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Abstract In this paper we extend the idea of interpolated coefficients for semilinear prob-
lems to the finite volume element method based on rectangular partition. At first we in-
troduce bilinear finite volume element method with interpolated coefficients for a bound-
ary value problem of semilinear elliptic equation. Next we derive convergence estimate in
H'-norm and superconvergence of derivative. Finally an example is given to illustrate the
effectiveness of the proposed method.

Keywords Semilinear elliptic equation - Rectangular mesh - Finite volume element with
interpolated coefficients
1 Introduction

Finite volume element method uses a volume integral formulation of the differential equa-
tion with a finite partitioning set of volume to discretize the equation, then restricts the
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admissible functions to a linear finite element space to discretize the solution [3, 12—15].
The method has been widely used in computational fluid mechanics because it keeps the
mass conservation. As far as the method is concerned, it is identical to the special case of
the generalized difference method or GDM proposed by Li-Chen-Wu [9].

The finite element method with interpolated coefficients is an economic and graceful
method. This method was introduced and analyzed for semilinear parabolic problems in
Zlamal [21]. Later Larsson-Thomee-Zhang [8] studied the semidiscrete linear triangular fi-
nite element with interpolated coefficients and Chen-Larsson-Zhang [6] derived almost opti-
mal order convergence on piecewise uniform triangular meshes by use of superconvergence
techniques. Xiong-Chen studied superconvergence of triangular quadratic finite element and
superconvergence of rectangular finite element for semilinear elliptic problem, respectively,
and illustrated the effectiveness of the proposed method in some examples [16—-18]. Re-
cently Xiong-Chen first put the interpolation idea into the finite volume element method and
studied the finite volume element with interpolated coefficients of the two-point boundary
problem [19].

On the quadrilateral grid, Li-Li and Zhu-Li studied the finite volume element method for
elliptic problems [10, 20], and in the case of rectangular grid and under stronger assump-
tions on the smoothness of the solutions, Zhu-Li obtained a superconvergence result in a
discrete norm [20]. Wang studied a mixed finite volume element method based on rectan-
gular mesh for biharmonic equations [15]. Recently Man-Shi discussed the finite volume
element method of P;-nonconforming quadrilateral element for elliptic problems and ob-
tain optimal error estimates for general quadrilateral partition [11]. In this paper, we shall
put the excellent interpolating coefficients idea into the finite volume element methods on
rectangular mesh for a semilinear elliptic equation.

We denote Sobolev space and its norm by W™7(2) and || - ||, , respectively [1]. For
p =2 denote H™(2) = W™2(2) and H, () to be the subspace of H'(Q) consisting of
functions with vanishingon 2. || - |l,, = || - lm2 and || - || = || - [lo,2. Further we shall denote

with p’ the adjoint of p, i.e., % + # =1, p,p’ = 1. We shall assume that the exact solution
u is sufficiently smooth for our purpose. The constants C, Cy, C;, etc. are generic in the
paper.

The rest of the paper is organized as follow. First we shall introduce the finite volume
element method with interpolated coefficients in Sect. 2 and give preliminaries and some
lemmas in Sect. 3. Next we derive optimal order H'-norm estimate in Sect. 4 and supercon-
vergence of the finite volume element derivative in Sect. 5. Finally the theoretical results are
tested by a numerical example in Sect. 6.

2 Finite Volume Element Method with Interpolated Coefficients
Consider the semilinear elliptic boundary value problem
—Au+ f(u)=g, inQ, u=0, onoaf. 2.1

It is assumed that f'(s) > 0 for s € (—o0, +00) and f”(s) is continuous with respect to s.
For convenience, assume 2 = (0, 1) x (0, 1).

Let V C Q2 be any control volume with piecewise smooth boundary dV. Integrate (2.1)
over control volume V, then by the Green’s formula, the conservative integral of (2.1) reads,
finding u, such that

—/ —ds—i—ff(u)dxdy fgdxdy, VCQ. 2.2)
av on v
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The FVE method of (2.2) consists of replacing by finite-dimensional space of piecewise
smooth function and using a finite set of volumes. In this paper, we shall consider rec-
tangular partition of €2 and piecewise bilinear interpolation with interpolated coefficients,
for u.

Give a quasi-uniform rectangular partition J, for € and the nodes are (x;,y;), i =
0,1,....,N, j=0,1,2,..., M. Let Q= {(xi,¥;),0<i <N,0<j < M} and denote
all interior nodes by €2,. Further let h; = x; —x;i—1,i =1,2,...,N, k;=y; —y;j_1, ] =
1, 2, ey M, Xi—1/2 = Xi — hi/2, Yi-12=Yj — k,/2 and Tij = [x,v,],xi] X [yj,], yj], then
Vij = [xi—1)2, Xit12]1 X [¥j=1/2, ¥j+1/2] is a control volume or dual element of node (x;, y;).
For boundary nodes, their control volumes should be modified correspondingly. All the con-
trol volumes constitute the dual partition 7.

Let S, ¢ H'(2) and Sy, C HOI (€2) be both the piecewise bilinear finite element subspace
over the partition 7, and S be the piecewise constant space over the dual partition .7,’. Sup-
pose P(x;, y;) is an arbitrary node in Q. Denote ¢p by basic function of S, at the node P.
Denote Vp = V;; by the corresponding dual element of the node P and xp by characteristic
function over Vp. Define standard Lagrangian interpolation operator I, : C(2) — S; by

Lig= Y @(P)¢p, VpeC(Q), 2.3)
PeQy,
and interpolation operator I} : C(2) — S; by
Lo=Y @P)xr. VpeC(Q). 2.4)
PeQ,
The standard finite volume element scheme of (2.2) can read, finding i), € Sy, such that

.
—/ ﬂds+/ f(ﬁh)dxdy:/ gdxdy,

1

i=1,2,....N=-1,j=1,2,.... M - 1. (2.5)

For the sake of simplicity, we now define bilinear finite volume element scheme with inter-
polated coefficients, finding u;, € Sy, such that

duy,
—f ﬂds—i—/ I;,f(uh)dxdy:/ gdxdy,
i=1,2,....N—1,j=1,2,...,.M — 1. (2.6)
Equation (2.6) can be further written as difference equations. Denote by u;; = u;(x;, y;),

fij = f(u;j) = f(u(x;,y;)). For a uniform partition with M = N and h; = k; = h, (2.6) can
be written as

1
Z[lzui/’ — i1, j—1 F Ui o1 F Ui F U1 g

=2 o1+ Uiy gy + ui—l,_/’)]
2

h
+ 5[36&‘ + (fic1,j=1 + fixr,j—1 + fisr 1 + fic1,j41)
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+6(fij-1+ firrj+ fij+1+ fi—l,j)]
2/ gdxdy, i,j=1,2,...,N—1, 2.7
Vi;

which is a nonlinear system with respect to u;;. For nonregular inner nodes (x;, y;), by
boundary condition the above equation should be modified correspondingly. For instance,

1 h?
Z[I2M11 —uxn —2(ux +up)l+ 6—4[36f|1 + foo +6(f21 + fi2)]

/;/11

Obviously, the nonlinear system of equations (2.7) is simpler than that of standard finite
volume element method. One can be solved by the Newton iteration method in which its
tangent matrix can be calculated simply.

3 Preliminaries and Lemmas

In preceding section, we have given the finite volume element scheme with interpolated
coefficients. We give preliminary work and some lemmas in this section. Letting

a@,Tign) ==Y oun(P) —ds 1 € Son»
PeQy, 3VP\39h

@, Tion) = Y @n(P) / udxdy, @ € So,

Pegy,
and taking V = Vp, (2.2) can be rewritten as
a(u, Lion) + (f @), Lon) = (8, Lign), Yo € Son. (3.1
Analogously, (2.6) is equivalent to finding u;, € So;, such that
a(up, Lon) + (A f (un), Lon) = (8, Lyon), Yo € Son- (3.2)

As J, is the quasi-uniformly rectangular partition, there exists positive constants
Y1s V25 V3, V4, such that

Y1 miaxh; Sml_inh;, VZm?ij §mjink,~, y3kj < hi < yak;.

Let h = max(max h;, max k;). Depicted as in Fig. 1, we convert the integral on the edge of
dual partition to the related element t, then

a, g =—Y Z(%(Pl) - (/)h(PI+1))/ ds, Vi € Son, (3.3)

T€dy =1
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Fig. 1 Illustration for an element t and its modes

where Ps = P;. Similarly we can obtain

et = 3 [uljdrdy = 3 Yoy [ udsay. G
Ted) ey I=1 Ve
Denote || - || and | - |¢ be continuous norm and continuous semi-norm of order s in Sobolev

space H*(Q), respectively. Define discrete H' semi-norm and discrete L> norm, respec-
tively, by

172 1/2
lonlin = { > |(ph|%,h,r} + lenllon = [ > ||<ph||3,h,,} . on€Son, (3.5)

ey ey

where t = Py Py P3Py = [x;_1, x;] x [yj—1, y;], shown as in Fig. 1 and

lonline =5, Z(goh(Pm) — on(P))? + S 2 (P = gu(P)Y,

i 1=1,3 kj 1=2,4
4
hik;
el e = =3 D en (P,
=1

From [15], we have the following lemmas.

Lemma 3.1 For Ny, € Son, |¢nl1.n is equivalent to @]y and ||@y o is equivalent to ||op|lo,
that is, the following inequalities hold

V3 1
T|§0h|l,h <lenli <lenlin §||§0h||0,h < llgrllo < ll@nllo,n- (3.6)

Proof See [15]. O
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Lemma 3.2
atnTin = Sloill, Von < o, (3.7)
la(u — Ty, )| < Chllullolgsli,  Va € H(R). g € Son (3:8)
Proof See [15]. O

From [4, 5, 9], we have two lemmas.

Lemma 3.3 The semi-norm | - || and the norm || - ||| are equivalent in the space HOI(Q),
that is, there exists positive constants C such that

lonlt < llenllt < Clenl:. (3.9

Proof See [9]. O

Lemma 3.4 The interpolation operator I}, has the following properties

fIthdxdy =/vhdxdy Yy, € Son, forany T € Qp, (3.10)

/ I v,ds :/ vpds  Yu, € Son, forany T € Qy, (3.11)
PPy PPy

len = Lionllo.pe < Chlonlipe,  You € Son, 1 < p <oo. (3.12)

Proof For v, € S, in t € J),, write v, as

xi —x)(y;—y) vh(Pz)(x_xi—l)()’j_y)

= P,
v, = v (Pr) ik, ik,

oy EEDD =) (&)M & vam,
iKj

then we have

/1 vpdxdy = th(P,)/ drdy = - h k; th(P,)

'[ﬂVp

4 4
1
[ sy =3 [umratrdy = ks > uic.
T =17 I=1

The desired result (3.10) is derived from two above formulations. From [5] we also obtain
(3.11) and (3.12). O

In addition in [5], for the interpolation operator I, the following lemma was derived.

Lemma 3.5 Assume a, w are sufficiently smooth functions. Let 1I,w € So, be the La-
grangian interpolation of w, then

(@ (w = Lw), g)| < CRIlwlls pllgnlli s You € Son, (3.13)
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for%+#:1,l<p§oo.

Proof See [5]. O

Lemma 3.6 Assume w € HOI () N H?(R), then there exists a positive constant C, indepen-
dent of the mesh size h, such that

|(w = Taw. Gign)| < Ch?lwll2lignlli. Yo € Son- (3.14)
Proof In view of Lemma 3.4 and the Schwartz inequality, we find
[(w —Thw, o) — (w = Tw, o)l

= Y [ o= Luwllos - Tgnldxay

egp vt
< > Chwlaclenlls < CR lwll2lignls. (3.15)
T€Jy
Combining of this, and (3.13) with a = 1 and p =2, gives the desired (3.14). O

4 Error Estimate of the Finite Volume Element

We have given the definition of the finite volume element scheme with interpolated coef-
ficients. Now we analyze the error of the scheme. To start our analysis, we introduce an
auxiliary bilinear form

A(w; w, Tron) = a(w, o) + (f ww, o),

where u is the exact solution in (2.2). For the auxiliary bilinear form A(u; -, -), we have
following positive definite properties.

Lemma 4.1 Foru € HO1 (2), A(u; wy, Twy) is positive definite for sufficiently small h, i.e.,
there exists a positive constant «, such that

A wy, Trwy) > au, f)lwill7 4.1)
Proof Rewrite A(u; wy, Iywy) as

AQu; wy, Gwy) = a(wy, Gwg) + (f @wy, wy) — [ @)wy, wy)

— (f @wy, Twp)]. (4.2)
Application of Lemmas 3.2 and 3.3 yields
a(wy, Trwy) = Cyllwy 7. (4.3)
Note that f'(s) > 0 and let C; = infpcq f'(u(P)), then we have

(f @ywy, wy) = Callwy |5 > 0. (4.4)
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In terms of (3.10) in Lemma 3.4, we obtain

|(f @ wn, wa) = (f @wy, Trws)|

Z /f/(u)wh (wy, — Twy)dxdy

egp vt

> [ (Fwwy — Co)(wy — T;ws)dxdy

egp vt

< max(| /@) Vul. | @) Y 2wl , < 2w, *5)
€Ty

< D Chlf Wwl chlwili -

Ted)y

where C, is the value of f'(u)w at the center point in T € J,. Together (4.3), (4.4) with
(4.5) yields

AG; wy, Tywy) = Crllwally — C3h? w17 = (C1 = C3h%) [wa 7,
which implies the desired result (4.1) for sufficiently small /. O

Now we state the main result of this section.

Theorem 4.1 Assume u € HO1 ()N H?(RQ) is the solution of (2.1) and Jy is quasi-uniformly
rectangular partition of domain 2, then the approximate solution u;, € Sy, of finite volume
element method (2.7) with interpolated coefficients converges to the exact solution u has the
following estimate

lu —uplli < Cu, fHh, (4.6)
for sufficiently small h.
Proof Subtracting (3.2) from (3.1), we obtain the following error equation
a(u —up, Yiop) + (f () =1 f (up), Lgn) = 0. 4.7
We analyze the following function
F@) =T fQun) = (f () =1 f @) + 1, (f @) — fup)) =r1+ra. (4.8)

By expansion in 7 € 7}, we have

ry =1y (f(u) = f(up)) = Z(f(u(P)) — fn(P))p

Pert

= ') (u — up) + 8 max |lu — uy| + 8 max |I,u — uy 2
T T
= f'w)@u — up) +r3, 4.9)
where

r3 = 51 max|Ihu — Lth| +82max|1hu — Up 2,
T T
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6 =C max |f' @ (P")) = f'w(P")|= O,

1,
8 = Ef/@) =0().
Substituting (4.9) into (4.7), we find
AQus up — Ly, Lop) =a( — L, Loy + (r + 13, o),

where ry = f(u) — I, f(u). Letting 6 = u;, — [,u € Sy, and taking ¢, = 6, application of
Lemma 4.1, and Lemma 3.6 yields

a6} < Chl& 11 + C Al llo.0c + 1911500 1€0.1-
Recalling for Bramble [2] that
161l0.00 < ClInk|2[VO < ClInk|?[6]],
holds for 6 € Sy, and by use of the well known Sobolev inequality
vllo,, = Clivlli, 1=p<oo,

we get
allfll7 < Chl61l + Chnk|2(|0]l + [0k [ 611161l

Omitting the common factor ||6]|;, this implies
allflly < Ch+ ChlInh|"2||6]| + ClInh|[6]]7. (4.10)
For h < h’, omitting the second term of the right-side implies
161l < Cih + Ca|Inh|[6]]3. (4.11)

Now adopting a continuity argument by imitating the method by Frehse-Rannacher [7],
we show

1011 < Mpu — uplly =2Cih. (4.12)

For s € [0, 1] considering the auxiliary semilinear elliptic problems (P*): Find #® such that
—Au' +sfw’)=sg, inQ, u*' =0, ondQ. (4.13)

Obviously, for s = 1 this is our original problem (2.1) and for s = 0 we have u® = 0. We

shall assume the following condition on & = (0, 1) x (0, 1). For any s € [0, 1], there is a
solution u* of problem (P*) and there is a constant I" such that set

Np = [wlw € H(R) N HY(), max Ju — ] < r}

is some neighborhood of exact solution u in (2.1).
We approximate problem (P*) by the discrete problems (P}): Find uj € Sy, such that

a(uy, L) + sy f(uy), Gvy) =s(g, Lvn),  Yu, € Son. (4.14)
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We intend to show that (P}) is solvable. For each &, we define the set E;, C [0, 1] by

E, = {s €[0, 1]|(P},) has a solution u) € Nr

and there holds ||I,u’ — uj ||} <2Ch},

where C; is the constant appearing in (4.11).

(i) Ep, is not empty. In fact, for s =0, u° = 0 and uj, = 0 are the solutions of continuous
and the discrete problem, respectively.

(ii) Ej is openin [0, 1]. In fact, if s € E), then (P}) is solvable and using the monotonicity
condition, we obtain the solvability of (P}) for all ¢ in a neighborhood of s via the implicit
function theorem. By the implicit function theorem u) depends continuously on . Thus
properly shorten the neighborhood such that the strict inequality ||I,u® — u} ||, < 2Ch and
uj € Nr is still valid and we have t € E), for these 7.

(iii) Ey, is closed. Let s(j) € E; and s(j) — s, j — 00. Since u}”’ € Ny there is a cluster
point uj which is the unique solution of (Pj) and satisfies ||I,u® — u3[|; <2Ch. Recalling
for (4.11) we conclude

u —ul|ly < Cih +4C,CHInh|h? < C1(1 +4C,Cy|Inh|h)h,
then for h <h” =h"(C,, C;), we have 4C,C>|Inh|h < 1 and ||L,u® —uj ||} <2Ch,ie. the
strict inequality.
From (i)—(iii), we know that for # < min(h’, k") the set E}, is not empty, closed and open
with respect to [0, 1] and thus must coincide with [0, 1]. Noting for s =1, (P},) is solvable.

We prove that inequality (4.12) and uj, € Nr hold for appropriately small /.
Finally, the desired result (4.6) follows from (4.12) and the interpolation property

llu —Tpully < Chljull>. O

5 Superconvergence of Derivative

In this section we show superconvergence of derivative of the finite volume element by (2.6).
First we give superclose property of derivative for I, u.

Lemma 5.1 For sufficiently smooth function u, let I,u € S, be the Lagrange interpolation
of u, then we have superclose property

IV = L) = O, (5.1)

for the centerin all T € J),.
Proof See [5]. O
For the finite volume element with interpolated coefficients on the rectangular mesh for

the semilinear elliptic problem (2.6), we have the following a superconvergence result of
derivative.

Theorem 5.1 Assume that u € WgO(Q). Assume that f'(s) > 0 for s € (—oo, +00) and
f(s) is continuous with respect to s, and g € WOl (2). Let the rectangular partition Jy, of
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the domain Q be quasi uniform. Then the finite volume element with interpolated coefficients
for the semilinear elliptic problem (2.6) has superconvergence of derivative, i.e.,

IV(u —up)| = O(h*|Inh))
hold for centers (xi_1,2, yj—1,2) in every element t;; (i =1,2,...,N, j=1,2,..., M).
Proof Choosing v = v, € Sp, we get

a(u, vy) + (f W), vp) = (g, vp)- (5.2)
Subtracting (3.2) from (5.2), we have
a(u —up, vp) + la(u, vy) — a(up, o)+ [a(y, —u, v,) —au, —u, vl
+ (f @) =L f ), v) + [ f @), vn) — An f ), Tvw)]
+ @y (f @) = f(un)), vn)
= (8, vn) — (8. Tyun). (5.3)
Let R=u —I,u,0 =u, — Lu. It follows from (5.3), (4.8) and (4.9) that
A(u; 0,v,) =a@,vy) + (f' )0, vy)
=a(R,vy) + [a(u,vy) —au, Lv)]+ [a(uy —u, vy) —auy —u, )]
+ (ri, o) + [Ay f (), vi) — A f (), Livp)1+ (3, o)

+ [(g, Tvn) — (g, va)]. (5.4)

Recalling [5], we get

(R, vy)| = / VRV undrdy| < CHulls oo lonl1.1. (5.5)
Q
By Lemma 3.5 with p = +o00,
(1 o) = [CF @) =T F @), o] < CHALF G o on 11 (5.6)

In terms of Lemma 3.4 and the trace theorem, we have

la(u, vy) —a(u, Iyvy,)]

0
- (/ Vquhdxdy—vh(P)/ 8—”ds>
VeJy v av on
ou 4 ou .
=122 [ 5, e uPyds|={3 = —w ) @~ Tunds
veg; UV n cedy =1 Y PP \ 07
=< Z Crh2”u||2,oo¢P,P1+1 ||Uh||1.1,P,P,+1 =< Ch2||u||2,oo||vh||1,1 (5.7
ey
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where w; is the value of g—’“l at midpoint in the P; P,1;. Analogously,

la(uy —u, vy) —a(u, —u, Ijvy)]|

4
9 —

Sy e - guas
PPy an

ey =1

< Chllup — ullr,collvnllor < Chlluy — ull10ollvnllni- (5.8)
In terms of Lemma 3.4 we derive another two estimates

|0y f (), vi) — W f (@), Tv)| < CRALF @)oo llvn s (5.9)
(g, vn) — (g, Trvp)| < CR2(Igll1 collvnlli 1. (5.10)

Substituting from (5.5)—(5.10) into (5.4) implies

Au; 0, v) < Ch*luplli 1 + Chlluy — ullo.collvallg + Clirsllocollvallii-

Noting
llun = utllo.co < IRllo.00 + 161l0.00 < C@)h* + 100,00
and
I72ll0.00 < CRIB 0,00 + CIONG oo
this yields

A@; 6, v1) < Ch*[[vpll1 + CRIOI woollvnllin + CIONT Loollvallig. (5.11)

Choosing v, = G, as discrete derivative type Green function with respect to bilinear
A(up; -, -) and noting ||Gy|l1.1 < |Inh| (see [5]), we can obtain

16111.00 < CR*[Inh| 4+ Ch||6]|1.00l In k| + ClI6]7 | InA].
For sufficiently small %, omitting the second term of the right-side implies
||9||1,oo<Ch2|lnh|+C||9||fqoo|lnh|. (5.12)

Analogously adopting the continuity argument in the proof of Theorem 4.1 in Sect. 4, we
have

V610,00 < [16]l1.00 < CH*|In]. (5.13)
Combining this with (5.1) of Lemma 5.1 yields

IV(u = up)| < |V = L) + V6| = |V(u — Tyu)| + OR*| Inh)),
i.e.,

IV — up)| = O(h*|Inh]),

for the center (x;_1/2, yj—1,2) of every 7; ; € J,. This completes the proof of the theorem. [
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Assume that M, N are both even integers. Consider a coarser rectangular partition 7,
for €2, each rectangle element K;; € J,;, contains four small rectangles: to;_12j—1, T2i—1,2,
Toij—1 and To;; of J,,. We can construct a biquadratic interpolation Qu;, of the finite vol-
ume element approximation u;, by

303
Quj = ZZ)\'m.n(x7 WUz 34m2j—34n, Y(X,¥) € Kij € Top, (5.14)

m=1 n=1

where A, ,(x,y) are the Lagrangian shape functions at node (x2;—34m, y2j—3+s), M, N =
1,2,30f Kjj € T, i =1,2,...,M/2,j=1,2,...,N/2.

Theorem 5.2 Under the assumptions of Theorem 5.1, the biquadratic interpolation Quy,
has uniform superconvergence

IV — Qua)llo.o = Oh?|Inh). (5.15)

Proof Let e =u — u,, then we have

3 3
Qe = ZZ)\""’”(X’ y)eZi—3+m,2j—3+n (516)
m=1 n=1
3 3
= ZZ)‘-m,n(x7 y)‘92i—3+m,2j—3+n- (517)
m=1 n=1

Noticing that 3> _ 3 4,,.(x,y) = 1, we have

33

VQE = Z Z V)\mn (X, y)92i—3+m,2j—3+n

m=1 n=1

303
= Z Z Vi (X, ¥)(02i-34m2j-34n — O2i-12j-1)-

m=1 n=1

Recalling (5.13) and using the mean value theorem yields

62i—3+m,2j—3+n - 92i—l,2j—1
= Ve(smv nn) : (x2i—3+m — X2i—1, y2j—3+n - XQj_l) = O(/’l‘;| lnh|)

Together with VA,, ,(x,y) = O~ for all (x, y) € K; ; and the interpolation property

IV (u = Quy)| = O(h),

we have
Vi — Quy) =V(u— Qu) + V(Qu — uy))
=0GhY) +0h™Y 0t Ink|) = OH?|Inh)).
This completes the proof of the theorem. 0
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Table 1 The mean absolute error and relative error at all nodes

Ey Ry E, Ru
N=4 5.9228 x 1074 5.4901 x 102 N=38 6.2638 x 107> 1.3907 x 102
N=16 7.2758 x 107°© 3.5284 x 1073 n=32 8.7911 x 10~/ 8.9107 x 10~*

Table 2 The mean error of derivative at dual partition nodes

Epy Rate Epy, Rate
N=4 5.9491 x 1073 - N=38 1.4476 x 1073 2.0390
N=16 3.6494 x 1074 1.9879 N=32 9.2876 x 1073 1.9743

6 Numerical Example

In this section we present a numerical experiment to verify the theoretical investigations. We
consider the following semilinear elliptic problem

—Aut+uP=g, inQ=(0,1)x(0,1), u=0, ond<, (6.1)
where the function g is chosen as

gx,y) =2(x(1 —x)+y(l—y))cos(x(l—y))
+y(1 = x)(x? 4+ (1 — ) sin(x (1 — ) + y* (1 —x)* sin* (x (1 — y)),

such that the known solution is

u(x,y) =yl —x)sin(x(1 —y)).

The domain € = [0, 1] x [0, 1] is equally divided into N x N elements 7;; = [x;_p, x;] X
yj-1.y] i j=1,2,...,N,herex; =L, y; =4 i, j=0,1,2,...,N.

Compute it by the bilinear finite volume element method with interpolated coefficients.
The results are listed in Table 1.

In Table 1, E,, R, denote average absolute error and relative error of u; at partition
nodes respectively. From Table 1, one can see that the bilinear finite volume element with
interpolated coefficients can converge.

Furthermore, we compute the derivatives of u, at the midpoints of every element, i.e.,
at the dual partition nodes by the bilinear finite volume element method with interpolated
coefficients. The results are shown in Table 2.

In Table 2, Ep, denotes mean absolute error about derivative of u;, at dual partition
nodes. It is shown from Table 2 that derivative of the bilinear finite volume element with
interpolated coefficients converges of O(h?|Ink|) which is superconvergent and conforms
to our preceding theoretical analysis.
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