangular elements. We set h = 1/N
and At = 0.8h. Figure 5 shows relative errors in £°°(L?)-norm, ¢>(H,)-seminorm, and of
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Fig. 4 The exact solution ¢ of N\
Example 2 at 7 = 1

eSS
AT S
SRR <
SRS SSEEENENN
‘41%‘\“‘;‘3&%}5:5 <§‘9§£
SRS
SSSSEY
SRR
S

o=
SES

I
o

\/
i

-0.25
0
0
Log[Er_L"2(H*_0)] Log[Er_mass]
Log[Er_LMN(L"2)] o
. $ 5
-1 o . o
L -1 . ) o
o < o
* o ° o
o o ° .
. o e .
o -3 .
—2l o e o .
© (o]
°
) - Log(h] ) -] Log[h] —5 ~ Loglh]

Fig. 5 Errors vs. i (Example 2). EOO(LZ)—norIn (left), Zz(Hé)—seminorm (center), and mass (right)

Table 2 The slopes of the

2 2 1
graphs by the results on the finest ~ Scheme Symbol £5(L7) 5 (Hy) Mass
two meshes (Example 2)
39) o 1.01 0.93 -
a7 o 0.98 1.00 1.03
MCC (13) . 0.99 1.00 0.97

mass at T by the MCC FEM (e), the conventional characteristics/Galerkin FEM (o) and the
mass-conservative upwind FEM (o). The errors of mass by the mass-conservative upwind
FEM (39) are too small to be plotted in the graph. In this example the results by (17) are a
little better than MCC in both norm and seminorm, but the mass balance by MCC is much
better than (17). The slopes of the graphs obtained from the finest two meshes, N = 64, 128,
are listed in Table 2. The theoretical convergence results O (k) are reflected.

5 Conclusions
We have presented a new mass-conservative characteristic finite element scheme of first

order in time increment. The modification from the conventional characteristics/Galerkin
method is very small, i.e., only the multiplication of the Jacobian to the composite term and
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the elimination of the term (V - u)¢. The scheme is essentially unconditionally stable. We
have proved the stability and convergence of order At + h*, which has been recognized
by numerical results for k = 1. In the forthcoming paper we will present a corresponding
scheme of second order in time increment Az.
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Appendix
A.1 Upwind Finite Element Approximations

Here we review two kinds of upwind finite element approximations developed in the early
days. The one has monotone property and the other does mass-conservation property. The
ideas used for these approximations are simple and natural. From them many improved
upwind finite element/volume schemes have been developed. Let 7, = { K} be a partition of
£2 by simplices, i.e., triangles (d = 2) or tetrahedron (d = 3).

A.1.1 The Upwind Element Choice Approximation [17]

Let V = H (£2) and afw) be the bilinear form on V defined by

af™($,¥; W)= -V, ¥), ¢ VeV (35)
Let V}, C V be the P1 finite element space. The upwind element choice approximation afzo)
to a\™is defined by

ayy” (fns Yns W) =Y _u(P) - Vs (PYmeasDp, ¢y, Y € Vi, (36)
P

where P runs over all the nodes in §2, K} is the upwind element at P with respect to
u(P), and Dp is the barycentric domain at P. The definitions of K} and Dp are as follows.
Upwind element K, is an element K € 7, such that:

(i) P isavertex of K,
(i) The vector u(P)(# 0) with endpoint P intersects K\{P}.

In the case when u(P) is parallel to an edge (or face) including P, K} is not uniquely
defined, but even in this case the definition (36) is well-defined. Barycentric domain Dp is
defined by

Dp = U{D',f; P is a vertex of K € T},
K

Df =(\{xek: O (# P)isavertex of K, Ap(x) = Ao(x)},
0

where Ag, R = P, Q, is the barycentric coordinate associated with vertex R of K.
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‘v

Fig. 6 Upwind element K 1”3 at P (left) and the barycentric domain D p (right)

Equation (36) was presented in 1977 and it is one of the upwind finite element approx-
imations developed in the earliest stage. It has a similar property to the first-order upwind
finite difference approximation. When the mesh 7, is of weakly acute type, i.e., all angles
of triangles are less than or equal to /2 in d = 2, we can derive monotone finite element
schemes. The solution satisfies a discrete maximum principle when the original problem
has the maximum principle [10, 18]. Approximation (36) is not mass-conservative even if
the definition is extended appropriately to V;, C H'(£2). (36) is extended to second- and
third-order upwind approximations for high-Reynolds number flow problems [9, 19].

A.1.2 The Mass-Conservative Upwind Approximation [2]
Let V = H'(£2) and a; be the bilinear form on V defined by (4),

a(p, ¥ u)=—(p,u-Vy), ¢,y eV.

Let V,, C V be the P1 finite element space. The mass-conservative upwind approximation
ay, to ais defined by

av(pn, Y W)=Y _Yu(P) Y (Bro@)*¢u(P) = Bro) ¢n(Q)),  én Vu € Vi,

P QeAp
] (37)
where P runs over all the nodes in §2,
Ap = {0 € £2; node Q is adjacent to P}, ﬁpQ(u)=/ u-nds,
Tpg (38)

FPQ = DpﬂDQ, ,B+=max(/3,0), ,37 =max(—,3,0),

and n is the outer unit normal to I'pp from the barycentric domain Dp. (37) is derived as
follows,

a5 1) = (V- ), ) — [gu -, ¥
=Y [ V@ dr-igu-n v
p JDp

:Z/ n-ug ds — [u-n, ]
P daDp
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~Yw) [ neupds —(ou-n )
P daDp

%ZW(P)/ n-ugds
P I'ro
~ay(Q, v; u),

where the relation 8 = 87 — B~ is used at the last line. A mass-conservative finite element
scheme for (2) is to find {q&}j},}lvzrl C Vysuchthatforn=1,..., Ny,

on “n—1
(u, xh) +au (@), Yus w) +v(VeL, V) = (f", ) + 8" ¥ul,  Y¥i € Vi,

At
(39
where ¢} € Vj, is an approximation to ¢° and — : V;, — L?(£2) is a lumping operator defined
by

- |1, (xeD,
& —;m(mm, xp @) = {0’ G é Do

Since a;;, can be written as

av (b Y ) =Y (Y (P) — ¥ () (Bro @) ¢u(P) — Bro )~ ¢n(Q)).  ¢n. v € Vi,

I'pp

it holds that ay,(¢n, 1; u) = 0. Hence, substituting ¢, = 1 in (39), we obtain for m =
1,...,Nr

/é;"dx:/égdx+m2(/ f”dx-l—/g”ds). (40)
2 2 w1 e r

Using the fact

/ ¢ dx :/ ondx, ¢peVy,
o) o)
(7) is derived from (40).

Nowadays, a;;, can be regarded as a vertex-centered finite volume approximation with
Dp as control volume. It is extended to various schemes for the computation of hyperbolic
type equations as Euler equations on unstructured meshes [9, 14, 20]. It is not necessary to
take Bpo exactly in (38), but is sufficient to satisfy

ﬂpQ—/ u-nds
I'po

When V-u =0in £2 and u -n =0 on I, the solution of (2) satisfies the maximum principle.
This property is maintained by (39) with the choice (38) of Bpo [2]. For the other choice of
the control volume in place of Dp we refer to [10, 12].

<clpQl.
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A.2 The Behavior of Numerical Solutions when Péclet Number Increases

In Example 1, Péclet number P, is about 566 since v = 0.01, the representative length L = 2,
and the representative velocity U is about 2.83. Cell Péclet number P. is defined by

hU
PL'=_7
v

where £ is the representative space-mesh length. In the computation of Example 1 they are
P.=354,17.7,8.8,4.4,22 (N =16,32,64,128,256),

by setting # = 2/N. In order to solve stationary convection-diffusion problems without
numerical oscillation it is known that P. should be less than a constant for conventional
schemes, e.g., P. <2 for the central finite difference scheme of one-dimensional problems.
For unsteady convection-diffusion problems conventional explicit schemes need the condi-
tion as well as the restriction that vA¢/ h? should be less than a constant, e.g., vAt/ W<l /2
for the central finite difference scheme of one-dimensional problems. Although conventional
implicit schemes are proved to be unconditionally L? stable in a similar way to Theorem 2,
numerical results are not so good for high cell Péclet numbers as shown below.

Figure 7 shows the exact and numerical solutions of Example 1 at ¢+ = 0.25 when v =
0.01. The numerical solutions are obtained by Galerkin FEM (6) and MCC FEM (13) on a
mesh (N = 32), which means P, = 17.7. The time increment At is chosen to be equal to /.
There is no oscillation in the result by Galerkin FEM, but the solution is too diffusive. The
result by MCC FEM has a shape similar to the exact one. Figure 8 shows the corresponding

Fig.7 The exact (left) and numerical solutions (f = 0.25, v =0.01, N = 32). Galerkin FEM (6) (center) and
MCC FEM (13) (right)

Fig. 8 The exact (left) and numerical solutions (r = 0.25, v = 0.001, N = 32). Galerkin FEM (6) (center)
and MCC FEM (13) (right)
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results when v = 0.001. The Péclet number P, is about 5,660. The numerical solutions are
solved on the same mesh (N = 32), which means P. = 177. The cell Péclet number is very
high and, from the figure of the exact solution, the problem seems not easy to be solved well
on this mesh. The numerical result by Galerkin FEM is very bad and even a little oscillating.
Although the result by MCC FEM has a small overshoot, a negative part on the foot of the
“cone”, the shape is much better. We can see that MCC finite element scheme is robust for
such high cell Péclet number problems.
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