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Abstract In this paper we shall discuss the numerical simulation of geometric flows by level
set methods. Main examples under considerations are higher order flows, such as surface
diffusion and Willmore flow as well as variants of them with more complicated surface
energies. Such problems find various applications, e.g. in materials science (thin film growth,
grain boundary motion), biophysics (membrane shapes), and computer graphics (surface
smoothing and restoration).

We shall use spatial discretizations by finite element methods and semi-implicit time
stepping based on local variational principles, which allows to maintain dissipation prop-
erties of the flows by the discretization. In order to compensate for the missing maximum
principle, which is indeed a major hurdle for the application of level set methods to higher
order flows, we employ frequent redistancing of the level set function.

Finally we also discuss the solution of the arising discretized linear systems in each time
step and some particular advantages of the finite element approach such as the variational
formulation which allows to handle the higher order and various anisotropies efficiently and
the possibility of local adaptivity around the zero level set.
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1 Introduction

Higher order geometric flows received growing attention in the recent years due to emerg-
ing applications in various fields, where higher order typically means higher than second
order intrinsic derivatives of the surface appearing in the evolution equations. Significant
advances have been made in the modelling and understanding of certain flows, while the
rigorous mathematical analysis and the construction of flexible computational schemes still
lack behind. In particular the use of level set methods, which became popular for lower order
flows in the last decade, is not yet well understood. Major obstacles for level set methods in
higher order flows are the absence of maximum and comparison principles, which excludes
global level set approaches, and the stiffness of the problems, which excludes explicit time
stepping to a large extent.

In this paper we develop level set methods for the simulation of higher-order flows based
on finite element discretizations in space and semi-implicit time discretizations. The issue
of the missing maximum principle is resolved by frequent redistancing. This corresponds to
a paradigm for local level set formulations in the continuous setting: a level set solution to a
higher-order flow would be an evolving signed distance function that satisfies the geometric
evolution equation on the interface (the zero level set) only.

The basis of our approach is a variational formulation of the geometric flows as metric
gradient flows (cf. [1, 2, 10]). This means that the computation of an evolving (embedded)
curve or surface �(t) is determined by an energy E (defined on a class of shapes) and a
metric structure on a manifold of curves and surfaces. The evolution is determined via the
normal velocity vn, which satisfies an equation of the form

〈vn,ψ〉M(�(t)) = −e′[�(t)]ψ, (1)

for all suitable test velocities ψ , where the scalar product is determined by the metric struc-
ture M(�(t)). The right-hand side e′[�(t)]ψ denotes the variation of the energy functionals
with respect to infinitesimal perturbations of the shape with a vector field ψn (which can
also be interpreted as a shape derivative, cf. [17]), where n denotes the unit outward normal.
Under suitable conditions the shape derivative e′[�(t)] is a continuous linear functional on
the space of test velocities. The most important choices of scalar product in this context are
the L2 and H−1 scalar product. In the case of M(�(t)) denoting the L2-scalar product on
�(t), we obtain ∫

�(t)

vnψ dσ = −e′[�(t)]ψ ∀ψ ∈ L2(�(t)).

Hence, the normal velocity is just the L2-representation of the linear functional e′[�(t)]. In
the case of e being the area functional, i.e.

e[�(t)] =
∫

�(t)

1dσ,

the variation is computed via the mean curvature h of the surface as

e′[�(t)]ψ =
∫

�(t)

hψ dσ.

Thus, one sees that the associated L2-gradient flow yields the mean curvature flow vn = −h.
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In the case of the H−1-scalar product we have

〈vn,ψ〉M(�(t)) =
∫

�(t)

∇σ Wvn · ∇σ Wψ dσ, (2)

with the tangential gradient ∇σ and Wψ defined by the Laplace-Beltrami equation

−∇σ · (∇σ Wψ) = ψ, on �(t) (3)

with the additional normalization condition
∫

�(t)
Wψ dσ = 0. In the case of the area func-

tional the equation for the normal velocity becomes

∫
�(t)

Wvnψ dσ = −
∫

�(t)

Wvn∇σ · (∇σ ψ)dσ =
∫

�(t)

∇σ Wvn · ∇σ Wψ dσ = −
∫

�(t)

hψ dσ

and hence, Wvn = −h. An application of the Laplace-Beltrami operator finally yields vn =
∇σ · (∇σ h), i.e. motion by the Surface-Laplacian of curvature, which is the simplest form
of a surface diffusion law (cf. [27]). Thus, we see that the choice of the H−1 scalar product
automatically leads to higher order flows, in the above example to a fourth order one.

Another source for higher order geometric flows are simply higher order terms in the
surface energy, such as curvatures or even intrinsic derivatives of curvatures. A simple and
well-known example is the so-called Willmore energy

e[�] = 1

2

∫
�(t)

h2 dσ. (4)

Since the energy includes second order derivatives via the mean curvature h, its variation
(more precisely the L2 representation) corresponds to a fourth order differential operator.
Thus, in the L2 scalar product one obtains a fourth order flow, the so-called Willmore flow,
and by analogy to the above computation we even obtain a sixth order flow in the H−1 scalar
product.

The paper is organized as follows: In Sect. 2 we derive level set formulations for the
geometric evolution laws, directly from the metric gradient flow formulation. In Sect. 3 we
introduce the finite element formulation for spatial discretization, which is indeed straight-
forward. As a consequence of the gradient flow formulation, we construct local-in-time
variational problems corresponding to implicit time discretizations, and by further quadratic
approximations of the energy functional we obtain semi-implicit schemes in Sect. 4. In
Sect. 5 we discuss some aspects of redistancing on triangular finite element grids in two and
three spatial dimensions. Details about implementation and numerical results are presented
in Sect. 6.

Most of the derived discretizations can be considered as special cases of the more com-
plicated evolution laws considered by the authors in [9] or other approaches for surface
diffusion and Willmore flow, see [16, 19], respectively. A direct derivation of the energy dis-
sipative discretization schemes from the underlying gradient flow however is not considered
in these papers. Moreover, we provide a unified concept for the derivation of (weak) level set
formulations, their discretization, and for stability studies. This concept can be applied in a
straight-forward way to various higher-order flows such as some almost classical examples
considered in the remainder of this paper.
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2 Level Set Formulation of the Models

In this section we discuss the level set formulation of the higher order flows distinguishing
two cases, namely lower order energies such as the area functional or classical surface ener-
gies appearing in materials science, and higher order energies such as the Willmore energy.
This distinction is due to the fact that we try to split the higher-order flows into second order
systems by the introduction of new variables such as the mean curvature (and constraints
defining the new variables in terms of the level set function). In the case of low order en-
ergies these variables have to be introduced only in order to approximate the metric, which
happens in a very natural way, whereas in the case of higher order energies additional vari-
ables are needed in dependence on the metric. In both cases, the constraints can be modeled
by using associated Lagrange functionals, the Lagrangian variables will turn out to obey
very simple relations in several cases and sometimes also provide interesting new quantities
as we shall see below.

2.1 Basic Notations and Level Set Formulations

We start with some basic notations for level set formulations, avoiding a too detailed dis-
cussion of level set methods at this point (cf. [28, 29] for further detail). We assume
�(t) ⊂ � ⊂ R

d to be the union of evolving curves or surfaces, which are embedded, i.e.

�(t) = ∂�(t), �(t) ⊂ �◦.

The level set approach chooses a function φ : � × R → R such that

�(t) = {φ(., t) = 0}, �(t) = {φ(., t) < 0}.
It is well known (cf. e.g. [28]) that the unit outward normal vector n (pointing into �\�(t)),
the normal velocity v, and the mean curvature h of the evolving surface can be represented
as

n = ∇φ

|∇φ| |�(t), vn = − ∂tφ

|∇φ| |�(t), h = ∇ ·
( ∇φ

|∇φ|
)

|�(t), (5)

where we assume that ∇φ �= 0. Note that with this sign convention a closed sphere with outer
normal n has positive mean curvature h > 0. For simplicity we impose in the following nat-
ural boundary conditions for φ (and other variables) on the boundary of the computational
domain ∂�. These natural boundary conditions will be inherent in the weak formulations
(no boundary integrals appearing, no Dirichlet values constrained) and depend on the spe-
cific metric and energy functional. They will be detailed in the examples below.

2.2 Level Set Formulation I: Low Order Energies

We start with low order energies, i.e., energy functionals of the form

e[�] =
∫

�

f (x) +
∫

�

g(x,n) dσ, (6)

where n denotes the outward unit normal. In many cases f and also parts of g arise through
nonlocal interactions, usually modelled via partial differential equations with boundaries or
coefficients dependent on �. However, such situations can be incorporated via Lagrange
functionals, so that the effective functional to be minimized or differentiated with respect to
the shape variable always ends up in the form (6).



J Sci Comput (2008) 35: 77–98 81

In the level set context we average the energy over all level sets of φ, which yields a
new energy on all level sets, respectively on the level set function φ directly. For the sake
of simplicity we assume that extensions F : � → R and G : � × Rd → R of f and g are
known (with G being one-homogeneous in the second variable), if not the extensions can
be computed in a rather standard way (e.g. constant in normal direction, cf. [28]). Then we
obtain the energy from the layer-cake and co-area formula as

E[φ] =
∫ φmax

−∞

∫
{φ=α}∩�

G

(
x,

∇φ

|∇φ|
)

dσ dα +
∫ φmax

−∞

∫
{φ<α}∩�

F(x)dx dα

=
∫

�

G(x,∇φ)dx +
∫

�

F(x)(φmax − φ(x)) dx,

where φmax is greater than the maximal value of φ appearing in �. Since constant terms
do not matter for the minimization and variations with respect to φ we define the averaged
energy as

E[φ] =
∫

�

G(x,∇φ)dx −
∫

�

F(x)φ(x) dx. (7)

In order to compute variations in normal directions we recall the basic level set equation

∂tφ = −Vn|∇φ|,
for Vn being an extension of the normal velocity vn. Hence, we compute variations of φ only
for directions of the form −Vn|∇φ|. It is easy to see that the identity

E′[φ](−Vn|∇φ|) =
∫ φmax

−∞
e′[{φ = α}]Vn dα (8)

holds for such variations.
In a similar way we can average the scalar products used in the definitions of the geo-

metric flows. The L2 scalar product can be averaged with the co-area formula as

∫ φmax

−∞

∫
{φ=α}

ψ1ψ2 dσ dα =
∫

�

ψ1ψ2|∇φ|dx = 〈ψ1,ψ2〉φ. (9)

For the H−1 scalar product we use the weak formulation of the Laplace-Beltrami Operator
and the simple relation

∇σ W = P∇W, P = I − n ⊗ n = I − ∇φ

|∇φ| ⊗ ∇φ

|∇φ|
for the tangential derivative to obtain the scalar product 〈ψ1,ψ2〉φ as

∫ φmax

−∞

∫
{φ=α}

∇σ Wψ1 · ∇σ Wψ2 dσ dα =
∫

�

(P∇Wψ1) · (P∇Wψ2)|∇φ|dx, (10)

where a function Wψ is defined as a weak solution of the (averaged) Laplace-Beltrami equa-
tion, i.e. ∫

�

(P∇Wψ) · (P∇η)|∇φ|dx =
∫

�

ψη|∇φ|dx (11)

for all suitable test functions η.
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Now we can simply reformulate the geometric gradient flow as a metric gradient flow
on the level set functions via (note that for a variation ψ , the function − ψ

|∇φ| is an extended
normal variation)

〈
Vn,− ψ

|∇φ|
〉
φ

= −
〈

∂tφ

|∇φ| ,−
ψ

|∇φ|
〉
φ

= −E′[φ](ψ),

or, equivalently 〈
∂tφ

|∇φ| ,
ψ

|∇φ|
〉
φ

= −E′[φ](ψ). (12)

In the case of the area functional (F ≡ 0, G ≡ 1) and the L2 scalar product we thus obtain
the well-known (weak) level set formulation of the mean curvature flow

∫
�

∂tφψ

|∇φ| dx = −
∫

�

∇φ · ∇ψ

|∇φ| dx =
∫

�

Hψ dx, (13)

for all suitable test functions ψ , where H = ∇ · ( ∇φ

|∇φ| ) is the extended mean curvature. For

the H−1 scalar product we use the variable W := WVn and the identity

∫
�

(P∇W) · (P∇W− ψ
|∇φ|

)|∇φ|dx = −
∫

�

Wψ dx

to obtain in an analogous way the (weak) level set formulation of the simple surface diffusion
law, i.e.,

∫
�

Wψ dx =
∫

�

∇φ · ∇ψ

|∇φ| dx (14)

∫
�

(P∇W) · (P∇η)|∇φ|dx = −
∫

�

∂tφη dx (15)

for suitable test functions ψ and η. One observes that we have automatically split the prob-
lem into a system of second order equations incorporating the new variable W , which actu-
ally equals the extended mean curvature H .

We mention that the derivation of the level set formulations could (and have been, see [9,
16, 19]) also be made by directly rewriting the evolution law in terms of the level set func-
tion. For complicated energies, this procedure is rather tedious since one needs to compute
the shape derivative first (which can be a hard task for itself) and then one has to compute
transformations of higher derivatives to the level set form. This can be avoided in the above
approach, one can directly convert the energy to level set form and then compute classical
variations in a function setting. Clearly the above derivation also provides a natural weak
level set formulation, which directly leads to finite element discretizations of the equations.
Our approach thus provides a general way to derive (weak) level set formulations no matter
how complicated the free energy or the metric structure might be.

For more general metrics we can formulate the above procedure as rewriting the metric
via a Lagrange-functional of the form

〈
∂tφ

|∇φ| ,
ψ

|∇φ|
〉
φ

= ∂φL[∂tφ,W,Q;φ]ψ, (16)
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where W is the collection of mW ∈ N0 new variables introduced to rewrite the metric and Q

are the mW Lagrange multipliers (dual variables) associated to the new constraints defining
W . These variables are defined via the conditions

∂WL[∂tφ,W,Q;φ] = 0, ∂QL[∂tφ,W,Q;φ] = 0.

In the case of the H−1 scalar product above we have

L[ψ,W,Q;φ] = 1

2

∫
�

|P∇W |2 dx +
∫

�

((P∇W)(P∇Q) + ψQ) dx.

It is easy to see from the specific form of the functional that the condition
∂WL[∂tφ,W,Q;φ] = 0 implies Q = −W . Moreover, ∂QL[∂tφ,W,Q;φ] = 0 yields (15).
Finally, inserting Q = −W in (16) and (12) yields (14).

The natural boundary condition on ∂� for the level set function φ is solely determined
by the energy functional, we obtain

∂∇φG(x,∇φ) · n∂� = 0.

Further boundary conditions for auxiliary variables may arise from the specific metric, e.g.
we obtain

(P∇W) · n∂� = 0.

We shall assume in the following that L depends at most quadratically on ∂tφ and W and
linearly on Q. The assumptions on ∂tφ and W are easy to achieve due to the bilinear nature
of the scalar product, and the linearity with respect to the dual variable Q is a natural prop-
erty of Lagrange functionals. The only nonlinear dependence in L thus appears with respect
to the level set function φ itself, which can be taken care of easily in the time discretization.

2.3 Level Set Formulation II: Higher Order Energies

The second case we consider are higher-order energies such as the Willmore functional.
Then we have to introduce mU (mU ∈ N0) further variables U for the splitting and another
Lagrangian functional � in order to take care of the constraints defining the new variables,
and mU associated Lagrangian or dual variables R. Hence, we shall write

E[φ] = �[φ,U,R], (17)

with U and R being defined via

∂U�[φ,U,R] = 0, ∂R�[φ,U,R] = 0. (18)

Consequently, with the scalar product defined through a Lagrange functional L we equiva-
lently rewrite (12) as

∂ψL[∂tφ,W,Q;φ] = −∂φ�(φ,W,Q). (19)

We illustrate the procedure for the L2 gradient flow of the Willmore functional in level
set form

E[φ] = 1

2

∫
�

H 2|∇φ|dx =
∫ φmax

−∞

∫
{φ=α}

h2 dσ dα.
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Here we can simply introduce the variable U = H and the Lagrange functional

�[φ,U,R] = 1

2

∫
�

U 2|∇φ|dx +
∫

�

(
−UR + ∇φ · ∇R

|∇φ|
)

dx.

Note that ∂R�[φ,U,R] = 0 yields exactly the weak formulation of the equation U =
∇ · (

∇φ

|∇φ| ), which defines mean curvature. Moreover, from ∂U�[φ,U,R] = 0 we conclude
R = U |∇φ|. Thus, the dual variable is exactly the curvature concentration introduced for the
level set formulation of the Willmore flow directly in [19]. One could now use this identity
to eliminate U in favour of R as in [19] and one observes that in the general approach above
it does not matter which variable we choose for splitting. If we would choose U = H |∇φ|
directly as the curvature concentration, then we would obtain the mean curvature as the dual
variable.

Natural boundary conditions for the level set functions are inherited already in the for-
mulation via the Lagrange functional. For the Willmore energy we obtain

∇φ · n∂� = ∇R · n∂� = 0.

2.4 Energy Dissipation for the Level Set Formulation

In the following we verify the energy dissipation for (19). Using the test functions ∂tφ, we
get

〈∂tφ, ∂tφ〉φ = ∂ψL[∂tφ,W,Q;φ]∂tφ

= −∂φ�[φ,U,R]∂tφ

= −E′[φ]∂tφ = − d

dt
E[φ],

or in other words,

d

dt
E[φ] = −〈∂tφ, ∂tφ〉φ = −‖∂tφ‖2

φ. (20)

The energy dissipation property will play a central role in the later time discretization of the
flows.

3 Spatial Discretization

In the following we discuss the spatial discretization of the higher order flows or more
precisely their level set formulation (19) introduced above. We assume that the new splitting
variables have been introduced such that the highest arising differential operators are of
second order, which means that only up to first derivatives of all variables appear in the
Lagrange functionals L and �. Consequently, and also due to the dissipative nature of the
flows, it is natural to use finite element methods for the spatial semi-discretization, which
we shall briefly discuss in this section.

We choose appropriate finite element subspaces Vh ⊂ V and look for weak solutions
satisfying the variational problems in a product of this subspace. Here we shall use V =
H 1(�) and the standard piecewise linear elements

Vh = {v ∈ C(�) | v|T is linear polynomial for T ∈ T }, (21)
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where T is a decomposition of the polygonal domain � into triangles (2D) or tetrahedra
(3D). Moreover we assume natural boundary conditions for all variables on the boundary
∂�. For the sake of simplicity we assume here that all variables can be discretized robustly
by the same kind of elements, i.e., we look for

(φh,Wh,Uh,Qh,Rh) ∈ Ph = Vh × (Vh)mU × (Vh)mW × (Vh)mU × (Vh)mW .

This assumption roughly means that our splitting variables do not include flux-type variables
(like ∇φ or the normal ∇φ

|∇φ| ). The justification of this assumption can be made through ap-
propriate inf-sup conditions on the Lagrange functionals in the above subspaces (as standard
in mixed finite element discretizations, cf. [6]), at least after linearization of the system. We
do not go into detail at this point for the sake of brevity, but just mention that these conditions
are indeed satisfied for all the examples of flows and splitting variables we use here.

The finite element semi-discretization of the geometric flow defined via (19) is then given
by the Galerkin discretization

∂ψL[∂tφ
h,Wh,Qh;φh]η1 +
∂φ�(φh,Uh,Rh)η1 = 0 ∀η1 ∈ Vh (22)

∂WL[∂tφ
h,Wh,Qh;φh]η2 = 0 ∀η2 ∈ (Vh)mW (23)

∂QL[∂tφ
h,Wh,Qh;φh]η3 = 0 ∀η3 ∈ (Vh)mW (24)

∂U�(φh,Uh,Rh)η4 = 0 ∀η4 ∈ (Vh)mU (25)

∂R�(φh,Uh,Rh)η5 = 0 ∀η5 ∈ (Vh)mU . (26)

It is easy to see that the discretized problem (22)–(26) still satisfies an energy dissipation
property. For this sake we choose η1 = ∂tφ and obtain

∂ψL[∂tφ
h,Wh,Qh;φh]∂tφ

h = −∂φ�(φh,Uh,Rh)∂tφ
h.

Using (25) und (26) we deduce

d

dt
�(φh,Uh,Rh) = ∂φ�(φh,Uh,Rh)∂tφ

h + ∂U�(φh,Uh,Rh)∂tU
h

+ ∂R�(φh,Uh,Rh)∂tR
h

= ∂φ�(φh,Uh,Rh)∂tφ
h.

Now we define the discrete energy functional

Eh[ϕh] = �(φh,Uh,Rh) (27)

with Uh and Rh determined by (25) and (26), and a discrete scalar product

〈ψh
1 ,ψh

2 〉φ,h = ∂ψL[ψh
1 φh,Wh,Qh;φh]ψh

2 .

Then the semi-discrete energy dissipation becomes

d

dt
Eh[φh] = d

dt
�(φh,Uh,Rh) = −〈∂tφ

h, ∂tφ
h〉φ,h.

We finally mention that in the case of lower order energies, where we need not apply any
approximation of E by a Lagrange functional, we indeed obtain E = Eh, i.e., energy dissi-
pation with respect to the original energy E.
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4 Time Discretization

In the following we discuss the implicit and semi-implicit time discretization of the geomet-
ric flows (19), respectively the semi-discrete problems (22)–(23). We mention again that due
to the missing maximum principle these discretizations have to be interpreted in a local way,
i.e., after computing one (sufficiently small) time step of the level set equation we require a
redistancing step, with the details of redistancing to be discussed in the next section.

The time discretization will be carried out at the time steps 0 = t0 < t1 < · · · < tN = T ,
with local time step τk = tk+1 − tk < τ . We shall denote the discrete solution by φ

h,τ
k =

φh,τ (tk) ∈ Vh (with analogous notation for the other variables).

4.1 Implicit Time Stepping

In order to gain further insight into the time discretization based on the Lagrange functionals
introduced in the previous session we start with a simple implicit time discretization at least
with respect to the energy functional. This means we approximate the scalar product at the
previous time step, more precisely we approximate all terms depending on φh,τ in L by
values at the previous time step, and we use the backward Euler approximation

∂tφ
h,τ (tk+1) ≈ 1

τk

(φ
h,τ
k+1 − φ

h,τ
k ).

These decisions yield the implicit scheme

1

τk

〈φh,τ
k+1 − φ

h,τ
k , η1〉k = −∂φEh[φh,τ

k+1]η1 = −∂φ�[φh,τ
k+1,U

h,τ
k+1,R

h,τ
k+1]η1

for all η1 ∈ Vh, where we use the short-hand notation

〈ψ1,ψ2〉k := 〈ψ1,ψ2〉φh,τ
k

= ∂ψL[ψ1,W1,Q1;φh,τ
k ].

In terms of the Lagrange functionals we can write down the fully discrete implicit scheme
as the solution

1

τk

∂φL[φh,τ
k+1 − φ

h,τ
k ,W

h,τ
k+1,Q

h,τ
k+1;φh,τ

k ]η1 +

∂φ�(φ
h,τ
k+1,U

h,τ
k+1,R

h,τ
k+1)η1 = 0 (28)

∂WL[φh,τ
k+1 − φ

h,τ
k ,W

h,τ
k+1,Q

h,τ
k+1;φh,τ

k ]η2 = 0 (29)

∂QL[φh,τ
k+1 − φ

h,τ
k ,W

h,τ
k+1,Q

h,τ
k+1;φh,τ

k ]η3 = 0 (30)

∂U�(φ
h,τ
k+1,U

h,τ
k+1,R

h,τ
k+1)η4 = 0 (31)

∂R�(φ
h,τ
k+1,U

h,τ
k+1,R

h,τ
k+1)η5 = 0 (32)

for all (η1, . . . , η5) ∈ Ph. with respect to

(φ
h,τ
k+1,W

h,τ
k+1,U

h,τ
k+1,Q

h,τ
k+1,R

h,τ
k+1) ∈ Ph.

One observes that after time discretization all variations of Lagrange functionals are
taken with respect to φ

h,τ
k+1 using the fixed previous time value φ

h,τ
k . Hence, the first equa-

tion (28) can also be reformulated as a minimization with respect to φ
h,τ
k+1. Also the other

equations are optimality conditions of an optimization problem, and taking into account
the usual convention for Lagrangian’s (minimization with respect to primal and maximiza-
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tion with respect to dual variables) we actually compute the variables at the next time step
(φ

h,τ
k+1,W

h,τ
k+1,U

h,τ
k+1,Q

h,τ
k+1,R

h,τ
k+1) as a solution of the saddle point problem

inf
φ,W,U

sup
Q,R

(
1

2τ
L[φ − φ

h,τ
k ,W,Q] + �[φ,W,Q]

)
(33)

over the discrete subspaces. We can also rewrite the discrete problem in the form of mini-
mizing movements for a gradient flow (cf. [2])

φ
h,τ
k+1 ∈ arg min

φ

(
1

2τ
‖φ − φ

h,τ
k ‖2

k + Eh[φ]
)

,

with the squared norm

‖φ − φ
h,τ
k ‖2

k := inf
W

sup
Q

L[φ − φ
h,τ
k ,W,Q]

and

Eh[φ] := inf
U

sup
R

�[φ,U,R].

For illustration purpose we mention the implicit schemes for mean curvature flow

∫
�

(φ
h,τ
k+1 − φ

h,τ
k )η

τ |φh,τ
k | dx +

∫
�

∇φ
h,τ
k+1 · ∇η

|φh,τ
k+1|

= 0, (34)

with η an appropriate test function. The implicit scheme for surface diffusion reads

∫
�

Q
h,τ
k+1η1 +

∫
�

∇φ
h,τ
k+1 · ∇η1

|φh,τ
k+1|

dx = 0

∫
�

(Pk∇(W
h,τ
k+1 + Q

h,τ
k+1)) · (Pk∇η2) dx = 0

1

τ

∫
�

(φ
h,τ
k+1 − φ

h,τ
k )η3 dx +

∫
�

(Pk∇Q
h,τ
k+1) · (Pk∇η3) dx = 0,

with Pk = I − ∇φ
h,τ
k

|∇φ
h,τ
k

| ⊗ ∇φ
h,τ
k

|∇φ
h,τ
k

| and η,η1, η2 and η3 being appropriate test functions. As

in the continuous setting we can still deduce Q
h,τ
k+1 = −W

h,τ
k+1 from the second equation

and eliminate the dual variable in order to obtain an analogous form to (14), (15). For the
Willmore flow with U = H we obtain

∫
�

[
(φ

h,τ
k+1 − φ

h,τ
k )η1

τ |φh,τ
k | + 1

2
U

h,τ
k+1

φ
h,τ
k+1 · ∇η1

|φh,τ
k+1|

+ Pk+1∇η4 · Pk+1∇η1

τ |φh,τ
k+1|

]
dx = 0

∫
�

(U
h,τ
k+1|φh,τ

k+1| − R
h,τ
k+1)η4 dx = 0

∫
�

(
−U

h,τ
k+1η5 + ∇φ

h,τ
k+1 · ∇η5

|φh,τ
k+1|

)
dx = 0

with Pk+1 = I − ∇φ
h,τ
k+1

|∇φ
h,τ
k+1| ⊗ ∇φ

h,τ
k+1

|∇φ
h,τ
k+1| and η1, η4 and η5 being appropriate test functions.
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4.2 Semi-Implicit Time Stepping

As one observes from the previous examples, the implicit schemes require the solution of
strongly nonlinear systems in each time steps, which is a rather undesirable property and can
be an issue with respect to computational efficiency. Indeed, the only implicit scheme in this
context is the one by Chambolle (cf. [11]) for mean curvature flow, which is exactly (34)
with an intermediate redistancing step. In order to overcome the difficulties with nonlin-
earities we consider semi-implicit time stepping, which has developed almost as a standard
for numerical simulations of higher-order geometric flows, either for parametric (cf. [4, 15,
22–24, 31]), level set (cf. [19, 32]), or diffuse (cf. [5, 21]) representations of the surfaces.

In order to obtain a semi-implicit scheme with linear systems to be solved in each time
step we need to construct a quadratic approximation of the energy, respectively the Lagrange
functional �. This means we replace � in each iteration step by a functional �̃k quadratic
with respect to φ and U , and linear with respect to R. The corresponding discrete energy
functional is given by

Ẽk
h[φ] = inf

U
sup
R

�̃k[φ,U,R].

In order to obtain a consistent approximation of the flow, the condition

(Ẽk
h)

′(φh,τ
k ) = E′

h(φ
h,τ
k )

is needed, which can be translated into a condition on the Lagrange functional as

∂φ�(φ
h,τ
k ,U

h,τ
k ,R

h,τ
k ) = ∂φ�̃k(φ

h,τ
k , Ũ

h,τ
k , R̃

h,τ
k )

∂U�(φ
h,τ
k ,U

h,τ
k ,R

h,τ
k ) = ∂U�̃k(φ

h,τ
k , Ũ

h,τ
k , R̃

h,τ
k ) = 0

∂R�(φ
h,τ
k ,U

h,τ
k ,R

h,τ
k ) = ∂R�̃k(φ

h,τ
k , Ũ

h,τ
k , R̃

h,τ
k ) = 0.

Note that this condition includes the primal and dual variables (Uh,τ
k and R

h,τ
k ), which can

be computed given φ
h,τ
k through the Lagrangian �. These may differ from the approxi-

mating ones (Ũh,τ
k and R̃

h,τ
k ), which would usually be computed from the last time step

of the scheme. Hence, the derivation of a consistent scheme (and also a stable one, see
below), could enforce additional computations for the computation of quadratic approxima-
tions (such as Taylor expansions). E.g., for Willmore flow one would have to compute the
mean curvature variable from

∫
�

U
h,τ
k ψ dx = −

∫
�

∇φ
h,τ
k · ∇ψ

|∇φ
h,τ
k | dx ∀ψ ∈ Vh.

The next time step in a semi-implicit time scheme is then given by

φ
h,τ
k+1 ∈ arg min

φ

(
1

2τ
‖φ − φ

h,τ
k ‖2

k + Ẽk
h[φ]

)
, (35)

i.e., as the minimizer of a quadratic optimization problem, and consequently as the solution
of a linear system (the first-order optimality condition). If Ẽk

h is convex, or τ is sufficiently
small, then the resulting quadratic functional is strictly convex and thus, the level set function
in the next time step is unique.
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For lower order energies, the construction of an approximation is again straight-forward,
the approximating energy is of the form

Ẽk
h[φ] = Eh[φh,τ

k ] + E′
h[φh,τ

k ](φ − φ
h,τ
k ) + Fk

h [φ − φ
h,τ
k ], (36)

with a quadratic energy Fk
h . A natural choice for the quadratic term might be the second

variation Fk
h [ψ] = 1

2E′′
h[φh,τ

k ](ψ,ψ), so that Ek
h would become the second-order Taylor ex-

pansion of E around the last time step. However, this choice is not essential for deriving a
consistent scheme, one can instead use the appropriate quadratic functionals for increasing
the stability of the scheme as we shall argue below.

For higher-order energies we construct an approximation of the Lagrangian via

�̃k[φ,U,R] = �[φh,τ
k ,U

h,τ
k ,R

h,τ
k ]

+ �′[φh,τ
k ,U

h,τ
k ,R

h,τ
k ](φ − φ

h,τ
k ,U − U

h,τ
k ,R − R

h,τ
k )

+ ∂2

∂φ∂R
�[φh,τ

k ,U
h,τ
k ,R

h,τ
k ](φ − φ

h,τ
k ,R − R

h,τ
k )

+ ∂2

∂U∂R
�[φh,τ

k ,U
h,τ
k ,R

h,τ
k ](U − U

h,τ
k ,R − R

h,τ
k )

+ Fk
h [φ − φ

h,τ
k ] + Gk

h[U − U
h,τ
k ] − �k

h[R − R
h,τ
k ]

with convex quadratic functionals Fk
h , Gk

h, and �k
h . Note that for appropriate choices of

this functionals we obtain that the inf-sup (over U and R) of the approximate Lagrange
functional �̃k at φ = φ

h,τ
k is attained at Ũ

h,τ
k = U

h,τ
k = R̃

h,τ
k = R

h,τ
k , and the consistency is a

direct consequence.

4.3 Stability and Energy Dissipation

Ideally we would like to obtain semi-implicit schemes that yield energy dissipation as the
original geometric flows. A sufficient condition on Ẽk

h yielding energy dissipation is

Ẽk
h[φh,τ ] = Eh[φh,τ ], Ẽk

h[φ] ≥ Eh[φ] ∀φ ∈ Vh. (37)

Together with the definition of φ
h,τ
k+1 as a minimizer of (35) we conclude

1

2τ
‖φh,τ

k+1 − φ
h,τ
k ‖2

k + Eh[φh,τ
k+1] ≤ 1

2τ
‖φh,τ

k+1 − φ
h,τ
k ‖2

k + Ẽk
h[φh,τ

k+1]

≤ Ẽk
h[φh,τ

k ] = Eh[φh,τ
k ].

We mention that (37) can be relaxed to

c

2τ
‖φh,τ

k+1 − φ
h,τ
k ‖2

k + Ẽk
h(φ) ≥ Eh[φ] ∀φ ∈ Vh, (38)

for some c < 1, which implies by an analogous argument

1 − c

2τ
‖φh,τ

k+1 − φ
h,τ
k ‖2

k + Eh[φh,τ
k+1] ≤ Eh[φh,τ

k ].



90 J Sci Comput (2008) 35: 77–98

For a higher-order energy approximated by a Lagrangian, the first property in (37) is
achieved if

inf
U

sup
R

�̃k[φh,τ
k ,U,R] = inf

U
sup
R

�[φh,τ
k ,U,R], (39)

which is automatic for the approximation derived in the previous section. The second (ma-
jorization) property is achieved if

inf
U

sup
R

�̃k[φ,U,R] ≥ inf
U

sup
R

�[φ,U,R] ∀φ ∈ Vh, (40)

whose verifications turns out to be very hard for energies like the Willmore functional.

4.4 Examples for Higher-Order Flows

In the following we provide some examples of semi-implicit schemes constructed in the
above manner for some higher-order flows of particular interest:

Example 1: Mean Curvature Flow As a first example we consider the (averaged) area
functional

Eh[φ] = E[φ] =
∫

�

|∇φ|dx.

We look for a quadratic approximation as above with an energy of the form

Fk
h [ψ] = 1

2

∫
�

ak|∇ψ |2 dx.

Then the consistency and the first property of (37) are automatically satisfied. The majoriza-
tion property can be rewritten as

∫
�

|∇φ|dx ≤
∫

�

(
|∇φ

h,τ
k | + ∇φ

h,τ
k · (∇φ − ∇φ

h,τ
k )

|∇φ
h,τ
k | + ak

2
|∇φ − ∇φ

h,τ
k |2

)
dx

=
∫

�

(∇φ
h,τ
k · ∇φ

|∇φ
h,τ
k | + ak

2
|∇φ − ∇φ

h,τ
k |2

)
dx.

Thus, the majorization property is achieved if

2|∇φ| |∇φ
h,τ
k | + 2(bk − 1)∇φ

h,τ
k · ∇φ ≤ bk|∇φ|2 + bk|∇φ

h,τ
k |2,

for all admissible φ, where we have used the notation bk = ak|∇φ
h,τ
k |. For bk ≥ 1 we obtain

by the geometric-arithmetic mean inequality that

2|∇φ| |∇φ
h,τ
k | + 2(bk − 1)∇φ

h,τ
k · ∇φ ≤ 2bk|∇φ| |∇φ

h,τ
k |

≤ bk|∇φ|2 + bk|∇φ
h,τ
k |2,

hence the majorization property holds. On the other hand, for bk < 1 one can immediately
see a violation via the choice φ = −φ

h,τ
k . Hence bk = 1 yields the minimal energy of the

above form that satisfies the majorization property (and consequently yields stability). The
resulting energy for bk = 1 can be written as

Ẽk
h[φ] = 1

2

∫
�

|∇φ
h,τ
k |2 + |∇φ|2
|∇φ

h,τ
k | ,
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and the resulting semi-implicit scheme for mean-curvature flow is

∫
�

(φ
h,τ
k+1 − φ

h,τ
k )η

τ |φh,τ
k | dx +

∫
�

∇φ
h,τ
k+1 · ∇η

|φh,τ
k | = 0,

which is exactly the one used in [13]. Also the schemes used in [14] for weighted area
functionals can be derived from analogous arguments on energy approximation.

Example 2: Isotropic Surface Diffusion As a second example we consider the surface
diffusion flow with the energy equal to the area functional. We therefore use the same ap-
proximation of the energy as in the previous example

Ẽk
h[φ] = 1

2

∫
�

|∇φ
h,τ
k |2 + |∇φ|2
|∇φ

h,τ
k | ,

which yields unconditional stability. Together with the approximation of the H−1-metric
described above we arrive at the semi-implicit scheme

∫
�

Q
h,τ
k+1η1 dx +

∫
�

∇φ
h,τ
k+1 · ∇η1

|φh,τ
k | dx = 0

∫
�

(Pk∇(W
h,τ
k+1 + Q

h,τ
k+1)) · (Pk∇η2) dx = 0

1

τ

∫
�

(φ
h,τ
k+1 − φ

h,τ
k )η3 dx −

∫
�

(Pk∇W
h,τ
k+1) · (Pk∇η3) dx = 0,

which is a level set analogue of the scheme used in [15] for graph representations.

Example 3: Willmore Flow As an example with an higher-order energy we consider the
Willmore flow, characterized by the L2-metric and the energy and average energy functional,
respectively,

e[�] = 1

2

∫
�

h2 dx E[φ] = 1

2

∫
�

H 2|∇φ|dx

with the mean curvature h and its averaged version H . Obviously we use the same approxi-
mation of the L2-metric as in the case of the mean curvature flow, so that it only remains to
derive an energy approximation.

As noticed in Sect. 2, the energy functional can be calculated from the Lagrangian

�[φ,U,R] = 1

2

∫
�

U 2|∇φ|dx +
∫

�

(
−UR + ∇φ · ∇R

|∇φ|
)

dx.

We can then compute the variations

∂φ�[φ,U,R]η1 =
∫

�

(
U 2

2

∇φ · ∇η1

|∇φ| + (P∇η1) · ∇R

|∇φ|
)

dx

∂U�[φ,U,R]η2 =
∫

�

(U |∇φ| − R)η2 dx

∂R�[φ,U,R]η3 =
∫

�

(
−Uη3 + ∇φ · ∇η3

|∇φ|
)

dx
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∂2
φ,R�[φ,U,R](η1, η3) =

∫
�

(P∇η1) · ∇η3

|∇φ| dx

∂2
U,R�[φ,U,R](η2, η3) = −

∫
�

η2η3.

In order to complete the derivation of the semi-implicit scheme with the above quadratic
form of an approximate Lagrangian �̃k it remains to specify the functionals Fk

h , Gk
h and �k

h .
We shall highlight one possibility in the following, which actually yields a similar scheme
as used in [19]. The idea of the choice is to look at the energy term (the first integral in �)
for fixed U and fixed φ, respectively. For fixed U we obtain a weighted area functional and
consequently use an analogous approximation as for area functionals above, namely

Fk
h [φ] = 1

4

∫
�

(U
h,τ
k )2 |∇φ − ∇φ

h,τ
k |2

|∇φ
h,τ
k | dx.

For fixed φ the functional of U is already quadratic, so it seems natural to use the second-
order term in the Taylor expansion

Gk
h[U ] = 1

2

∫
�

(U − U
h,τ
k )2|∇φ

h,τ
k |dx.

Altogether, this yields the approximate Lagrangian

�̃k[φ,U,R] = 1

2

∫
�

(
U 2|∇φ

h,τ
k | + (U

h,τ
k )2 |∇φ|2 − |∇φ

h,τ
k |2

2|∇φ
h,τ
k |

)
dx

+
∫

�

(
−UR + (Pk∇φ + (I − Pk)∇φ

h,τ
k ) · ∇R

|∇φ
h,τ
k |

)
dx.

The resulting semi-implicit scheme is

∫
�

(
(φ

h,τ
k+1 − φ

h,τ
k )η1

τ |∇φ
h,τ
k | + (U

h,τ
k )2 ∇φ

h,τ
k+1 · ∇η1

|∇φ
h,τ
k | + (Pk∇R

h,τ
k+1) · ∇η1

|∇φ
h,τ
k |

)
dx = 0

∫
�

(U
h,τ
k+1|∇φ

h,τ
k | − R

h,τ
k+1)η2 dx = 0

∫
�

(
−U

h,τ
k+1η3 + (Pk∇φ

h,τ
k+1 + (I − Pk)∇φ

h,τ
k ) · ∇η3

|∇φ
h,τ
k |

)
dx = 0.

for all test functions ηi ∈ Vh.

Example 4: Regularized Anisotropic Motion Laws As a final example we consider the
curvature regularization of an anisotropic surface energy, i.e.

e[�] =
∫

�

(
γ (n) + ε2

2
h2

)
dσ,
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which is of particular interest when γ (respectively its one-homogeneous extension to R
d )

is not convex. The averaged version of the energy is given by

E[φ] =
∫

�

(
γ (∇φ) + ε2

2
H 2|∇φ|

)
dx.

In this case it is of practical interest to consider both the mean-curvature type flow (L2-
metric) and the surface diffusion flow (H−1-metric) for this energy (cf. [8, 9, 12, 25])

For the approximations of the L2-metric or H−1-metric we can use exactly the same
schemes as for the mean curvature or for the surface diffusion flow, respectively. Moreover,
we can use the same approximation of the curvature dependent term as for the Willmore
flow. Thus, we only provide an approximation of the first term in the energy

E1[φ] =
∫

�

γ (∇φ)dx.

A simple approximation with isotropic higher-order part is given by

Ẽk
1 [φ] =

∫
�

(
γ (∇φ) + (∇γ )(∇φ)(∇φ − ∇φ

h,τ
k ) + λ

2

(∇φ − ∇φ
h,τ
k )

|∇φ
h,τ
k |

)
dx.

If λ is chosen large enough it is easy to see that Ẽk
1 actually majorizes E1. A detailed dis-

cussion of semi-implicit schemes for regularized anisotropic motions can be found in [9].

5 Redistancing

It is worth noticing that for energy functionals depending on higher than first derivatives, the
“global” level set approach is not well-defined. In this case the resulting evolution equation
is a partial differential equation of higher than second order, and therefore does not satisfy
a comparison principle. Consequently, even if a solution to the equation for the level set
function φ exists, one cannot guarantee that φ is continuous and that its level sets are still
the boundary of the sublevel sets (due to possible intersection and annihilation of level sets).
This means that the level set approach can only be interpreted in a local sense, i.e., the level
set function only satisfies the partial differential equations at the zero level set. Since one is
not really interested in the other level sets of φ, one can use an arbitrary extension such as
the signed distance function. In a theoretical approach this means one looks for a solution
φ, which satisfies the partial differential equation only on the implicitly defined set {φ = 0},
and is a signed distance function in the remaining part of �. In a practical approach one
first computes one small time-step of the partial differential equation (i.e., one violates the
constraint of being a signed-distance function) and then performs a redistancing step (i.e.,
one computes a suitable projection to the constraint set of signed-distance functions).

As any redistancing slightly changes the interface, it should only be done if necessary. In
our implementation we check the norm of the gradient of the level set function φ in a band
around the zero level set which is about the grid size. If the norm differs too much from one
(e.g. by 10 percent), redistancing is carried out.

Our redistancing algorithm is an approach for unstructured grids based on a local Hopf-
Lax formula which was introduced in [7] and given in detail for two dimensions therein. In
[34] it was extended to three dimensions, and a detailed description for this dimension can
be found in [33].



94 J Sci Comput (2008) 35: 77–98

It should be noted that the approach updates the distance function with 2nd order ac-
curacy. We further mention that the redistancing algorithm does not account for imposed
boundary conditions, that means the natural boundary conditions for φ may be violated. But
we emphasize that this has no effect on the evolution of the zero level set, {φ = 0}, in which
we are interested only.

6 Implementation and Results

The derived numerical schemes are implemented in the adaptive finite element toolbox
AMDiS [3]. The toolbox provides a framework for the efficient solution of systems of par-
tial differential equations by adaptive finite elements on unstructured grids. For details on
the software we refer to [34–37].

In order to reduce the computational overhead associated with the level set method we use
adaptive mesh refinement and coarsening. Thus only within a small neighborhood (narrow
band) around �(t) = {φ(·, t) = 0} we allow for a fine resolution of the grid. Whereas away
from the zero level set the grid is coarsened. The signed distance function serves as an
indicator for refinement and coarsening.

In all simulations we use piecewise linear finite elements and solve the resulting linear
system using a Schur complement and a GMRES solver. We typically need about 10–15
iterations to reach the error tolerance of 10−8.

As examples we consider variants of the H−1-gradient flow of the energies

e1[�] =
∫

�

γ dσ and e2[�] =
∫

�

h2 dσ,

with γ = γ (n). Figure 1 shows the evolution of a cube to a sphere by surface diffusion
(e1[�] = ∫

�
1 dσ and e2[�] = 0). It is an example for an isotropic fourth order equation.

The discretization is described in detail in Sect. 4.

Fig. 1 Evolution by surface
diffusion (isotropic evolution).
Simulation parameters:
[0,4] × [0,4] × [0,4] grid, grid
size at the interface h = 0.05,
timestep �t = 10−5. From top
left to bottom right: t = 0.0,
0.001, 0.005, 0.01
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Fig. 2 Change of volume (left) and energy dissipation (right) in evolution under isotropic surface diffusion

Fig. 3 Evolution by surface
diffusion (anisotropic evolution).
Simulation parameters:
[0,4] × [0,4] × [0,4] grid, grid
size at the interface h = 0.05,
timestep �t = 10−5.
Stabilization parameter λ = 20.
From top left to bottom right:
t = 0.0, 0.0005, 0.002, 0.008

As a check for correctness of our computations, we control the volume conservation and
energy dissipation, see Fig. 2. More detailed comparisons can be found in [33].

Figure 3 shows the evolution of a sphere to a cube-like Wulff-shape by surface diffu-
sion ((e1[�] = ∫

�
γ dσ and e2[�] = 0, with γ (p) = γ0(Rπ/4(p)), Rπ/4 the clockwise ro-

tation about the angle π/4, and γ0(p) = ∑3
1=1(0.01|p|2 + p2

i )
1/2. It is an example for an

anisotropic fourth order equation with a convex anisotropy function. The discretization is
described in detail in Sect. 4.

As a check for correctness of our computations, we again control the volume conserva-
tion and energy dissipation, see Fig. 4.

As an example of a sixth order equation we use a combination of the energies e1 and e2

e3[�] =
∫

�

γ + ε2

2
h2 dσ,

with ε a small parameter. Such energies arise in materials science with γ being non-convex

[18, 20, 26, 30], e.g. γ (p) = |p| + ∑3
i=1

p4
i

|p|3 . Thus the curvature term can be viewed as
a regularization. For an approach to discretize the equations resulting from the anisotropic
term we refer to [9]. The discretization of the remaining terms is described in detail in
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Fig. 4 Change of volume (left) and energy dissipation (right) in evolution under anisotropic surface diffusion

Fig. 5 Evolution by curvature
regularized surface diffusion
(anisotropic evolution).
Simulation parameters:
[0,4] × [0,4] × [0,4] grid, grid
size at the interface h = 0.05,
timestep �t = 10−6.
Stabilization parameter λ = 20.
Length scale ε = 0.02. From top
left to bottom right: t = 0.0,
0.001, 0.005, 0.01

Fig. 6 Change of volume (left) and energy dissipation (right) in evolution under curvature regularized surface
diffusion

Sect. 4. Figure 5 shows the evolution of a cube to the Wulff shape by curvature regularized
anisotropic surface diffusion.
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Again we check the computation by controling volume conservation and energy dissipa-
tion, see Fig. 6.

More detailed comparisons, e.g. the dependency on the grid size can be found in [33].

Acknowledgements A.V. and C.S. have been supported by the German Science Foundation DFG through
project SFB 611 / B3. M.B. and A.V. acknowledge partial support by the NSF-funded Institute for Pure and
Applied Mathematics (IPAM), UCLA, part of this work has been performed during their participation in the
IPAM program Bridging Time and Length Scales in Materials Science and Bio-Physics.

References

1. Almgren, F., Taylor, J.E.: Optimal geometry in equilibrium and growth. Fractals 3, 713–723 (1996)
2. Ambrosio, L., Gigli, N., Savare, G.: Metric Gradient Flows. Birkhäuser, Basel (2005)
3. www.caesar.de/amdis.html
4. Bänsch, E., Morin, P., Nochetto, R.H.: A finite element method for surface diffusion: the parametric case.

J. Comput. Phys. 203, 321–343 (2005)
5. Barrett, J.W., Blowey, J.F.: Finite element approximation of the Cahn-Hilliard equation with concentra-

tion dependent mobility. Math. Comp. 68, 487–517 (1999)
6. Brezzi, F., Fortin, M.: Mixed and Hybrid Finite Element Methods. Springer, New York (1991)
7. Bornemann, F., Rasch, C.: Finite-Element discretization of static Hamilton-Jacobi equations based on a

local variational principle. Comput. Vis. Sci. 9, 57–69 (2006)
8. Burger, M.: Numerical simulation of anisotropic surface diffusion with curvature-dependent energy. J.

Comp. Phys. 203, 602–625 (2005)
9. Burger, M., Hausser, F., Stöcker, C., Voigt, A.: A level set approach to anisotropic flows with curvature

regularization. J. Comp. Phys. 225, 183–205 (2007)
10. Carter, W.C., Cahn, J.W., Taylor, J.E.: Variational methods for microstructural evolution. JOM 49(12),

30–36 (1998)
11. Chambolle, A.: An algorithm for mean curvature motion. Interfaces Free Bound. 6, 195–218 (2004)
12. Clarenz, U., Haußer, F., Rumpf, M., Voigt, A., Weikard, U.: On level set formulations for anisotropic

fourth order geometric evolution problems. In: Voigt, A. (ed.) Multiscale Modeling in Epitaxial Growth,
ISNM 149, pp. 227–237. Birkhäuser, Basel (2005)

13. Deckelnick, K., Dziuk, G.: Error estimates for a semi implicit fully discrete finite element scheme for
mean curvature flow of graphs. Interfaces Free Bound. 2, 341–359 (2000)

14. Deckelnick, K., Dziuk, G.: A fully discrete numerical scheme for weighted mean curvature flow. Numer.
Math. 91, 423–452 (2002)

15. Deckelnick, K., Dziuk, G., Elliott, C.M.: Fully discrete semi-implicit second order splitting for
anisotropic surface diffusion of graphs. Isaac Newton Institute, Cambridge (2003). Preprint

16. Deckelnick, K., Dziuk, G., Elliott, C.M.: Computation of geometric partial differential equations and
mean curvature flow. Acta Numer. (2005), 139–232

17. Delfour, M.C., Zolésio, J.P.: Shapes and Geometries. Analysis, Differential Calculus, and Optimization.
SIAM, Philadelphia (2001)

18. DiCarlo, A., Gurtin, M., Podio-Guidugli, P.: A regularized equation for anisotropic motion by curvature.
SIAM J. Appl. Math. 52, 1111–1119 (1992)

19. Droske, M., Rumpf, M.: A level set formulation for Willmore flow. Interfaces Free Bound. 6, 361–378
(2004)

20. Fried, E., Gurtin, M.E.: A unified treatment of evolving interfaces accounting for small deformations and
atomic transport with emphasis on grain-boundaries and epitaxy. Adv. Appl. Mech. 40, 1–177 (2004)

21. Glasner, K.: A diffuse interface approach to Hele-Shaw flow. Nonlinearity 16, 49–66 (2003)
22. Haußer, F., Voigt, A.: A discrete scheme for regularized anisotropic surface diffusion, a sixth order

geometric evolution equation. Interfaces Free Bound. 7, 1–17 (2005)
23. Haußer, F., Voigt, A.: A discrete scheme for regularized anisotropic curve shortening flow. Appl. Math.

Lett. 19, 691–698 (2006)
24. Haußer, F., Voigt, A.: A discrete scheme for parametric anisotropic surface diffusion. J. Sci. Comput. 30,

223–235 (2007)
25. Herring, C.: Some theorems on the free energies of crystal surfaces. Phys. Rev. 82, 87–93 (1951)
26. Gurtin, M.E., Jabbour, M.E.: Interface evolution in three dimensions with curvature-dependent energy

and surface diffusion: Interface-controlled evolution, phase transitions, epitaxial growth of elastic films.
Arch. Rat. Mech. Anal. 163, 171–208 (2002)

http://www.caesar.de/amdis.html


98 J Sci Comput (2008) 35: 77–98

27. Mullins, W.W.: Theory of thermal grooving. J. Appl. Phys. 28, 333–339 (1957)
28. Osher, S.J., Fedkiw, R.P.: The Level Set Method and Dynamic Implicit Surfaces. Springer, New York

(2002)
29. Osher, S.J., Sethian, J.A.: Fronts propagating with curvature-dependent speed: Algorithms based on

Hamilton–Jacobi formulations. J. Comp. Phys. 79, 12–49 (1988)
30. Rätz, A., Voigt, A.: Higher order regularization of anisotropic geometric evolution equations in three

dimensions. J. Comput. Theor. Nanosci. 3, 543–560 (2006)
31. Rusu, R.E.: An algorithm for the elastic flow of surfaces. Interfaces Free Bound. 7, 229–239 (2005)
32. Smereka, P.: Semi-implicit level set methods for curvature and surface diffusion motion. J. Sci. Comp.

19, 439–456 (2003)
33. Stöcker, C.: Level set methods for higher order evolution laws. PhD-thesis, Mathematics

Department, Technische Universität Dresden (2008). http://nbn-resolving.de/urn:nbn:de:bsz:14-ds-
1205350171405-81971

34. Stöcker, C., Vey, S., Voigt, A.: AMDiS—Adaptive multidimensional simulations: composite finite ele-
ments and signed distance functions. WSEAS Trans. Circ. Syst. 4, 111–116 (2005)

35. Vey, S., Voigt, A.: AMDiS—adaptive multidimensional simulations: Object oriented software concepts
for scientific computing. WSEAS Trans. Syst. 3, 1564–159 (2004)

36. Vey, S., Voigt, A.: AMDiS—adaptive multidimensional simulations. Comp. Vis. Sci. 10, 57–67 (2007)
37. Vey, S., Voigt, A.: Adaptive full domain covering meshes for parallel finit element computations. Com-

put. 81, 813–820 (2007)

http://nbn-resolving.de/urn:nbn:de:bsz:14-ds-1205350171405-81971
http://nbn-resolving.de/urn:nbn:de:bsz:14-ds-1205350171405-81971

	Finite Element-Based Level Set Methods for Higher Order Flows
	Abstract
	Introduction
	Level Set Formulation of the Models
	Basic Notations and Level Set Formulations
	Level Set Formulation I: Low Order Energies
	Level Set Formulation II: Higher Order Energies
	Energy Dissipation for the Level Set Formulation

	Spatial Discretization
	Time Discretization
	Implicit Time Stepping
	Semi-Implicit Time Stepping
	Stability and Energy Dissipation
	Examples for Higher-Order Flows

	Redistancing
	Implementation and Results
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


