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Abstract An efficient and accurate numerical scheme is proposed, analyzed and imple-
mented for the Kawahara and modified Kawahara equations which model many physical
phenomena such as gravity-capillary waves and magneto-sound propagation in plasmas. The
scheme consists of dual-Petrov-Galerkin method in space and Crank-Nicholson-leap-frog in
time such that at each time step only a sparse banded linear system needs to be solved. The-
oretical analysis and numerical results are presented to show that the proposed numerical is
extremely accurate and efficient for Kawahara type equations and other fifth-order nonlinear
equations.

Keywords Dual-Petrov-Galerkin · Fifth-order KDV equation · Kawahara equation ·
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1 Introduction

Fifth-order Korteweg-de Vries type equations

ut − uxxxxx = F(x, t, u,ux, uxx, uxxx), (1.1)
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arise naturally in modeling many wave phenomena. Although most of the study for this
type of equations are focused on the Cauchy problem or initial and periodic boundary-value
problem, there are at least two compelling reasons to study the initial and boundary-value
problems: (i) some applications, such as a wave maker, are naturally set on a semi-infinite
interval; (ii) for computational purpose, one often has to reduce the problem in an infinite
domain to a finite domain. Hence, we shall focus our attention on the following initial and
boundary-value problem:

αvt + μvx + γ vpvx + βvxxx − vxxxxx = 0, x ∈ (−1,1), t ∈ (0, T ],
v(−1, t) = g(t), vx(−1, t) = h(t), v(1, t) = vx(1, t) = vxx(1, t) = 0, t ∈ [0, T ],
v(x,0) = v0(x), x ∈ (−1,1),

(1.2)
where α ≥ 0, μ, β and γ rescaled parameters depending on the physical parameters and
scaling. In particular, β is related the Bond number for water waves in the presence of sur-
face tension and β = 0 corresponds to the critical Bond number 1

3 (cf. for instance, [21]).
When p = 1, this equation is called the Kawahara equation and when p = 2, the modi-
fied Kawahara equation [11]. The Kawahara type equations have been derived to model
magneto-acoustic waves in plasmas [11] and shallow water waves with surface tension [9].
With g(t) = h(t) = 0, one can regard (1.2) as an approximation to the initial-value problem
before the wave reaches the boundaries; while with g(t), h(t) �= 0 one can view (1.2) as
an approximate model for the initial and boundary-value problem on a quarter-plane before
the wave reaches the right boundary. Although we will only deal with (1.2) for the sake of
simplicity, it will become clear that our approaches, in particular the numerical algorithms,
can also be applied to other fifth-order KDV equations.

Due to the fifth-order terms in (1.2), it is very difficult to compute the solutions of these
equations accurately and efficiently. Recently, a new dual-Petrov-Galerkin method for third
and higher odd-order equations is proposed and has proven to be very effective for the KdV
equation in a bounded domain [18] and in semi-infinite intervals [19]. Hence, we shall adopt
the dual-Petrov-Galerkin method for the fifth-order equation (1.2). However, besides the
difficulty associated with the fifth-order term, (1.2) is more difficult to handle analytically
and numerically than the KdV equation due to the facts that (i) for β < 0, solutions of
(1.2) exhibit highly oscillatory behaviors, inducing considerable analytical and numerical
difficulties; (ii) the nonlinearity in (1.2) with p > 1 is much stronger than that in the KdV
equation.

The main purposes of this paper are to apply the dual-Petrov-Galerkin method proposed
in [18] to (1.2), to provide a rigorous error analysis for it and to demonstrate its effectiveness
by computing some computationally challenging solitary and oscillatory solitary waves. To
fix the idea, we have chosen a set of commonly used boundary conditions in (1.2). Other set
of boundary conditions can be handled in a similar fashion as elucidated in Remark 3.2.

The rest of the paper is organized as follows. In Sect. 2, we describe the dual-Petrov-
Galerkin method for a linear, time-independent fifth-order equation. In Sect. 3, we study
a fully discretization of the Kawahara-type equation. In Sect. 4, we present some numeri-
cal results for the Kawahara-type equations to illustrate the accuracy and efficiency of our
algorithm.

We now introduce some notations. We shall use the weighted Sobolev spaces Hm
ω (�)

(m = 0,±1, . . .) whose norms are denoted by ‖ · ‖m,ω . In particular, the norm and inner
product of L2

ω(�) = H 0
ω(�) are denoted by ‖ · ‖ω and (·, ·)ω respectively. Let ω(x) be a
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positive function (not necessarily in L1(�)), we define

L2
ω(�) =

{
u : (u,u)ω :=

∫
�

u2(x)ω(x)dx < +∞
}

(1.3)

with the norm ‖ · ‖ω = (u,u)
1
2
ω . We denote by c a generic constant that is independent of any

parameters and functions. In most cases, we shall simply use the expression A � B to mean
that there exists a generic constant c such that A ≤ cB .

2 Dual-Petrov-Galerkin Method for a Fifth-Order Equation

In this section we recall the dual-Petrov-Galerkin method [18] for a linear fifth-order equa-
tion and summarize some of the estimates that we will need in the next section.

Consider the following boundary-value problem (BVP)

αu + βuxxx − uxxxxx = f, x ∈ I = (−1,1),

u(±1) = ux(±1) = uxx(1) = 0,
(2.1)

where α and β are given constants. Without loss of generality, we only consider homoge-
nous boundary conditions, for non-homogenous boundary conditions can be easily handled
by considering v = u − û, where û is the unique quartic polynomial satisfying the non-
homogenous boundary conditions.

We start with a few notations. For any constants α and β , let ωα,β(x) = (1 − x)α(1 + x)β

be the Jacobi weight function with index (α,β). We define a set of non-uniformly weighted
Sobolev spaces as follows:

Hm

ωα,β (I ) = {u ∈ L2
ωα,β (I ) : ∂l

xu ∈ L2
ωl−α,l−β (I ), 1 ≤ l ≤ m}. (2.2)

Let PN denote the space of polynomials of degree ≤ N and set

WN = {u ∈ PN : u(±1) = ux(±1) = uxx(1) = 0},
W ∗

N = {u ∈ PN : u(±1) = ux(±1) = uxx(−1) = 0}. (2.3)

We consider the following dual-Petrov-Galerkin approximation for (2.1): Find u
N

∈ WN

such that

α(u
N
, ηN) − β(∂2

xuN
, ∂xηN) + (∂2

xu
N
, ∂3

x ηN) = (f, ηN), ∀ηN ∈ W ∗
N . (2.4)

Notice that for any vN ∈ WN we have ω−1,1vN ∈ W ∗
N . Thus, the above dual-Petrov-

Galerkin formulation is equivalent to the following weighted spectral-Galerkin approxima-
tion: Find u

N
∈ WN such that

α(u
N
, vN)ω−1,1 − β(∂2

xu
N
,ω1,−1∂x(vNω−1,1))ω−1,1 + (∂2

xu
N
,ω1,−1∂3

x (vNω−1,1))ω−1,1

= (f, vN)ω−1,1 , ∀vN ∈ WN, (2.5)

where (u, v)ω−1,1 = ∫
I
uvω−1,1dx. As it will become clear below (see also [18]), the dual-

Petrov-Galerkin formulation (2.4) is most suitable for implementation while the weighted
Galerkin formulation (2.5) is more convenient for error analysis.
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As suggested in [16, 17], one should choose compact combinations of orthogonal poly-
nomials as basis functions to minimize the bandwidth and the condition number of the coef-
ficient matrix corresponding to (2.5). Let {pk} be a sequence of orthogonal polynomials. As
a general rule, for one-dimensional differential equations with m boundary conditions, one
should look for basis functions in the form

	k(x) = pk(x) +
m∑

j=1

a
(k)
j pk+j (x), (2.6)

where a
(k)
j (j = 1, . . . ,m) are chosen so that φk(x) satisfy the m homogeneous boundary

conditions.
Let Lk be the kth degree Legendre polynomial (cf. [23]) which is mutually orthogonal in

L2(−1,1), i.e. ∫ 1

−1
Lk(x)Lj (x)dx = 2

2k + 1
δkj . (2.7)

By setting pk = Lk in (2.6), it is easy to verify that, for N ≥ 5, we have

WN = span{	0,	1, . . . ,	N−5},
W ∗

N = span{�0,�1, . . . ,�N−5} (2.8)

with

	k = Lk − 2k + 3

2k + 7
Lk+1 − 4k + 10

2k + 7
Lk+2 + 4k + 6

2k + 9
Lk+3 + 2k + 3

2k + 7
Lk+4

− 4k2 + 16k + 15

(2k + 7)(2k + 9)
Lk+5,

(2.9)

�k = Lk + 2k + 3

2k + 7
Lk+1 − 4k + 10

2k + 7
Lk+2 − 4k + 6

2k + 9
Lk+3 + 2k + 3

2k + 7
Lk+4

+ 4k2 + 16k + 15

(2k + 7)(2k + 9)
Lk+5.

It can be checked that {	k}∞
k=0 and {�k}∞

k=0 form a complete orthogonal basis in L2
ω−3,−2 and

L2
ω−2,−3 , respectively [7].

Now, let 
N = 

(−3,−2)
N be the L2

ω−3,−2 -orthogonal projector: L2
ω−3,−2 → WN defined by

(u − 
Nu,vN)ω−3,−2 = 0, ∀vN ∈ WN. (2.10)

It is important to note that 
N also satisfies the following property:

(∂2
x (u − 
Nu), ∂3

x vN) = (u − 
Nu,ω3,2∂5
x vN)ω−3,−2 = 0, ∀u ∈ H 2

ω−3,−2 , vN ∈ W ∗
N .

(2.11)
We now recall some results established in [18].
First of all, we have the following estimates on the projection error.

Theorem 2.1

‖∂l
x(u − 
Nu)‖ωl−3,l−2 � Nl−m‖∂m

x u‖ωm−3,m−2 , ∀u ∈ Hm

ω−3,−2 , 0 ≤ l ≤ m.
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Next, we recall two Hardy-type inequalities:

Lemma 2.1 Let VN = {u ∈ PN : u(±1) = ux(1) = 0}, we have

∫
I

u2

(1 − x)4
dx ≤ 4

9

∫
I

u2
x

(1 − x)2
dx, ∀u ∈ VN,

∫
I

u2

(1 − x)3
dx ≤

∫
I

u2
x

1 − x
dx, ∀u ∈ VN.

(2.12)

The following result is essential for the well-posedness of our dual-Petrov-Galerkin
method.

Lemma 2.2

1

3
‖ux‖2

ω−2,0 ≤ (ux, (uω−1,1)xx) ≤ 3‖ux‖2
ω−2,0 , ∀u ∈ VN. (2.13)

5

7

∫
I

u2
xx

(1 − x)2
dx ≤ (∂2

xu, ∂3
x (uω−1,1)) ≤ 203

15

∫
I

u2
xx

(1 − x)2
dx, ∀u ∈ WN. (2.14)

Finally, the following results can be proven by a usual argument using the above estimates
[18]:

Theorem 2.2 Let u be the solution of (2.1) and assume u ∈ Hm

ω−3,−2 . Then, for any α,β > 0,
the problem (2.4) admits a unique solution u

N
which satisfies the following error estimate:

√
α‖e

N
‖ω−1,1 + √

βN−1‖(e
N
)x‖ω−2,0 + N−2‖(e

N
)xx‖ω−1,0

� (1 + √
βN)N−m‖∂m

x u‖ωm−3,m−2 , m ≥ 2.

Let us denote

u
N

=
N−5∑
k=0

ũk	k, ū = (ũ0, ũ1, . . . , ũN−5)
t ,

f̃k = (f,�k), ū = (f̃0, f̃1, . . . , f̃N−5)
t ,

mij = (	j ,�i), M = (mij )i,j=0,1,...,N−5,

pij = −(	′′
j ,�

′
i ), P = (pij )i,j=0,1,...,N−5,

sij = (	′′
j ,�

′′′
i ), S = (sij )i,j=0,1,...,N−5.

(2.15)

Then, the variational formulation (2.4) leads to the following linear system

(αM + βP + S)ū = f̄ . (2.16)

By using integration by parts and orthogonal properties of Legendre polynomials, one easily
determines that

mij = 0 for |i − j | > 5, pij = 0 for |i − j | > 2, sij = 0 for i �= j.

Hence, the linear system (2.16) can be easily and efficiently inverted.
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3 Applications to the Kawahara-Type Equation

We now apply the dual-Petrov-Galerkin method to the fifth-order equation (1.2). To this end,
we first reformulate (1.2) to an equivalent problem with homogeneous boundary conditions.

Let v̂(x, t) = (1−x)3

8 [(h(t) + 3
2 g(t))(x + 1) + g(t)] and write v(x, t) = u(x, t) + v̂(x, t).

Then, for p = 1, u satisfies the following equation with homogeneous boundary conditions:

αut + a(x, t)u + b(x, t)ux + γ upux + βuxxx − uxxxxx = f, x ∈ (−1,1), t ∈ (0, T ],
u(±1, t) = ux(±1, t) = uxx(1, t) = 0, t ∈ [0, T ],
u(x,0) = u0(x) = v0(x) − v̂(x,0), x ∈ (−1,1),

(3.1)

where a(x, t) = γ v̂x , b(x, t) = μ + γ v̂(x, t) and f (x, t) = −αv̂t (x, t) − μv̂x − βv̂xxx −
γ v̂pv̂x .

Although (3.1) is equivalent to (1.2) only when p = 1, we will still study (3.1) for all
p ≥ 1, since for p > 1, (3.1) retains the term upux which has the highest nonlinearity in the
reformulated equation. Therefore, even some lower order linear and nonlinear terms in the
reformulated equation are dropped out in (3.1), it is clear that our analysis would carry over
even if those terms are included in (3.1).

For a given �t , we set tk = k�t and let u0
N

= 
Nu0 and u1
N

∈ VN be an appropriate
approximation of u(·, t1), for instance, we can compute u1

N
using one step of a semi-implicit

first-order scheme so that for u ∈ C3(0, T ;L2
ω2,2(I )) ∩ C1(0, T ;Hm

ω−3,−2(I )), we have

‖u1
N

− 
Nu(·, t1)‖ω−1,1 � �t2 + (1 + |β|N)N−m. (3.2)

Then, the second-order Crank-Nicolson leap-frog scheme in time with a weighted Galerkin
approximation in space reads: For k = 1,2, . . . , [T/�t] − 1, find uk+1

N
∈ WN such that

α

2�t
(uk+1

N
− uk−1

N
, vN)ω−1,1 + β

2
(∂x(u

k+1
N

+ uk−1
N

), ∂2
x (vNω−1,1))

+ 1

2
(∂2

x (uk+1
N

+ uk−1
N

), ∂3
x (vNω−1,1))

= (f (·, tk), vN)ω−1,1 − (auk

N
, vN)ω−1,1 + (uk

N
, ∂x(bvNω−1,1))

+ γ

p + 1
((uk

N
)p+1, ∂x(vNω−1,1)), ∀vN ∈ WN. (3.3)

It is clear that at each time step, (3.3) reduces to (2.5) which can be efficiently solved.
In order to prove the stability and convergence of (3.3), we shall first consider a modified

scheme. To this end, let M be such that |u(x, t)| ≤ M for x ∈ [−1,1] and t ∈ [0, T ]. We
define a cut-off function

H(x) =
⎧⎨
⎩

x, |x| ≤ 2M,

2M, x > 2M,

−2M, x < −2M.

(3.4)

It is easy to verify that

|H(x) − H(y)| ≤ |x − y|, ∀x, y. (3.5)
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Then, the modified Crank-Nicolson leap-frog dual-Petrov-Galerkin approximation is: For
k = 1,2, . . . , [T/�t] − 1, find uk+1

N
∈ WN such that

α

2�t
(uk+1

N
− uk−1

N
, vN)ω−1,1 + β

2
(∂x(u

k+1
N

+ uk−1
N

), ∂2
x (vNω−1,1))

+ 1

2
(∂2

x (uk+1
N

+ uk−1
N

), ∂3
x (vNω−1,1))

= (f (·, tk), vN)ω−1,1 + γ

p + 1
(H(uk

N
)puk

N
, ∂x(vNω−1,1))

− (auk

N
, vN)ω−1,1 + (uk

N
, ∂x(bvNω−1,1)), ∀vN ∈ WN. (3.6)

We denote êk

N
= 
Nu(·, tk) − uk

N
, ẽk

N
= u(·, tk) − 
Nu(·, tk) and ek

N
= u(·, tk) − uk

N
.

Theorem 3.1 We assume that (3.1) admits a unique solution u ∈ C3(0, T ;L2
ω2,2(I )) ∩

C1(0, T ;Hm

ω−3,−2(I )) with m ≥ 3. Then, for α > 0 and β > − 15
112 , the scheme (3.6) is un-

conditionally stable and the following error estimates hold for 1 ≤ n ≤ [T/�t] − 1:

‖en+1
N

‖ω−1,1 � �t2 + (1 + |β|N)N−m,(
�t

n∑
k=1

‖∂2
x (ek+1

N
+ ek−1

N
)‖2

ω−1,0

) 1
2

� �t2 + (1 + |β|N)N1−m.

Remark 3.1 The condition on β appears to be a natural one, since the global existence of
(1.2) can only be established under some similar limitations on β (cf., for instance, [5]).

Proof Let Ek (k = 1,2, . . .) be the truncation error defined by

α

2�t
(u(·, tk+1) − u(·, tk−1)) + a(·, tk)u(·, tk) + b(·, tk)ux(·, tk) + γ up(·, tk)∂xu(·, tk)

+ β

2
∂3

x (u(·, tk+1) + u(·, tk−1)) − 1

2
∂5

x (u(·, tk+1) + u(·, tk−1)) − f (·, tk) = Ek(·). (3.7)

Comparing (3.6) with (3.7) and using (2.11), we have

α

2�t
(êk+1

N
− êk−1

N
, vN)ω−1,1 + 1

2
(∂2

x (êk+1
N

+ êk−1
N

), ∂3
x (vNω−1,1))

= γ

p + 1
(up+1(·, tk) − H(uk

N
)puk

N
, ∂x(vNω−1,1)) − (a(êk

N
+ ẽk

N
), vN)ω−1,1

+ ((êk

N
+ ẽk

N
), ∂x(bvNω−1,1)) + (Ek, vN)ω−1,1 − α

2�t
(ẽk+1

N
− ẽk−1

N
, vN)ω−1,1

− β

2
(∂x(ê

k+1
N

+ êk−1
N

+ ẽk+1
N

+ ẽk−1
N

), ∂2
x (vNω−1,1)) := RHS(vN), ∀vN ∈ VN.

(3.8)
Let A = maxx∈[−1,1], t∈[0,T ] |a(x, t)| and B = maxx∈[−1,1], t∈[0,T ](|b(x, t)| + |∂xb(x, t)|). We
now take vN = 2�t(êk+1

N
+ êk−1

N
) in (3.8), thanks to Lemma 2.2, we have

α(‖êk+1
N

‖2
ω−1,1 − ‖êk−1

N
‖2

ω−1,1) + 5�t

7
‖∂2

x (êk+1
N

+ êk−1
N

)‖2
ω−2,0 ≤ RHS(2�t(êk+1

N
+ êk−1

N
)).

(3.9)
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Below, we shall bound the right-hand side terms using repeatedly the Cauchy-Schwarz in-
equality, Lemma 2.1 and the crude estimate

‖∂xvN‖2
ω−2,0 ≤ 4‖∂xvN‖2

ω−4,0 ≤ 16

9
‖∂2

x vN‖2
ω−2,0 ,

−2�t(a(êk

N
+ ẽk

N
), êk+1

N
+ êk−1

N
)ω−1,1 ≤ A�t(‖ẽk

N
+ êk

N
‖2

ω−1,1 + ‖êk+1
N

+ êk−1
N

‖2
ω−1,1).

Given δ > 0 which can be arbitrarily small,

2�t(Ek, êk+1
N

+ êk−1
N

)ω−1,1 ≤ 2�t‖Ek‖ω2,2‖êk+1
N

+ êk−1
N

‖ω−4,0

≤ c�t‖Ek‖2
ω2,2 + 4δ�t‖∂x(ê

k+1
N

+ êk−1
N

)‖2
ω−2,0

≤ c�t‖Ek‖2
ω2,2 + δ�t‖∂2

x (êk+1
N

+ êk−1
N

)‖2
ω−2,0 .

Let us denote Ẽk
N = 1

2�t
(ẽk+1

N
− ẽk−1

N
). Similarly as above, we have

−α(ẽk+1
N

− ẽk−1
N

, êk+1
N

+ êk−1
N

)ω−1,1 ≤ c�t‖Ẽk
N‖2

ω2,2 + δ�t‖∂2
x (êk+1

N
+ êk−1

N
)‖2

ω−2,0 .

By using (3.5), the identity ap − bp = (a − b)(
∑p−1

i=0 aibp−1−i ) and the assumption
|u(x, t)| ≤ M for all x and t , we have

|up+1(·, tk) − H(uk

N
)puk

N
| = |u(·, tk)(H(u(·, tk))p − H(uk

N
)p) + H(uk

N
)p(u(·, tk) − uk

N
)|

≤ (p + 1)M|u(·, tk) − uk

N
| ≤ (p + 1)M(|ẽk

N
| + |êk

N
|).

We now use the identity

∂x(vNω−1,1) = ∂xvNω−1,1 + 2vNω−2,0

to split the first term in RHS(vN) into two terms and estimate them separately as follows:

γ�t(up+1(·, tk) − H(uk

N
)puk

N
, ∂x(ê

k+1
N

+ êk−1
N

)ω−1,1)

≤ |γ |�t‖up+1(·, tk) − H(uk

N
)puk

N
‖ω0,2‖∂x(ê

k+1
N

+ êk−1
N

)‖ω−2,0

≤ c�t(‖ẽk

N
‖2

ω−2,−1 + ‖êk

N
‖2

ω−1,1) + δ�t‖∂2
x (êk+1

N
+ êk−1

N
)‖2

ω−2,0 .

We recall the following inequality [18],
∫

I

φ2ω−3,−1dx ≤ 4
∫

I

(φx)
2ω−1,0dx (3.10)

which holds for all φ such that φ(±1) = 0 and
∫

I
(φx)

2ω−1,0dx < ∞. Thanks to Lemma 2.1
and (3.10),
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, (êk+1

N
+ êk−1
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Similarly, we have
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It remains to estimate the last term in RHS(vN). By the first inequality in Lemma 2.2,
we have that for β ≥ 0,

�tβ(∂x(ê
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k+1
N

+ êk−1
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and for β < 0,
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Noticing the identity

∂2
x (vNω−1,1) = ∂2

x vNω−1,1 + 4∂xvNω−2,0 + 4vNω−3,0

and by Hölder’s inequality, we have

|(∂x(ẽ
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Combining the above inequalities into (3.9), we obtain
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For β > − 15
112 , we can choose δ sufficiently small such that 5

7 − 4δ + 16 min(β,0)

3 > 0. We
can then apply the standard discrete Gronwall lemma to the above inequality to get, for any
1 ≤ n ≤ [T/�t] − 1,
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We can finally conclude by using the triangular inequality, (3.2), the regularity assumptions
and Theorem 2.1. �
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Now, using the same argument in [18], we can show that the following statement holds.

Corollary 3.1 Under the conditions of Theorem 3.1, there exists c0 such that for �tN ≤ c0,
the two schemes (3.6) and (3.3) are equivalent.

Remark 3.2 It is clear from the above discussion that other sets of boundary conditions can
be handled similarly. For example, if we replace the boundary condition in (3.1) by

u(−1, t) = 0, u(1, t) = ux(1, t) = uxx(1, t) = uxxx(1, t) = 0, (3.11)

then, we should replace WN and W ∗
N in (2.3) by

WN = {u ∈ PN : u(−1) = 0, u(1) = ux(1) = uxx(1) = uxxx(1) = 0},
W ∗

N = {u ∈ PN : u(−1) = ux(−1) = uxx(−1) = uxxx(−1) = 0, u(1) = 0}, (3.12)

and we have WN ∈ L2
ω−4,−1(I ) and W ∗

N ∈ L2
ω−1,−4(I ). Therefore, the results in Theorems 2.2

and 3.1 can be carried over to this case with essentially the same procedure.

4 Numerical Results

In this section, we present some numerical results for the Kawahara and modified Kawahara
equations.

4.1 Solitary Waves

We consider first numerical approximations of solitary wave solutions for the Kawahara
equation and modified Kawahara equation [20]. More precisely, we consider the Kawahara
equation

ut + uux + uxxx − uxxxxx = 0, u(x,0) = uex(x,0), (4.1)

where

uex(x, t) = 105

169
sech4

(
1

2
√

13

(
x − 36t

169
− x0

))
(4.2)

is an exact soliton solution of (4.1); and the modified Kawahara equation

ut + ux + u2ux + puxxx + quxxxxx = 0, u(x,0) = uex(x,0), (4.3)

where

uex(x, t) = ± 3p√−10q
sech2

(
1

2

√
−p

5q

(
x − 25q − 4p2

25q
t − x0

))
, (4.4)

is an exact soliton solution of (4.3) and p,q are two parameters.
In order to apply the dual-Petrov-Galerkin method, we fix x0 = 0 and restrict the problem

to the finite interval [−L,L] with L sufficiently large such that the solution uex(±L, t),
∂xuex(±L, t), ∂2

xuex(L, t) are essentially zero for t ∈ [0, T ] (where T is given). We apply
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Table 1 L2-errors for solitary wave solutions in the Kawahara equation

Time L2-error with �t = 1.0E–4 L2-error with �t = 2.0E–4 Rate

0.5 3.44E–7 1.374E–6 3.99

1.0 5.926E–7 2.358E–6 3.98

2.0 1.104E–6 4.389E–6 3.98

4.0 2.147E–6 8.494E–6 3.96

Table 2 L2-errors for solitary wave solutions in the modified Kawahara equation

Time L2-error with �t = 1.0E–4 L2-error with �t = 2.0E–4 Rate

0.1 1.77E–5 7.071E–5 4

0.2 2.93E–5 1.173E–4 4

0.4 5.19E–5 2.076E–4 4

0.5 6.33E–5 2.531E–4 4

the scaling x̃ = L−1x, t̃ = L−1t , and for the sake of simplicity, still use (x, t) to denote (x̃, t̃ ).
Then, we are led to consider the following scaled Kawahara equation

ut + uux + 1

L2
uxxx − 1

L4
uxxxxx = 0, x ∈ (−1,1),

u(±1) = ux(±1) = uxx(1) = 0,

u(x,0) = 105

169
sech4

(
L

2
√

13
x

)
,

(4.5)

and the modified Kawahara equation

ut + ux + u2ux + 1

L2
uxxx − 1

L4
uxxxxx = 0, x ∈ (−1,1),

u(±1) = ux(±1) = uxx(1) = 0,

u(x,0) = 3√
10

sech2

(
L

2

√
1

5
x

)
.

(4.6)

Below, we present some numerical results with L = 200 using N = 1000 in the dual-
Petrov-Galerkin scheme. In Tables 1 and 2, we list the L2-errors at different times with two
different time steps. Note that in these numerical tests, the spatial error (with N = 1000)
is negligible and the error is dominated by the time discretization error. Tables 1 and 2
clearly indicates that the Crank-Nicholson-leap-frog scheme is of second-order in time. In
Fig. 1, we plot the computed and exact solutions for the Kawahara and modified Kawahara
equations. The computed and exact solutions are virtually indistinguishable.

4.2 Oscillatory Solitary Waves

We now consider the so called “oscillatory solitary waves” which consist of a packet of
solitary waves with arbitrary small perturbations [9]. Oscillatory solitary waves can be found
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Fig. 1 Solitary wave solutions in the Kawahara (left) and modified Kawahara (right) equation

in the presence of surface tension with the Bond number lies between 0 and 1
3 (cf., e.g.

[10, 24] for numerical study and [1, 21, 22] for analytical work). We note that in the fifth-
order KDV equation which models the water wave in the presence of surface tension, the
critical Bond number 1

3 corresponds to β = 0 in (3.1); the case with Bond number greater
than (resp. smaller than) 1

3 corresponds to β > 0 (resp. β < 0). Oscillatory solitary waves
occur in (3.1) with β < 0.

Following Kawahara [11], we consider the following Kawahara equation

ut + 6uux + uxxx + ε2uxxxxx = 0, (4.7)

which, after a change of variable x̃ = −x, corresponds to (3.1) with β < 0. Hunter and
Schedule [9] proposed (4.7) as a model equation for capillary-gravity waves when the bond
number us just less than the critical value of 1

3 . Pomeau et al. [14] used techniques of asymp-
totics pioneered by Segur and Kruskal [15] to show that the amplitude of the tail oscillations
is exponentially small with respect to the small parameter ε. Kichenassamy and Olver [12]
showed the nonexistence of solitary wave solutions of (4.7). The relationship between the
tail amplitudes and the phase shifts can be found in [2, 6].

By assuming that the solution of (4.7) takes the form of a small-amplitude modulated
wave packet, we can find the following asymptotic solution for (4.7) by using two-scale
expansion listed in [8] correct to O(ε2),

uex(x, t) =
√

2

19
ε cos(kmξ + φ0) sechX + ε2

{
187

57
√

19
sin(kmξ + φ0) sechX tanhX

− 4

19

(
3 + 1

3
cos(2kmξ + 2φ0)

)
sech2 X

}
+ O(ε3) := ū(x, t) + O(ε3), (4.8)

where ξ = x − ct , and X = εξ represents the wave envelope. The constant φ0 controls the
phase of the carrier oscillations relative to the peak of the envelop at X = 0 [3, 4]. In [3],
a split-step Fourier method [13] was used to solve the above equation.

In order to apply the dual-Petrov-Galerkin scheme, we rescale (4.7) with (x̃, t̃) =
(−L−1x,L−1t), still use (x, t) to denote (x̃, t̃), we are led to consider the following initial-
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Table 3 Differences between the computed solutions of (4.9) and the
asymptotic solution with ε = 0.01 and �t = 1.0E–5

t L2 L∞

0.05 1.57E–5 6.9E–5

0.1 1.635E–5 9.5E–5

0.2 1.776E–5 8.4E–5

Fig. 2 ε = 0.01 and t = 0.05, asymptotic solution (left graph) and numerical solution (right graph)

Fig. 3 Continued. ε = 0.01 and t = 0.05, asymptotic solution (left graph) and numerical solution (right
graph)

and boundary-value problem:

ut − 6uux − 1

L2
uxxx − 1

L4
uxxxxx = 0, x ∈ (−1,1),

u(±1, t) = ux(±1, t) = uxx(1, t) = 0, u(x,0) = ū(−L−1x,0).

(4.9)
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Fig. 4 ε = 0.01 and t = 0.1, asymptotic solution (left graph) and numerical solution (right graph)

Fig. 5 Continued. ε = 0.01 and t = 0.1, asymptotic solution (left graph) and numerical solution (right
graph)

In our numerical experiments, we take km = √
0.5, φ0 = 0, ε = 0.01, ξ = x − 0.25t and

L = 2000. It can be checked from (4.8, 4.9) that with ε = 0.01 and L = 2000, the boundary
conditions in (4.9) are accurate at least to the order O(ε3) for t ∈ (0,0.2) (which corresponds
to the real time t ∈ (0,400)). Note that for smaller ε, larger L is needed to ensure that the
boundary conditions in (4.9) are sufficiently accurate.

In all the computations presented below, we use �t = 1.0E–5 and N = 2000. In Table 3,
we list the L2 and L∞ errors between the computed solutions of (4.9) and the asymptotic
solution at three different (scaled) times t = 0.05, 0.1, 0.2 which correspond to original
times t = 100, 200, 400. Note that the accuracy is limited by the accuracy of the asymptotic
solution which is accurate to the order of ε3.

In Figs. 2, 3, 4, 5, 6 and 7, we plot the computed solutions and the asymptotic solutions at
three different times on the whole interval (Figs. 2, 4 and 6) and on a shorter interval (Figs. 3,
5 and 7). We notice that the solutions to (4.9) exhibit highly oscillatory behaviors which are
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Fig. 6 ε = 0.01 and t = 0.2, asymptotic solution (left graph) and numerical solution (right graph)

Fig. 7 Continued. ε = 0.01 and t = 0.2, asymptotic solution (left graph) and numerical solution (right
graph)

extremely difficult to compute [4, 11] but are well captured by our dual-Petrov-Galerkin
method.

5 Concluding Remarks

We presented a numerical scheme consists of dual-Petrov-Galerkin method in space and
Crank-Nicholson-leap-frog in time for the Kawahara and modified Kawahara equations
which has been proposed to model many physical phenomena such as gravity-capillary
waves and magneto-sound propagation in plasmas. At each time step, the scheme is re-
duced to a linear fifth-order equation with constant coefficients that can be very efficiently
solved by the dual-Petrov-Galerkin method. It is shown that the scheme is stable under a
very mild stability constraint, and is second-order accurate in time and spectrally accurate
in space. We used this scheme to compute solitary wave solutions and oscillatory solitary
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wave solutions of the Kawahara and modified Kawahara equations, and our numerical re-
sults indicate that the scheme is capable of capturing, with very high accuracy, solitary wave
solutions and highly oscillatory solutions with modest computational costs.
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