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Abstract In this paper, we develop a local discontinuous Galerkin (LDG) finite element
method for surface diffusion and Willmore flow of graphs. We prove L2 stability for the
equation of surface diffusion of graphs and energy stability for the equation of Willmore
flow of graphs. We provide numerical simulation results for different types of solutions of
these two types of the equations to illustrate the accuracy and capability of the LDG method.
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1 Introduction

In this paper, we consider the surface diffusion of graphs
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and the equation of Willmore flow of graphs
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Q∇ ·
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where Q is the area element

Q =
√

1 + |∇u|2 (1.3)

and H is the mean curvature of the domain boundary �

H = ∇ ·
(∇u

Q

)
. (1.4)

There are many applications of these models, such as body shape dynamics, surface con-
struction, computer data processing, image processing and so on. These two equations are
both highly nonlinear fourth-order PDEs. They are different from second order geometric
evolution problems, such as mean curvature motion, since no maximum principle is known
[16] for fourth order problems. The higher order differential operators and additional nonlin-
earities for these kind of problems are difficult to analyze and to simulate numerically. In this
paper we will construct stable high order accurate methods based on spatial discretizations
by local discontinuous Galerkin finite element methods.

The surface diffusion equation [15]

V = ��H on � (1.5)

models the diffusion of mass within the bounding surface of a solid body, where V is the
normal velocity of the evolving surface �,

V = − ut

Q(u)
, (1.6)

and �� denotes the Laplace-Beltrami operator

��v = 1

Q(u)
∇ ·

(
Q(u)

(
I − ∇u ⊗ ∇u

Q(u)2

)
∇v

)
. (1.7)

Equation (1.5) is described as a mechanism of surface formation under the action of a chem-
ical potential. For a surface with constant surface energy density, the appropriate chemical
potential in this setting is the mean curvature H . The existence, uniqueness and regularity
are discussed in [20, 21]. In [19], the authors describe an algorithm for the evolution of elas-
tic curves. Some interesting computational results have been collected in [1, 3, 15, 19]. In
[3], a finite difference scheme was discussed for the surface diffusion of graphs. A space-
time finite element method for axially symmetric surfaces is presented by Coleman, Falk and
Moakher in [12]. In [1], Bänsch, Morin and Nochetto presented a variational formulation for
graphs and derived a priori error estimates for a semi-discrete finite element discretization.
Deckelnick, Dziuk and Elliott provided an error analysis [15] for the anisotropic case.

A similar evolution law is the Willmore flow

V = ��H + 1

2
H 3 − 2HK, (1.8)
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where K is the Gauss curvature of �. The Willmore functional

W� =
∫

�

H 2ds =
∫

�

H 2Qd� (1.9)

expresses the elastic energy of the surface. The Willmore flow is an evolutionary law for
minimizing mean curvature of curves or surfaces. Issues about the boundary value problems
for Willmore flow are not completely settled. We refer the reader to [24] and references
therein. In [14], an implicit numerical scheme for the Willmore flow of graphs based on a
finite element method together with its numerical analysis is presented. A level set formula-
tion for the Willmore flow can be found in [16]. Asymptotical convergence of the phase-field
model for the Willmore flow was proved and numerical simulations were performed by finite
difference methods in [17, 18]. A finite difference scheme for the Willmore flow of graphs
was discussed in [22].

In this paper we pay particular attention to the discontinuous finite element method,
specifically, to the local discontinuous Galerkin (LDG) method. The considered LDG
method is a particular version of the discontinuous Galerkin (DG) method, which uses a
completely discontinuous piecewise polynomial space for the numerical solution and the
test functions. It was first designed as a method for solving hyperbolic conservation laws
containing only first order spatial derivatives, e.g. Reed and Hill [23] for solving linear
equations, and Cockburn et al. [5, 6, 10, 11] for solving nonlinear hyperbolic equations.

Later, the LDG method was introduced by Cockburn and Shu in [7] as an extension of
the Runge-Kutta DG (RKDG) method to general convection-diffusion problems, and of the
DG scheme for the compressible Navier-Stokes equations proposed by Bassi and Rebay in
[2]. More general information about DG methods for elliptic and hyperbolic partial differ-
ential equations can be found in [4, 8, 9, 13]. The idea of the LDG method is to rewrite the
equations with higher order derivatives into a first order system, then apply the discontinu-
ous Galerkin method on the system. The design of the numerical fluxes is the key ingredient
to ensure stability.

Recently, the LDG techniques have been developed for various nonlinear wave equations
with high order derivatives [27–29]. In [25, 26], the LDG methods with provable energy
stability were designed for the Cahn-Hilliard equations and the Allen-Cahn/Cahn-Hilliard
system which are also nonlinear fourth-order equations. In these papers, stable and high
order accurate LDG methods for quite general nonlinear wave equations including multi-
dimensional and system cases have been developed. The proof of the nonlinear L2 stability
of these methods was usually given and successful numerical experiments demonstrate their
capability. These results indicate that the LDG method is a good tool for solving nonlinear
equations in mathematical physics.

The DG method possesses several properties to make it very attractive for practical com-
putations, such as easy parallelization, easy adaptivity, and simple treatment of boundary
conditions. The most important property of this method is its strong stability and high-order
accuracy. All of these good properties motivate us to develop the LDG method for curvature
flow problems.

The paper is organized as follows. In Sect. 2, we present and analyze our LDG method
for the surface diffusion of graphs equation (1.1). The details of the LDG method and the
proof of L2 stability are described. In Sect. 3, we present the LDG method for the Willmore
flow of graphs equation (1.2). We give a proof of the energy stability in Sect. 3.2. Section
4 contains numerical results for nonlinear problems which include the surface diffusion of
graphs and Willmore flow of graphs. These numerical results demonstrate the accuracy and
capability of the LDG methods. Concluding remarks are given in Sect. 5.
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2 The LDG Method for the Surface Diffusion of Graphs

In this section, we consider the local discontinuous Galerkin method for the surface diffusion
of graphs equation (1.1) in � ∈ R

d with d ≤ 3. Although we do not address numerical results
in three dimensions in this paper, the LDG methods and the stability results of this paper are
valid for all d ≤ 3.

2.1 Notation

Let Th denote a tessellation of � with shape-regular elements K . Let � denote the union of
the boundary faces of elements K ∈ Th, i.e. � = ⋃

K∈Th
∂K , and �0 = �\∂�.

In order to describe the flux functions we need to introduce some notations. Let e be a
face shared by the “left” and “right” elements KL and KR (we refer to [29] and [25] for a
proper definition of “left” and “right” in our context). Define the normal vectors νL and νR

on e pointing exterior to KL and KR , respectively. If ψ is a function on KL and KR , but
possibly discontinuous across e, let ψL denote (ψ |KL

)|e and ψR denote (ψ |KR
)|e , the left

and right trace, respectively.
Let P p(K) be the space of polynomials of degree at most p ≥ 0 on K ∈ Th. The finite

element spaces are denoted by

Vh ={
ϕ ∈ L2(�) : ϕ|K ∈ P p(K), ∀K ∈ Th

}
,

	h ={
η = (η1, . . . , ηd)

T ∈ (L2(�))d : ηl |K ∈ P p(K), l = 1, . . . , d, ∀K ∈ Th

}
.

Note that functions in Vh and 	h are allowed to have discontinuities across element inter-
faces.

Here we only consider periodic boundary conditions. Notice that the assumption of peri-
odic boundary conditions is for simplicity only and not essential: the method can be easily
designed for non-periodic boundary conditions. The development of the LDG method for
the non-periodic boundary conditions can be found in [25, 26].

2.2 The LDG Method

To define the local discontinuous Galerkin method, we rewrite (1.1) as a first order system:

ut + ∇ · s = 0, (2.1a)

s − E(r)p = 0, (2.1b)

p − ∇H = 0, (2.1c)

H − ∇ · q = 0, (2.1d)

q − r

Q
= 0, (2.1e)

r − ∇u = 0, (2.1f)

with

E(r) = Q

(
I − r ⊗ r

Q2

)
, (2.2)

Q =
√

1 + |r|2, (2.3)

where s, p, q , r are vectors, E(r) is the d × d matrix and I is the d × d identity matrix.
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Applying the LDG method to the system (2.1), we have the scheme: Find u, H ∈ Vh, s,
p, q , r ∈ 	h, such that, for all test functions ϕ, ϑ ∈ Vh and φ, η, ρ, ζ ∈ 	h, we have

∫
K

utϕdK −
∫

K

s · ∇ϕdK +
∫

∂K

ŝ · νϕds = 0, (2.4a)

∫
K

s · φdK −
∫

K

E(r)p · φdK = 0, (2.4b)

∫
K

p · ηdK +
∫

K

H∇ · ηdK −
∫

∂K

Ĥν · ηds = 0, (2.4c)

∫
K

HϑdK +
∫

K

q · ∇ϑdK −
∫

∂K

q̂ · νϑds = 0, (2.4d)

∫
K

q · ρdK −
∫

K

r

Q
· ρdK = 0, (2.4e)

∫
K

r · ζdK +
∫

K

u∇ · ζdK −
∫

∂K

ûν · ζds = 0, (2.4f)

where E(r) and Q are computed by (2.2) and (2.3).
The “hat” terms in (2.4) at the cell boundary obtained after integration by parts are the

so-called “numerical fluxes”, which are functions defined on the cell edges and should be
designed based on different guiding principles for different PDEs to ensure stability. It turns
out that we can take the simple choices

ŝ|e = sL, q̂|e = qR, Ĥ |e = HL, û|e = uR (2.5)

which ensure L2 stability.

2.3 L2 Stability

In this section, we prove the L2 stability of the LDG method for the surface diffusion of
graphs defined in the previous section.

Proposition 2.1 (L2 stability) The solution of the surface diffusion of graphs using the
schemes (2.4)–(2.5) satisfies L2 stability

1

2

d

dt

∫
�

u2d� +
∫

�

H 2d� = 0, ∀u,H ∈ Vh. (2.6)

Proof We take the test functions

ϕ = u, φ = r, η = q, ϑ = H, ρ = −p, ζ = −s.

Then we have
∫

K

utudK −
∫

K

s · ∇udK +
∫

∂K

ŝ · νuds = 0, (2.7a)

∫
K

s · rdK −
∫

K

E(r)p · rdK = 0, (2.7b)
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∫
K

p · qdK +
∫

K

H∇ · qdK −
∫

∂K

Ĥν · qds = 0, (2.7c)

∫
K

H 2dK +
∫

K

q · ∇HdK −
∫

∂K

q̂ · νHds = 0, (2.7d)

−
∫

K

q · pdK +
∫

K

r

Q
· pdK = 0, (2.7e)

−
∫

K

r · sdK −
∫

K

u∇ · sdK +
∫

∂K

ûν · sds = 0. (2.7f)

Summing up (2.7a)–(2.7f), we obtain

∫
K

utudK +
∫

K

H 2dK +
∫

K

(
r

Q

)
· pdK −

∫
K

(E(r)p) · rdK

−
∫

K

∇ · (su) +
∫

∂K

ŝ · νuds +
∫

∂K

ûν · sds

+
∫

K

∇ · (qH)dK −
∫

∂K

q̂ · νHds −
∫

∂K

Ĥν · qds = 0.

Using the relation

Q2 = 1 + |r|2,
(

r

Q

)
· p − (E(r)p) · r = 0,

we have

∫
K

utudK +
∫

K

H 2dK −
∫

K

∇ · (su) +
∫

∂K

ŝ · νuds +
∫

∂K

ûν · sds

+
∫

K

∇ · (qH)dK −
∫

∂K

q̂ · νHds −
∫

∂K

Ĥν · qds = 0.

Summing up over all elements K , with the numerical fluxes (2.5) and the periodic boundary
conditions, we get

∫
�

utud� +
∫

�

H 2d� = 0,

i.e.

1

2

d

dt

∫
�

u2d� +
∫

�

H 2d� = 0. �

3 The LDG Method for the Willmore Flow of Graphs

In this section, we consider the local discontinuous Galerkin method for the Willmore flow
of graphs equation (1.2) in � ∈ R

d with d ≤ 3.
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3.1 The LDG Method

In this section, we define our LDG method for the
To define the local discontinuous Galerkin method, we rewrite (1.2) as a first order sys-

tem:

ut

Q
+ ∇ · (s − v) = 0, (3.1a)

s − E(r)p = 0, (3.1b)

v − 1

2

H 2

Q
r = 0, (3.1c)

p − ∇W = 0, (3.1d)

W − QH = 0, (3.1e)

H − ∇ · q = 0, (3.1f)

q − r

Q
= 0, (3.1g)

r − ∇u = 0, (3.1h)

with

E(r) = 1

Q

(
I − r ⊗ r

Q2

)
, (3.2)

Q =
√

1 + |r|2, (3.3)

where s, v, p, q , r are vectors, E(r) is the d × d matrix and I is the d × d identity matrix.
Applying the LDG method to the system (3.1), we have the scheme: Find u, H , W ∈ Vh,

s, v, p, q , r ∈ 	h, such that, for all test function ϕ, ξ , ϑ ∈ Vh and φ, ψ , η, ρ, ζ ∈ 	h, we
have

∫
K

ut

Q
ϕdK −

∫
K

(s − v) · ∇ϕdK +
∫

∂K

(ŝ · ν − v̂ · ν)ϕds = 0, (3.4a)

∫
K

s · φdK −
∫

K

E(r)p · φdK = 0, (3.4b)

∫
K

v · ψdK −
∫

K

1

2

H 2

Q
r · ψdK = 0, (3.4c)

∫
K

p · ηdK +
∫

K

W∇ · ηdK −
∫

∂K

Ŵν · ηds = 0, (3.4d)

∫
K

WξdK −
∫

K

QHξdK = 0, (3.4e)

∫
K

HϑdK +
∫

K

q · ∇ϑdK −
∫

∂K

q̂ · νϑds = 0, (3.4f)

∫
K

q · ρdK −
∫

K

r

Q
· ρdK = 0, (3.4g)
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∫
K

r · ζdK +
∫

K

u∇ · ζdK −
∫

∂K

ûν · ζds = 0, (3.4h)

where E(r) and Q are computed by (3.2) and (3.3).
Similar to the development in [25], it turns out that we can take the simple choices for

the numerical fluxes such that

ŝ|e = sL, v̂|e = vL, q̂|e = qR, Ŵ |e = WL, û|e = uR. (3.5)

3.2 Energy Stability

In this section, we prove the energy stability of the LDG method for the Willmore flow
equation defined in the previous section.

Proposition 3.1 (Energy stability) The solution of the Willmore flow equation using the
schemes (3.4)–(3.5) satisfies energy stability

1

2

d

dt

∫
�

H 2Qd� +
∫

�

(ut )
2

Q
d� = 0, ∀u,H ∈ Vh. (3.6)

Proof After taking the time derivative, we choose the test functions ϑ = W , ρ = −p,
ζ = v − s in (3.4f), (3.4g) and (3.4h). Then we get

∫
K

HtWdK +
∫

K

q t · ∇WdK −
∫

∂K

q̂ t · νWds = 0, (3.7)

−
∫

K

q t · pdK +
∫

K

(
r

Q

)
t

· pdK = 0, (3.8)

∫
K

r t · (v − s)dK +
∫

K

ut∇ · (v − s)dK −
∫

∂K

ûtν · (v − s)ds = 0. (3.9)

For (3.4a)–(3.4e), we take the test functions

ϕ = ut , φ = r t , ψ = −r t , η = q t , ξ = −Ht .

Then we have

∫
K

(ut )
2

Q
dK −

∫
K

(s − v) · ∇utdK +
∫

∂K

(ŝ · ν − v̂ · ν)utds = 0, (3.10)

∫
K

s · r t dK −
∫

K

E(r)p · r t dK = 0, (3.11)

−
∫

K

v · r t dK +
∫

K

1

2

H 2

Q
r · r t dK = 0, (3.12)

∫
K

p · q t dK +
∫

K

W∇ · q t dK −
∫

∂K

Ŵν · q t ds = 0, (3.13)

−
∫

K

WHtdK +
∫

K

QHHtdK = 0. (3.14)
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Summing up (3.7)–(3.14), we obtain

∫
K

1

2

H 2

Q
r · r t dK +

∫
K

QHHtdK +
∫

K

(ut )
2

Q
dK

+
∫

K

(
r

Q

)
t

· pdK −
∫

K

E(r)p · r t dK

−
∫

K

∇ · ((s − v)ut ) +
∫

∂K

(ŝ · ν − v̂ · ν)utds +
∫

∂K

ûtν · (s − v)ds

+
∫

K

∇ · (q tW)dK −
∫

∂K

q̂ t · νWds −
∫

∂K

Ŵν · q t ds = 0.

Using the relation

Qt = r · r t

Q
,

(
r

Q

)
t

= E(r)r t ,

we have

∫
K

1

2
H 2QtdK +

∫
K

QHHtdK +
∫

K

(ut )
2

Q
dK

−
∫

K

∇ · ((s − v)ut ) +
∫

∂K

(ŝ · ν − v̂ · ν)utds +
∫

∂K

ûtν · (s − v)ds

+
∫

K

∇ · (q tW)dK −
∫

∂K

q̂ t · νWds −
∫

∂K

Ŵν · q t ds = 0.

Summing up over K , with the numerical fluxes (3.5) and the periodic boundary conditions,
we get

∫
�

1

2
H 2Qtd� +

∫
�

QHHtd� +
∫

�

(ut )
2

Q
d� = 0,

i.e.

1

2

d

dt

∫
�

H 2Qd� +
∫

�

(ut )
2

Q
d� = 0. �

4 Numerical Results

In this section we provide numerical examples to illustrate the accuracy and capability of
the LDG method. Time discretization is by the forward Euler method with a suitably small
�t for stability. Since �t = O(h4) due to the stability constraint, accuracy is maintained up
to fourth order. This is not the most efficient method for the time discretization to our LDG
scheme. However, we will not address the issue of time discretization efficiency in this paper.
For all numerical simulations presented in this section, a domain with periodic boundary
conditions is considered. We have verified with the aid of successive mesh refinements, that
in all cases, the results shown are numerically convergent.
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Table 1 Accuracy test for
one-dimensional surface
diffusion of graphs with exact
solution (4.1). Uniform meshes
with J cells at time t = 0.5

J L∞ error Order L2 error Order

P 0 10 5.93E-03 – 1.37E-02 –

20 2.95E-03 1.00 6.88E-03 0.99

40 1.48E-03 1.00 3.45E-03 1.00

80 7.38E-04 1.00 1.72E-03 1.00

P 1 10 8.00E-04 – 2.86E-03 –

20 1.99E-04 2.00 7.17E-04 2.00

40 4.98E-05 2.00 1.80E-04 1.99

80 1.25E-05 2.00 4.51E-05 2.00

P 2 10 4.24E-05 – 1.76E-04 –

20 5.29E-06 3.00 2.25E-05 2.96

40 6.62E-07 3.00 2.83E-06 2.99

80 8.75E-08 2.92 3.75E-07 2.92

4.1 Surface Diffusion of Graphs

In this section, we consider numerical simulations for surface diffusion of graphs equa-
tion (1.1).

Example 4.1 (Accuracy test) In this example, we consider the accuracy test for the one-
dimensional surface diffusion of graphs. We test our method taking the exact solution

u(x, t) = 0.05 sin(x) cos(t) (4.1)

for the surface diffusion of graphs equation with a source term f , which is a given function
so that (4.1) is the exact solution. The computational domain is [−π,π ]. The L2 and L∞
errors and the numerical orders of accuracy at time t = 0.5 with uniform meshes are con-
tained in Table 1. We can see that the method with P k elements gives (k + 1)-th order of
accuracy in both L2 and L∞ norms.

Example 4.2 (Positive perturbation) We consider the numerical solutions of the two-
dimensional surface diffusion of graphs equation (1.1) with the initial condition

u0(x, y) = 1 + 0.3 min(1,max(0,2 − 5
√

x2 + y2)). (4.2)

The computational domain is [−1,1]. We use P 2 elements with 40×40 uniform rectangular
cells in our computation of the LDG method. The solutions at time t = 0, 0.0001, 0.001 and
0.005 are shown in Fig. 1. Even if we use a coarse mesh, we still obtain a good resolution
of the solution comparable with that in [1]. We also observe similar phenomena as in [1]: a
much faster smoothing effect for high frequencies than for low frequencies, as well as the
solution becoming less than 1 (lack of maximum principle).

Example 4.3 (Perturbation with superposition of sines) We now consider numerical solu-
tions of the two-dimensional surface diffusion of graphs equation (1.1) with the initial con-
dition

u0(x, y) = 1 + 0.1 sin(π(x + y)) + 0.3 sin(4π(x + y)). (4.3)
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Fig. 1 The solution with positive perturbation of the surface diffusion of graphs equation (1.1) with the initial
condition (4.2). Periodic boundary condition in [−1,1]. P 2 elements and a uniform mesh with 40 × 40 cells

The computational domain is [−1,1]. We use P 2 elements with 40 × 40 cells in our com-
putation of the LDG method. The solutions at time t = 0, 0.0001, 0.001 and 0.00466 are
shown in Fig. 2. There is a similar one-dimensional test case in [1]. The results show that
high frequencies are rapidly damped and the amplitude of low frequency waves decays very
slowly. The phenomenon is also similar to the one-dimensional test case in [1].

4.2 Willmore Flow of Graphs

In this section, we consider numerical simulations for the Willmore flow of graphs equa-
tion (1.2).

Example 4.4 (Accuracy test) We consider the accuracy test for one-dimensional Willmore
flow of graphs. We test our method taking the exact solution

u(x, t) = 0.05 sin(x) cos(t) (4.4)
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Fig. 2 The solution of the surface diffusion of graphs equation (1.1) with the initial condition (4.3). Periodic
boundary condition in [−1,1]. P 2 elements and a uniform mesh with 40 × 40 cells.

for the Willmore flow of graphs equation with a source term f chosen as a given function so
that (4.4) is the exact solution. The L2 and L∞ errors and the numerical orders of accuracy
at time t = 0.5 with uniform meshes are contained in Table 2. The computational domain is
[−π,π]. We can see that the method with P k elements gives (k + 1)-th order of accuracy in
both L2 and L∞ norms.

Example 4.5 (Convergence towards the planar surface) We consider the numerical solutions
of the two-dimensional Willmore flow of graphs equation (1.2) with the initial condition

u0(x, y) = 1

2
sin

(
π tanh

(
5(x2 + y2) − 1

4

))
. (4.5)

The computational domain is [−2,2]. We use P 2 elements with 40 × 40 cells in our com-
putation of the LDG method. The solutions at time t = 0, 0.001, 0.01 and 0.046 are shown
in Fig. 3. A strong smoothing effect is much faster for high frequencies than for low fre-
quencies. High frequencies are rapidly damped. The results are comparable with the results
in [22].
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Table 2 Accuracy test for
one-dimensional surface
diffusion of graphs with exact
solution (4.1). Uniform meshes
with J cells at time t = 0.5

J L∞ error Order L2 error Order

P 0 10 1.17E-02 – 2.73E-02 –

20 5.89E-03 0.99 1.37E-02 0.99

40 2.95E-03 1.00 6.89E-03 1.00

80 1.47E-03 1.00 3.45E-03 1.00

P 1 10 2.83E-03 – 1.03E-02 –

20 7.23E-04 1.97 2.66E-03 1.96

40 1.81E-04 2.00 6.70E-04 1.99

80 4.41E-05 2.04 1.65E-04 2.02

P 2 10 4.74E-04 – 1.95E-03 –

20 5.97E-05 2.99 2.51E-04 2.95

40 7.83E-06 2.93 3.15E-05 3.00

80 1.05E-06 2.90 4.07E-06 2.95

Fig. 3 The solution of the Willmore flow of graphs equation (1.2) with the initial condition (4.5). Periodic
boundary condition in [−2,2]. P 2 elements and a uniform mesh with 40 × 40 cells
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Fig. 4 The solution of the Willmore flow of graphs equation (1.2) with the initial condition (4.6). Periodic
boundary condition in [−2,2]. P 2 elements and a uniform mesh with 40 × 40 cells

Example 4.6 (Sine perturbation) We consider the numerical solutions of the two-dimensional
Willmore flow of graphs equation (1.2) with the initial condition

u0(x, y) = 0.25 sin(πy)(0.25 sin(πx) + 0.5 sin(3πx)). (4.6)

The computational domain is [−2,2]. We use P 2 elements with 40×40 cells in our compu-
tation of the LDG method. The solutions at time t = 0, 0.0001, 0.001 and 0.01 are shown in
Fig. 4. There is a similar numerical simulation in [14]. The results show that high frequen-
cies are rapidly damped and the amplitude of the waves decays very fast as in [14].

5 Conclusion

We have developed a local discontinuous Galerkin method to solve the surface diffusion of
graphs and Willmore flow of graphs equations. L2 stability and energy stability are proven
for general solutions. Numerical examples are given to illustrate the accuracy and capability
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of the methods. Although not addressed in this paper, LDG methods are flexible for general
geometry, unstructured meshes and h-p adaptivity. That will be our future work on solving
nonlinear equations in geometric partial differential equations.
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