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Abstract This paper formulates and analyzes fully discrete schemes for the two-dimensio-
nal Keller-Segel chemotaxis model. The spatial discretization of the model is based on the
discontinuous Galerkin methods and the temporal discretization is based either on Forward
Euler or the second order explicit total variation diminishing (TVD) Runge-Kutta methods.
We consider Cartesian grids and prove fully discrete error estimates for the proposed meth-
ods. Our proof is valid for pre-blow-up times since we assume boundedness of the exact
solution.

Keywords Keller-Segel chemotaxis model - Convection-diffusion-reaction systems -
Discontinuous Galerkin methods - Forward Euler - Runge-Kutta - NIPG, IIPG, and SIPG
methods - Cartesian meshes

1 Introduction

The goal of this work is to formulate and analyze fully discrete discontinuous Galerkin
(DG) methods for the solution of the two-dimensional (2-D) Keller-Segel chemotaxis mo-
del, [11, 27-29, 34, 35]. The underlying spatial discretization of the model is based on the
methods proposed recently in [19] and the temporal discretization is based either on Forward
Euler or the second order explicit total variation diminishing (TVD) Runge-Kutta methods.

In this paper, we consider the classical formulation of the Keller-Segel system [11], which
can be written in the dimensionless form as

{pf + V- (xpVe) = Ap,

¢ =Ac—c+p, (x,y) €, 1>0, (L.
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subject to the Neumann boundary conditions:
Vp-n=Vec-n=0, (x,y)e€ad.

Here, p(x, y,t) is the cell density, c(x, y,t) is the chemoattractant concentration, y is a
chemotactic sensitivity constant, 2 is a bounded domain in R?, 32 is its boundary, and n is
a unit normal vector. The system (1.1) is the basic step in the modeling of many biological
processes. The Keller-Segel model (1.1) can be generalized to better describe the reality by
taking into account some other factors such as growth and death of cells, presence of the
food and other chemicals in the system, etc.

It is well-known that solutions of the classical Keller-Segel system may blow up in fi-
nite time, see, e.g., [25, 26] and references therein. This blow-up represents a mathematical
description of a cell concentration phenomenon that occurs in real biological systems, see,
e.g.,[1,6,8,9, 15, 36].

Capturing blowing up solutions numerically is a challenging problem. A finite-volume,
[22], and a finite-element, [33], methods have been proposed for a simpler version of the
Keller-Segel model,

P+ V- (xpVe) = Ap,
Ac—c+p=0,

in which the equation for concentration ¢ has been replaced by an elliptic equation using
an assumption that the chemoattractant concentration ¢ changes over much smaller time
scales than the density p. A fractional step numerical method for a fully time-dependent
chemotaxis system from [40] has been proposed in [41]. However, the operator splitting
approach may not be applicable when a convective part of the chemotaxis system is not
hyperbolic, which is a generic situation for the original Keller-Segel model as it was shown
in [10], where the finite-volume Godunov-type central-upwind scheme was derived for (1.1)
and extended to some other chemotaxis and haptotaxis models.

The high-order discontinuous Galerkin method that is investigated here is based on the
method proposed in [19]. The DG methods have recently become increasingly popular
thanks to their flexibility for adaptive simulations, suitability for parallel computations, ap-
plicability to problems with discontinuous coefficients and/or solutions, and compatibility
with other numerical methods. These methods have been successfully applied to a wide
variety of problems, ranging from the solid mechanics to the fluid mechanics (see, e.g.,
[12-14, 20, 21, 23, 39] and references therein). Furthermore, the DG methods are among
the methods that can be used for real biomedical problems, which are often considered in
complex domains, have discontinuity in the coefficients, and incorporate PDEs of different
mathematical nature.

In order to develop high-order DG methods for (1.1) in [19], the Keller-Segel system is
rewritten as a system of the nonlinear convection-diffusion-reaction equations with hyper-
bolic convective term by introducing new variables (u, v) := Vc:

kQ; +F(Q)x + G(Q), =kAQ + R(Q), (1.2)

where Q := (p,c,u,v)T, the fluxes are F(Q) := (xpu,0, —c,0)7 and G(Q) :=
(xpv, 0,0, —c)T, the reaction term is R(Q) := (0, p — ¢, —u, —v), the constant k = 1 in
the first two equations in (1.2), and k = 0 in the third and the fourth equations there.

The methods proposed in [19] are based on three primal DG methods: the Nonsymmet-
ric Interior Penalty Galerkin (NIPG), the Symmetric Interior Penalty Galerkin (SIPG), and
the Incomplete Interior Penalty Galerkin (IIPG) methods, [3, 16, 37]. The numerical fluxes
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in the proposed DG methods are the fluxes developed for the semidiscrete finite-volume
central-upwind schemes in [32] (see also [30, 31]). These schemes belong to the family of
non-oscillatory central schemes, which are highly accurate and efficient methods applicable
to general multidimensional systems of conservation laws and related problems. Like other
central fluxes, the central-upwind ones are obtained without using (approximate) Riemann
problem solver, which is unavailable for the system under consideration. At the same time,
a certain upwinding information—one-sided speeds of propagation—is incorporated into
the central-upwind fluxes. In [19], Cartesian grids are considered and the continuous in time
error estimates are proved for the proposed high-order DG methods under the assumption
of boundedness of the exact solution. Some numerical tests that validate the methods are
considered in [19] and [17].

In the following section, we introduce our notations, assumptions, and state some stan-
dard results. In Sect. 3—4 we recall some results for the continuous in time scheme. In
Sect. 5-7 we formulate the explicit schemes and derive the error estimates under assumption
of boundedness of the exact solution (some proof details are postponed to Appendix). The
proof of the error estimates is based on the induction argument which simplifies the analysis
significantly since we consider the coupled system of the nonlinear equations.

2 Assumptions, Notations, and Standard Results

We denote by &, a nondegenerate quasi-uniform rectangular subdivision of the domain 2
(the quasi-uniformity requirement will only be used for establishing the rate of convergence
with respect to the polynomials degree). The maximum diameter over all mesh elements
is denoted by % and the set of the interior edges is denoted by I';,. To each edge ¢ in 'y,
we associate a unit normal vector n, = (n,,n,). We assume that n, is directed from the
element E' to E2, where E' denotes a certain element and E> denotes an element that has a
common edge with the element E! and a larger index (this simplified element notation will
be used throughout the paper). For a boundary edge, n, is chosen so that it coincides with
the outward normal.
The discrete space of discontinuous piecewise polynomials of degree r is denoted by

Wy (€)= {w € L*(Q) : VE € &, w|g € P,(E)},

where P, (E) is a space of polynomials of degree r over the element E. For any function
w € W, ;, we denote the jump and average operators over a given edge e by [w] and {w},
respectively:

for an interior edge e = 9E' N9E?, [w]:=wf —wf,  {w):=05w" +0.5w",
for a boundary edgee:BElﬁBQ, [w]:= wf], {w}:= wf],
where wf " and wfz are the corresponding polynomial approximations from the elements

E' and E?. We also recall that the following identity between the jump and the average
operators is satisfied:

[wywa] = {w Hwa] + {wa}w]. 2.1

For the finite-element subdivision &£,, we define the broken Sobolev space

HY (&) ={we L*(Q):wl|z € H(EY), j=1,....N;}
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with the norms

2 2
2 2
lwlloe={ D Iwlgz| and llwllse=[>lwli;| . s>0,
Eegy Eegy
where || - ||5.z denotes the Sobolev s-norm over the element E.

We now recall some well-known facts that will be used in the error analysis in
Sects. 6-8. First, let us state some approximations properties and inequalities for the finite-
element space.

Lemma 2.1 (hp Approximation, [4, 5]) Let E € &, and v € H*(E). Then there exist a
positive constant C independent of , r, and h, and a sequence w,h eP.(E),r=1,2,...,
such that for any q € [0, s]

- hi—a
v =97, = €y Wllse, 520, 2.2)
~ h“’l 1
[ = o < €2 Wloes 523, (23)
r’T2

where p:=min(r 4+ 1, s) and e is the edge on 0E.

Lemma 2.2 (Trace Inequalities, [2]) Let E € &,. Then for the trace operators v, : H'(E) —
H%(BE), Yovu = v|yg and y, : H*(E) — H%(E)E), YIv = %|35, there exists a constant C,
independent of h such that

1

Ywe H(E), s> 1, llyowloe <Ch™2 (lwllo g+ hlIVwllog), 2.4
, _1

Ywe H(E), s =2, |yiwlo.=<C/h 2 (||Vw||o,E + h||V2w||04,E) , (2.5)

where e is the edge on OE.

Lemma 2.3 [37] Let E be a mesh element with an edge e. Then there is a constant C,
independent of h and r such that

_1
lwllg, < Cih™2r|wlly g, (2.6)

IVw - nllo, < Ch2r|Vwloz YweP(E). Q@.7)

Lemma 2.4 [3, 7] There exists a constant C independent of h and r such that

1

1
Yw e W&, wlie<C | D IVwlge+ ) el |

Eegy eel’y

where |e| denotes the measure of e.
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Lemma 2.5 (Inverse Inequalities, [38]) Let E € &, and w € P,(E). Then there exists a
constant C independent of h and r such that
lwll Loy < Ch_1r2||w||0’E, (2.8)

lwl g < Ch_l”2||w||0,5- 2.9
We also recall the following form of the discrete Gronwall’s lemma:

Lemma 2.6 (Discrete Gronwall) Let At, H, and a,, b,, c,, d, (for integers n > 0) be non-
negative numbers such that a; + At Zi:o b, < At Zi:o d,a, + At Zi:o ¢, + H forl>0.
Suppose that Atd, < 1,Vn. Then

1 1 1
Z Z dy Z
a; + At bn < CXp(Al m) (Al ¢, + H) forl > 0.
n=0 n=0 n

n=0

In the analysis below we also make the following assumptions:

e Qis arectangular domain with the boundary 02 = 0Qye; U 0 Qpor, Where 9Q2yer and 0 Qpor
denote the vertical and horizontal pieces of the boundary 0€2, respectively. We also split
the set of interior edges, I'y, into two sets of vertical, I';*, and horizontal, F;“’r, edges,
respectively;

e The degree of basis polynomials is 7 > 2 and the maximum diameter of the elements is
h <1 (the latter assumption is only needed for simplification of the error analysis).

3 Description of the Continuous in Time Numerical Scheme for the Keller-Segel
Model

We consider the Keller-Segel system (1.2). First, notice that the Jacobians of F and G are

xu 0 xp O xv 0 0 xp
F 0 0 0 0 and G _ |0 0 0 O
aQ |0 -1 0 O aQ 0O 0 0 o0}
0O 0 0 O 0O -1 0 O
and their eigenvalues are
M=xu, M =rM=i{=0 and Af=xv, Af=A{=if=0. (D

respectively. Hence, the convective part of (1.2) is hyperbolic. We now design semidiscrete
interior penalty Galerkin methods for this system.

We assume that at any time level ¢ € [0, T'] the solution, (p, ¢, u, w7 is approximated
by (discontinuous) piecewise polynomials of the corresponding degrees r,, 7., r,, and r,,
which satisfy the following relation:

Tmax .
— =a, Fmax ::max{r,o,rmru,rv}s Fmin ::mln{rpvrmru,rv}a (32)

Tmin

where a is a constant independent of r,,, 7., r,,, and .
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DG methods are formulated as follows. Find a continuous in time solution
(PO (1), PO 0, 1P, 1), PO () €W, X W, X W L X,

which satisfies the following weak formulation for the chemotaxis system (1.2):

[oowr 3 [9orovwr = 3 (957 mwrie 3 [1vur o)
Q E e

Ec&y, eely, ecl'), ¥ ¢
2
v, 30 1= 3 [P+ Y [ oyt
ecly, el Je Eecgy, E eel) " ¢
_ DG, DG P DG, DG x* o
Do [ P, + Y [ (ke (w1 =0, (3:3)
Eec&gy E eel—-;llor ¢
/CPGwC—i- Z/VCDGVH)C—Z {VCDG-ne}[w”]—l-eZ {Vw - n,}[c"Y]
2 Eeg, U E eel, V¢ el Ve
r? , : ,
+o ) - / [P [w ] + f POue — / pPowe =0, (3.4)
cely lel J. Q Q
/uDqu+ Z/CDG(wlt)x+ Z (_CDG):nx[wu]
& Ecg, ' E eeryer e
2
-2 [ o 3 [ =0 (3.5)
e€dQuyer ¥ € €T U0 Qyer lel Je
/UDGwU+ Z/\CDG(wv)y_*— Z /(—CDG)jny[wv]
2 Ee&gy E eer;:or €
2
- Y [Eontha ¥ [ =o (3.6)
e€dQpor ¥ € e€l",Ud Qpor lel Je

and the initial conditions:

/pDG(-,O)w"Z/)O(-,O)w", /CDG(uO)wC:/C(-,O)w“,
Q Q Q Q

/uDG(-,O)w”:/u(-,O)w“, /vDG(-,O)w":/v(-,O)w”.
Q Q Q Q

Here, (w”, w¢, w*, w’) € Wr’;'h X Wf“h X Wr“u'h X er;,h are the test functions, o,, o, 0,
and o, are real positive penalty parameters. The parameter ¢ is equal to either —1, 0, or 1:
these values of ¢ corresponding to the SIPG, IIPG, or NIPG method, respectively.

3.7
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To approximate the convective terms in (3.3) and (3.5)—(3.6), we use the central-upwind
fluxes from [32]:

1 : 5
(xpPSuP0Y* = a®™ (xpPuP9 ;" —a(xpPuPHE  aa e
xp - aout — ain aout — a )
(3 p"SpP0Y* = b (xpPGPG)E" — pin (xpPCyPG)E? b ()P
XP - pout _ pin pout _ pin Pl -
DGy _ a"“t(CDG)eE1 —011“(cDG)eE2 a®gh (3.8)
(=) =— qout — gin - qout _ gin [ 1,
1 i 2
(_CDG)* _ _bout(cDG)f _ bm(CDG)f B boutbm [ DG]
bout _ bin bout bm

Here, a®, a™, b°", and b™ are the one-sided local speeds in the x- and y-directions. Since
the convective part of the system (1.2) is hyperbolic, these speeds can be estimated using
the largest and the smallest eigenvalues of the Jacoblan and (see (3.1)):

a* =max (PO, GuP9E0), @ =min (GuPOE', G 0).
. (3.9)
HOU — max ((X UDG)EI’ (x UDG)L{;‘Z’ 0) ’ H" — min ((X e fl e UDG)fz’ 0) .
Remark 3.1 If a® — g™ = 0 at a certain element edge e, we set
(XpDG DG) (X)ODGMDG)eE + (X/)DG DG)E
) )
1 2
(XpDG DG) (X,ODGUDG)E + (XpDGvDG)f
2 b
(eboye — U@ ey (PO (P
u 2 ’ v 2 ’
there. Notice that in any case, the following inequalities,
out __4in out __Jin
Lfl, — <1, le, and L,gl, (3.10)
aOl.ll —_ all’l aOl.l[ —_ am b()l.l[ —_ bm bOl.l[ —_ bm

are satisfied.
From now on we will assume that a®"* — @™ > 0 and b°** — ™ > 0 throughout the com-
putational domain.

4 Results for the Continuous in Time Scheme

Let us recall here the results that were obtained in [19] for the continuous in time scheme
(3.3)-(3.6).

Lemma 4.1 (Consistency Lemma) If the solution of the system (1.2) belongs to H?(E),
then it satisfies the formulation (3.3)—(3.6).
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Theorem 4.2 (L>(H') and L*>(L?) error estimates) Let the solution p, ¢, u and v of the
Keller-Segel system (1.2) be sufficiently regular. Furthermore, we assume that penalty pa-
rameters o,, 0., 0,, 0, are sufficiently large. Then there exists at least one DG solution to
(3.3)—(3.6) and there exists constants C, and C., independent of h and r, such that

1

T r2 2
16 = £ e o r 2260y + N1V P = P20, 3220 + ( /0 2 i 17 =) ||<2>,e>
eel’y

Sp—2 + Se—2 + +

c sy—2
o Ie !

hmin(rval,sp)fl hmin(rle,s(,»)fl hmin(r,pH,xu)fl hmin(er,x,,)fl
o )
Iy

Sy—2
u

1

T r2 2
”CDG - CH reqo,rr2@) T IV (cPC — Ml z2qo.r1:22()) + </0 Z @ ” [P —c] ”(2)e>

eel’y
hmin(r,,+l,s,,)7l hmin(rﬂrl,sc)fl hmin(ru+l,xu)7l hmin(rﬁ»l,xv)fl
<
— C( ( Sp—2 Sc—2 + Su—2 + Sy—2 > ’
rp Te Ty Iy

where (rp, e, 1y, 1y) > 2.

5 Fully Discrete Schemes and Analysis

In the following sections, we formulate two explicit schemes and establish the convergence
of the numerical solutions using an induction hypothesis. Existence of the discrete solution
is trivial since the scheme is explicit in time. In the analysis below, we will assume that the
exact solution of the system (1.2) is sufficiently regular for + < T', where T is a pre-blow-up
time. In particular, we will assume that

(p.c,u,v) € HV([0, T NH2(2), s1>3/2, 52>3, (GRY)
which is needed for the h-analysis (convergence rate with respect to the mesh size), or
(p,c,u,v) € H'([0, T NH?(RQ), s1>3/2, $2=5.5, (5.2
which is needed for the r-analysis (convergence rate with respect to the polynomial degree).
Notice that these assumptions are reasonable since classical solutions of the Keller-Segel
system (1.1) are regular (before the blow-up time) provided the initial data are sufficiently
smooth, see [25] and references therein.

Let At be a positive time step and let ' = i At denote the time step at the ith step. We
denote by v’ the function v evaluated at time #'.

6 Forward Euler Time Discretization
Find a discrete in time solution
i+1 i+l i+1 i+1 0 c u v
(PpG + DG » UpG » VG ) € Wey i X Wi X Wi X Wy s
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which satisfies the following weak formulation for the chemotaxis system (1.2):

i+1
/IODG Pb w’ + Z/VPDGVWP Z/{VpDG n,w’]
Q

Eegy eel’y

—l—sZ/{Vw -0} ,ODG p2| |/p])c.][w Ik Z / XpDGuDG(w )x

eel’y eel’y Eeg)
+ Z (XPDGMDG) ne[w?] — Z / XpDGvDG(w )y
eeryers? Ecg),
+ Z /(XPBGUBG)*”,V[WP] =0, (6.1)
eel"zor ¢
CH»l c
/ DG DGy 4 Z/VCDGVw - /{VCDG n,}[w]
2 Ec&, eel,
+eZ/{Vw nYlchgl +oe Y . |/[cm]{w]
eel, € e€l’y
—I—/ cf)GwC—/ Phgw =0, (6.2)
Q
[t + 3 [ ebdwnes ¥ [ecidinu
Ecg;, eeryer ¢
- Z c]’;rGln w" + o, /[u’“][w”]_ (6.3)
e€0Qyer ethUdchr
/v,’;alw + Z/c]’;g(w”) + Z /( epEin, [w']
Eec&g), eEFhor
— Z /c’[;’Gln w' + o, /[ CEw'1=0 (6.4)
e€0Qpor EEFhUr)Qh | |

To approximate the convective terms in (6.1), (6.3)—(6.4) we use the same central-upwind
fluxes (3.8) as for the continuous in time scheme, with the one-sided local speeds given by:

. 1 . 2 . . . 1 : 2
ap = max (Oeuho)E ' Ouhe)E0). @l = min (Geub)E' s uhe)E0)
(6.5)
: 1 ; 2 i . i 1 i 2
b = max ((le’)G)f , (xvhe)E ,o), bi" := min ((XU{)G)E  (Xvhe)E ,0).
Notice that the inequalities similar to (3.10),
a®t _ain bou{ _pin
apull_ aqin = l’ a® lam = l’ pout bln — l’ and pout _l bln = 1’ (66)
1 1 1

which are needed in our convergence proof, are satisfied for the local speeds defined in (6.5)
as well (for simplicity, we assume that a)"* — a" # 0 and b"" — b!" # 0 throughout the
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computational domain, see Remark 3.1 in Sect. 3). Also, the initial conditions are:

0 0 0 ¢ 0,¢
/pDGw":/,o w?, /CDGw :/cw‘,
Q Q Q Q
0 u __ 0..u 0 vo__ 0, v
/uDGw—/uw, /UDGw—/vw.
Q Q Q Q

We denote by p', ¢, %', and V' the piecewise polynomial interpolants of the exact solu-
tion components p’, ¢’, u’, and v’ of the Keller-Segel system (1.2) and assume that these
interpolants satisfy the approximation property (2.2). We then make the following induction
hypothesis: assume that Vi : 0 <i <n, we have

6.7)

S ={ (ubg, vhg) € W* , x W

[ ryh

n
1 1
E Atllups — ' llg.q
i=0
h2min(rﬂ+l,sp)—2 h2min(rc+l,xc)—2 h2min(ru+l,xu)—2 h2min(ru+l,sv)—2

25p—3 + 2s¢—3 + 25y —3 +
Ip re Ty

<
— Cu 2sy—3
Iy

+ C! AL, (6.8)

n
. .
> Atllvhg = Tl

i=0
h2min(rp+1,Sp)—2 h2min(r(-+1.sf)—2 h2min(ru+1,s,4)—2 thin(ru+1,sU)—2
<
— C” 25p—3 + 250—3 + 25,3 + 2s5p—3
rp re Iy Iy
t 2
+CIAP, (6.9)
i ~ij < Ct h i ~i < C* h 6.10
sup ||MDG—M ”09 =C,—5—, sSup ”UDG -V ”09 =0, s (6.10)
O=<i=n min 0<i=n min

where C,, C,, C!, C!, C% and C} are positive constants (which will be defined later) inde-
pendent of %, the polynomial degrees (r,, rc, 74, y), and n. The parameters s, s., s,, and
s, denote the regularity of the corresponding components of the exact solution. Clearly, the
induction hypothesis above holds true for i = 0. We need now to show that assuming that S
holds true Vi : 0 <i <n, it will follow that it will be true fori +1=n+ 1.

Let us first show that from the induction hypothesis S, it follows that functions ul;, and
Uhg. 1 <i <n are bounded.

Lemma 6.1 For (u{)G, vBG) € S, there exist positive constants M,,, and M, independent of
h,ry, and r,, such that

sup [|upglla o < M sup [|vpgllae.q < My (6.11)

0<i<n 0<i<n
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Proof The result is derived from the definition of the subset S and the inverse inequality . [

Theorem 6.2 (1>(H') and I°°(L?). Forward Euler error estimates) Let the solution p, c, u
and v of the Keller-Segel system (1.2) be sufficiently regular. Furthermore, we assume that
penalty parameters o,, 0., 0y, 0, are sufficiently large. Then the induction hypothesis holds
true for n + 1. Furthermore, there exists constants C, and C., independent of h and r, such
that

1
lopc — pllieoqo,71: 22 + A2 IV (epc — P20, 71; 222

1
2

(L D ol

eel’y
hmin(rp+l,sﬂ)7l hmin(rﬁ»l,sp)fl hmin(rqul,Su)fl hmin(errl,s,,)fl
<C 3 + 3 + 3 + 3 + At
o3 Se=3 Su=3 Su—%5
Tp Ie Ty Iy

1
lleog — cllioo o, 71: 2200y + A22 IV (ep — Ol 20,71 L2(22))

1
2

(LoD ke,

eel’y
hmin(errl,sp)fl hmin(rc+l,s(¢)7l hmin(rMJrL,su)f] hmin(errIﬂsv)fl
<C, — + — + — + + At
Sp=3 Se=3 Su—3 Su—5
Tp re Ty v

where (r, e, 1y, 1y) > 2.

Proof We introduce the following notation:

T =pp =P E=p =P tli=cpg =0, Eh=d =7

pe el A T e
T, i=Upg— U, & =u —u', T, i=Upg — V', & =v =0

It follows from the consistency Lemma 4.1 (see [19] for the details) that the exact solution

of (1.2) satisfies the following weak formulation:

/p,wp+ Z/vpva Z/{Vp n,}[w —l—SZ/{Vw'O n}[p

Eegy, ecl’y eel’y,

+o, ) E |/[p][w"]— Z/xpu(w")x > ow T lw’]
eely,

Eegy eel“f' e
- Z/ xpvy+ 3 /(Xp”)**” [w"]=0, (6.13)
Eegy eel—-hor
where
sk L a,put(X,Ou)eEl — alln(xpu)fz aoutam
(XPM) — agut _ ail‘l - af’ut — a!n [,0],

1
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B (pv)E = b (pw)E bR
pout _ bm - pout _ bm

(xpv)™ = (ol

and the local speeds a?™, a}“, b, and b}“ are given by (6.5). Using (6.12), (6.13) can be
rewritten as:

/ﬂ(r")wu va,b"'Vw"—Z/{VF-nf}[wﬂHsZ V" n}(p']
Q E e

Ecg), eel, eel, ¢
l’2 . . L.
+ap2ﬁ/e[iﬂ[wﬂ]— > /Exﬁ"ubg(w”)mL > /Exﬁ”r;xw")x
eel’y, Eegy Eegy
-y f xPEW) + Y e u) nwl =) f XD Vha (w?),
Ece, Y E eeryer Ve Eecg, Y E
+ 3 [apdwn = 3 [agwn s 3 [l
Eeg, Y E Eeg, Y E cerhor 7°
= [&ww = Y [vgver+ 3 [ nwr-e 3 [(vur nie)
& Eeg, Y E ecl, Ve eely V¢
7'2 . A ..
—o, L f [Ew ]+ Y / xgu W), + Y / XEW (W), (6.14)
eely, lel Je Ece, U E Eecg, Y E

In order to obtain the estimate on the time step At = O(f—i) we will proceed as follows,
subtract (6.14) from (6.1) and choose w” = ‘L';;, to obtain

2
i+12 in2 ‘s r e
%5 o = Il + 28009 50 o +-2800, 3 22 15015,
eel’y,
i i|? ; ; . i
= ||fp+1_rp”O’Q—f—(l—8)2At2/{vt0.ne}[tp]+2At Z/Xfpunc(rp)x
eel, V¢ Eeg, U E
”NZ/Wfi(f;&)x—zAt Z/x?fs;;(r;;)x
Eecg, ' E Feg, VE
— 24t Z ((XPBGMBG)* - (X:Oiui)**)nx[r:,]
eEFZer ¢
+241 ) / XTyoba(T)y + 280 3 f BT,
Eegy E Ecgy E
A Z/X?Sé(fé)y_m’ ) /<(X:0]i)Gv{)G)*_(X:Oivi)**)ny[f;i]
Eegy E eel‘};‘" e

o o Pl
+2At/95pt(t )Tp+2At/Q<p,(t)—T>rp
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+2A;Z/vg;Vr;‘,—zAzZ/{vg;‘,-ne}[r;;]
E e

Eegy el
2
i i 14 i i
+e2At Yy /e{vfp ‘n}EN] + 240, ) el /e[gp][rp]
ecly, eel’y
NI / XEL'(xh) =281 Y | xEW(T))y
Eegy E Ecgy E
=T/ +T) 4+ T (6.15)
dtl i .
Let us remark that term |, - =~ * 7, on the LHS of (6.15) was rewritten as:
A ST LA T A Y A
= . (6.16)
o At p 2At 2At 2At

Next, we bound each term on the RHS of (6.15) starting from term 7, using standard DG
techniques, the term 7] will be bounded last. The quantities ¢; in the estimates below are
positive real numbers, which will be defined later.

Consider now, second term on the RHS Tf :

L1 <4ar ) (Ve iz,

eel’y

As before, we denote by E' and E? the two elements sharing the edge e. Then, using the
inequality (2.6), we obtain

‘(Vr;;)f‘

<l
0,e

. , 1
ACY NV e, <460 5 (
eel’y

eel’y,

]0&) [EATN
2A1C,r,

<= > (||vf;||o,E]+||vf;||0,E2)||[r;,]||0,e,

> ver rhor
el P Ul

and hence, using the fact that |e| < /A and using Cauchy-Schwarz inequality, we end up
with the following bound on 75:

2
i r i)|?
TS| < ef AlIVTLIR o + RoALY l?’)' (1] (6.17)

eel’y

The term 7{ is bounded using Lemma 6.1 for ul,; and using Cauchy-Schwarz and Young’s
inequality:

i i2
7Y | < e5 ALlIV TG o + ReAt |75 - (6.18)

The term 7, is bounded using Cauchy-Schwarz and Young’s inequalities and assump-
tion (3.2):

TS| < At Z K|Vt ||0_E | ||O.E <& At||VTIg.o + RaAL |7, ||§’Q. (6.19)

Eegy
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The term 72 is bounded using Cauchy-Schwarz, Young’s inequality and approximation re-
sults (2.2):

2min(ry+1,5,)

TS| < el At|| VT3 o + RsAt (6.20)

2
et

Next, we bound T(f’ on the RHS of (6.15) as

|T6|<2AIZ<

eele"

OUT

=g (Pbatbe)t” = ')z

" ; ; 2 R .
/ T ((praubc)f — (xp'u'); )nx[r;]
€ %

i

+

in out
+ &[ Nn, 0t
, alqut am pDG L 1NnxlT,

) =14+ 11+ 1L (6.21)

Using (6.6) and (6.12), the first term on the RHS of (6.21) can be estimated by

[<2Atx )

eer}e

<2Atx Y. (

Lel—-ver

/ (Ceobauba)E' = o' E" ) L))
/(S’u &) n )
>=q.

We now use the Cauchy-Schwarz inequality, the trace inequality (2.4), the inequality (2.6),
the assumption (3.2), the assumption that 27 < 1, r > 1, At < 1, the approximation inequal-
ity (2.2), the bound on uij from Lemma 6.1:

/(fl 141)(;)51 Ny [f;,]

PR .
+ / (Pt n,le]| +

/ (& o myle]

T<&ar|r|,+ K+ KAt Z " ||[r 15, + KsAtlizilo
eel’y
h2min(rp+l,xp) h2min(ru+1,su)
+K4At 2s + 2s,
Ip ’ ry “

A similar bound can be derived for the second term II on the RHS of (6.21). To estimate the
last term on the RHS of (6.21), we first use (6.12) and the definition of the one-sided local

speeds (6.5) to obtain
/[%‘ [z, ]) =111

M<CAr Y. (H[r 1.+
Lsr\el’
Then, using the Cauchy-Schwarz inequality, the approximation inequality (2.2), the inequal-
ity (2.4), and the assumption that 2 < 1 (and choosing /4 small enough), r > 1, At <1 we
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bound 111 as follows:

h2min(rp+1,sp)7l

et

eerver P

Combining the above bounds on I, II, and III, we arrive at

IT/| < el At ”rpHOQ—i—Rf,AtZ

eel’y

| | |[T ]||06+R7At”77 ”()Q

h2min(rp+1,5p)—l h2min(m+1,su)
(6.22)

+R8At ( 2sp + 2su
rp Ty

The terms 7/ -Ty are bounded in the same way as the terms 7y ~T,, respectively, and
the bounds are:

i i|2
IT71 < ) AIIVTLIG o + Rot 20 5 (6.23)
T < f ALIVTLIE o + RioAt |75 o - (6.24)
h2m1n(ru+l,sv)
79| < e§ Al VTG o + R At ——5—, (6.25)
187
2 in2
Tf| < efyAt |7} ||OQ+R12At Z " || o, + RisAtliz g g
eely,
h2min(r,,+l,sp) h2min(ru+l,sv)
+ R4 At s or (626)
) r ry v
For the term 77/ we obtain the following bound:
o o - h2min(rﬂ+l,xp)
ITi1| = &1, At H T ”OQ + RisAt 25 (6.27)
P

Next, we bound term T},. First using a Taylor expansion with integral remainder we can
write

i+l

P =5+ A9, 5 () + 3 / (s — 13, p(s)ds, and we can bound
[i

1 fitl 1 fitl % i+l 1
5 / (s—tl)a,,ﬁ(s)dssi( / (S_l,)2> ( / (a,,5<s>)2ds> :
t t t
Hence,
~ ~i 2 i+1 i+l
4At t') — <— —t' 0 d
o (1) A7 oAl (s —1") y 19::0() 5. ds
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Hence, using the above estimates we obtain the following bound for 7}5:

it

2 ~
Tl < el |12, + Righs® / 194 55) 113 ds.

1l

Next, we bound T3 using Cauchy-Schwarz and the approximation inequality (2.2):

. N . h2min(r,,+l,sp)—2
T <280 3 [Vl IVE o p < B ANV IG o + Ry AT ——

Sp—2
Eegy Tp

Consider now term T/

T, <24ty

eel’y

<2At Y IHVE] - meHloe T lo.e

eel’y,

/ {VE -n}[)]

1
lelz | To i
=2A1 Y ——|l{VE} o~ N7} llo.e-
eel’y, Fo |e|2

Next, using Cauchy-Schwarz and trace inequality (2.5) we obtain:

72
eel’y P Eeg&,

2
r i1 le] - i i
<ef Aty |Tf)| I, +Car= Y 7 IVE G e+ RIVZENG 2)-
Finally, using the approximation result (2.2) we derive:
2 2min(r,+1,s,)—2
r 2 h P P
TS| < ef,At Z é ” [Tp]”o,g + RigAt

25p—2
eely Tp

Next we bound term T75:

[95natg)

e

UARTIND Y

eel’y,

Now using Lemma 2.3 and approximation result (2.3) we obtain:

1

<e2At Y |Viillor-Ch™ 21,

R
Eeg, )

hmin(rp+1.sp)—%

2

Next, applying Cauchy-Schwarz inequality we get the final estimate:

) 2min(rp+1,55)—2
p p i
IT5] < &35 AIIVT, G o + RioAt

25p—3
Tp

Now, we bound term T};:

2
p
|Tjl <2At0, é

eel’y,

[ TAITA

1
eel’y e|?
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(6.29)
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Hence, we obtain the following bound for T1% by using approximation result (2.3):

h2min(rp+1,sp)72

TS| < &by At Z o || [t ]||0€ + Ry At 5 (6.32)
eel’y Tp
Terms T} and T3 are bounded respectively using the approximation inequality (2.2):
- h2min(r,;+l,sp)
T < et AtllTy NG + Ra At——r, (6.33)
Tp
o Qs 2min(rp+1,5p)
ITR1 < el AIVTLIE o + Ron At —— (6.34)
Tp

The last term that needs to be bound is the term 7. To bound this term we again subtract
(6.14) from (6.1) and choose w” = ‘L'i+] — ‘Ci Using similar techniques as for the estimation
of (6.15), except now use inverse mequahty to estimate V(t’+1 — 'L';;) and inequality (2.6) to

estimate ||[z, i+l _ ]||0,e, we obtain the following estimate:
. At2 ” N
i+1 k_— P
[ = 7o = CE =22 IV LS + Ch =3 ZM [SAT
eel’y
At2rt At2r4 At?r?
k o k k2
T e e e ey
. Atzl’g h2min(rp+l,x,,)72 h2min(ru+l,x,,) thin(rle,sv)
C +
6 h2 rzsp—?a rgsu rgfu
il
+ CEAL f 1184 P(5)1l5.o ds. (6.35)
tl

Some details of the derivation of the estimate (6.35) can be found in [18]. Next, we combine
estimates (6.17)—(6.34) together with (6.35), plug it in (6.17), and using again the assump-
tions & < 1 and r > 1 to obtain:

4

) . Atr .
[ 12 = e o+ Ar<z G 2”)n|vf,;|né,9
Atr?
+ At(Zap - Czh—z") P el H[ Al
eely,
Atry o At?r? At?r?
<O+ O [ 4 S
A[2r2 h2min(rp+l,sp)—2 h2min(ru+l,su) h2min(ry+l,xu)
lit+1 . )
+ AP / 18, 5(s) 113, ds. (6.36)
1
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Now sum (6.36) fori =0, ...,n:

|zt ||§YQ _ ||1:2||;Q + (2 c1 ) Z ALV o

+(2crp ) S At

i=0 eel’y,
try Atry &
= |T ||0Q+C4 ZAt r||0sz+c5 ZA ”t|0sz
i=0 i=0
Atr4 n h2min(rp+1,sp)72 h2min(rl¢+1,s,4) h2min(rv+l$sv)
+Co—2 ) At +
6 hz ; r[2)x,)73 rb%s,, rgv,
n lig
+ AL Z/ 18 B(5) 13, ds. 6.37)
i=0 Vi

Now using induction hypothesis S for Y"1 ) At||7}[I§ o and Y7 Ar]|T}][§ o (6.8)-(6.9),
we obtain:

||T;;+1}|0Q (2 c1 )ZAHHVT 2,
+<2"” o5 )Z ZII 1.

eel’y
Atr?
P 0
<C—s ZAZHTPHOQ [20]0 g+ (Ca- Cu+Cs - Cy+Co)
i=0
Atr; h2min(rp+],sp)72 thin(r,:«H,sc)fZ h2min(ru+1,su)72 thin(r,,+I,sv)72
x h2 ( r;spffi + rCZXC73 + ri.vu73 + 73%73 )
Atrd 1ot
+(Cy-CL+Cs-C) hz"AzercthZ/ 13, B(s) 13 ¢ ds. (6.38)

Let us now define Cpax := max(Cs, C4-C, +Cs-C, + C;, C4- CL+Cs - C!), where constant
Cmax depends on the properties of the exact solutions p, u, v, T and domain 2 (it follows
from the standard DG techniques and induction hypothesis for i = n). Hence, we obtain:

le o e + ( )ZArmVr 3.
G ) 9P S TS

i=0 eel’y,
Atrt 2 2
< Cmaxh—zp Z At H Tle ”052 + “ ‘L'/())HO,Q + Cmax
i=0

Atr; <h2 min(rp+1,5p)—2

hz 25p—3
Tp

@ Springer



J Sci Comput (2009) 40: 211-256 229

+

h2min(rp+l,sc)72 h2min(ru+l,s,,)72 h2min(ru+l,xv)72
+ + )

25.—3 25,—3 2sy—3
rC ru rl/
Atr? "L [l
P A2 2 ~c 2
+ Cnax— 32O + G AP Y / 184 ()15, ds. (6.39)
i—0 ti
. . 2 2 2 .
Next choosing Ar < mln(%, I I, setting penalty parameter o, to be large
max’y ~ Cirg’ Carg
Arrd Arrd

enough, defining Cyy;, := min(1,2 — C, Tz” 20, — CQTZ") =1, which can be done by tak-

14+C7 fo 100 5()113 gds
C—.) =
min

1+ Cy fOT 10,0 (s)||(2mds. Note that, now, the constant C,,,, is independent of the induction
hypothesis. Hence, we derive:

n . r2 .
ot ”(2)9 + Z Az(|||Vr/’JII|(2),Q + Z |7f)| I [T/IJ]”é,e)
i=0

eel’y,

ing penalty parameter o, large enough, and setting C,,,, := max(c%,

n 2min(rp+1,55)—2 thin(rc‘H,sC)fZ
P2 h
<o S At + C,,,m(

25p—3 + 25.—3
i=0 Te

Tp
h2min(r,,+1,su)—2 h21nin(rv+1,sl,)—2

+ + e ) + Con |20 o+ ComAP2, (6.40)
Iy ’

r’fsu -3

where C,,, depends only on the properties of the exact solutions p, 7 and domain €2. Now,
applying discrete Gronwall’s lemma to (6.40), we obtain the final estimate for rg“:

" , rro
%" foa+ 2 Ar(mw oo+ o [rl]Hé,e)
i=0

eel’y

<C*

<h2min(rp+l,sp)—2 h2min(r(»+l,sc)—2 h2min(ru+l,su)—2 h2min(ru+l,sv)—2
+ + )

+
2sp—3 2s5¢—3
r, " re e

2543
0 't

2s5y—3
Iy
+ CLAP, (6.41)

where constants C”, C;, depend only on the properties of the exact solutions p, domain €,
T and independent of n. We now proceed in a similar way to the derivation of (6.41) for
i+l = 7% and we obtain:

n 2 )
[ 2+ 3 Ar(nWr;'H%,Q 22051 [réllli,e)
i=0 Iy

(thin(rp+Lsp)—2 h2min(n»+l,sc)—2 thin(ru+1,su)—2 h2min(ru+l,s1,)—2>

< C*

25p—3 + 2s¢—3 + +
T re

2543
2 Tt

r251,73
+ CIAL. (6.42)

For the some details of the derivation of the above estimate (6.42) see [18].
Next, we proceed by proving that the induction hypothesis S for u"DEl. Once again, by
the consistency Lemma (4.1), the exact solution satisfies the following equation (compare it

with (3.5)):

~ti+1 uy ~i+1 ur+ _ it **X uy _ f~i+lx u
/Qu( w Z ¢ (w"), Z (=" [w"] Z cnyw

Eeg, U E eeryer V¢ ecdQer V¢
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+ 04 /[N’“][w

cEFhUdQ‘e,
_/gbl;+1w Z/EL+l(wz¢)

@ Eec&gy
+ > s’*‘nx — oy > lfs’“][w (6.43)

e€0Qver esr,,uaszver
where
i+1E! 1 E
(_Ci+1)** .__atmeH— |e amCH— _ almltam [ l+|]
u qout _ gin aout —

1 1 1 i

Subtracting (6.43) from (6.3) and choosing w" = 1.'“rl we obtain
i+1 ”3 i+192
I o +ou D eI oo
el Ud Qver ¢
— _ Z / l+1(tl+1 Z (( Cl+1 (_Ci+l) )nx[Tl+l]
Eegy eely®" ¢
+ Z / i+, l+] /é:htl 1+1+ 2/§l+1(rl+l .
e€0Qer Eeg)y
-y /eg’*'nx[r;“]wu /s’*' A
e€dQuyer ¥ € eEFhUdQV5r| el
=T'+---+T/, (6.44)

and bound each term on the RHS of (6.44).
Let us now bound term by term on the right-hand side of (6.44). Consider the term T}*.
Using integration by parts, we get:

_ i+1 i+1 L= i+1 i+1 x+ / i+1 l+| )’
[t =(- [arane 2

ecdE

where n, denotes the x-component of the outward normal vector to element E.
Summing over all the elements E we have:

(T fenarte D8 [

Eegy Eec&p ecdE
— Z/(rl+l)x i+1 /[rl+l l+l]l’lx

Ee&y eel}rUaQ
Recalling the formula for the jump and average (2.1) we get:

Z/(Tzﬂ)x i+1 Z /[Tz+1]{_[z+1

Ee&p eel)
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B Z [tli+1]{t£+l}nx N Z /t£+1[full+l]nx.

eel";,’” ¢ €0 Qyer ¢

Hence, using the inequality (2.6), Cauchy-Schwarz’s and Young’s inequalities, using
Lemma 2.4 for ||‘L'Ci+1 || and applying assumption (3.2), we have the following bound for
T

2
R L D Iy L
€€l UdQyer
+U2(|||vfz+1|”09+2 o It ||(2)_e>, (6.45)
ecly

A bound for 7' can be obtained in a way similar to the bound on 7 :

73 < Z( /a“—(( BDE = @ HE ) milet]

eel’y
—a;" i+1 i+1\E i+1
+/aou—((c E = (@ E ) ez

in  out
+ / —4; 4 [ t+1 z+l]n [‘L'l+]]
e ai

) =1+ 1+ (6.46)

From (6.6) and (6.12), the first term on the RHS of (6.46) can be estimated by

1< Z( /(rj“)f‘nx[f;“] + )::T.
e

eely,
Using then the Cauchy-Schwarz inequality, the trace inequality (2.4), the inequality (2.6),
and the assumption (3.2), we estimate I as follows:

i+1\E! i+1
£7°N7 ner ]

thin(rC+1,sr)

T< KKt g o+ KK> Z

eel’y

| II[T’“]IIM + K K3

25¢
Te
A similar bound can be derived for the second term on the RHS of (6.46). The third term on
the RHS of (6.46) is similar to the third term on the RHS of (6.21), hence it can be bounded
by

KKi-h 1 }’2 h2min(ru+l,su)—|
III§( . +—>Z S g, + K K h .

2 23
r eely le] i

By choosing # small enough, we obtain:
2min(ry+1,5,)—1

HI<Z ||[r’“]||02 +——
rLl

eel"h

@ Springer



232 J Sci Comput (2009) 40: 211-256

Combining the above bounds on I, II, and III, and using Lemma 2.4 we atrive at

|T2|<U%<|||VTI+1|||OQ+Z||”[1+1]H0e>+U4 > ﬁllt Mo,

eel’y, €€l U0 Qver

h2min(ru+l,s“)—] h2min(r(,~+l,sc)
+Us ( n ) | (6.47)

25 2s
¥ Su r2 Sc

To bound the term T3, we use the Cauchy-Schwarz inequality, Young’s inequality, the
inequality (2.6), and Lemma 2.4 which yield

1 l 1 2
|T3|<U6<|||V‘L' +l|||OQ+Z| | i+ ||08>+U7 > ﬁ”[ T Mg, (6.48)

eel’y e€0Qer

The term 7' is bounded with the help of Cauchy-Schwarz inequality, Young’s inequality,
and the approximation inequality (2.2):

2min(ry+1,54)

Ty < edllei g o + Us (6.49)

25y
Ty

Using similar idea as for the term 7', we can rewrite 75' in the form

Z /(El+])v l+1 Z [$l+l]{fl+]}nx+ Z [.L.l+1 S’+]}nx

Eeg), eel}or v ¢ eeryer ¢
i+l i+l . Tu
+ E E T, ny =15 (6.50)
€9 yer ¥ ¢

‘We then use Lemma 2.1 and Lemma 2.3 to obtain

2min(re+1,s0)—2

2
r .
el e+ Vo ——s— 6.51)

75l < ety oo+ 0 Y "

€T, UdQyer

The term T¢' is bounded using the Cauchy-Schwarz inequality, the trace inequality (2.4),
and the approximation inequality (2.2):

2min(re+1,s¢0)

1Ty 1< Ui ) —||[ g+ Ui ————. (6.52)
r

eeJQver ¢

The last term T3 is bounded using the approximation result (2.3). Hence,

}’2 2 2min(ry+1,5,)—2
1T <Un Y 2l My, + Un——F—5— (6.53)
Ty

eel’, U0 |€|
h ver

After obtaining the estimates (6.43)—(6.53), we plug them into (6.44) and use the as-
sumption & < 1,7 > 1, Assumption (3.2), choose the penalty parameters large enough and
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an appropriate scaling to obtain

2
i+12 T i+17,12
AN TPED D[S [

e€l U Quer

<c! (|||Vr'“|||og+2| | (|5 ’“IHOE)

eel’y,

2min(re+1,s0)—2 2min(ry+1,5,)—2
5 h min(re+1,s¢) h min(ry,+1,s4)
+C? .

25.—3 + 25,—3
re u

Next multiply both sides of (6.54) by At and sum fori = —1,...,n to get

n 2
1 T i+17)2
§ A PR DD D[S [

i=—1 i=— el Ud Qyer
<C? (At|||Vr”+1|||09+AtZ w Iz, "“]HOJ
eel’y
4 iq1012
+ Zc Az(mvf I3 + Z I ;]Ho,e)
eEF/l
n . .
h2mm(r;+l,sc)72 h2mm(ru+1,su)72
5
+ Z Cu At( 25¢—3 + 25, —3 :
i=—1 Te Tu

Next, using the inverse inequality, inequality (2.6) we obtain:

n 2
i ru i 2
§ N A SV LAY

i=—1 i=—1  e€lRUdQyer

Atr? Atr?
<co( S I e+ S ||r:+l||3,g)

h2
ZC7AI<|||VI 5. + Z Il ﬂ”é,e)

L’Grh

+ Z C3At

i=—1

h2min(rc+l.s(\)72 h2min(r,,+l,s,4)72
< 25.—3 + 25, —3 >
Te Iy

Final estimate is obtained by choosing At < C ’r‘—z and by using the estimate (6.42):

n n 2
i+12 7 i+172
E At|lz,* oo+ E At E _|eu| Izt 1o,

i=—1 i=—1  e€T{UdQyer
thin(rp+1,sp)—2 h2min(r(»+1,sc)—2 h2min(ru+1,5u)—2 h2min(r,,+l,sv)—2
<
¢ ( 25p—3 + 2s¢—3 + 2s,—3 +
Tp re Ty
t 2
+CIAP,

(6.54)

(6.55)

(6.56)

)

(6.57)
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The estimate (6.57) proves the induction hypothesis (6.8) fori =n + 1:

n+1

in2
> Atz
i=0

<h2min(rp+l,sp)—2 h2min(rg+l,s(-)—2 h2min(ru+l,su)—2 h2min(rv+l,sv)—2>
< Cu

25p—3 + 2s¢—3 + 25y, —3 + 2s5y—3
rp re Ty Iy

+ CI AL,

Induction hypothesis S, (6.10) can be shown using similar techniques as in (6.8), see details
in Appendix. In the same way, we prove the induction hypothesis S for t, and show that:

n+1 n+1 2
i2 Ty i
SO Atltillgq+d At > e 117l
i=0 i=0 el UdQpor
h2min(rp+l,s,,)72 h2min(/‘c+l,xc)72 h2min(ru+l,s“)72 h2min(ru+l.xr)72
= CU< 25p—3 + 25.—3 + 25, -3 + 2s5y—3 )
rp Te Ty Iy
+ CLAL. (6.58)
]

7 Runge-Kutta Second Order Time Discretization

Find a discrete in time solution
i+1 i+l i+1 i+1 4 c u v
(PpG > €pG » UpG » Vpg ) € er.h XWp X Wy X W,

ry,h?

which satisfies the following weak formulation for the chemotaxis system (1.2):

/QZ;)GA,pwp = /szpliaowp - AI(Z /;VPEGVWO - Z/{Vpgg-ne}[wp]

Ee€&p eel, v ¢
. r2 .
o 3 [(u matohal +0, 2 1ol
eel’y, eel’y
-y f XPhatths W)+ Y | (XPhathe) ne[w]
Eegy E eerxer e
-y / KoV, + Y / (XPBGng)*ny[wP]>, (7.1)
Eegy E L,Gl—lflnor €
fng,cwC:/chw"—A«Z/Vc;‘)GVw"—Z/{vch.ng}[w”]
2 @ Eee, VE eely Ve

2
+e) /{wa nchel +o. Y I%I /[c{)G][wﬂ]
eel’y ¢

eel’y, ¢

+ / bW’ — / pé)c,w"), (7.2)
Q Q
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fﬂ o' o Y / L2 oJ["]

ee€l’Uo Qver

:_(Z /IEZBG.c(wll)x"‘ Z /(_ZBG,C);nx[wu] — Z /ZEG_Cnxw“),

Eegy eerzor e e€9yer ¥ ¢

(7.3)

. r2 .
A%MWm 3 ﬁﬁ%ﬂw

€T, Ud Qpor

=_<Z/EZ§DG,C(LUU)}'+ Z /(_ZBG,C)jn}’[wU]_ Z ZBG,C")’wU>’

Ecég), eeFZOl' ¢ e€dQpor ¥ €

(7.4)

i 1 i 1 i
/ PDElwp = 5/ PpgW’ + 5/ ZDG,pwﬂ
Q Q Q

—O.5At<2 /;VZBGJ)VU)'O - Z/{VZBsﬁp‘ne}[w"]

Eegy eel’y

2
+ey /{vwﬂ nlzh, 1+ 0, Y % /[z;‘np][wr)]

eel, v € eel’y,

- Z / XZ;.)GA,pZ;.)G,u(wp)x"_ Z (XZ;'DG,pZEG,u)*nX[wp]
E

Eegp eel)e ¢

—Z/mm%mm+2ﬂmmmwmﬂwm
E

Eegy eel—-;;or ¢

) 1 . 1 ;
i+, ¢ __ i c i c
/CDGw _E/CDGw +§/ZDG,cw
Q Q Q

_ 0.5<Z / szDG,CVwC — Z {VZBG,C -, }[we]
E

Eegy eel’y ¢
2
[ re i c
+eZ/{VwC-ne}[z;m]+mZ g/[zmc][w]
eel, v € eel’y ¢

+ f Zhg WS — / ng,pw‘), (7.6)
Q Q

2
i+1 u i+1
/ upgw' +ou Y / (g 11w"]
Q |6’| e

e€l, U Qver

=_<Z/Cf)+cl(w")x+ P EC YW N IS B [cijlnxw”>, (1.7)
E e

Ecg) eel)e ¢ €0Qver
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2
i+1 d i+1
/ T T DI A4 (U

Q

el U Qpor

:_<Z/c;';g(w”)y+ > /(—cgc‘):ny[w"]— > /cgglnyw”) (7.8)
E

E€& eerhor ¢ €€dQnor ¥ ¢

Again, we use (3.8) to approximate the convective terms in the scheme above, with the
one-sided local speeds given by:

. 1 ; 2 : . i 1 i 2
agu=max (Ouhe) ', Graeb)E0), alt, = min (Geuho)®', o). 0)),
. 1 . 2 . . . 1 . 2
b i=max (Goho)' Goba)t10) . bl = min (Grube) Grobo)£.0).
L , Y )
a :=max ((xzbg,u)f (X 2bgw)E ,0> . @ :=min ((xz’DG’u)f  (Xzhe E o) ,
. 1 . 2 . . . 1 . 2
btmg; -=max <(XZ;DG.V)5 ’ (XZIDGA,V)f ’ 0) ’ b;?zv ‘= min ((XZ;DG,V)E ’ (XZIDG,V)E ) 0) .

Denote by m, :=u, z,, my:=v,z, and notice that we make the same settings here as in
Remark 3.1. Also notice that the inequalities similar to (3.10),

out in out in
¢ —a' be —bt
i,m i,m i,m i,m
— M < L — ™ <1, and —2 <1,
aqout _ gin i pout _ pin pout  _ pin
i,my i,m i,m i,mp i,mp i,mp i,mp

(7.10)
which are needed in our convergence proof, are satisfied for the local speeds defined in (7.9)
as well (for simplicity, we assume that @, — a}fl,nl #0and by, — b}f‘mz # 0 throughout the
computational domain) and the initial conditions:

/ngw":/,opr, /chw‘:/cow”,
Q Q Q Q

a

’ out __ in —
a[’ml a

(7.11)
/M%Gw”:/uow", /ngw“:/ Vw'.
Q Q Q Q
Now, let us use a similar idea to [42] and define new variables z,, z., Zu, Zv:

Zp(x, ¥, 1) = p(x, y,1) + p; (x, y, 1) At, (7.12)
Ze(x,y, 1) = c(x, y,1) + ¢ (x, y, )AL, (7.13)
Zu(x,y,t) =ulx,y,t)+u,(x,y,t)At, (7.14)
(X, y, 1) =v(x,y,1) + v (x, y, 1) Af. (7.15)

Next, using the regularity of the density p, the concentration ¢, and Taylor expansion, we
obtain for p and c:

At At 3

px,y,t+ A1) —p(x,y, 1) — p,(x,y,t)7 —pi(x,y,t+ At)7 = 0(Ar),
At At 3

clx,y,t+ At) —c(x,y,t) —ci(x,y, t)7 —c(x,y, t+ At)? = O(A?).
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Hence, we obtain:

pr(x, y, 1+ Aty = —(xp(x,y,t + Anu(x, y, t + At)),

—(xp(x,y, t+ Atv(x, y,t + At))y + Ap(x, y, 1 + At)

= (—x(p(x,y,1) + p,(x, y, VAt + O(AL?)))
x (u(x,y, ) +u(x, y, ) At + O(A)),
+ (=x(p(x, y, 1)+ pi(x, y, 1) At + O(AL?)))
x ((x, y, 1) +v,(x, y, DAL + O(AL?)),
+ A(p(x, y, 1)+ pi(x, v, ) At + O(AL?))

= —(X2p2)x — (XZ2p20)y + AZ, + O(AL).

In the same way, it can be shown that
c(x,y, t+ A1) = Az. — 2. + 2, + O(AP).

From (7.12) and the Taylor expansion above for p, it follows that:

Z=p"— ((xp'u)s + (xp'v')y — ApH) AL,

i L1 y o . At s (7.16)
p=5p + 2%~ ((X2,z,)x + (X2,2)y — Azp)7 + O(Ar).
Similarly, for ¢ we get:
zi. =c - (—Aci +c - pi)At,
T U O .Y ; (7.17)
= ECI + Ez: —(—Az .+ 2z, — Zlﬂ)j + O(A?).
Note that for u and v we will have:
Zy =u+u Ar =cx + (cx) At = (¢ + ¢ Ay = (2¢)s,
y = (Zc)y-
Hence, it follows that:
2 =2
wi— ). (7.18)
i (i
2y =1(20)y, (7.19)

vi+l — (ci+1)y.

Denoting by Err(x, y, i) = O(At?) and multiplying the above equation (7.16)—(7.19) by
the test functions w,, w., w, and w,, integrating by parts, and using consistency of the DG
scheme we obtain the scheme for zfo, Pzt 2wt and 2, 0T

/z;w”=/piwp+Ap(pi,ui,vi,w")At,
¢ ¢ (7.20)

, 1 A 1 A S At
/p’+'w"=—/p’w"+—/z’ w"+Ap(z’,z;,z;,wp)—+/Err(x,y,i)wp,
Q 2 Q 2 Q . ’ 2 Q
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/Ziw“:/ciwC+AC(ci,pi,w”)At,
* N (7.21)

i+1, ¢ 1 i, .c 1 i..c i i c At . ¢
cTw == dw < | w A,z w)— 4+ | Err(x,y,wS,
Q 2 Ja 2 Jo ? 2 Q

: r2 . .
/ZZ"’“ tou ) j/[zzl[w“lzm(z;, w),
Q e

ethUBQverz (7.22)
. r . .
/”’+]wu+0“ Z _u/[ul+l][w"]=Au(C'+',w“),
& €T UdQver lel Je
: r2 . .
/wav‘f‘av Z —U/[ZL][U)U]=AU(ZZ,H)”),
@ €€l U0 Qpor |6| ¢
” (7.23)
/v’+1wv+0v > _v/[U’H][w”]:Au(ci“,w"),
v €T, Udpor lel Jo
where we denoted by
Ap(x1, X2, X3, W) :=—<Z/Vx1wﬂ—z (Vxi-nw’]
Ece, Y E eely, V¢
2
P
+ste{Vw"-ne}[x1]+apZ m/e[xl][w"]
eel’y eel’y
- / xxx)+ > [ (onxa) new]
Ecg, " E eer}er ™ ¢
-y / xxixs(w?), + Y /()(xlx3)*ny[wp]), (7.24)
Eegy E eGFEm ¢

Ac(x1, X2, w) ::—<Z[ Vx V' — Z/{Wl mHwT+e Y [{Vw n)ix]
E

Ee&y eel’) ¢ eel’y ¢

2
+0c€€ZFh%/;[xl][wc]-i-/gmwc—/gxng), (7.25)
A, (xy, w") = —<Z xp(w"), + Z /(—xl)jnx[w”] — Z /xlnxw“>,

Eegy E eer;&r € €€0Qver
(7.26)
Ay (xp, w") 1=—<Z/‘x1(w”)y+ Z (—x)iny[w'] — Z /xlnyw”>.
Ecg, " E eeryer Ve €1Qer V€
(7.27)
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Let us again introduce similar notations to (6.12)

ie__ pl ~i ie__ i ~i iu__ Al ~i ie__ ~
T, =pPpg— 0P, §,i=p" —p, T i=Cpg —C, & =c -7,
A . A S , . : A S (7.28)
Lo 4,1 _ I __ 0 7 [, | _ i Ioe_ o i
T, i=Upg — U, & =u —u', T, i=Upg — V', & =v =7,
and
i i _ i i i i i _ i ioe__ i _ i
'L'Zp = ZDG,p Zp’ T Zp Zp, 'L'Z(' = ZDG,C Zes e Ze Ze s
oo R A a9
I e Sl _ S IS S I e Sl _ [ 2R
Tzu T ZDG,u Zu’ %‘zu - Zu Zu’ Tzv T ZDG,V ZU’ Ezv T Zv Zv

and subtract (7.20) from (7.1) and (7.5) respectively. We obtain the following error equa-
tions:

/rzi wP:/ Tw” + M, (w"), (7.30)
e’ Q
, 1, 1, ([
i+, 0 | | P _Ni P
[ = [ (32 )+ gm0
= [ cwr Ly + I 7.31
= Qrpw +§ p(w )+§ p(w ), (7.31)

where
M) = [ (€] = E)u” + (A, (e e vho ")
— Ay (p'u', v wP)) A, (7.32)
Nyw) = [ e~ g €, 2B i

+ (Ap(Zhgpr Tho.ur b W) — Ap(2h. 2k 2 wP)) AL (7.33)

In the same way we obtain the error equations for concentration ¢, we obtain the following
error equations:

/ri wf:/ tlw’ + ML (w°), (7.34)
e ¢ Q
/Ti+lwc_/ lri_’_l i wc_’_lNz(wc)
o U T J\2te Tt T
o 1 . 1 ..
:/ T + = M (W) + =N (), (7.35)
Q€ 2 2

where
M (w°) =/Q(~’§z'}- — ENWE + (Ac(Chg, Phg w”) — Ac(c’, p', w))At, (7.36)
Nl (w') = /Q Qe — g — g —2E(x,y,i)u
+ (Ac(Zhg.e TG pe W) — A2 25, w)) AL (7.37)
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The error equations for u and v are:

/ T w' 4o, f[rz“][w 1= M (w"), (7.38)
& eerhumve,| el
/ Tty 4o, /[r’“ w"] = N (w"), (7.39)
Q@ ethUBQ\,er lel
where
M = [ &t +a, - ied
Q@ eerhumm| el
+ (Au(Zhg.er W) — Au(zl, w")), (7.40)
N (w )_/&.H»lwu +(7u / t+l][w
el umver| el
+ (Au(chg, w") — Ay (™ w")), (7.41)
/ T w'+o, / [z lw’] = M (w"), (7.42)
2 ethanh0r| el
/ T + o, /[r’“][w 1= N (w"), (7.43)
2 eerhuaam
where

M) = [ & 4o,
Q

. |/[szl][w

ethUth
+ (A (Zhge, w") — A2, w")), (7.44)
Ni(w") :fg;‘“wwav f[s’“][w ]
2 €T, UdSor lel
+ (A (e, w?) — A, (e w)). (7.45)

Next, set w” = r;; in the equation of (7.30) and w” = fzi,, in (7.31), add the two equations

and after easy calculations, obtain the important equality that will be used to derive the error
estimate for the density p:

i+t ||f)’Q —gile o=t — <, N ACARS HCH) (7.46)
Similarly, we obtain for the concentration c:
[ fq = 1wl = Il = el [ o+ MiGD + N, (7.47)
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As for Forward Euler Scheme, let us make the following induction hypothesis:

_ i i u v,
SR = { (upg, Vpg) EW,. ), X W,

n
> Atluhg — g g

i=0
h2 min(rp+1,55)—2 hZ min(re+1,s¢)—2
= C”‘ ( 25p—3 + 25c—3
rp re
thin(ru-%—l.su)—Z h2min(ru+1,s,,)—2
t 4
+ Ty 73 ) +C, Af, (7.48)
Iy Iy

n
D Atlvhg =Tl
—

h2min(rp+1,sp)—2 h2min(n»+1,sc)—2 h2min(ru+1,su)—2 h2min(ru+l,sv)—2
+ + +

= Crv

ris’]—3 r3s6—3 rlfxu—3 rgsv—3
+ C! At (7.49)
i ~i . h i ~i *
sup |lupg —u ||0g2 <C;,—— sup [lvpg —v ||09 <CL,—5 (7.50)
0<i<n min  0<i=n min
sup [lohg — 'llo.c < Cya—s SUP llchg — T llg.0 < Cloa— |- (751)
0<i<n ' Fmin  0<i<n : min

The induction hypothesis SR implies the following lemma.

Lemma 7.1 For (pf)G, cf)G, uiDG, ng) € SR, there exist positive constants M,, M., M,,, M,
N,, N, Ny, and N, independent of h,r,,r.,r,, and r,, such that

sup llopglle.g < Moy, sup llepgllo.g < Mes
0<i<n 0<i<n (7 52)
sup llupgllo.q < Mu, sup [[vpglloe.q < Mo,
0<i<n 0<i<n
sup llzpg pll o = No» sup lIzpg.cllo g =< Nes
0<i<n ’ 0<i<n ’ (7 53)
sup zbaully g <N sUD lizhall_ g < Mo
0<i<n ’ 0<i<n !
Proof For the details of the proof see Appendix. ]

Theorem 7.2 (I>(H') and [*°(L?) Runge-Kutta error estimates) Let the solution p, c, u
and v of the Keller-Segel system (1.2) be sufficiently regular. Furthermore, we assume that
penalty parameters o,, o, 0, 0, are sufficiently large. Then the induction hypothesis holds
true for n + 1. Furthermore, there exists constants C,, and C,., independent of h and r,
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such that

1
lopc — pllicoqo, 712y + A2 IV (opc — P20, 71222

1
N r2 . .
(Lo s ool )
i=0

eel’y,
i +1,55)—1 in(re+1,s0)—1 in(ry+1,s,)—1 in(ry+1,sy)—1
hmm(rp Sp) hmm(r( Se) hmm(r,+ Su) hmm(r,+ Sv) 5
<Cy 3 + 3 + 3 + - + At ),
Sp—35 Sc—5 Su—7% Sv—3
rp re Iy Ty
1
leng — cllioo o, 71: 22000 + A22 IV (epc — Ol 20,71 .2 (22))
1
N r2 , 2
+ At < Mche — ']
Z Z le] ” DG ”O.e
i=0 eel’y,
i 1,sp)—1 in(re+1,s0)—1 i 1,s)—1 i +1,5y)—1
hmm(rp+ Sp) hmm(r Se) hmm(ru+ Su) hmln(ru Sv) )
<G 3 + 3 + 3 + 3 + A7),
SpT32 Se=3 Su=3 Su—%
rp Te Tu v

where (rp, e, Iy, Ty) > 2.
The proof of the above theorem is postponed to Appendix.

Remark The error estimates obtained in this paper are s-optimal and r-suboptimal (by 1/2),
and the numerical tests reported in [19] confirm the theoretical error estimates.

8 Numerical Example

In this section, we consider the initial-boundary value problem for the Keller-Segel system
and compare the solution obtained by the proposed Forward Euler DG method and by the
Runge-Kutta DG method. We take the chemotactic sensitivity x = 1 and the bell-shaped
initial data
p(x,y,0) = 1300e~ 300 o5y, 0) = 650605+

We consider the above problem in the square domain [—%, %] X [—%, %]. According to the
results in [24], both components p and c of the solution are expected to blow up at the origin
in finite time.

In Figs. 1-4, we plot the contours of the density p along the line £ = [—%, %] x 0,
computed at different times before blow-up on uniform grid with 4 = 1/101 using quadratic
polynomial approximation (Figs. 1 and 2) and cubic polynomial approximation (Figs. 3
and 4). The dashed line represents the solution obtained by the Forward Euler DG method
and the solid line represents the solution obtained by the Runge-Kutta DG method. As one
can see, the higher order time schemes are important for such type of problems with rapidly
changing solution in time.

Acknowledgements The research of Y.Epshteyn is based upon work supported by the Center for Nonlinear
Analysis (CNA) under the National Science Foundation Grant # DMS-0635983.
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Fig. 1 Contours along the /ine £ of the density p on 101 x 101 grid using quadratic polynomial approxima-
tion p=2attimet =5 X 1070 (left column) and zoom view of the same contours (right column). Forward
Euler—dashed line, Runge-Kutta—solid line
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3.241

3r 1 3.22}
2.5 1 3.2t

ol | 3.18}
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Fig. 2 Contours along the line L of the density p on 101 x 101 grid using quadratic polynomial approxi-
mation p = 2 at later time 1 =2 x 105 (left column) and zoom view of the same contours (right column).
Forward Euler—dashed line, Runge-Kutta—solid line

Appendix: Proof of Several Estimates
We collect in the Appendix details of the proofs of the several estimates.
A.1 Proof of the Induction Hypothesis (6.10) for u”“

Let us consider (6.44) and bound each term on the RHS of (6.44).
Consider the term T}. Using inverse inequality, Cauchy-Schwarz, assumption (3.2) and
Young’s inequality, we obtain:

|TLI| < 81 HT1+1| + UU1 i+1 H (91)

‘0,9 2 HT

A bound for T;' can be obtained in a similar way to the bound on 7y:

T < Z /ame (( 4 1)E! (Ciﬂ)fl)nx[ffl]

ver
eel’)

_a'n i+1 i+1\E i+1
+/€ao 7 (@DE = @ HE Y nilei*]

i

@ Springer



244 J Sci Comput (2009) 40: 211-256

3500 : 3100
3000¢ 1 5000y
2500} 29008
2800}
2000} o700k
1500¢ 1 2600}
1000} 1 2500¢
500l ] 2400¢

0 ‘ 2300} ‘ ]
-05 0 0.5 -0.05 0 0.05

Fig. 3 Contours along the line £ of the density p on 101 x 101 grid using cubic polynomial approximation
p=3attimet=5x 1076 (left column) and zoom view of the same contours (right column). Forward
Euler—dashed line, Runge-Kutta—solid line
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Fig. 4 Contours along the line L of the density p on 101 x 101 grid using cubic polynomial approximation
p =3 atlater time t =2 X 1073 (left column) and zoom view of the same contours (right column). Forward
Euler—dashed line, Runge-Kutta—solid line

out
i a;

amaout . X .
+ /7[%@ —u M 7] ) =T+ T+ TIL 9.2)
e a

From (6.6) and (6.12), the first term on the RHS of (6.44) can be estimated by

I< Z /(t£+l)fl z+1] /(E:ﬂ)E nx[.L.erl] =T

eel’y

Then, using the Cauchy-Schwarz inequality, the trace inequality (2.4), the inequality (2.6),
and the assumption (3.2), we estimate I as follows:

~ thm(n +1,5¢)

< KUIT* I + KU Y |”| AR (/A —
e

eel’y,
A similar bound can be derived for the second term on the RHS of (6.44). The third term on
the RHS of (6.44) is similar to the third term on the RHS of (6.21), hence it can be bounded
by

KU, -h 1 p2min(ry+1.s0)—1
ms(—s—+3) > = e+ KUy e
ru ecly, | | rub“
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By choosing & small enough, we obtain:

2min(ry+1,s,)—1

HI<Z ||[ e +
ry

eel",,

Combining the above bounds on I, II, and III, and using Lemma 2.4 we arrive at

2
T < U0 [ 2+ ous Y g,

e
el U0 Qyer | |
h2min(ru+1,su)—l h2min(r¢»+1,sc)
+ UU,4 < o + o > 9.3)
ru rC

To bound the term 7', we use the Cauchy-Schwarz inequality, Young’s inequality and the
inequality (2.6) which yield
u i 2 i

Ty < UUs |7 o + UUs oo ||[ AR (9.4)

e€0Qer

The term 7' is bounded with the help of Cauchy-Schwarz inequality, Young’s inequality,
and the approximation inequality (2.2):

1 h2mm('u+1 Su)
mﬁfsuﬂ+%Q+Uw 5 9.5)
Ty
Using similar techniques as for (6.50) to obtain
2 — r2 T, 2min(re+1,s50)—2
1T < el o+ 00s Y =I5, + UUs (9.6)

le]

r25(-—3
e€l'pUdQver ¢

The term T¢' is bounded using the Cauchy-Schwarz inequality, the trace inequality (2.4),
and the approximation inequality (2.2):

2min(re+1,s0)

T <UUs > il + Ul ©.7)

25,
e€0Qver |e| re’
The last term 75 is bounded using the approximation result (2.3). Hence,

r2 12 h2min(r,,+1,xu)72
T <UUL Y eI Mo + U0y 9.8)
u

€€l UdQyer

After obtaining the estimates (9.1)—(9.8), we plug them into (6.44) and use the assump-
tion h < 1,r > 1, assumption (3.2) , choose the penalty parameters large enough, choose an
appropriate scaling and use the estimate (6.42) for the H LA ” to obtain

h2m1n(rp+l sp)—4 h2min(rp+l,sc)74 h2min(ru+1,.vu)74 h2min(ru+l,s,/)4>

” ”_H”OQ - C < r25p—7 + rCZSL -7 + rgsu—7 + rgsv 7

+q&m 9.9)
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The estimate (9.9) proves the induction hypothesis on upg (6.10) for n + 1 by making the
appropriate choice of At = O(Ir’—Z):

h

||r;+1||0’Q <C;—. (9.10)
rmin

A.2 Proof of Lemma 7.1

Firstly, the proof of the statement (7.52) of Lemma 7.1 is the direct consequence of the
induction hypothesis SR, and is the same as for the Lemma 6.1.

Secondly, to prove the next statement (7.53) of Lemma 7.1, let us first consider (7.30),
and set w” = ‘L'Zip, to obtain:

12 o o
% O’Q=/prf‘-,p+Mp(r‘.,p), (9.11)
where
M;(wﬂ)zf(ggp—g;)wﬂ—m(z / Vrivw’ = > [{VT) -n}w’]
@ Ecg, U E eel), V¢
. 1’2 . P .
+sZ/e{va.ne}[r;]+apZ ﬁ/;[‘[;)][u)p]_ 3 /Ext/’)u})G(w;))x
eel’y eely, Ee&gy
— Z/x?fﬁ(wﬁ,)ﬂr fo?s;(wﬁ,n
Eee, Y E Eeg, Y E
+ ) ((xpf)suisa)*—(xpiui)**)nx[w}')]— > / XT uhG(wh)y
eeryer Ve Eeg, U E
=¥ [, - 3 [ arew),
Ecg, U E Ecg, VE
+ / (Gpbavbe)” = Go'v)y™ Yyl
ee[‘z"‘ ¢
-3 [vever+ ¥ [98 nawr—e 3 [0 nig)
Eegy E eel, ¥ € eel, V€
r2 . . A
—opZﬁf[ég][wPH Z/Xs;u'(wﬂ)er fos;,v'(wﬂ)y>
cery (€1 Ve Eeg, U E Eegy U E
=T +T) + -+ T. 9.12)

Recalling the definitions (7.28), (7.29) of Sxi) and &;p, we can then easily obtain the following
bound, which will be used several times throughout the error analysis:

h2min(rp+1,sﬁ)

. . . 12
leit — gl + &, — & HOQ <C, NG (9.13)

2sp
Tp
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where positive constant C,, depends on d,u and is independent of i, # and r (similar bound is
valid for the concentration ¢ which will be used in the derivation of the error estimate for c).
Using techniques similar to the estimation of the terms TT, — T Ty, (see [18], estimates
(9.2)—(9.12)) and applying the already verified result (7.52), we obtain:

h2mm(rp+1 Sp)

TV < e1lw’lg g+ AR ————. (9.14)
Tp
t2r8 s
71 < e2llw’ g g + R 75 o 9.15)
2r8 s
ITY| < esllw’llg.q + &7” (KA 9.16)
1T < esllw’ g g + Re—3 2 i "o | pIIOQ, (9.17)
1T < es ||wp||(2)¢Q+RSTp pr”o,sz’ ©.18)
At2r4 L2
1T < &6 ||w”||§,Q+R67" (57 (9.19)
t2r8 /’l2 )
ITf| <& llwllgq + Ri—=" = [miloe: (9.20)
5 2p4 p2min(ry+L,s)
IT{| < es lw’llg.q + Rs " ™ 9.21)
rLI
175 < &9 [w’llg 0+ Ro—= 7 [, o + R A1 AR
91 = 0,2 h2 rllo.@ 0 2 0.2
u
Atzr;‘ thin(rp+1,s,,) h2min(m+l,su)
+ R . , (9.22)
h2 risp r’fsu
4
Tl < e llw’ 13 q + Ria—52 | <2 . (9.23)
h2 0.2
2 8 h2
1T < en IIw”IIOQ+R13—— l<ille o s (9.24)
0,Q
0 ) )" h2min(rv+1,sv)
1Tl < enllw’llyq+ Ria " CTom— (9.25)
Ty
) At2r8 h?
|Tf§| <& ”wp”%gz + RIS—zp ”T; ”09 + R|6—4 ” ”0 o
h h*
At2r4 h2min(rﬂ+l,sl,) thin(hHrl,s,))
+ Ri—5* : (9.26)
h2 rzsp rL25U
) 2p4 p2min(rp+1,5) =2
Tl < enllw’llog + Ris— el (9.27)
T'p
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2)‘4 h2 min(rp+1,sp)—2

ITS1 < &5 1w’ ll5 o + Rio " TR (9.28)
0
2)‘5 h2min(rp+l,sp)72
|T1(,| <¢€6 ”wp”o ot Ry 2 rzsp_z , (9.29)
o)
S 7 2min(r,+1,5,)—2
ITH1 < e w2 g + Rag a2 9.30)
170 = €17 0,2 2075 rzsp—z ’ ’
P
h2mm(rp+1,s/,)72
2 2.2
ITi5] < ews lw”llp o + Rar At BT e 9.31)
P
h2min(rp+1,sp)—2
2
|T9| < €9 ||wp||OQ+R22At r, T (9.32)
P

Now combining the estimates (9.14)—(9.32), using the assumptionthath < 1,r > 1, At < 1,
and plugging them into (9.12), we obtain the following estimate for M /’; (w?):

. , Ar*rS
M )] < & w5 o+ Mi— o

Az‘zr8 h2 Al‘zr8 h?
27,4 h4 r” ” u”OQ M3T_ ” ”OQ

+ M,

+
h2 I";Xﬂ -2 rb%su rgsl,

AtZrS h2min(r,{,+l,sp)72 h2min(ru+l,su) h2 min(ry+1,sy)
. (9.33)
Next, choosing w” = rz"p in (9.33), making ¢ small enough, taking Az < Ci’—j, and using the
P
induction hypothesis SR (7.50) and (7.51), we conclude that we obtain from (9.11)
2 ~ ht

<C,—. (9.34)
0.9 r

As with estimate (9.34), it can be shown that

Izt loa =

~ h*
< Cog (9.35)

Now, let us consider the equation of (7.38), it can be shown using the same techniques as in
the derivation of (9.33) and (9.9):

Ml el Bt M e e X e,
eel’,Ud Qver
thin(chrl,sr)fZ h2min(ru+l.su)72
+ M; ( I"ZXC_3 + r2vu—3 ) : (936)
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Considering w" = rz"u , making & small enough, taking penalty parameter o, large enough,
and using result (9.35), we obtain from (7.38) that:

~ h?

2
Tfl»u 0,Q = C” }”4— (937)
In the same way, it can be shown that:
i 2 ~ h2
I g < Coa (9.38)

Applying these estimates (9.37) and (9.38), the inverse inequality, and the use of Lemma 2.1,
concludes the proof of Lemma 7.1.

A.3 Proof of Theorem 7.2

First let us consider, (7.46), which can be rewritten in the following way:

. . . ?'2 .
R LT (TR SECT (LT

eel’y |e|
i 2 I’Z i 2
* ”(”'Vfi Ia+os, Y 12 et ], )
eel’y € ¢
i+1 i 2 > i INZ i
ol i M'(z) + N'(z)), (9.39)
where
Mlp(r;y) = /;Z(g;lp - g;;)‘[;) + <Ap(,01i3c,7 MBG, U]i)Ga T;J) - Ap(pi’ ui’ viv r/l))
P2 r iq112
o LUMAPERD el li=ill,, ) ) A (9.40)

eel’y

Ni)= /g(zg,’;“ —& —& —2E(x,y, it + (Ap(ZEG.p, 26w D60 T

2
))At. 9.41)
0,e

Let us estimate, the terms on the RHS of (9.39), starting with terms M and N. To estimate
these terms, instead of techniques used to obtain estimates in (9.33), we will use techniques
similar to the ones used in estimating the terms 7y — T}; and T/5 — T/; in (6.15) (including

Lemma 6.1). Thus, we will obtain the following bounds for the / (T)):

2
.
o - 2
— AT ) (mvf;,, [FERS LY LN
eely

~ . . ~ . . ~ r2 .
@) < Fae 72 +5Mm(|uvf;,m3,9 N1 [r;]u;e)

eel’y

+ My At H T ”(2)9 + My At val ||(2)sz

25p—3 + 25y 2sy
Iy

™ h2min(rﬂ+l,sl,)72 h2min(ru+l,su) h2 min(ry+1,sy)
+ My At (9.42)
) Ty
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Similarly, we can derive the following estimate N ; (tzip) (applying now Lemma 7.1):

2
<.,
0,e

INi(zi )] < NiAt | <!

p

4 gNAt<|I|Vl'Zp I35 +Cn Z

eel’y
N i v i
+ Nt |2 || o + Naat | 2
- h2min(r,;+1.sp)—2 h2min(rl,+1.su) h2min(ru+1,slv) 5
+ NsAt 25p—3 + 25u + 25 + O(Ar).
rp Ty Iy

(9.43)

Next, we need to bound the first term of the RHS (9.39). First, let us notice that by subtract-

ing the equation (7.30) from the equation (7.31), and setting w” = 7;*' — ¢/ , we obtain that

the first term on the RHS of (9.33) which can be expressed as:

i+ i
P sz

2 Lo it i i (it i
OQ=§(Np(rp —‘L'Zﬂ)—Mp(Tp —‘Ezp)). (9.44)

|

Hence, in order to estimate ||z)™' — rzip lI§.c We need to estimate the RHS of (9.44). It can

be shown, using ideas similar to the ideas used in the estimation of the terms TTlp — TTI'O2
and T T/, — T Ty, (see [18], the estimates (9.2)~(9.13) and (9.16)—(9.21)), that the following
estimate holds:

) 2 A4
)le;rl_rztp SCf”N <|||V l|||OQ+Z| | |[ ]”Oe)

0,Q
eel’y

Ar?r? At At
+C"N = gl e+ th Iwillon+ "™ =7~ Inlog

Ar2r? .

MN 2

+ O — =t (mvt;p 5. + Z |—” 7! )
ery,
2.4 2.4 2.4

+CMNAtrﬂ i +CMNAtrP ” i )2 +CMNAtrP ” i |2

6 h2 2 lo.q 7 h2 e 110,Q 8 h2
N CMN Atzr;l h2min(rp+l,sﬂ)72 N h2min(ru+l,s,4) thin(rUJrl,sU)

3 h? 25p—3 25y 250

Tp ry Iy

+ O(AP). (9.45)

At this point, we need to get estimates for tziu and ‘Eziv. Consider equation in (7.38). To obtain
an estimate for 7. in terms of 7, , we apply similar techniques as in (6.44) to the terms
T — T} (6.32)~ (6 53). Thus, we Obtaln the following estimate:

i2 i
LRSS ||||[zl¢]||0€

€l Ui Qyer

<t (velie+ X 2 ey

eEFh

5 h2min(r(r+|4,.vc)72 thin(rqul,Su)fZ
,e> +C., ( 25c—3 + 2513 )
re r
(9.46)
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Similarly, for rziu we have:

r . 2
i v 1
I oo+ > i LCA

€T, U3 Qpor lel

<c! <|||Vr;|||ag +y el H[

eel’y

2 C2 h2min(rc+l,sc)72 thin(rUJrl,s,,)fZ
e + Zv 25.—3 + 2s5p—3 :
re Iy

(9.47)

Next, let us plug the estimate (9.46) and (9.47) into (9.45), and after simple modifications
we obtain:

i+l i ? ~MN At’rg
ot | <@ <|||Vr |||OQ+ZI |H[ lHo,,,)
’ eel’y
~ o AL%r At?r ~ o ALY
MN p SMN MN o
+C; 2 ”T H + G 2 H MHOQ+C4 2 ”tv”o,a
~  Ar2r* )
+ ClN hz"(nwr;pn%,g Z|—'° w )
eel’y
~ At 2
S it s D E L) 3 2R
eel’y ’
- At2r4 h2min(rp+l,s,;)72 h2min(rc+l,sc)72
+c . 25,3 + 2503
h? rp re’
h2min(ru+1,su)—2 h2min(ru+l,sv)—2 e
+ 53 + 53 >+ O(A?r). (9.48)
Iy Iy

Next, we combine estimate (9.43), (9.42) and (9.48), plug them into (9.39) and use the
assumption that Ar <1, h < 1, r > 1 to obtain (after some simplifications) the following:

i 2 i r i101?
I 150~ bl + 20 (WVE L+, 3 22 L1,

eely
+At<|llVr§ﬂlllﬁ,Q+o ZI )
Ar?r? AT LA
Sy (LTS A )+c2 e e B
eel’y,

AtPrt At?rd .
O il g+ o 2 (19 Mt 3 2

eel’y

At*r}
e <||| “|||OQ+EEZW . AL, + 65

1.,

0,Q

2

T,
Zp
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+ CS 25c—3

At2 4 <h2mm(rﬂ+l Sp)—2 h2min(rp+l,sc)72
Ie

+
h? 25p—3
Tp
2min(ry+1,s4)—2 2min(ry+1,5y)—2
h h

+ + 53 ) + 0(AP). (9.49)
v

r’fsu -3

Next, consider the error equations (7.47). Using similar techniques as for the estimates in
the equation (7.46), we obtain the following estimate for 7¢:

> &l )

[0 o = el A1 (WO +

ecly,
: 2 2
+At(|||Vr;C|||3,Q+asz| ||| 2 IOE)
eel’y
B (v 3 i, ) + s
eel’y
rosad ot +ogiite (mvf |||OQ+Z| 18 M)

eel’y

+ CiAr? ‘ T

2
‘ + Cg At
Pllo,@

c
+ C7 2sp 25—
re

Atzr/‘j <h2min(rp+14,sp) p2minGre+1,50)—2
Fp

e 3 ) +0(AP). (9.50)

Now, choose Ar < Ch4, apply Lemma 2.4 to estimate ||t’ ||0 o sumfori =0,...,n, and
apply discrete Gronwall s lemma to (9.50) to obtain:

n+1”OQ+ZAt(|||VT ||IOQ+Z H[ ]HOe)

eGF;
|0 e)

+ ZAZ(NVI 2.+ Z || o
. in2 " . r2
<K{Y Ar|cfo +Ks Y At(IIIVfZlﬂ e+ lf
i=0 i=0 eely,

EEFh

2p

)

h2mm(r,,+l Sp) h2min(rg+l,.rf)72
+ K Z At ( R, +0(ArY). (9.51)
) c

Next, summing the equation (9.49) fori =0, ..., n, using the above estimate (9.51), con-
sidering At < C i’—j, choosing the penalty parameters large enough, and using the assumption

At <1,h <1,r > 1, we obtain:

VA PED Y (a7 SRR

i=0 eel’y
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+ Z At(IIIVfZ,, II5q + Z é,,l||§,e>

eel"h

n n n
<R YAzl g+ R Arfrilloq + R 3 Ar |
i=0 i=0 i=0

thin(errl,sp)fZ h2min(rc+l,sc)72

n
TRy Z At( 25,3 + 25c3
i=0 r Te

P

h2min(r,,+14,su)—2 thin(rv+1,sv)—2 B
+ 3 + 3 ) + O(ArY). (9.52)
u

v

Now, applying induction hypothesis SR (7.48), (7.49) and using discrete Gronwall’s lemma

we obtain:
2
I, )

n+1||m+2m<mvf I+ Z
+ Z At(mvfzp 5.0 + Z || [zZ,1] 3,6)

eel";,

ecl’y
h2min(rp+l..v,,)72 h2 min(re+1,s:)—2 h2min(ru+l,su)72 h2min(r,,,+l,xv)72
=C 25p—3 + 25.—3 + 25,—3 + 25y —3
rp Te Ty Iy
+ O0(ArY). (9.53)

The estimate (9.53) also confirms the induction hypothesis (7.51) for p fori +1=n+1.
Using the final estimate for r;}“ (9.53) we derive the following bound for 7/ *+!:

I o+ e (17 + X 01,

eel’y

(hzmin(;~p+1,s,,)2 p2minGetlise)=2  p2min(ry+1,5,)-2 h2min(n,+],s,,)2>
<C

+2Ar<|||vf;|||§,g+2| iz Al
i=0

eel’y

+ + +
25,3 25.—3 25,3 2sy—3
r,,vp rch ruw rUYv

+ o(ArY. (9.54)

Again, the above estimate (9.54) confirms the induction hypothesis (7.51) for c,
for i + 1 = n. Next, to obtain the estimate for t"*! we consider second error equation
in (7.39). Employing similar techniques as in the case of the error equation (6.44) and mul-
tiplying by At, it can be shown that:

n n 2
i+12 u i+172
BRSPS DRI D 1 [ T

i=—1 i=—1 ee€l', U0 Qver

Atr? 2 Atr? 2
<G I e G 121
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n 2
+Cy Yy Ar(mVr:i e+ ﬁ I [rzilllf),e)
i=0

eel’y
n i n(r
h2mm(rg+l,sc)72 thm(lu+l,su)72
u
+Cyy At( St : (9.55)
i=0 ¢ u

Final estimate is obtained by choosing At < C f—f and by using the estimate for 7" +! (9.54):

n n 2
i+12 d i+172
E Atllt, g o + E At E —|:| [[Eana P

i=—1 i=—1  e€lUdQyer

- - -

2sp—3

thin(rp+I$5'p)72 h2min(r(>+|4,sc)f2 h2min(ru+l,su)72 thin(errI,sv)fZ
Fp

YZSC -3 ri.vu -3 rgsu -3
+ U, At (9.56)

The estimate (9.56) proves the induction hypothesis (7.48) fori +1=n+ 1:

n+l o h2min(r,,+1.sp)—2 h2min(rg+1.s(»)—2
1
> Atltillpg < U( o+ p—
i=0 Tp Te
h2min(ru+1,su)72 h2min(rv+l,sv)72
4
+ 2s,—3 + 2sy—3 +UAL
¥ r
u v

Induction hypothesis SR (7.50) can be shown using similar techniques as in the proof of the
induction hypothesis S (6.10). Similarly, we prove the induction hypothesis SR for 7, and
show that:

n 2 n )"2 )
i+1 i+1

E Atz loq + E At E ﬁll[fé+ 1Mo

i=0 i=0

el Ud Qpor

+ + 2s5p—3

h2min(rﬁ+1.sp)—2 h2min(rc+1.sc)—2 h2min(ru+1,s,4)—2 h2min(rv+1,st,)—2
Iy

2s5p—3 + 2s.—3
I'e

25,3
rp ruu

+ V, A%, 9.57)
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