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Abstract In this paper, we will investigate the superconvergence of the finite element ap-
proximation for quadratic optimal control problem governed by semi-linear elliptic equa-
tions. The state and co-state variables are approximated by the piecewise linear functions
and the control variable is approximated by the piecewise constant functions. We derive the
superconvergence properties for both the control variable and the state variables. Finally,
some numerical examples are given to demonstrate the theoretical results.
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1 Introduction

In this paper, we shall study the superconvergence of the finite element approximation for
the following optimal control problem

in] 1 24 D (1.1
ming 51y = yall™+ Sl ¢, 1
—div(AVY) +¢(y») = f +Bu,  xeQ, (1.2)
Yo =0, (1.3)
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where Q is a convex bounded domain in R? with smooth boundary. The details will be
specified later. Problem (1.1)—(1.3) appears, for example, in temperate control problems,
see [13].

Finite element approximation of optimal control problems plays a very important role in
numerical methods for these problems. There have been extensively studies on this aspect,
see, for example, [1, 2, 6-11, 14, 16, 18, 23, 24, 29, 30]. A systematic introduction of finite
element method for PDEs and optimal control problem can be found in, for example, [12,
15, 27], and [28].

For optimal control problem governed by semi-linear elliptic state equations, a priori
error estimates of finite element approximation were studied in, for example, [3] and [23].
A posteriori error estimates for this problem were discussed by Huang et al. [17].

In [20, 26], superconvergence properties of the control variable for the linear elliptic con-
trol problem are presented. Yang and Chang in [31] showed the superconvergence properties
for optimal control problem of bilinear type. The purpose of this paper is to extend the su-
perconvergence property of [20] to the above semi-linear control problem and also to get the
superconvergence properties for the state variables.

The paper is organized as follows: In Sect. 2, we shall give a brief review on the finite
element method and then construct the approximation schemes for the model optimal control
problem. In Sect. 3, we shall give some intermediate error estimates which is useful to
derive the superconvergence. In Sect. 4, superconvergence results for both control and state
variables were derived. In Sect. 5, we will give some applications of the results derived in
Sect. 4. In Sect. 6, some numerical examples are given to demonstrate our theoretical results.
In the last section we briefly discuss some possible future work.

In this paper we adopt the standard notation W7 (2) for Sobolev spaces on 2 with a
norm || - ||,x,, given by

_ P
Ipln , =Y ID“GlI} )

lae|<m

a semi-norm | - |, , given by
612, =Y I1D“GlI -
loe|=m
We set
Wo () = {¢p € W"P(Q) : plaq = 0}.
For simplicity, we denote H™ (Q2) = W"2(Q) and || |, = || - |lm.2 when p = 2. In addition,
c and C denotes a general positive constant independent of #.
2 Preliminaries
In this section we will study the finite element approximation of (1.1)—(1.3). In the rest of
the paper, we shall take the state space V = H(} (R2), the control space U = L2(2). Let B be

a linear continuous operator from U to H, Let K denotes the admissible set of the control
variable defined by K ={u € U : u > 0}. Let

a(y,w):/(AVy)-Vw, Vy,weV,
Q
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(u,v) :/qu’ V(u,v)eU x U,
A() = (@i (Dnxn € (WH2(R))"",
satisfying that there is a constant ¢ > 0 such that for any vector X € R”,
X' AX > X3
It follows from the assumptions on A that there are constants ¢, C > 0 such that Vy, w € V
ay, y) = clyly, la(y, w)| = Cliyllvllwlly.
Then the standard weak formula for the state equation reads: find y(u#) € V such that
a(y(u), w) + (@ (y), w)=(f +Bu,w), YweV,
where we assume that the function ¢(-) € W>*°(—R, R) for any R > 0, ¢'(y) € L*(R2) for

any y € H'(RQ), and ¢’ > 0. Thus the above equation has a unique solution.
We recast (1.1)—(1.3) in the following weak form: find (y, u) € V x U such that

1 , b
ug(lgu{illy—ydll +5llull } 2.1)
a(y,w)+ @), w)=(f +Bu,w), YweV=H(Q). (2.2)

It is well known (see, e.g., [22]) that the control problem (2.1)—(2.2) has a unique solution
(y,u) and that if a pair (y, u) is the solution of (2.1)—(2.2), then there is a co-state p € V
such that the triplet (y, p, u) satisfies the following optimality conditions:

a(y,w)+ (¢(y),w) = (f + Bu,w), VYweV =H}(RQ), (2.3)
a@.p)+ @ Mp.9)=0—ya.9). YgeV=H(Q), (2.4)
(u+B'pv—u)>0, YveKcCU=L*Q), (2.5)

where B* is the adjoint operator of B.

In the following we construct the finite element approximation for the optimal control
problem (2.1)—(2.2). For ease of exposition we will assume that €2 is a polygon. Let 7, be a
quasi-uniform partition of €2 into triangles. And let 4 be the maximum diameter of 7 in 7},.

Moreover, we set

U,={ueU: i|risconstanton T € T},},

Vi={meC®): ylr €P, VT € T;},

where IP; is the polynomials of degree less than or equal to 1 for triangulation. Let K, C
K NU, be a closed convex set. Now, the finite element approximation of the problem (2.1)—
(2.2) is as follows:

in {1 12+ 2 (2.6)
min { =y, — —lu , )
ek, | 2 Yn — Yd ) h
a(ns wp) + (@), wi) = (f + Bup, wy),  VYwy, € Vy C Hy (). 2.7)
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The control problem (2.6)—(2.7) has a unique solution (yy, 1), and a pair (yy, u;) is the
solution of (2.6)—(2.7) if and only if their is a co-state p, such that the triplet (y,, pn, u;)
satisfying the following optimal conditions:

a(yn, wy) + (@), wy) = (f + Buy,wy),  Yw, €V, C Hy (), (2.8)
a(qn, pr) + @ W) Py an) = h — Yas qn)s Yau € Vi C Hy (), (2.9)
(up + B*pu,vn —up) >0, Vv, € K, C L*(Q). (2.10)

3 Intermediate Error Estimates

First, we shall use some intermediate variables. For any &t € K, let (y(i), p(it)) be the
solution of the following equations:

a(y(it), w) + (¢(y(@)), w) = (f + Bii,w), YweV, 3.1
a(q, p(@) + (' (y@) p(@), q) = (y(@) — ya.q), Vg eV. (3.2)
Then, for any & € K, let (y;, (i), p, (1)) be the solution of the following equations:
a(yy (@), wy) + (@ (yp @), wy) = (f + B, wy,), Ywy €V, (3.3)
a(gn, pr(@)) + (@' u @) pr (@), gn) = (@) = yas qn),  Yqu € V. (34)

Thus, we have (y, p) = (y(u), pw)), (Yu, pr) = nWn), prup)).
We introduce the standard L?(2)-orthogonal projection Qj, : U — U,, which satisfies:
forany y € U

(Y — On¥, n) =0, Vi, € U, (3.5)
and the elliptic projection R;, : V — V},, which satisfies: for all w e V

a(w— Ryw,w,) =0, w,eV,. 3.6)
We have the following approximation properties:

Iy — Quirll—s <CR'™ |y, s=0,1, (3.7)
|lw— Ryw| < Ch*|wlls, forw e H*(RQ). (3.8)

Lemma 3.1 Let u be the solution of (2.3)—(2.4), for h sufficiently small, there exists a posi-
tive constant C such that

ly(Quu) — y)lly < Ch?, (3.9)
I p(Quu) — pw)ll; < Ch*. (3.10)

Proof Choose i = Qju and u = u in (3.1)—(3.2), respectively, then we have the following
error equations

a(y(Quu) — y(u), w) + (¢ (y(Qnu)) — p(yw)), w) = (B(Qnu —u), w), (3.11)
a(g, p(Quu) — p)) + (' (y(Qu)) p(Qnu) — ¢'(y(w) p(u), q)
= (y(Qnu) — y(u), q), (3.12)
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foranyweVandgeV.
First, choose w = y(Q,u) — y(u) in (3.11), we have

a(y(Qnu) — y(u), y(Quu) — y@)) + (9 (y(Qnu)) — ¢ (y@)), y(Qnu) — y(u))
= (B(Qnu —u), y(Qnu) — y(u)). (3.13)

Now, we estimate the right hand side of (3.13). Using the continuity of B and (3.7), we have

(B(Quu —u), y(Qnu) — y(@)) = (Qnut — u, B*(y(Qnu) — y(u)))
= CIB*(y(Qn () = y()ll1 - | Qnue — |1
< CR[lully - Ily(Quu) = y@) 1. (3.14)

From (3.13), (3.14) and the assumption of A and ¢ (-), we have

clly(Quu) — y@)I13
<a(y(Quu) — y(u), y(Quu) — y(u))
+ (@ (Qnw)) — (W), y(Qpu) — y(u))
= (B(Quu — u), y(Quu) — y())
< CR?||y(Quu) — y(u) |1, (3.15)

then, (3.9) can be obtained from (3.15).
Choose ¢ = p(Q,u) — p(u) in (3.12), we have

a(p(Quu) — p(u), p(Qru) — p(u))
+ (@' (Qnu) p(Quu) — @'y W) p(u), p(Qpu) — p(u))
= (y(Qnu) — y(u), p(Qnu) — p(u)), (3.16)

namely,

a(p(Qnu) — p(u), p(Qnu) — p(u))
+ (@' (v (Qn))(p(Qnu) — p(w)), p(Qpu) — p(u))
= (y(Qnu) — y(u), p(Qnu) — pu))
+ (p) (@' (y(®) — ¢'(y(Quu))), p(Qpu) — p(u)). (3.17)
Notice that
(y(@nu) — y(u), p(Quu) — p(u)) = Clly(Quu) — y()l - | p(Qnu) — pu)l
< CR2|| p(Quu) — p()|:.- (3.18)
Using the assumption of ¢ () and (3.9), we have
(P)(@' (y@)) — ¢'(y(Qn))), p(Qnu) — p(u))
= Cllpalloald’ (@) — ¢ ((Qnu) |l - 1 p(Qnu) — p(u)llo.4
=Cllip@llill@llwzeelly@) = y(Qu)| - I p(Qnu) — p)llx
< Ch?|[p(Qaue) = p)|l1. (3.19)
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where we used the embedding |[v|o.4 < C|lv|[;. Then, using (3.17), (3.18), (3.19) and the
assumption of ¢ (-), we have

cllp(Quu) — p@)l7
<a(p(Quu) — pp(u), p(Quu) — p(u))
+ (@' ((Qn)(p(Qnu) — pw)), p(Qpu) — p(u))
= (v (Qnu) — y(u), p(Qpu) — p(u))
+ (p) (@' (y(u) — @' (y(Qru))), p(Quu) — p(u))
< CR?||p(Quu) — p()|hr, (3.20)

which implies (3.12). O
Lemma 3.2 For any ii € K, if the intermediate solution satisfies

y(@), p(i) € H*(),
and 2 is convex, then, we have

llyn (@) — Ry @)y < Ch?, (3.21)
Il pu (@) — Ry p(@)ly < Ch?. (3.22)

Proof According to Theorem 8.2.9 in [25], the following estimate hold

1y @) =y @ + | p@) — pa(@)| < Ch. (3.23)

From (3.1)—(3.2) and (3.3)—(3.4), we have the following error equations:

a(y,(@) — y@@), wy) + (@ (@) — ¢ (y(@)), wy) =0, (3.24)
alqn, pa(@) — p(iD)) + (@' (yu () pp (@) — ¢ (y (@) p (i), g1)
= (yp (@) — y(@), qn), (3.25)

for any w;, € V,, and ¢, € V},. Using the definition of R}, the above equation can be restated
as

a(yn(@) — Ryy (i), wy) = (9 (y(@)) — ¢ (yn (i), wp), (3.26)
a(qn, pr(@t) — Ryp(@)) + (¢’ (va @) (pa (@) — Ry, p (i), gn)
= (@) — y (@), qn)
+ (p@)(@' (v (@) — ¢' (yu@))). qn) + (@' @) (p(@) — Ry p(@)), qn).  (3.27)
First, let wy, = y, () — R,y (@) in (3.26), we have
cllyn(@ — Ry (@I}
<a(yn(@) — Ryy(u), yn(it) — Ryy(@))
= (o (@) — ¢ (yn (@), yn(it) — Ry y (i)
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< Cligllwroolly@) — yu @Il - lya @) — Ry @)
< CRllwroolly@ 2 - llyn (@) — Ry (@]
< CR|lyn(@) = Ry @], (3.28)

which implies (3.21).
Then, let g, = p, (@) — R, p(&) in (3.27). Notice that
(n (@) — y(@), pp(it) — Ry p()) < ||y (@) — y(@)|l - | pu(@t) — Ry p@@)|l
< Ch*|ly@)ll> - | pn (@) — Ry p)||
< CR?| | pu(it) — Ryp@@)||1. (3.29)

Using the assumption of ¢ (-), we have

(p(@)(¢'(y (@) — @' (yu(@))), pu(it) — Ry p(it))
< Cllp@)lloalle’(y(@)) — ¢'(yu @)l - | pa (@) — Ry p(@@)llo.a
< CR | p@)ly - Igllwaoo lly @2 - | (@) — Ry p @)l
< CI?| pu(it) — Ry p (i) |1, (3.30)

where we used the embedding ||v|jo4 < C|lv||;. Then, using the definition of R, and the
assumption of ¢ (-), we have

(@' n @) (p (@) — Ry, p(i)), pu(it) — Ry p(it))
= Cligllwrlip@) — Ryp@)ll - I pr () — Ry p ) ||

< CR||gpllwrellp@)l2 - || pu(@) — Ry p(@)||
< Ch?|| pu(it) = Ry p@) 1. (3.31)
From (3.27) and (3.29)—(3.31), we have
cllpn(@) — Ryp @It
<a(pn() — Ryp(i), pu(it) — Ry p(it))
+ (&' n @) (py (@) — Ry p(@)), py () — Ryp(@d))
= (@) — y (@), p(it) — Ry p(@)) + (p@)(@' (y(@)) — ¢ (yu(@))), pa (@) — Ry p(id))
+(¢" (@) (p(@) — Ry p(@)), pu(@t) — Ry p(it))
< CR?||pu(@t) — Ryp@@)|ly, (3.32)

which implies (3.22). O

Let y(u) and yj, (u;) be the solution of (2.2) and (2.7), respectively. Set
Jw =12 I+ <l
u) = 5 Y = Ya 5 u s
1 2 | 2
Jn(up) = §||}’h(uh) —yall” + E””h - ¢-
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Then, the reduced problems of (2.1) and (2.6) read as

Hli]I(l{J(u)}, (3.33)
and
uI;,neiII(lh{Jh ()}, (3.34)

respectively. It can be shown that

(J'(u),v) = (u+ B*p,v),
(J"(up), v) = (up + B* p(up), v),
(J'(Qnu), v) = (Quu + B* p(Quu), v),
(J5(un), v) = (uy + B* p, v),

where p(u;) and p(Qpu) are solutions of (3.1)—(3.2) with & = uy;, and & = Q,u, respec-
tively.

In many application, J(-) is uniform convex near the solution u. The convexity of J(-)
is closely related to the second order sufficient conditions of the control problem, which are
assumed in many studies on numerical methods of the problem. Then, there is a constant
¢ > 0, independent of h, such that

(J'(Qnu) = J'(un), Qnt — up) = cl| Quu — upll*, (3.35)

where u and u;, are solutions of (3.33) and (3.34) respectively, Q,u is the orthogonal pro-
jection of u which is defined in (3.5). We shall assume the above inequality throughout this
paper. More discussion of this can be found in, for example, [4] and [5].

4 Superconvergence Properties

In this section, we will discuss the superconvergence for both the control variable and the
state variables. Let ¢ be the average operator defined in [20]. Let

QT ={Ur:7t CQ,ul; >0},
Q¥ ={Ur:tCQ,ul, =0},
QP =ao\(QtuQY.

In this paper, we assume that u and 7}, are regular such that meas(Q2*) < Ch.

Theorem 4.1 Let u be the solution of (2.3)—~(2.5) and u;, be the solution of (2.8)—(2.10). We
assume that the exact control and state solution satisfy

u, u+ B pe Whe(Q),
and

y@), pu) € HX(Q).
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Then, we have
| Quie = upll < Chi. @.1)
Proof Let v =uy in (2.5) and v, = Q,u in (2.10), then add the two inequalities we have
(up+ B*pyp —u— B*p, Qpu —uy) + (u+ B*p, Qpu —u) > 0. 4.2)
Hence
(Qnu —up, Qpu — uyp)

= (u—uy, Qpt — uy)

< (B*py—B*p, Qnu —uy) + (u+ B*p, Qyu — u). 4.3)
For the first term of (4.3), we divide it into three parts,
(B*pn — B*p, Qpu — uy)

= (B*py — B*p(up), Qnu — up) + (B*p(up) — B*p(Qpu), Opu — uy)
+ (B*p(Quu) — B*p(u), Qnu — up), 4.4)

then, from (4.3)—(4.4), we have
(Qnu — up, Quu —uy) — (B*p(up) — B*p(Quu), Qnu — uy)

< (B*py — B*p(up), Qnu — up) + (B*p(Quu) — B*p(u), Quu — uy)
4+ + B*p, Qnu —u). 4.5)

According to (3.23),

(B*p(up) — B* pu, Qnu —up) < ClIB*(p(up) — pw)ll - | Qe — |
< Ch*||Quu — || (4.6)

For the second term of (4.3)

<u+B*p,Qhu—u>=/ +/ +/ (u+ B p, Qu — wydx.
o+t Qo Qb

Obviously, (Qnu —u)|qo = 0. From (2.5), we have pointwise a.e. (u 4+ B*p) > 0, we choose
il|g+ =0 and it|g\o+ = u, so that (u + B*p, u)|o+ < 0. Hence, (u + B*p)|qg+ = 0. Then
(u+B*p, Qpu—u) = (u+ B*p, Qpu — u)gp
<+ B'p—n(u+ B*p), Qnu —u)gp
< Ch*|u+ B*plly g llully g0
< Ch*|lu + B*pl1.collull1 00 - meas(R2”)
<cCh’. (4.7)
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According to (3.35), the left hand of (4.5) can be restated as:

(Qnu — up, Qpu —up) — (B*p(uy) — B*p(Qnu), Qput — uy)
= (Qnu + B*p(Qnu), Qnu — up) — (up + B*p(up), Qpu — uy)
= (J"(Qnu) — J'(un), Qnu — uy)
> cl| Quu — upll.
Then, combining Lemma 3.1 and (4.5)-(4.8), we have
| Qute — | < Ch?,

which complete the proof of Theorem 4.1.

(4.8)

O

Theorem 4.2 Let u be the solution of (2.3)—(2.5), uy, be the solution of (2.8)—(2.10) and Q

is convex. We assume that the exact control and state solution satisfy
u, u+ B pe Whe(Q),
and
yw), pu) € H* ().
Then, we have
v = Ruylly < Ch3,
Ipn = Rupll < Ch?.
Proof From (2.3)—(2.4) and (2.8)—(2.9). We have the following error equations
a(yn =y, wp) + (@) — d(y), wp) = (Blup —u), wp), VYwy € Vi,
a(qn, pv = )+ @' OGwpn — ' P an) = O — y.an),  Vau € Vi
Using the definition of R;,, we have
a(yn — Ruy, wn) + (9 (yn) — ¢ (Ryy), wi)
= (Bup —u), wp) + (@ (y) — @ (Rpy), wn),

a(qn, pn — Rup) + (@' () (pr — Rup), qn)
=n =Y. qn) + @' (P — Rup), qn) + (p(' (V) — &' (yu))s an).

for any w;, € V;, and g, € V.
First, take w, = y, — Ry, y in (4.13) and using the assumption of ¢ (-), we have

cliyw — Ruyl?
<a(yn — Rpy, yn — Rpy) + (@ (yn) — d(Ruy), yn — Riy)

4.9)
(4.10)

@.11)
(4.12)

(4.13)

(4.14)

= (B(up — Qpu), yp — Ryy) + (B(Qnu —u), yp — Rpy) + (¢ (y) — ¢(RuYy), yn — Riy)

< Clup — Qnull - llyn — Ruyll + 1 Qe — ull -1 | B*(yn — Ry )|l
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+lolhcolly = Ruyll - lyn — Ryl
3
< C(h2|lyn — Ruylly + A lullillyn — Ruylls + B2 @ ool ¥ 21l yn — Ruylly)
3
<Ch2|lyn — Ruyll1, (4.15)

which implies (4.9).
Then, we take g, = p, — R, p in (4.14). Notice that

n =¥, P — Rup) = (Y — Rny, pn — Rup) + (Rpy — y, pn — Ry p)
< Ch3lpy = Rupl. (4.16)
Using the definition of R;, and the assumption of ¢ (), we have
@' () (p = Rup), pi = Rup) < CH*|19lh ool pll2ll P — Rupll
< CI|lpn — Rupl, (4.17)

and

(p(@'(¥) = &' (1), Pr — Rup)
= Clol2.00(P(y = yn), Pr — Rnp)
< Cl¢ll2.colly = yull - I pllo.all P — Rupllo.a
< Clgll2.ccly = Reyll + IRky — yuIDlIlpl 1 pr — Ruplhn
< Ch3||py — Raplls. 4.18)
From (4.14) and (4.16)—(4.18), we have

cllpn — Rupll} < alpn — Rup. pn — Rup) + (@' ) (ph — Rup), pi — R p)
= — Y, Pn — Rup) + (@' ) (P — Rip), pr — Rup)
+(p@' () =& (), pn — Rup)
< Ch3|\py — Ruplh. (4.19)

which implies (4.10). O

5 Application

In this section, some applications of the results derived in Sect. 4 will be presented.

First, we will introduce a higher order interpolation operator 122h which is presented by
Lin and Zhu [21] and I, be the Lagrangian interpolate operator. They satisfy the following
properties:

v — 5l < CR?|lvlls, Vv e H (), 5.1
Lyl =13, (5.2)
13,001 < Clivlly, Yo € V. (5.3)

Using these properties we have
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Theorem 5.1 Suppose that all the conditions of Theorem 4.2 are valid. Moreover, we will
assume that y, p € H 3 Then, we have

3
Iy — I3,y < Ch?, (5.4)

3
Ilp = I3, palls < Ch?. (5.5)
Proof Obviously, by (5.2) and (5.3), we have

y—Lyyn=y— Iy + 13,y — Ryy) + I, (Ryy — y4). (5.6)
Iy = 2yl < Ily = 12yl + Clliyy — Riyll + ClIRwy — yally- (5.7)

According to Theorem 2.1.1 in [21], we have
15y = Ruylly < CH*[1ylls. (5.8)

Combining with (4.9) and (5.1), we complete the proof of (5.4). Similarly, we have (5.5). J

Then, let us construct the recovery operator G,. Let G, v be a continuous piecewise linear
function (without zero boundary constraint). The value of G, v on the nodes are defined by
lease-squares argument on an element patches surrounding the nodes, the details can be refer
to the definition of R;, in [20].

Theorem 5.2 Let u and uy, be the solutions of (2.3)—(2.5) and (2.8)—(2.10), respectively.
Assume that u € WH°(Q) and Q is convex. Then,

lu — Gpunll < Ch3. (5.9)
Proof Let Qju be defined in (3.5). Then,
lu = Grupll < llu — Grull + 1|Gru — G Qrull + 11G, Qi — Gruy |- (5.10)
According to Lemma 4.2 in [20], we have
lu — Gyull < Ch?. G.11)

Using the definition of G;, we have

Gpu=GyQpu, (5.12)

and
G Qru — Grupll = CllQnut — uy . (5.13)
Combining (4.1) and (5.10)—(5.13), we complete the proof of Theorem 5.2. O

@ Springer



218 J Sci Comput (2009) 39: 206221

Table 1 The error of Example 1 on a sequential uniform refined meshes

Resolution llu —upll 1 Qnu —upll llu = Gpupl
16 x 16 2.551E-2 3.598E-3 2.362E-2
32x32 1.295E-2 1.340E-3 9.459E-3
64 x 64 6.516E-3 4.677E-4 3.525E-3
128 x 128 3.267E-3 1.699E-4 1.268E-3

6 Numerical Examples

In this section, we carry out some numerical examples to demonstrate our theoretical results.
The optimal problem was solved numerically by a precondition projection algorithm, see for
instance [17], with codes developed based on AFEPack [19]. The discretization was already
described in Sect. 2: the state and co-state equations were approximated by piecewise linear
functions, whereas the control function u is discretized by piecewise constant functions. In
our examples, we choose the domain Q2 =[0,1] x [0, 1] and B=1.

Example 1 The example is to solve the following two dimension semi-linear elliptic control
problem

ind 211y = yall? + S — o 2
{2111{12)’ Yd 2“ Uo s

6.1)
st. —Ay+y*=f+u, u>0,
where
y = sin(mwx;) sin(wrx,),
p = sin(mwx;) sin(mwx,),
uyg=1.0-— sinﬂ — sinﬁ,
2 2
u = max(ug — p,0), (6.2)
f=2y+y —u,
Yo =y—21’p—3y’p.
The dual equation of the state equation is
—Ap+3y’p=y =y (6.3)

In Table 1, the error |lu — u,l|, [|Qnu — uyll and ||u — Gru,|| obtained on a sequence of
uniformly refined meshes are shown. In Fig. 1, the profile of the numerical solution of u on
the 64 x 64 mesh grid is plotted.
Example 2 We consider the following semi-linear elliptic optimal control problem
in | 21ly =yl + 3 e — ol
ek | 2 T Yl T ol (6.4)
st. —Ay+y =f4+u, u=0,
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Fig. 1 The profile of the
numerical solution of Example 1
on 64 x 64 triangle mesh

\
Ny
iy
\\\\‘\\\\\\\\\\

A

where

ya = sin(2wxy) + sin(2w x,),

Yy =DYd,
uo = max(4n2yy, 0),

U = uy, (6.5)
f=4712y—|—y3—u,

p=0.

The dual equation of the state equation is
—Ap+3y’'p=y—ya. (6.6)

Table 2 shows the numerical results of both || — uy||, || Qnu — uy|| and ||u — Gu,| on a
sequential uniformly refined meshes. Figure 2 shows the numerical solution on the 64 x 64
mesh grid.

7 Conclusion
In this paper, we present the superconvergence analysis of the finite element approximation

for optimal control problems governed by semi-linear elliptic equations. Our superconver-
gence analysis for the semi-linear elliptic equations by standard finite element method seems
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Fig. 2 The profile of the
numerical solution of Example 2
on 64 x 64 triangle mesh
20
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Table 2 The error of Example 2 on a sequential uniform refined meshes

Resolution llue —upll 1Qnu —upl lu = Gpupl
16 x 16 6.390E-1 4.559E-2 4.701E-1
32x32 3.214E-1 1.608E-2 1.689E-1
64 x 64 1.611E-1 5.681E-3 5.973E-2
128 x 128 8.065E-2 2.008E-3 2.106E-2

to be new, and these results can be extended to general convex problems. We shall study the
superconvergence for optimal control problems governed by semi-linear parabolic equa-
tions. Furthermore we shall study the superconvergence of these problems by mixed finite
element method.

References

1. Alt, W.: On the approximation of infinite optimization problems with an application to optimal control
problems. Appl. Math. Optim. 12, 15-27 (1984)

2. Alt, W., Machenroth, U.: Convergence of finite element approximations to state constrained convex
parabolic boundary control problems. SIAM J. Control Optim. 27, 718-736 (1989)

3. Arada, N., Casas, E., Troltzsch, F.: Error estimates for the numerical approximation of a semilinear
elliptic control problem. Comput. Optim. Appl. 23, 201-229 (2002)

4. Casas, E., Troltzsch, F.: Second order necessary and sufficient optimality conditions for optimization
problems and applications to control theory. SIAM J. Optim. 13, 406431 (2002)

5. Casas, E., Troltzsch, F., Unger, A.: Second order sufficient optimality conditions for some state con-
strained control problems of semilinear elliptic equations. SIAM J. Control Optim. 38, 1369-1391
(2000)

6. Chen, Y.: Superconvergence of quadratic optimal control problems by triangular mixed finite elements.
Int. J. Numer. Methods Eng. 75, 881-898 (2008)

7. Chen, Y.: Superconvergence of optimal control problems by rectangular mixed finite element methods.
Math. Comput. 77, 1269-1291 (2008)

8. Chen, Y., Liu, W.B.: A posteriori error estimates for mixed finite elements of a quadratic control problem.
In: Recent Progress in Computational and Applied PDEs, pp. 123-134. Kluwer Academic, Dordrecht
(2002)

@ Springer



J Sci Comput (2009) 39: 206-221 221

10.
11.
12.
. Duvaut, G., Lions, J.L.: The Inequalities in Mechanics and Physics. Springer, Berlin (1973)
14.
15.
16.

17.

19.
20.

21.
22.
23.
24.
25.
26.
217.
28.
29.
30.

31.

. Chen, Y., Liu, W.B.: Error estimates and superconvergence of mixed finite element for quadratic optimal

control. Int. J. Numer. Anal. Model. 3, 311-321 (2006)

Chen, Y., Liu, W.B.: A posteriori error estimates for mixed finite element solutions of convex optimal
control problems. J. Comput. Appl. Math. 211, 76-89 (2008)

Chen, Y., Yi, N., Liu, W.B.: A Legendre Galerkin spectral method for optimal control problems governed
by elliptic equations. STAM J. Numer. Anal. 46, 2254-2275 (2008)

Ciarlet, P.G.: The Finite Element Method for Elliptic Problems. North-Holland, Amsterdam (1978)

French, D.A., King, J.T.: Approximation of an elliptic control problem by the finite element method.
Numer. Funct. Anal. Optim. 12, 299-315 (1991)

Haslinger, J., Neittaanmaki, P.: Finite Element Approximation for Optimal Shape Design. Wiley, Chich-
ester (1989)

Hou, L., Turner, J.C.: Analysis and finite element approximation of an optimal control problem in elec-
trochemistry with current density controls. Numer. Math. 71, 289-315 (1995)

Huang, Y., Li, R, Liu, W.B., Yan, N.: Adaptive multi-mesh finite element approximation for constrained
optimal control problems. SIAM J. Control Optim. (in press)

. Knowles, G.: Finite element approximation of parabolic time optimal control problems. STAM J. Control

Optim. 20, 414427 (1982)

Li, R., Liu, W.B.: http://circus.math.pku.edu.cn/AFEPack

Li, R., Liu, W.B., Yan, N.N.: A posteriori error estimates of recovery type for distributed convex optimal
control problems. J. Sci. Comput. 33, 155-182 (2007)

Lin, Q., Zhu, Q.D.: The Preprocessing and Postprocessing for the Finite Element Method. Shanghai
Scientific and Technical Publishers, China (1994)

Lions, J.L.: Optimal Control of Systems Governed by Partial Differential Equations. Springer, Berlin
(1971)

Liu, W.B., Tiba, D.: Error estimates for the finite element approximation of a class of nonlinear optimal
control problems. J. Numer. Funct. Optim. 22, 953-972 (2001)

Liu, W.B., Yan, N.N.: A posteriori error estimates for optimal control problems governed by parabolic
equations. Numer. Math. 93, 497-521 (2003)

Mateos, M.: Problemas de control 6ptimo gobernados por ecuaciones semilineales con restricciones de
tipo integral sobe el gradiente del estado. Thesis, University of Cantabria, Santander (June 2000)
Meyer, C., Rosch, A.: Superconvergence properties of optimal control problems. STAM J. Control Optim.
43, 970-985 (2004)

Neittaanmaki, P., Tiba, D.: Optimal Control of Nonlinear Parabolic Systems: Theory, Algorithms and
Applications. Dekker, New York (1994)

Tiba, D.: Lectures on the Optimal Control of Elliptic Equations. University of Jyvaskyla Press, Jyvaskyla
(1995)

Xing, X., Chen, Y.: Error estimates of mixed methods for optimal control problems governed by par-
abolic equations. Int. J. Numer. Methods Eng. 75, 735-754 (2008)

Xing, X., Chen, Y.: L% -error estimates for general optimal control problem by mixed finite element
methods. Int. J. Numer. Anal. Model. 5(3), 441-456 (2008)

Yang, D., Chang, Y., Liu, W.: A priori error estimate and superconvergence analysis for an optimal
control problem of bilinear type. J. Comput. Math. 26, 471-487 (2008)

@ Springer


http://circus.math.pku.edu.cn/AFEPack

	Superconvergence for Optimal Control Problems Governed by Semi-linear Elliptic Equations
	Abstract
	Introduction
	Preliminaries
	Intermediate Error Estimates
	Superconvergence Properties
	Application
	Numerical Examples
	Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


