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Abstract In this paper, we derive a posteriori error estimates of recovery type, and present
the superconvergence analysis for the finite element approximation of distributed convex op-
timal control problems. We provide a posteriori error estimates of recovery type for both the
control and the state approximation, which are generally equivalent. Under some stronger
assumptions, they are further shown to be asymptotically exact. Such estimates, which are
apparently not available in the literature, can be used to construct adaptive finite element ap-
proximation schemes and as a reliability bound for the control problems. Numerical results
demonstrating our theoretical results are also presented in this paper.

Keywords Distributed optimal control problems - Finite element approximation -
Superconvergence - A posteriori error estimator

1 Introduction

The finite element approximation of optimal control problems has been extensively studied
in the literature. It is impossible to even give a very brief review here. Some work relevant to
this paper can be found in, for instance, [6, 7, 17, 18, 20] and [21]. Recently adaptive finite
element method has been found to be able to save substantial computational work in com-
puting optimal control. Adaptive finite element method ensures a higher density of nodes in
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a certain area of the given domain, where the solution is more difficult to approximate, us-
ing an a posteriori error estimator to guide mesh refinement. The decision of whether further
refinement of the meshes is necessary is based on the estimate of the discretization error. If
further refinement is to be performed, then the error estimator is used as a guide to show
how the refinement might be accomplished most efficiently.

It has been shown in [2, 3, 9], and [13] that one of the central issues in applying the adap-
tive finite element method to control problems is to obtain appropriate error indicators for
the mesh adaptivity. Some widely used error indicators are based on heuristic approaches or
the state approximation error, and have been found to be inefficient in adaptive finite element
approximation of optimal control, see [3] and [9]. Only recently have a posteriori error esti-
mates of residual type been derived for finite element approximation of control or objective
functional in some optimal control problems. Furthermore promising initial numerical re-
sults have been showed there. In [3], a posteriori error estimates were derived for the approx-
imation error of objective functional of unconstrained optimal control problems. However
in many control applications there are inequality constraints for the control. Furthermore it
is sometimes more interesting to obtain error estimators directly for the control approxima-
tion error. In [13-15], and [16], a posteriori error estimates of residual type were obtained
for the control approximation error of some optimal control problems with convex control
constraints. Another important issue is that different adaptive meshes should be used for the
control and the states, as generally they are of very different natures of singularities, see [8].

It is well-known that error indicators based on residual estimates are in general far less
sharper than those based on recovery techniques. A posteriori error estimators of recovery
type, like the Z-Z error estimator, have been widely used in engineering computations. How-
ever it is not straightforward to extend the gradient recovery techniques to derive a posteriori
error estimators of recovery type for the optimal control, where for example, the control sat-
isfies coupled algebraic variational inequalities, and normally only has lower regularity.

The problem that we are interested in is the distributed convex optimal control problem
(it will be described in the next section). It is the purpose of this paper to derive a posteriori
error estimates of recovery type for both the control and the state approximation.

The plan of the paper is as follows. In Sect. 2, we shall give a brief review on the finite el-
ement method and then construct the finite element approximation for the distributed convex
optimal control problem. In Sect. 3, we derive a posteriori error estimators of recovery type.
It is shown that for rather general meshes and solutions, the a posteriori error estimators of
recovery type provide upper and lower error bounds for the finite element approximation of
the control problem. In Sect. 4, the superconvergence analysis is carried out. Based on this
analysis, it is shown that the a recovery type a posteriori error estimator is not only equiva-
lent, but also asymptotically exact under some strong conditions. Some numerical examples
demonstrating our theoretical results are shown in Sect. 5.

Let Q and Qy be two bounded open sets in R? with Lipschitz boundaries 8 and dQy . In
this paper we adopt the standard notation W4 (£2) for Sobolev spaces on € with the norm
I llmgqe and the seminorm | - |, 4 0. We set Wy the subspace of W™ with vanished
traces upto order m — 1. We denote W™2(Q) (Wé"’z(Q)) by H™(Q)(Hj'(2)) with the norm
Il - llm.@ and the seminorm | - |,, . In addition, ¢ or C denotes a general positive constant
independent of 4.

2 Finite Element Approximation of Optimal Control Problems

In this section, we study the finite element approximation of distributed convex optimal
control problems. In the rest of the paper, we shall take the state space V = HOl (R2), the
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control space U = L*(Qy), and H = L*(Q) to fix the idea. Other cases can be treated
similarly. Let the observation space ¥ = L?(2). Let B be a linear continuous operator from
U to H. Let g be a strictly convex functional which is continuously differentiable on the
observation space L*(R). Let

K={veU:v>0}

We further assume that the functional g(-) is bounded below.
We are interested in the optimal control problem

. o 2
Lr;llr(l{g()’)‘i' 5””“0,52,]}» 2.1

—div(AVy)=f+ Bu inQ, Yyl =0,

where « is a positive constant, f € L?(Q), g is a continuously differentiable convex func-
tional on H, and A(:) = (a; j(-))nxn € R"" is a symmetric positive definite matrix. To
consider the finite element approximation of the above optimal control problem, we have to
give a weak formula for the state equation. Let

a(y,w):/(AVy)‘Vw Vy,weV,

Q

(fl,f2>=f fifs V(A f) € H x H,
Q

(u,v)U:/ uv VYu,v)eU x U.
Qu

It follows from the assumptions on A that there are constants ¢ and C > 0 such that
Vy,weV,

ay, y) = clylly, la(y, w)| = Cliyllvllwlly. (2.2)

Then the standard weak formula for the state equation reads as follows: find y(u) € V such
that

a(y(u),w)=(f + Bu,w) VweHOl(Q). (2.3)

Therefore, the above control problem can be restated as the following, which we shall
label (OCP):

. o
%{gm + Enuno,gy}, (2.4)

a(y(u),w) = (f +Bu,w) YweV =Hj(Q). (2.5)

It is well known (see, for example, [12]) that the control problem (OCP) has a unique solu-
tion (y, u), and that the pair (y, «) is the solution of (OCP) iff there is a co-state p € V such
that the triplet (y, p, u) satisfies the following optimality conditions, which we shall label
(OCP-OPT):

a(y,w)=(f + Bu,w) YweV =H;(Q), (2.6)
alq, p)=(&'().q) VgeV=H ), 2.7)
(qu+B*p,v—u)y >0 YveK CcU=L*Q). (2.8)

where B* is the adjoint operator of B.
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Also we note that for any (y,u) € V x U, g'(y) is in ¥ =Y’ = L*(Q). Therefore, it
can be viewed as functions in ¥ = L?(2) from the well-known representation theorem in a
Hilbert space.

Let us consider the finite element approximation of the control problem (OCP). Here we
consider only n-simplex elements, as they are among the most widely used ones. Also we
consider only conforming finite elements.

Let Q" be a polygonal approximation to € with a boundary dQ2". For simplicity, we
assume that Q" = Q in this paper. Let T" be a partitioning of " into disjoint regular trian-
gular element 7, so that Q" = | J,_,» 7 . Each element has at most one face on 3Q", and 7
and 7’ have either only one common vertex or a whole edge or face if T and 7’ € T".

Associated with T is a finite dimensional subspace S of C (€2"), such that x|, are
polynomials of m-order (m > 1) Vx € S" and r € T". Let V" = §" N HO1 (R2). It is easy to
see that V' C V.

Let 7}! be a partitioning of 2/, into disjoint regular triangular element 7y, so that Qf =
UrUeT{} Ty . Assume that Q’Z, = Qy, and Ty and 7, have either only one common vertex or

a whole face or are disjoint if 7;; and 7/, € Té‘.

Associated with Tlﬁ is another finite dimensional subspace Wl'} of LZ(Q?,), such that x|,
are polynomials of m-order (m > 0) Vx € W{} and 1y € Tl?. Here there is no requirement
for the continuity. Let U" = W}..

In this paper, we will only consider the simplest finite element spaces, i.e., m = 1 for V"
and m =0 for U". Let h, (h y) denote the maximum diameter of the element 7 (zy) in T
(Tl’}), let h = max,cpn{h:}, hy = max, {h:,}. Note that the order of the finite element
space for U" (m = 0) is lower than the one for V" (m = 1). The size of the element in T}! is
smaller than the one in T" generally. Therefore, we assume that sy /h < C in this paper.

Then a possible finite element approximation of (OCP), which we shall label (OCP)", is
as follows:

. o
min {g(yh) + —||uh||é,9}, (2.9)

uhEKhCUh 2
a(yn, wy) = (f + Buy, wy) VYwy, € V", (2.10)

where K" is a closed convex set in U”. This is a finite dimensional optimization problem
and may be solved by existing mathematical programming methods such as the steepest
descent method, conjugate gradient method, trust domain method.

It follows that the control problem (OCP)" has a unique solution (yj, u;) and that the
pair (y;, u;) € V" x K" is the solution of (OCP)" iff there is a co-state p, € V" such that
the triplet (yu, pn,u;,) satisfies the following optimality conditions, which we shall label
(OCP — OPT)":

a(yw, wy) = (f + Bup, wy)  Yw, € V! C V= Hy(), (2.11)
algn, pw) = (' Gn).qn) Van € V' CV =Hy(Q), (2.12)
(aup + B*py, vy —up)y =0 Vv, € K" U =L*(Qu). (2.13)

It is well known that for the problem (2.6-2.8) and its finite element approximation
(2.11-2.13), the following error estimate holds:

lu —uplloe + Iy — yulle + Ilp — pullie < C(h + hy), (2.14)
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ify, pe HX(Q),u € H'(Qy), where (y, p, u) and (v, pn, us) are the solutions of (2.6-2.8)
and (2.11-2.13), respectively.

3 Recovery Type a Posteriori Error Estimates

In order to discuss the recovery type a posteriori error estimate, let us construct the recovery
operator R;. Let R,v € S" be a continuous piecewise linear function (without zero boundary
constraint). The values of R,v on the nodes are defined by least-squares argument on an
element patches surrounding the nodes, similar as Z-Z patch recovery (see, e.g., [25, 26]),
as follows. Let z be a node, w, = UrUeTlh/ zeiy s Ve be the linear function space on w,. Set
R,v(z) = 0,(z) where

E(o;) = min E(w),
weV,

o (o)

Ty Co;

and

When z € 2y, we should add a few extra neighbor elements to w, such that w, contains
more than three elements. For the regular mesh and the suitable choice of w,, we can con-
clude that for any v € L2(R2), R, v exists. Moreover, for any domain D C Q, R,v =v on D
if v is a linear function on D, where D = Uw:twn D # 7).

Remark 3.1 Generally, R,v(z), z = (x0, yo), can be calculated as follows. Let w, =
3", i, the three nodes of 7/, are (xo, yo), (xi, y;) and (Xit1, yit1)s i = 1,2,...,m — 1,
the three nodes of t;; are (xo, Yo), (X, ym) and (x1, y1). Then, R,v(z) = a + bxo + dyo,

where (a, b, d) is the solution of the following linear system:

B Sk ki kP
x (xo+x; +xiv1) X (Yo+yi +Yiy1)
I kP 520 ki) 520 ki)

X (xo+ X +xi41) X (xo+x; +xi41)> X (X0 + X+ Xig1) b
X (Yo + ¥i + Yi+1) d

2k § 2o kil § 2 Ikl
X (yo+yi+yir1) X @o4+xi+xip1) X Yo+ yi + yir1)?
L x (Yo + yi + Yit1) i

B Z;nzl |ki|fr£/v 7
% Z:nzl |kl |frbv
=1 x (xo+x; +Xiy1)

% Z:n:1|ki|frbv
L x (yo+yi + Yiv1) J

where |k;| is the area of the element rb, and (X415 Ym+1) = (X1, Y1)-
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For gradient of y and p, we construct the gradient recovery operator G,v =
(Ryvy, Ryvy), where Ry, is the recovery operator defined above for the recovery of u, v, = g—i
and v, = g—;’ It should be noted that G, is same as the Z-Z gradient recovery (see e.g., [25,
26]) in our piecewise linear case.

Based on the recovery operator R, and G, defined above, we can define the recovery

type a posteriori error estimator:
2 2 2 2
N =1Guyn — Vyullo.o + 1Ghpn — Voullq + 1Ry — unlly g, - (3.1)
To analyze the estimator, let us divide the domain 2 into three disjoint subdomains:

-
Qu=Q,uQy U’

where
Qp = (x € Qu : B*py(x) <0},
QY ={x € Qu: B*py(x) > 0,u;(x) =0},
QZ+ ={xeQu:B* py(x)>0,u;(x) >0}
Let

Q =Q U,
QF ={x e Qu:uu(x) >0}
Then, it is easy to see that
Qf=QruQ,.
Moreover, set

e’ = | (au+ B*p —Pylau+ B*p))?, (3.2)
Q*

where P, is the L2-project operator from L?(Qy) to U", and

Q ={x e Q" :u(x)=0,u;(x) > 0}.

Theorem 3.1 Let (y, p,u) and (¥, pn, up) be the solutions of the systems (2.6-2.8) and
(2.11-2.13), respectively. Assume that g’ is Lipschitz continuous, and A is a constant positive
definite matrix. Then,

Ivh = Ylig+ 1P — Plig + llun —ullg g, +€ <Cn*+Ce] +€ + ), (3.3)

where e is defined by (3.2), n is defined by (3.1),

512=/ |B*pi, + a Ryuy|?,
Q

—+
1%

522/

zeA Y

gzzf

zeA Y

R\ f + Buy — (f + Buy).|*
h21g' ) — &' ). I,
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where

bt
LT

where w, is the support of ¢,, ¢, is the base function on the node point z, h, is the size of
w,, and A is the set of all inner nodes.

Proof Note that

2
allu —upllg o, = (u,u —up)y — (up, u —upy

IA

—(B*p,u —up)y — (@up, u — up)y
= (B*py +oup, up —w)y + (B*(py — p(up)), u —up)y
+ (B*(p(up) — p),u —up)y, 34

where p(u;,) is the solution of the auxiliary equation:

a(y(up),w)=(f + Bup,w) Ywe V:HOI(Q), 3.5)

a(q, pup)) = (&' (yun)),q) Vg eV =Hj(Q). (3.6)
It is easy to show that
(B*(pn — pun)), u —up)y < Cllpy — pun)ll o + Cllu — unllg g, » 3.7)
and
(B*(p(up) — p)yu —up)y = (§'(un) — ' (»),y — y(uz)) <0. (3.8)
For the first term of (3.4), we have that

(B*pyp+oaup, up —u)y =/

(B*p +0”4h)(uh_u)+/ (B* pyp +oaup)(uy —u), (3.9)
Q" QX

v

/ (B*p + o) (uy — u)
o+

U

—of
Q

< Cf** (B*pp 4+ aRyup)?* + C/,+ o?(up — Ryup)? + Collu — ”h”é,ﬂu

(B py o)’ + Colu =l g,

U

QU QU
< Cllu, — Ryunllg g, + Cei + Cdllu — unll5 g, » (3.10)
and
/Q?]O(B*ph +omh)(uh—u)=—/9%0 B*ppu <0. (3.11)

Therefore, it follows from (3.9-3.11) that

(B*py + oy, up —u)y < Cllup — Ryuy, ||(2),QU + Cei + C8llu — uh||é,gu- (3.12)
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It follows from (3.4), (3.7), (3.8) and (3.12) that
lu—unl g, < Cllun — Ruunllg, +Ce2+Clipy — punlg.  (3.13)

Now let us consider the last term || p;, — p(u;) ||§.Q. Firstly, let us introduce the weighted
Clément-type interpolation operator 7 defined in [4]. For all v € H} (Q2), mv € V" C H} ()
and

Yo I = av)G, < Cluli o,

rerh

ITvl} o < ClVlf g
Furthermore, if f € L3 (Q),
%
[ rw=mv SC|U|1,Q(Z/ h§|f—f;|2> ,
Q2 zeN V@2

where fz, w;, h;, A are dined in Theorem 3.1 (the proof can be found in, e.g., [4, 23]).
Let e? = p(u;) — pu, ef = weP. Then, it can be shown that

clle? |12 o < a(e”, p(up) — pi) = a(e” —e¥, p(uy) — py) +a(el, p(uy) — pi)

= (g @), e’ —ep) — Z/ A"V, -n(e? —ef) + (g (yun) — &' (), ef
T aT

=) e’ —e)— Y [[A*Vpy-nle” —ef)+ (&' () — &' (). e”)

1naQ=p"!
dooh f [A*Vpy -n]
!

<cC Z/ h21g' ) — &' G, I* + C
o 1N3Q=0

+Clg' ) — &' wlio.q + Colle”II7 o

<CE+C Y M f[A*Vph -nl + Cllyn) = yull§ o + C8lle” |1} .
nae=n Y!

Hence,
Ip@n) = palli g <C Y hy / [A*Vpy-n* + Clly(un) = yallg o + Ce3. (3.14)
noe=p 7!
Note that G}, pj, is continuous on 2. We have that

> [paf <€ 3w [ivmF=c Y b [195 - Guml
1 1 1

1N0Q=0 1N0Q=Y 1N0Q=Y
<C Y > | (pu=Gup)* <CIVpr = Gupallf o

IN3Q=GINdz#4* T
3.15)
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It follows from (3.14) and (3.15) that
Ilpun) = pulli.q < CIV PR — Gupallg.q + Clly(un) — yillg.q + Ces. (3.16)
Similarly, let e* = y(uy,) — y;, €] = we’. We have that

clle’ll} g < a(y@up) — yn, €*) = a(y(u) — yp. e —€))

= (f+ Bup, e’ —e)) — Z/ AVy, -n(e’ —e))
T T

=(f+Bup.e’ —e))— Y [[AVy, -nle’ —e))
1naQ=p"!

< CZ/ h2| f + Buy — (f + Buy).|?

zeA V@2

+C 3 i [tavy P+ Cole g
1

NIQ2=0

cE+C Yy f [AVy; -0+ Cole R .
!

1NIQ2=N
Again,
> i [1AVy, P = €I~ Gl o
naq=g Y!
Thus,
ly@n) — yulli o < CIVyn — Guynllg.q + Cés. (3.17)

Therefore, it follows from (3.13), (3.16) and (3.17) that

Iy @n) = yulli g + 1P @) = pullt o + lu — w5 g,

< Cllun — Ry I§ o, + ClIIVyn — Guyullg o + CIIVon — Gupallg g

+Cei +Ce; + Céj
=Cn*+Ce; +Cé + Ce;. (3.18)
Note that
Iy = yullie <y — y@n)llhie + Ily@r) — yullne,
lp—pullie <llp—plie+ lpus) — prllias
and
ly — yuillie < Cllu —upllo,p-
lp— pwli,e <Clly — yumlloa < Cllu — upllo,q-
‘We have that
ly =yl o+ 1P = pallf g+ llu—uslf g, <Cn*+Cei +Ce; +Cei.  (3.19)
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Furthermore, note that U" is discontinuous finite element space. The L>-project operator
P, from L2(2y) to U" can be defined on every element, i.e.,

f (Prw — w)g,, =0 Vry € TS,
w

where ¢, is the base function of U" on the element 7. For all element 7;; € T such that
uplry > 0, there exists an € > 0 such that v, = uj, & € > 0, and hence v" € K". Thus, it
follows from (2.13) that

/ (auy, + B* pn)¢r;, = 0.
2

This implies that Py (cu, + B*p;) = 0 on tj;. Note that u;, > 0 on Q*. Then we have
Pr(cuy, + B*pr) =0 on Q*. Therefore,

¢ = | ((au+ B*p) — Py(au+ B*p))’
Q*
< C/ ((au + B*p) — (auy, + B*py))*
Q*
+ C/ (aup + B*pp)* + C/ Py (cuy + B*py)?
o o

+C (P (auy, + B* pp) —’Ph(otu—i—B*p))2
Q*

< C(llp = pulBg + lu — wnlBg) + c/ (auy, + B py)?
Q*
+0+CAlp = pulld g+l — upB )

< Cllp = pullo.o+ lle —unlg o,) + C/++ (ot + B pn)’. (3.20)
Q

U

It follows from (3.10) that
/ (o + B*py)* < / (o, + B* py)*
it Q"

< Cl|[Ryun — unllg o, + C€i + Cllu —unllg g,
<Cn° +Cei +Cllu—uylg g, - (3.21)
Then, (3.19-3.21) imply that
e <Cllp—pullso+ llu —unllg q,) + Cn* 4+ Cei <Cn’ + Ce + Ce; + Ce3. (3.22)

Summing up, (3.3) follows from (3.19) and (3.22). O

Theorem 3.2 Let (y, p,u) and (yu, pr, un) be the solutions of the systems (2.6-2.8) and
(2.11-2.13), respectively. Assume that g’ is Lipschitz continuous, and A is a constant positive
definite matrix. Then,

" <Cyn—yiq+Ipn—plig+lun—ulfg, +e)+CE+&&+6), (3.23)
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where 1 is defined by (3.1), e is defined by (3.2), and

él =/ (auy + B*pp)?,
Qi \Q

v\y

€§:Z/hz|f+Buh_(f+B”h)r|2,

é%szhﬂg’(yh) — g O,
T T
where
Q‘é = [U Ty tuply, =0, and there exists T, € Tg such that Ty N T}, # 9, uh|,;j > 0],

and

Proof Note that for any node z,
Giyn(@) =) el (V) .
=1

with
JZ
Z‘)‘Z =1.
j=1

Then, on any element 7,

2
IVyn — Guynl* =

Jz
Ve — Y ¢ (Za;’ (vm,g)

NE£D j=1

2

Jz
> @ (Zag‘ ((Vyn)e = (vmrzj))

NTAD j=1
<C Y 1V = (Vy)el’,
T/CSe
where S; = Ur’ers U, Ts, ={t' € T" : ¥ N T # P}). Given an edge [ of an element in T,
let [w]; be the jump across /. Note that Vz, v/ C S;, there exist a finite positive integer m.,
which is independent of /4, and elements t; C S;,i =0, 1,...,m,, such that 7,_; N7, =1;,
i=1,...,m., where [; C S; are edges of the elements, /; N9S; =@, and T = 19, T’ = Ty, .
Hence,

<DVl < Y IVl

i=1 1CS:\0Se

Zr:[v)’h]l;

i=1

[(Vy)e — (Vyn)e| =
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Since y;, is continuous on €2, [%]1 =0,if IN 3 =0, where % is the tangent derivative

of y,. Therefore, [V, 1| = [[22],], if I N 9 = ¢. Then, we have that

on
o
on |,
where £ is the size of the edge /. Hence, noting that A is positive definite, and n = k[Vy;];,
with k = £(1/|[Vy,li]), because |[Vy,]; - n| = |[Vy,]i|. We have that

2
<C Y n /[Vyh -nl,
l

1C(5:\3S7)

2 2
1Gyn = Vyulls, <Ch2 >
1C(8:\0S7)

[V -nli = RIIVyll* < CEE(AIVyID - [Vyl)? = CAIV YL - kIVyulD)?
= C((A[Vyul)) - n)* = C[(AVy,) - n];.

Then,

DGy =Vnlg, <C Y I /[Vyh mp<C Y h /[AVyh nPo (324
T o= 7! nae=p !
Using the standard bubble technique (see, e.g. [1, 22]), it can be shown that

oo f[AVyh P <Cly =l g+CY I /(f + Bup)® + Cllu — up 3., -
1 T T

1NIQ=0

and
Zhifr(va Bup)* < Clly = wulli o + Cllu — il g,
:
+CX [+ Buy = TF B0
Hence,
oo /I[AVyh n? <Clly = yulli g + Cllu — unllg g, + C&3. (3.25)
1N0Q2=y

Then, it follows from (3.24) and (3.25) that
IGyn = Vynllg o < Clly = yulli o + Cllu — unllg g, + C&. (3.26)

Similarly, it can be shown that

1Gps = Vpulga<C Y. h f [A*V py, - n],
naq=p !

and

> i [tV en < Clp = plf g+ Clig ) = £ Ol + € 002 [ 0n7,
1 T T

NIQ=4
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> n? /(g’(yh))2 <Clp—pilio+Clg' ) — & nl5e
T T
+CY / (&' ) — &' n))’
T T
Hence, we have that

IGpy = Vpullg.q < Clp = palli g + Clly = walli o + C&5. (3.27)

Repeating the proof in the beginning, it can be shown that

2 2 2
IRyun = unllg g, < C > hilun
lc@f;ueh).1na @ uehH=n

C
=3 Z hy /[auh+B*P}1]2
I

lc@f,ueh).1nd g uehH=0

< C/ (auy + B*py)?
Qd uaf

:C/Q

= C/ (aup + B*pp)* + C/ (aup + B*py)*
oyt Qd\y

(o + B py)* +C f (cwn + B pp)’

- 4 ot o—t
U QyUO\Qy

= c/ (auy, + B*py)* + Cé. (3.28)
ot

U

It follows from the definition of QE‘L that

/ (o + B )t = / (o + B7pu)* + f Ll +Bp)t. (329)
Q Qy Q

1%

Note that (B*p 4+ ou) =0 when u > 0 and B*p > 0 when u = 0. Let
Q) ={x e Qy :u(x) =0}

‘We have that

(otup + B pp)* = /0 (aup, + B* pp, — ou)? +/ (otup + B* py, —au — B* p)?
2 Q

= -\ 00
QU U\Q[)

< C(IIM —unlg g, + 1P — Pallog+ /O(B*ph)2>
Q()

< c(nu —unlly g, + 1P = palls.o+ / (B i — B*p)z)
QO

< Cllu = ullg.q, + 2 — pullg.0)- (3.30)
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where we used the facts that B*p, <0 < B*p on . Moreover, note that # > 0 and hence
B*p+au=0on Q‘UL+ \ %, and Py, (B* p;, + auy) = 0 because that u;, > 0 on Q*. It can be
deduced that

/ (B*pp + aup)?® = / (B* pp + aup)? +/ (B* pi + aup)?
Q;+ Q* Q;+\Q*
= | ((B*py +auy) — Pu(B*py + auy))?
Q*
+/ (B*py, +auy, — (B*p + au))?
sz;+\sz*
< C/ ((B*p +au) — P,(B*p + au))?
Q*
+ c/ ((B*py + auy) — (B* p + am))?
Q*

+C | (Pu(B*p+au) — Pu(B* py + auy))?
Q*
+Clp—pallgq + llu—uligg,)
<CE+Clp—pallgg + llu—unllg o,)- (3.31)

Therefore, it follows from (3.29-3.31) that

b,

Hence, it follows from (3.28) and (3.32) that

ey + B py)* < C@ + llu —unllg g, + 1P = Pl 0)- (3.32)

I Rhun — unli§.q, < C€ + = unlig g, + 1P — pallo.q) + CEL. (3.33)

Then, (3.23) follows from (3.26), (3.27) and (3.33). 0

Remark 3.2 1t is shown from Theorem 3.1 and 3.2 that for the standard regular mesh and
general solution, the a posteriori error estimator 7> provides the equivalent error bound for
the quantity:

E*=|y =yl g+Ipn—plig+lun —ulf o, +€

if the extra terms ¢; and €;, i = 1, 2, 3 (they are all computable), are of higher order.

Note that in the quantity E2, the terms |y, — ylf’ﬂ, |pn — pﬁﬂ and |lu;, — u||(2)’QU present
the errors of the finite element approximation for the state y, the costate p and the control u.
Then we should consider the left term e in E2. It is clear that meas(Q2*) indicates the
approximation errors of the numerical coincident sets. Furthermore, note that

= | ((B*p+au)—Py(B*p+au))?
Q*

< Chy (11T g + lull gu)

< ChL 1P} so.qer + 117 o0 e ) meaS(27%),
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where
Q" = [Uru tTy ﬁQ*;ﬁ@}.

Thus e? will be of higher order (if U" is the piecewise constant finite element space) as long
as meas(2**) = o(1). Therefore only in some rare cases where numerical coincident sets
may not converge, the term e¢? may take effects.

Next, let us consider the possible higher order terms ¢; and €;, i = 1, 2, 3. It is easy to see
that if f, u and g’ are smooth, €2 and €2, i = 2, 3, are all higher order terms.

Consider €;. If uy |, > 0, then up|,, = _(fru B*ph/fm «). Hence,

locup, + B* pple, = ‘B*Ph — (/ B*Ph// 1)
L Ty

Consider the case that u, |fb = 0. Note that B*p;, > 0 on Q‘l’j \ Q. Moreover, for any 7, C

<Chy.

w

Q‘[’,, there exists an element 7y such that 7,y N T}, # ¢, and

uplzy :_(/ B*Ph// a>=—(B*Ph(er)/a)>0,
120 1

where x-, is the center of gravity for the element 7. Then,

|0th + B*Ph = |B*ph|zl/] = I(B*ph)ru - B*ph(xry)| =< ChU

o,

It follows that |ou;, + B*py| < Chy in Q‘Zj \ §2;,. Therefore,

&= /Qd - lauy, + B* py|* < Ch?meas(Q2, \ Q) < Ch?meas(QY)).
Uy

Then €12 should be a higher term because meas(QdU) should be o(1) if the measure of the
free boundary (u = 0) is zero.
Last, let us consider ;. Let p, € H>(Qy) be such that || p, — B*pj, llo,op < Ch%,, and

fﬁh=/ B*p, VwyeTk
U 1

Let
Q0= (U iy, > 0.7 e T4, 7 N7 #0).
Then —aR,uy, = R, B* p, = Ry, pj, on Q9. Hence,
lle Ryuty, + Prllo,ege = I1Pn — RuPullo.og < Chi,.

Hence,

€ = /7+ (B*pi + aRyuy)’ =

QU Q00

(B*pi, + aRyuy)? +/ (B*pj, + aRyuy)?
25\ Q00

< Chj, + Chymeas(2;™ \ Qo).

Then 612 should be a higher term because meas(QDJr \ Qo) should be o(1) if the measure of
the free boundary is zero.
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Remark 3.3 The matrix A in the Theorems 3.1 and 3.2 can be extended variable A €
(Wh°(€2))?*2. In this case, ¢; and &;, i =2, 3, should be replaced by

4:2/

zeA Y

é:Z/

[

2\ f + Buy, + div(AVy,) — (f + Buy + div(AVy;). I,

h21g' (ya) + div(A*V py) = (&' () + div(A*V py)). [,

gg:§:/¢Qf+gw+dwmvmwa+Bw+@NMVM»#

+XM%@WM—&WMWK
l

& =3 [ 118 on) + dv(A"T ) — GO0 T ANAT )
+ 0 [l VP, = &) P
/ 1

where A, (A,*) is the integral average of A (A*) on the edge /. Furthermore the Theorems 3.1
and 3.2 can be further extended to the case where the objective functional reads

a 2
Jw)=gk)+ E”u - uO”o,QU,
where ug € U. One only needs to replace B*p (B*p;) by B*p — ug (B*p;, — up) in the

proofs.

4 Superconvergence Analysis and Recovery

In this section, we will provide the superconvergence results. Firstly, let us consider the
superconvergence analysis for the control u. Let

Q= [Uru tty CQuly, > 0},
Q= {Uru Pty C Qs Uy 20},
Q) =Qu \ (Q,UQY).
In this section, we assume that u and Tlﬁ’ are regular such that meas(Q’,’/) <Chy.

Lemma 4.1 Let u and uy, be the solutions of (2.8) and (2.13), respectively. Let u; € K" be
the L*-project of u, such that

urly, = w "
ITU f‘[Ul.

Assume that g' is Lipschitz continuous, and 2 is convex. Then,

3
lup, — urllo., < C(hi + ). 4.1
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Proof Note that u,, u; € K" C K. Tt follows from (2.8) and (2.13) that
(au+ B*p,u —uy) <0,
and
(ouy + B* py,up —uy) <0.
It follows that
allu, — 141||S,QU =a(u, —ur,uy —upy < —(B*pu,up —up)y — (aug, up —up)y
=(B*p,u—up)y+ B p,u; —u)y + (auy,u; —up)y + (B*(p — pp), up —up)y
< —a,u—upy+ B*p,u;—wy +oau,u; —u)y + (B*(p— pp)yun —uny
=a(; —u,u; —up)y + (@u+ B p,u; —u)y + (B (p — p(up)), u —ujp)y
+ (B*(p — p(up)), up —wy + (B*(p(uyp) — pu), un —upu, 4.2)

where p(u;) is defined by (3.5-3.6). Note that 2 is convex. We have that p € H*(Q2) N
Whe(Q), and u € WH>(Qy).

Let 7€ be the integral average operator such that 7°u = u;. It follows from the definition
of u; that

(= uy —up)y =y (s — uh)/ (u —u) =0, (4.3)

w

and

(B*(p—pup),u—upy = Z/ (B*(p — p(up)) —t“(B*(p — p(up))))(u — wu)
w YW
<C thulB*(p — pUp))li oyt <y
T

< Chillp = pnlh.ellul.o- (4.4)

Using (2.6-2.7) and (3.5-3.6), we have that

lp—plie <Clg'(y) — & Gwloa < Clly — yunllo,e < CIBw —up)llo,o
< Cllu —upllo.oy <Cllu —usllo,oy + Cllur — unllo.y

< Chyluly,q, + Cllu; — upllo,e, 4.5)

and

(B*(p—pp)), up —uw)y = (p — p(up), Bup —u)) =a(y(uy) —y, p— p(uy))
=(§'(y) — & up), yuy) —y) <0. (4.6)

It follows from Schwarz inequality that

(B*(p(un) — pn)sun —up)y < ClIB*(p(un) — p)llo.ay lun — urllogy
< Cllpn) = pullg o + Collun —usllg g, &7
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where § is an arbitrary small positive constant. Then, it follows from (4.2—4.7) that
allup —uslg g, < (au+ B p.u; —u)y + Chy(hy + llu; — upllo.gy)
+ Cllpn) — pullg.q + Collur — unllg g,
< (au+ B*p,u; — )y + Chyy + Cllpuy) = palls g

+ Collu; — uh||§ygu.
Hence,
i — sl g, < Claw+ B*p,us — 1wy +Chy + Cllps) — pillig.  (4.8)
Let p(y,) € HO1 (2) be the solution of the equation:
alg, pyw) = (&'(m),q) Vg € Hy ().
Then,
IlpGw) — pi)llo.e < Cllg' () — &' ) llog < Cliye — y ) llo.q- 4.9)

Note that y, and p; are the standard finite element approximations of y(u;) and p(ys),
respectively. We have that (see, e.g., [5])

lvw — Y@ llo.e < CR*|ly(up) oo < Ch? (4.10)

and

Ipn — PO llo,a < CH* [ p(yn)lae < Ch>. 4.11)
Therefore, it follows from (4.9—4.11) that

Ip@n) = pullo. < I p@n) = pOWllo.a + I1pG) — palloq < Ch. (4.12)

Note that

(au+B*p,u; —u)y = /+(au +B*p)(u; —u) + /0 (eu+ B*p)(u; —u)
QU QU

-l-/ (au+ B*p)(u; —u),
oy

and
(u+ B pllgy =0, (ur =gy =0,
Then,

(au+ B p,u; —u)y = /b (au + B p)(us —u)
Ql/

> | (eu+B*p—n e+ B*p))(ru —u)

b YU
Iy C QU
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<C Z hfulau+3*[)|1,w|u|1,ru

TUcQIZ/
2 2 2 b 3
< Chy(lullf so.qy + 1211 00 0)meas($2) < Chy. (4.13)

Therefore, (4.1) follows from (4.8), (4.12) and (4.13). O

Lemma 4.2 Suppose that all the conditions of Lemma 4.1 are valid. Then,

3
I Ryu — ullo.e, < Chg, (4.14)
where Ry, is the recovery operator defined in the beginning of Sect. 3.

Proof Note that u € W°(Qy), and u € H*(Q}, UQ),). Let
Qh++= [U‘L’U T, CQZ,VZE%U},
and
2 = U :o.colvee ).
Then,

Ruu(x) =u(x)=0 VxeQ. (4.15)

It can be proved by the standard technique (see, e.g., [5]) that
IRy = ullg g+ < Chiplluly gy, (4.16)

and

2
| Ry — ul|

2000112 21012 bb
0.2\ (@ uR?) = ChU”uIll_QZb < Chyllulli .o, meas(2),

where
QY =Qu\ (QFTuQd).
Note that meas(Q%) = O (hy) and hence meas(22°) = O (hy). We have that

3
1Ryt = llg g @) < Ch. (4.17)

Therefore, it follows from (4.15-4.17) that
2 Y Y a2
| Rite = ulf o = 1Rt = 0l e+ N Rute =l o + 1 Rutt =l s o
< Chy +0+ Chj, < Chj,.
This proves (4.14). O

Theorem 4.1 Suppose that all the conditions of Lemma 4.1 are valid. Then,

3
| Ruun — ullo.o, < C(hi + h?). (4.18)
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Proof Let u; be defined in Lemma 4.1. Then,
| Ry, — ullo.oy < llu — Ruullo.oy + II1Rhut — Ryugllo.y + 1Rk — Ryunllo.qy -
It follows from Lemma 4.2 that
3

lu — Ryulloo, < Chj.

Noting the definition of Rj, we have that
Ryu = Ryuy,
and
| Ryu; — Ruupllo,oy < Cllur —upllo,oy -
It has been proved in Lemma 4.1 that
3 2
lu; — upllo,g, < C(hj + h*).

Therefore, (4.18) follows from (4.19-4.23).

(4.19)

(4.20)

4.21)

(4.22)

(4.23)

O

Corollary 4.1 Let u and uy, be the solutions of (2.8) and (2.13), respectively. Assume that

g’ is Lipschitz continuous, and 2 is convex. Then,
3 2
lu —upll—1.0, < Chi +h).
Proof For any function ¢ € H'(Qy), let ¢; € U" be the L-project of ¢, such that

fTU¢

¢1|1,'U = frUl.

Then,

W —up, @)y =W —up, ¢ — Py + U —up, ¢pyu.
Note that

W —up, ¢ —¢u < lu—upllogyll¢ — drllo.e, <Clhy +hHhyldlliay,.

and it follows from Lemma 4.1 that

3
W —up, ¢ = Wr —up, ¢1)v < lluy — unllo.ay 161 lo.oy, < ChE +hm*)lelqay-

Therefore, it follows from (4.25-4.27) that

u—up, 3
lu—upll-1.0, = sup =t Py < C(h} +h?).

¢€H1(QU) ||¢||1SZU

This proves the corollary.

Then, we consider the superconvergence for the state y and the co-state p.

@ Springer

(4.24)

(4.25)

(4.26)

4.27)



J Sci Comput (2007) 33: 155-182 175

Lemma 4.3 Let y, p be the solutions of (2.6) and (2.7), and yy, pn be the solutions of
(2.11) and (2.12). Let y; and p; be the piecewise linear Lagrange interpolations of y and p.
Assume that all the conditions in Lemma 4.1 are valid. Moreover, assume that the mesh T"
is uniform, and y, p € H*(Q). Then,

3
Iyw — vilia + |1pn — prlia < C(h* + hi). (4.28)
Proof Let wy, = y, — y;. It follows from (2.6) and (2.11) that

clyn — yilig < alm = yr.wp) =a(y — yr, wy) +a(ys — y, wp)
=a(y — yr, wp) + (B(uy, —u), wy). (4.29)

Note that the mesh 7" is uniform. It can be shown that (see, e.g., [10, 11, 19])
la(y =y, wi)| < Ch|yls.alwilg- (4.30)
It follows from Corollary 4.1 that
|(B(up —u), wp)| = [(up — u, B*wy)y| (4.31)
< Cllup —ull—1,0, | B*wp 1,0y < C(hl%/ +h) wylr 0. (4.32)
It follows from (4.29-4.31) that
3= vila < Clhi +1?). (4.33)
Similarly, let g, = p, — p;. Then, it follows from (2.7) and (2.12) that

clpn = pil}q < algu. o — p1) = algn. p — p1) +agn. px — p)
=algn, p—p1) + @& n) — &' ). qn)- (4.34)

Again, it can be shown that

la(gn, p — p1)| < CR*|pls.algnli o (4.35)

It follows from (4.33), Poincare inequality and the standard interpolation error estimate (see,
e.g., [5]) that

1(g"n) — &' Wyan)l < Cllyn — ylloellgnllo.e < Clyn — yilie + Iy — yllo.)lgnl.e
3
< C(h{ +h* + RPyl.o)lgnlLe- (4.36)

Therefore, it follows from (4.34—4.36) that

3
|pn — pilia < C(hi +h?). (4.37)

Then, (4.28) follows from (4.33) and (4.37). O

Theorem 4.2 Suppose that all the conditions in Lemmas 4.1 and 4.3 are valid. Then,

3
IGhyn — Vylo.e + 1Gupn — Vplloa < C(h* + hi). (4.38)
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Proof Note that
1Gryn — Vyllo,e = Gryw — Gryillo,e + 1Gryr — Vylloe- (4.39)
It follows from Lemma 4.3 that
3
IGhyn — Gayillo.e < ClIV(h — yDllo.g < C(h* + hi). (4.40)

It has been proved in [24] (Remark 3.2 and Theorem 3.2) that G,v; = Vv on 1y if v is a

quadratic function on the neighborhood of 7y (| ey 7M{T{J}). Then, it follows from the

standard interpolation error estimate technique (see, e.g., [5]) that
1Ghyr = Vyllo.e < Ch*|yls.q- (4.41)
Therefore, it follows from (4.39-4.41) that
3
IG iy — Vylog < Ch* +hp). (4.42)
Similarly, it can be proved that
3
IGhpn — Vplloe < C(h* +hp). (4.43)
Therefore, (4.38) follows from (4.42) and (4.43). O

Based on the superconvergence analysis, we have the following results for the recovery
type a posteriori error estimator.

Theorem 4.3 Suppose that all the conditions of Theorems 4.1 and 4.2 are valid. Then,

3
I Rnten — unllo.ay = llu — unllo.ay + O(hf + 0, (4.44)
3
1Ghyn = Vyullog = IV = yi)lloo + O(h + h?), (4.45)
3
IGhpn = Vpullo.a =V (p = p)llo.a + Ohf + k). (4.46)
That is
3
n = llu—uplgq, + IVO = lloq+ 1V — p)llg.q + ok + 1), (4.47)

where 1 is defined in (3.1).
Proof Note that

I Ryun — unllo.ey — Il —unllo.ay | < [Ryun — ullo.qy -

It follows from Theorem 4.1 that
3 2
| Ry — ullo.o, < C(hy +ho).
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Hence,

3
3,2
I Rpun — unllo.ey — lu — unllo.qyl < Ch +h).

This proves (4.44). The results (4.45) and (4.46) can be proved from Theorem 4.2 similarly,
and (4.47) is a direct result from (4.44—4.46). O

Remark 4.1 In Theorem 4.3, it is shown that under some strong conditions, the a posteriori
error estimator 7 is not only equivalent as shown in the last section, but also asymptotically
exact.

5 Numerical Examples

In this section, we carry out some numerical experiments to demonstrate the error estimators
developed in Sect. 3. In most control problems, the optimal control is often of prime interest.
Thus it is important to develop mesh refinement schemes which are most efficient to reduce
the error ||u — uy||. Here we use the A-method, which will be briefly explained below. The
general idea is to refine the meshes such that the error estimators are equally distributed
over the computational mesh. Assume that an a posteriori error estimator n has the form
n2 => o nzi , where ¢; is a finite element. In mesh refinement method for instance, at each
iteration, an average quantity of {nfi} is calculated, and each ngi is then compared with this
quantity. The element ¢; is to be refined or coarsed if ni_ is larger or smaller than a certain
proportional of this quantity. As ni_ reflects the distribution of the total approximation error
over ¢;, this strategy guarantees that a higher density of nodes is distributed over the area
where the error is larger, see [22]. Let us mention that the r-method is used in [9] for the
purpose of clear comparisons.
Our numerical examples are the following type of optimal control problems (OCP):

! : /( )? —1 (u — o)’
min + u—u
b Y —=XYo 2 0
—Ay+¢(y) =Bu+ f,

s.t. ylaa = Yolag,
u>0 1inQyp.

In our examples, Qy = Q =1[0,1] x [0, 1]and B = I. Let Q" and Q”U be partitioned into
T" and Tl? as described Sect. 2. We may use different meshes for the approximation of the
state and the control. We utilize a C++ library AFEPack to provide a general tool of mesh
adaptation for multi-meshes. The package is freely available and the details can be found
at http://www.ukc.ac.uk/cbs/staff/homepage/wbl/data/ AFELAB- AFEPACK .htm. In all our
experiments, we shall use || Rpu;, — uyllo,q, as the control mesh refinement indicator, and
1Gryn — Vyullo.a + 11Grpr — Vpullo.q as the state’s and co-state’s.

With the error estimators derived in the above section, one can generate adaptive meshes
and discretise the control problems into some finite dimensional optimization problems,
which can be solved via mathematical programming. With our discontinues discretisation
on control, here we use a simple and yet fast preconditioned projection algorithm for the
control problem. It works very well with the adaptive multi-mesh discretisation, and can be
used to solve large scale control problems. For a constrained optimization problem:

min J (1), (5.1)
uek
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where J (1) is a convex functional on U and K is a convex subset of U, the iterative scheme
reads (m =0,1,2,...)

b(un+%7v)=b(un7v)_pn(]/(un)vv) YveU,

(5.2)

b
Upp] = PK(MH%),

where b(-, -) is a symmetric and positive definite bilinear form such that there exist constant
¢o and ¢, satisfying

|b(u, v)| < cillullyllvlly  Vu,veU, (5.3)
b(u, u) > collullg, (5.4)

and the projection operator P2 U — K is defined: For given w € U find PLw € K such
that

b(P};w—w,Pﬁw—w):milgb(u—w,u—w). (5.5)
ue

The bilinear form b(-, -) provides suitable preconditioning for the projection algorithm. Oth-
erwise its speed may be slow when /4 is very small. One can just use a fixed step size, or
variable ones from a line search procedure. When the step sizes are small enough, its con-
vergence can be shown with the standard techniques. Let U = U”. An application of (5.2)
to the discretised elliptic control problem yields the following algorithm (PPGA).

b(unJr%v U) :b(unv U) - pn(un —up+ B*pn’ U), M,H,%y up € Uh,VU € Uhv

a(y, w) = (f + Bu,,w), y, eV YweV",

a(qspn)z(yn_qu), anVh,Vwth,
Upp) = P,?(u

(5.6)

n+%)’

where we have omitted the subscript 4. The main computational effort is to solve the two
state equations, and to compute the projection Ppu, +1- In this paper we use a fast algebraic
multigrid solver to solve the state equations. Then it is clear that the key to saving computing
time is how to compute P,?un 1 efficiently. If one uses the C? finite elements to approximate
the control, then one has to solve a global variational inequality, via, e.g., Semi-smooth
Newton method. The computational load is not trivial. Our discontinuous discretization in
control makes it possible to explicitly compute P};. For the piecewise constant elements,
K" ={u;, 1uj, >0} and b(u, v) = (u, v)y, then

P2 pily, = max(0, avg(pi)lz,),

where avg(py)|, is the average of p;, over 7y .

In solving our discretised optimal problem, we use the preconditioned projection gradient
method (5.6) with b(u, v) = (4, v)y» and a fixed step size p. We now briefly describe the
solution algorithm to be used for solving the numerical examples in this section:

Algorithm 0

(1) solve the discritized optimization problem with the projection gradient method on the
current meshes and calculate the error estimators 7;;

(ii) adjust the meshes using the estimators and update the solution on new meshes, as de-
scribed.
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Table 1 Comparison between uniform mesh and adaptive mesh for Example 1, the errors are [lu —upll, 2,
|y = ynlg1 and |p — pp| g1, respectively

Item On uniform mesh On adaptive mesh
u y p u y p
Mesh # nodes 8097 721 804 804
# sides info 23968 1868 2215 2215
# elements 15872 1148 1412 1412
# dofs 47616 8097 8097 3444 804 804
Error 6.07904e-03  5.87182e-01 5.94960e-02 5.09988e-03 2.07212e+00 1.05092e-01

Table 2 Example 1 on sequential uniform meshes

1 2 3 4 5
# nodes 537 2065 8097 32065 127617
lu —upli;2 1.26596e-02 8.68499¢-03 6.07904e-03 4.30752e-03 3.07156e-03
[y = Ynlgt 2.34528e+00 1.17398e+00 5.87182e-01 2.93618e-01 1.46812e-01
Ip— Phlg 1.18983e-01 5.94960e-02 2.97496e-02 1.48752e-02 7.43766e-03
| Rpup —uplly 2 1.22897e-02 8.68152e-03 5.77539e-03 4.06993e-03 2.91860e-03

IGhyn — Vynl2  2.38738e+00  1.18247e+00  5.89036e-01  2.94047e-01  1.46915e-01
IGhph — Vpull,2  1.20586e-01  5.98600e-01  2.98353¢-02  1.48959e-02  7.44275e-03

Example 1 The first example is to solve the following model problem as

. 1 2 1 2
min = [ (y —yo)dx+ = [ (u—up)dx
2 Jq 2 Jq

5.7)
st. —Ay=u+f, u=0,
in which Q = (0,1) x (0, 1), and
. 05, X1+ x2 > 10,
100, xi+xm<10,
p =sinmx; sinmx,,
= 1.0—sinﬂ —sin@-i-z,
2 2 (5.8)

u = max(ug — p, 0),

Yo=0,
f :4714[7 —u,
y =2n%p.

In the numerical simulation, we use piecewise linear finite element space for the approx-
imation of y and p, and piecewise constant for u.

It is clear that the adaptive meshes generated via the error indicators are able to save
substantial computational work, in comparison with the uniform meshes. We now examine
exactness of the error indicators.
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Table 3 Example 1 on sequential adaptive meshes

Adaptive step 1 2 3 4 5

# nodes(u) 145 204 398 519 721

# nodes(y, p) 145 537 804 804 804

lu —uplly2 2.08452e-02 1.32012e-02 9.07738e-03 6.65461e-03 5.09988e-03
[y = Yrlg 4.67225e+00 2.34528e+00 2.07212e+00 2.07212e+00 2.07212e+00
P — pilg 2.38026e-01 1.18983e-01 1.05092e-01 1.05092e-01 1.05092e-01
| Rpup —uplly2 1.79538e-02 1.23715e-02 8.81438e-03 6.11814e-03 4.62809¢-03

IGhyn — Vynll 2 489647e400  2.38738e¢+00  2.09266e+00  2.09266e+00  2.09266e+00
IGhpn —Vppl2  245173e01  1.20586e-01  1.0575%-01  1.05759%-01  1.05759%-01

Table 4 Comparison between uniform mesh and adaptive mesh for Example 2, the errors are |lu — upll; 2,
|y = Yulg1 and |p — pp| g1, respectively

Item On uniform mesh On adaptive mesh
u y p u y p
Mesh # nodes 8097 4290 174 174
info  # sides 23968 12007 463 463
# elements 15872 7718 290 290
# dofs 47616 8097 8097 23154 174 174
Error 3.55106e-02 1.24857e-01 4.11802e-05 2.27846e-02 9.12034e-01 2.21293e-03

The above two tables confirm that the error indicators are not only equivalent but also
asymptotically exact.

Example 2 This is an example of nonlinear control problems,

. 1 2 1 2
min = [ (y —yo)dx+ = [ (u—up)dx
2Jo 2 Ja

(5.9)
st. —Ay+Y =u+f u=0,
in which @ = (0, 1) x (0, 1), and
Yo = sin2mwx; 4 sin2mwx,,
Y = Yo,
uo = max(4r?yy, 0),
’ . (5.10)
u =uop,
f=4m%yo+ 5 —u,
p=0.
The dual equation of the state equation is
—Ap+3y’p=y— . (5.11)
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Table 5 Example 2 on sequential uniform meshes

1 2 3 4 5
# nodes 537 2065 8097 32065 127617

Nl — upll, 2 270932e-01  9.71364e-02  3.55106e-02  124375¢-02  4.36575¢-03
ly = al gt 4.98455¢-01  2.49610e-01 12485701  6.24357e-02  3.12188e-02
Ip— pilg 6.56826e-04  1.64519e-04  4.11802¢-05  1.02861e-05  2.55767e-06
IRpup —upll, 2 224279¢-01  820346e-02  3.02998¢-02  1.07037e-02  3.74490e-03

IGhyn — Vynl2 5.03510e-01 2.50141e-01 1.24894e-01 6.24328e-02 3.12165e-02
IGhpn — Vpnly2 6.55469¢-05 8.16034e-06 1.01707e-06 1.26914e-07 1.58380e-08

Table 6 Example 2 on sequential adaptive meshes

Adaptive step 1 2 3 4 5

# nodes(u) 145 384 1288 2710 4290

# nodes(y, p) 145 174 174 174 174

lu —uplly2 8.13922¢-01 2.70932e-01 9.71366e-02 4.01130e-02 2.27846e-02
[y = Yrlg 9.91391e-01 9.12057e-01 9.12057e-01 9.12057e-01 9.12057e-01
[P — prlg 2.58517e-03 2.22193e-03 2.22193e-03 2.22193e-03 2.22193e-03
| Rpup —upll 2 6.95352e-01 2.24280e-01 8.20353e-02 3.09396e-02 1.26466e-02

Ghyn — Vgl 1.03237e+00  9.49570e-01  9.49570e-01  9.49570e-01  9.49570e-01
IGhpn —Vpnl2  5.20497e-04  4.48978e-04  4.48978¢-04  4.48978e-04  4.48978¢-04

Although our error indicators were derived for a linear model problem, the analysis is
applicable to this extension as well. Thus we present the example to demonstrate this. Again,
we use piecewise linear finite element space for the approximation of y and p, and piecewise
constant for u.

Let us mention that the main part of the computation is to solve the two state equations
repeatedly. Thus it is clear that the adaptive scheme is able to solve huge computational
work in this case.

Again we are able to confirm the equivalence and exactness of the estimators in this case.
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