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Preconditioned Descent Algorithms for p-Laplacian
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In this paper, we examine some computational issues on finite element discre-
tization of the p-Laplacian. We introduced a class of descent methods with
multi-grid finite element preconditioners, and carried out convergence analysis.
We showed that their convergence rate is mesh-independent. We studied the
behavior of the algorithms with large p. Our numerical tests show that these
algorithms are able to solve large scale p-Laplacian with very large p. The
algorithms are then used to solve a variational inequality.
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1. INTRODUCTION

In this paper, we investigate some computational issues on the finite
element approximation of the p-Laplacian with Dirichlet data:

−div(|∇u|p−2∇u)=f, in�,

u=0, on ∂�,
(1.1)

where 1<p <∞ and � is a bounded open subset of R2 with a Lipschitz
boundary ∂�. This equation is viewed as one of the typical examples of a
large class of non-linear problems – degenerate non-linear systems, see [10,
19, 20] for some examples. Indeed it is believed that this equation contains
most of the essential difficulties in studies of finite element approximations
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for this class of degenerate non-linear systems, where many existing tech-
niques (such as the linearization or deformation procedure) in the finite
element method do not seem to work well.

Finite element approximations of the p-Laplacian have been extensi-
vely studied in the literature, and one can find some previous work, for
example, in [2,10,11,13], and some recent work in [1, 4–6, 12, 19–24, 25].
In particular, the quasi-norm approach has been developed in our work.
This approach has proved quite successful in deriving sharp a priori and
a posteriori error bounds for the finite element approximation of the dege-
nerate systems. Some accounts of very recent work on the p-Laplacian can
be found in the papers [18,19] as well.

Finite element discretization of the p-Laplacian (or related systems)
results in highly nonlinear and degenerate algebraic systems (in the sense
that either the Jacobi of Ah may not exist everywhere (for p < 2), or its
inverse may not be differentiable (for p >2)):

Ah(uh)=fh, (1.2)

where uh is the finite element approximation of the p-Laplacian. Or equi-
valently one can solve the following minimization problem:

min
vh∈V h

Jh(vh), (1.3)

where V h is the correspondent finite element space and

Jh(vh)=
∫

�h

|∇vh|p/p −
∫

�h

f vh.

The Euler equation of (1.3) is just (1.2). In [12,13], Glowinski, etc. used
the augmented Lagrangian method to solve (1.3). In [4], we used the non-
linear PR-Conjugate algorithm (PRNCG) to solve it, which proves to be
quite efficient. The PRNCG is still widely used in solving (1.3), and has
recently been found to work well as a smoother in multi-grid algorithms,
see [7] for the details. The above numerical methods work well, provided
p + 1/(p − 1) is not very large. In studying some physical and enginee-
ring relevant problems, it is needed to solve highly degenerate cases where
p + 1/(p − 1) is large, see for example, [3,8], and Sect. 5 for the cases of
large p.

However more efficient computational means are yet to be developed
for large scale and highly degenerate cases. This is the main issue we wish
to address in this work.

Multi-grid finite element method is one of the most powerful com-
putational means for large linear systems arising from finite element
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discretization of elliptic equations. It has also been found to be very
powerful in solving large scale non-linear algebraic systems arising from
some non-linear elliptic equations. Numerical and theoretical studies of
multi-grid finite element method for the p-Laplacian started only recently,
see [7, 26, 27] for some initial work. Subspace correction algorithms have
been proposed, in an abstract form, and studied in [26, 27] for the p-
Laplacian. A full multi-grid method has been proposed in [7], and tested
there for the case p = 4,6. It used the algorithm (PRNCG) as the smoo-
ther. However from our experience, these multi-grid methods only work
well when the non-linear systems are not very degenerate.

When p + 1/(p − 1) is large, the optimization problem (1.3) is essen-
tially difficult to solve. One possible remedy is to use a suitable precondi-
tioner. In this work we introduce the following preconditioned descent
algorithm:

un+1 =un +ρnwn,

where wn is determined by solving

Bn(wn, v)=−
(∫

�

|∇un|p−2∇un∇v −
∫

�

f v

)
, ∀v ∈V h, (1.4)

and ρn can be determined by line search:

min
ρ≥0

Jh(un +ρwn). (1.5)

It is well known that descent iterative algorithms of this type could be very
inefficient. It can be very slow, especially when the contour maps of the
functional are very prolonged near the minimizers. Also its speed could be
mesh-dependent, if not formulated in suitable norms. Thus it is necessary
to formulate the algorithm in an energy type norm and to precondition
the contours into a “good” shape locally in order to obtain higher com-
putational efficiency. The idea is to choose Bn(uh, ·) to be “similar” to the
p-Laplacian. Also one has to be able to compute wn economically. Thus
we choose Bn to be a simple linearization of the p-Laplacian to utilize the
existing fast MG solvers. Our numerical experiments show that with a sui-
tably chosen Bn, the above iterative method is efficient for a wide range
of p. It can be used to solve large scale discretized p-Laplacain with p =
1000. When p ≥ 2, we established some mesh-independence convergence
results for our algorithms. For the case where p is close to 1, there is an
extra difficulty that the problem (1.3) is numerically unstable with respect
to f , see Remark 3.1 for the details.
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2. PRELIMINARY

Let V =W
1,p

0 (�) with p >1, and let

J (u)= 1
p

∫
�

|∇u|p −
∫

�

f u, u∈W
1,p

0 (�). (2.1)

Clearly the functional J is strictly convex for 1<p<∞. Furthermore the
following minimization problem has a unique solution, see [11]:

min
v∈V

J (v) (2.2)

It is well-known that the above problem (2.2) is equivalent to the following
non-linear PDE—the p-Laplacian: (WP) find u∈V such that

a(u, v)=
∫

�

|∇u|p−2∇u∇v =
∫

�

f v ∀v ∈V. (2.3)

As mentioned in Introduction, the p-Laplacian has been extensively stu-
died in the literature. Particularly, it is a matter of direct calculations to
show that

J ′(u)(v)=
∫

�

|∇u|p−2∇u∇v −
∫

�

f v (2.4)

J ′′(u)(v,w)=
∫

�

|∇u|p−2∇v∇w + (p −2)

∫
�

|∇u|p−4(∇u,∇v)(∇u,∇w)

(2.5)

For p ≥2,

(J ′(u)−J ′(v))(u−v)≥‖u−v‖p

1,p
(2.6)

|J ′(u)(v)|≤C(‖u‖p−1
1,p

+‖f ‖−1,
p

p−1
)‖v‖1,p (2.7)

|J ′′(u)(v,w)|�C‖u‖p−2
1,p

‖v‖1,p‖w‖1,p (2.8)

The details can be found in [7]. We now introduce the finite element
spaces, as in [11]. For sake of simplicity, we assume that � is a convex
polygonal domain. Let T h be a regular triangulation of � into disjoint
open regular triangles K, so that �̄=⋃

K∈T h K̄ . Each element has at most
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one edge on ∂�, and K̄ and K̄ ′ have either only one common vertex, or a
whole edge if K and K ′ ∈T h. Let hK denote the diameter of the element
K in T h and let ρK denote the diameter of the largest ball contained in K.
We assume that there is a regularity constant R of T h, independent of h,
such that 1≤maxK∈T h(hK/ρK)≤R. Let h=maxK∈T h hK . Furthermore, we
assume that there is a C1(�)-function h(x) such that c′hK ≤h(x)≤hK inK

for all simplices K ∈T h and some constant c′ >0 independent of K.
We shall only discuss the continuous piecewise linear element in this

paper due to the limited higher order regularity for the solution of the p-
Laplacian, see, for instance, [16–18], for the details. Associated with T h is
a finite dimensional subspace V h of C0(�̄), such that χ |K ∈P1 for all χ ∈
V h and K ∈T h, where P1 is the linear functions space. Let

V h
0 ={χ ∈V h :χ(xk)=0, for all vertices xk ∈ ∂�}.

Then the finite element approximation of (WP) is as follows (WP )h: Find
uh ∈V h

0 such that

a(uh, vh)= (f, vh), ∀vh ∈V h
0 , (2.9)

where

a(uh, vh)=
∫

�

|∇uh|p−2∇uh ·∇vh,

(f, vh)=
∫

�

f vh.

It is a simple matter to show that (WP )h has a unique solution uh. Also
(WP )h is equivalent to the following minimization problem:

min
v∈V h

0

J (v) (2.10)

3. PRECONDITIONED DESCENT ALGORITHMS

3.1. Preconditioned Steepest Descent Method

In this subsection we formulate some preconditioned steepest descent
algorithms for the p-Laplacian. Let vh,wh ∈V h

0 . In the rest of the paper,
we shall drop the subscription h if no confusion is caused. Let ‖ · ‖ be a
norm on V h

0 . The (normalized) steepest descent direction w∈V h
0 is defined

such that

J ′(v)w =−‖J ′(v)‖∗,‖w‖=1, (3.1)
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where‖ · ‖∗ is the standard dual norm defined by

‖J ′(v)‖∗ = sup
u∈V h

0

|J (v)(u)|/‖u‖.

Hence w actually depends on the norm on V h
0 . Unless using a L2 type

norm, it is needed to solve a linear PDE to compute w. However if we
formulate a steepest descent method not using the energy norms (e.g.,
if using the L2 norm), then convergence rate of the algorithm will pro-
bably be h dependent. To derive a steepest descent algorithm, whose
performance is mesh independent and whose descent directions can be
conveniently computed, we shall formulate our algorithms using norms of
H 1

0 (�) type.
Let u be the exact solution of (2.2) and un ∈ V h

0 be the current
approximation. We wish to find the next approximation un+1. Define un+1
by

un+1 =un +αnwn, (3.2)

where αn is determined by line search

J (un +αnwn)=min
α≥0

J (un +αwn), (3.3)

and wn ∈V h
0 is defined by

∫
�

∇wn∇v =−J ′(un)(v)=−
∫

�

|∇un|p−2∇un∇v +
∫

�

f v ∀v ∈V h
0 .

(3.4)

Let us show that wn is in fact the steepest descent direction at u=un.
Let V =V h

0 . By (2.4) one has

J ′(un)(v) =
∫

�

|∇un|p−2∇un∇v −
∫

�

f v

=
∫

�

(|∇un|p−2∇un −|∇u|p−2∇u)∇v.

Since wn is the Riesz representation of the functional −J ′(un) in the
space V , so

‖wn‖V =‖J ′(un)‖∗ (3.5)

and

J ′(un)(wn)=−‖wn‖2
V h

0
=−‖J ′(un)‖∗‖wn‖V h

0
. (3.6)
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Thus we formulate our first steepest descent algorithm as follows:

Algorithm 1. For a given initial value u0 do the following iterations

• solving
∫
�

∇wn∇v =− ∫
�

|∇un|p−2∇un∇v + ∫
�

f v ∀v ∈V

• linesearch for αn, such that J (un +αnwn)=minα≥0 J (un +αwn)

• update un+1 =un +αnwn

The direction wn can be computed by a linear multi-grid solver.
We now consider a different preconditioner. One may equip V with

a weighted norm | · |2un
= ∫

�
(ε +|∇un |p−2)|∇ · |2 for p > 2. This leads to a

bilinear form ((ε +|∇un |p−2)∇·,∇·), which is a simple linearization of the
weak form (2.3) of the partial differential operator. The introduction of
the small parameter ε is to handle the possible degeneracy when ∇un =0.
Then we define the descent direction by: Find wn ∈V such that

∫
�

(ε +|∇un|p−2)∇wn∇v =−
∫

�

|∇un|p−2∇un∇v +
∫

�

f v ∀v ∈V, (3.7)

where ε >0 is a parameter one can choose. It can be shown that the direc-
tion wn determined by (3.7) is the steepest descent direction with V ↪→
H 1

0 (�) equipped a weighted norm ‖ · ‖2
ε,un

= ∫
�
(ε + |∇un|p−2)|∇ · |2. Thus

we propose the following steepest descent method.

Algorithm 2. For a given initial value u0 do the following iterations

• solving
∫
�
(ε + |∇un|p−2)∇wn∇v = −J ′(un)(v) = − ∫

�
|∇un|p−2

∇un∇v + ∫
�

f v ∀v ∈V

• linesearch for αn, such that J (un +αnwn)=minα�0 J (un +αwn)

• update un+1 =un +αnwn

Again the direction wn can be solved by fast MG solvers.
For the case p < 2, one can use the weighted norm | · |2un

= ∫
�
(ε +

|∇un |)p−2|∇ · |2 and form the following algorithm:

Algorithm 3. For a given initial value u0 do the following iterations

• solving
∫
�
(ε + |∇un|)p−2∇wn∇v = −J ′(un)(v) = − ∫

�
|∇un|p−2

∇un∇v + ∫
�

f v ∀v ∈V

• linesearch for αn, such that J (un +αnwn)=minα�0 J (un +αwn)

• update un+1 =un +αnwn

As in Algorithm 2, the direction wn is solved by fast MG solvers.
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3.2. Convergence Analysis

In this section we carry out some convergence analysis for the algo-
rithms proposed in Section 3.1. It is usually difficult to obtain optimal
theoretical results for the p-Laplacian. For example, the speed of subspace
correction method has only been shown of a convergence rate O(n−α(p))

with α(p)→0 asp →1 or ∞, see [27]. We begin with a lemma.

Lemma 1. Suppose there exist constants μ > 0, γ > 1 such that the
number series λn >0 (n=1,2, · · · ) satisfies the inequality

λn −λn+1 �μλ
γ
n

Then there holds, with β = 1
γ−1

λn � 1
nβ

max

{
λ1,

(
2β −1

μ

)β
}

.

Proof. From the assumpsions of the lemma we know that the
number series λn decreases monotonically. Hence we have

λn −λn+1 =λn+1

(
λn

λn+1
−1

)
�μλ

γ
n �μλ

γ

n+1 (3.8)

so

λn

λn+1
−1�μλ

γ−1
n+1 (3.9)

set

ρn =λnn
β. (3.10)

Then (3.9) is equivalent to

ρn

ρn+1
�

(
1+μρ

γ−1
n+1 n−β(γ−1)

)(
n

n+1

)β

. (3.11)

It is easy to see that the right hand side of (3.11) increases when ρn+1
increases. Now we examine when it is not smaller than 1.

(
1+μρ

γ−1
n+1 n−β(γ−1)

)(
n

n+1

)β

�1 (3.12)
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that means

ρn+1 �
[

1
μ

(
(1+ 1

n
)β −1

)
n

]β

. (3.13)

Note the right hand side of (3.13) decreases. Hence if ρn+1 �
(

2β−1
μ

)β

, it
follows from (3.11) to (3.13) that we have ρn+1 �ρn. Therefore we have

ρn �max

{
ρ1,

(
2β −1

μ

)β
}

. (3.14)

�

Now we prove the first convergence result. Since Algorithm 2 worked
very well in our numerical experiments, we shall only examine convergence
of Algorithm 2.

Theorem 1. Let {un} be generated by Algorithm 2 stated in Sect. 3.1,
Then there exists a constant C >0 such that

J (un)−J (u)� 1
nβ

max {C,J (u0)−J (u)} , β = p

p −2
.

Proof. By the convexity we have

J (un)−J (u)� (J ′(un)−J ′(u))(un −u)�‖J ′(un)‖∗‖un −u‖, (3.15)

where ‖ · ‖ is the weighted norm used in Algorithm 2. Denote

en =J (un)−J (u).

For any α>0 from the definition of the steepest descent direction we have

J (un +αwn)−J (un) = αJ ′(un)(wn)+ α2

2 J ′′(θn)(wn,wn)

� αJ ′(un)(wn)+ α2

2 M‖wn‖2

= (−α + α2

2 M)‖J ′(un)‖2∗.

(3.16)

The minimum of the right hand side is achieved at α̃ = 1
M

. So

en+1 − en = J (un+1)−J (un)=J (un +αnwn)−J (un)

� J (un + α̃wn)−J (un)

= − 1
2M

‖J ′(un)‖2∗.
(3.17)
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It is clear that {‖un‖W 1,p(�)} is bounded, and then it follows from the
Holder inequality that {‖un‖} is also bounded. Thus from the Holder
inequality there exists a C1 >0 such that

‖u−un‖≤C1‖u−un‖W 1,p(�).

Since p >2, using (2.6) and 1
q

+ 1
p

=1 we have

(J ′(un)−J ′(u))(un −u) � ‖J ′(un)‖∗‖un −u‖≤C1‖J ′(un)‖∗‖un −u‖1,p

� C
q

1 ‖J ′(un)‖q
∗/q +‖un −u‖p

1,p
/p

� C
q

1 ‖J ′(un)‖q
∗/q + (J ′(un)−J ′(u))(un −u)/p

Noting that p >2, thus there is a constant C2 >0 such that

(J ′(un)−J ′(u))(un −u)�C2‖J ′(un)‖q
∗ . (3.18)

It follows from (3.15) that

en ≤C2‖J ′(un)‖q
∗ .

Then it follows from (3.17) and (3.18) that there exists a constant C3 such
that

en − en+1 �C3e
2
q
n . (3.19)

Then the desired result follows from Lemma 1. �

Corollary 1. Under the conditions of Theorem 1, there exists a
constant C >0 such that

|u−un|2(u,p) ≤C/nβ, β = p

p −2
, (3.20)

where |w −v|2(v,p) is the so called the quasi-norm defined by (see [20, 21])

|w −v|2(v,p) =
∫

�

(|∇v|+ |∇(w −v)|)p−2|∇(w −v)|2. (3.21)

Proof. From the basic properties of the p-Laplacian we have

J (w)−J (v)�J ′(v)(w −v)+ c|w −v|2(v,p). (3.22)
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Hence

J (un)−J (u) � J ′(u)(un −u)+ c|un −u|2(u,p)

= c|un −u|2(u,p).
(3.23)

From Theorem 1, we have

|un −u|2(u,p) ≤C/nβ. �

In the above algorithms line search is applied at every step which is
usually very time consuming. A way to reduce the work on line search is
to perform an inexact line search or even to use a fixed step length. It fol-
lows from the proof of Theorem 1 that if we choose a fixed step length αn

such that 0<δ �αn � 2
M

− δ, then we still have the convergence.

Theorem 2. Suppose that the conditions of Theorem 1 hold and that
the step length αn satisfy 0 < δ � αn � 2

M
− δ. Then the descent algorithm

Agorithm 2 (without line search) is uniformly convergent, and there exists
a constant C1 >0 such that

J (un)−J (u)� 1
nβ

max {C1, J (u0)−J (u)} , β = p

p −2
.

Proof. From (3.16) we see that

en+1 − en = J (un +αnwn)−J (un) �
(

− δ + δ2

2
M

)
‖J ′(un)‖2

∗. (3.24)

Combining (3.15) with lemma 1 yields the desired result. �

4. NUMERICAL EXPERIMENTS

4.1. Implementation Issues

Our computations are carried out in an IBM Thinkpad T22 laptop.
The program language is Fortran 90. We used an AMG solver for compu-
ting the descent direction wn. The stopping role for the AMG iterations is
to reduce the relative defect to 10−8 and the maximum V -Cycles is 50.

For large scale problems functional value evaluation is very time
consuming, so is the line search procedure. We used a half-section algo-
rithm with eight iterations for a rough line search. The current step length
is used as an initial value for the initialization of the search interval at the
next step.
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The stopping criterion is |J ′(un)|/|J ′(u0)|< 10−6, where u0 is an ini-
tial solution. Our numerical results show that this criterion can guarantee
the accuracy for both the object functional and the solution.

We used piecewise linear triangle finite element approximation in all
our computations. We always used zero as the initial solution in all the
iterations if not stated otherwise.

4.2. Numerical Examples

In all the following tables, the errors are always measured in L2 norm
if not stated otherwise.

Example 1. �={(x, y), r2 =x2 +y2 <1}, f =1. The exact solution is

u=u(r)= p −1
p

(
1
2

) 1
p−1 (

1− r
p

p−1

)
. (4.1)

In the tables below, C1,C2,C3,C4 represent the meshes with unknowns
1601,6221,24444,97118 respectively. Mesh C1 is shown in Fig. 1.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Fig. 1. Mesh C1.
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Tables I to V show the computational results using the preconditioned
descent algorithm with the weighted norm preconditioner and ε = 10−4.
The recorded iteration numbers indicate that the convergence for our algo-
rithm is mesh independent for a fixed p. The numerical results also show
O(h2) convergence rate for both the functional and the solution when p

is not too large, although the rate seems to decrease as p becomes large.
It seems that the lowest rate as p becomes larger tends to O(h).

The convergence behaviors are shown in the Figs. 2–6.
The number of iterations does increase when p becomes very large

as the meshes are refined. This seems to indicate that the preconditioner
used is not perfect for large p. However the iteration numbers tend to
be stable for reasonably large p. It can also be seen that the CPU-time
increases linearly with DOFs. We have also tried other solvers such as

Table I. (ε =10−4)

p =4 C1 C2 C3 C4

Iter num 9 9 9 9
CPU time 0 m16.52 s 1 m05.75 s 4 m42.46 s 18 m35.92 s
J (uh)−J (u) 5.3997e−04 1.3386e−04 3.2068e−05 6.6333e−06
‖u−uh‖ 5.0978e−04 1.2773e−04 3.1754e−05 7.9779e−06
‖uI −uh‖ 6.7468e−05 1.6570e−05 4.0327e−06 1.0704e−06

Table II. (ε =10−4)

p =10 C1 C2 C3 C4

Iter num 19 15 14 14
CPU time 0 m33.03 s 1 m55.19 s 7 m31.89 s 30 m43.24 s
J (uh)−J (u) 9.3238e−04 2.3233e−04 5.5800e−05 1.1996e−05
‖u−uh‖ 9.2638e−04 2.3968e−04 6.0411e−05 1.6045e−05
‖uI −uh‖ 1.9301e−04 5.4713e−05 1.6180e−05 4.4031e−06

Table III. (ε =10−4)

p =20 C1 C2 C3 C4

Iter num 31 28 23 24
CPU time 0 m54.05 s 3 m24.32 s 12 m08.42 s 52 m05.58 s
J (uh)−J (u) 1.3667e−03 3.4489e−04 8.3504e−05 1.8747e−05
‖u−uh‖ 1.3890e−03 3.7677e−04 9.6496e−05 2.5680e−05
‖uI −uh‖ 5.6286e−04 1.6770e−04 4.7522e−05 1.2561e−05
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Table IV. (ε =10−4)

p =100 C1 C2 C3 C4

Iter num 79 86 71 64
CPU time 2 m24.28 s 11 m04.27 s 37 m26.33 s 152 m15.21 s
J (uh)−J (u) 3.7250e−03 1.0488e−03 2.6971e−04 6.6751e−05
‖u−uh‖ 3.4210e−03 1.0793e−03 3.1551e−04 9.1268e−05
‖uI −uh‖ 2.6080e−03 8.7380e−04 2.6672e−04 7.8120e−0

Table V. (ε =10−4)

p =1000 C1 C2 C3 C4

Iter num 161 340 461 411
CPU time 5 m01.97 s 44 m37.02 s 245 m07.93 s 919 m02.79 s
J (uh)−J (u) 7.7599e−03 3.3253e−03 1.2665e−03 4.2736e−04
‖u−uh‖ 6.2626e−03 2.8116e−03 1.1740e−03 4.4579e−04
‖uI −uh‖ 5.4966e−03 2.6248e−03 1.1299e−03 4.3451e−04

BICGSTAB with ILU preconditioning. All of them show slow conver-
gence at the beginning. After several steps of iterations the solvers all work
well.

Table VI shows some results using the Poisson preconditioner for
p = 4. The mesh independent convergence is observed from the numeri-
cal experiments. However as p becomes large, the Poission preconditioner
becomes much less efficient than the weighted norm preconditioner. Thus
we shall not show more numerical results using this preconditioner.

The convergence behaviors are shown in Fig. 7.
Different choices of parameter ε may yield different iteration num-

bers. Table VII shows the results for p =10 using different parameters on
the mesh C3. More iterations are needed to meet the error tolerance as ε

becomes large. However too small ε may cause large round off error and
make the program overflow or lowerflow especially when p is large. From
our experiments it was found that ε =10−4 gives a good balance.

It was observed that the accuracy of line search is not very impor-
tant to the convergence behavior of our algorithms. For example when
we increase the accuracy of line search, the iteration number for p = 10
on the mesh C3 is still the same, although the CPU time increases from
7 m31.89 s to 11 m32.230 s. For p=100 on the mesh C1 the iteration num-
ber even raises from 79 to 93 and the CPU time increases from 2 m24.28 s
to 4 m41.730 s. It was observed that the step lengths are relatively stable
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Table VI. (Poisson)

p =4 C1 C2 C3 C4

Iter num 71 87 102 130
CPU time 1 m54.15 s 9 m22.50 s 44 m45.57 s 236 m32.67 s
J (uh)−J (u) 5.3997e−04 1.3386e−04 3.2067e−05 6.6333e−6
‖u−uh‖ 5.1057e−04 1.2804e−04 3.1856e−05 8.0089e−06
‖uI −uh‖ 6.6419e−05 1.6156e−05 3.9012e−06 9.9516e−07

during the iteration procedure. It seems unnecessary to perform accurate
linesearch. A rough one is enough since we have good initial intervals
from the previous iterations. See Fig. 8 for example.

Example 2. We consider � = (0,1) × (0,1) and f = 0 with a non-
homogeneous boundary condition such that the exact solution is

u= r
p−2
p−1 , r =

√
x2 +y2. (4.2)

We use R1,R2,R3,R4 to represent the meshes with 782,3005,11800,46636
nodes respectively. Mesh R2 is shown in Fig. 9. The numerical results are
presented in Table VIII.

From Table VIII we see that the convergence rate is only of first
order. Since the solution is singular some local refinement is needed. Table
IX shows the results with local refinements. We use a local refinement such
that hmin = 1

4hmax, and the corresponding meshes R1LR,R2LR,R3LR,

R4LR, have 1186,4616,18075,72456 nodes respectively. Mesh R2LR is
shown in Fig. 9. With the adaptive meshes both the accuracy and
convergence rate are improved significantly. It was found that adaptive
meshes can improve accuracy, but cannot change the essential behaviors
of the algorithms.

Remark 1. As p→1, the p-Laplacian is numerically unstable. To see
this, let g = (1+ε)f be a small perturbation of f , and ug, uf be the solu-
tions of the p-Laplacain for g, f respectively. A direct calculation yields
that

ug = (1+ ε)
1

p−1 uf . (4.3)

Thus if p is very close to 1, ug may be dramatically different from uf even
though ε may be very small.
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Table VII. (C3 mesh)

p =10 ε =10−1 ε =10−2 ε =10−3 ε =10−4

Iter num 105 25 18 14

CPU time 49 m19.41 s 12 m3.140 s 8 m31.700 s 7 m31.89 s
J (uh)−J (u) 5.5800e−05 5.5800e−05 5.5800e−05 5.5800e−05
‖u−uh‖ 5.9594e−05 5.9662e−05 5.9618e−05 6.0411e−05

To deal with the case where 1
p−1 is very large, one has to handle the

computational procedures of evaluating function power very carefully in
order to minimize the accumulative run-off errors. Without special consi-
derations in this aspect, our methods can only handle the case where 1

p−1
is not too large. Table X shows the results for example 1 with p=1.1. We
applied Algorithm 3 with a AMG solver for wn (see [15]). Since the solu-
tion may be very small we have shown the relative error.

According to our computational experience, Algorithm 3 works rea-
sonably well as long as 1.1 ≤ p ≤ 2. We also tried the case p = 1.06. The
speed is much slower although it eventually converged. In such a case,
much attention has to be paid to reduce round-off errors. In some cases,
one can use transformations to convert the case p<2 into the case p>2,
although it may not be easy to decide the new boundary conditions for
the transformed problems.
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Fig. 8. Steplength history, p =1000, C4 mesh.
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366 Huang, Li, and Liu

Table VIII. (ε =10−4)

p =20 R1 R2 R3 R4

Iter num 72 69 53 65
CPU time 1 m06.86 s 4 m25.58 s 13 m54.09 s 68 m14.78 s
J (uh)−J (u) 5.8212e−03 3.0068e−03 1.5579e−03 8.0008e−04
‖u−uh‖ 1.9953e−03 9.8822e−04 4.7180e−04 2.1732e−04
‖uI −uh‖ 2.1592e−03 1.0322e−03 4.8311e−04 2.2025e−04

Table IX. (ε =10−4)

p =20 R1LR R2LR R3LR R4LR

Iter num 72 72 65 65
CPU time 1 m45.030 s 7 m6.25 s 25 m48.95 s 118 m25.42 s
J (uh)−J (u) 2.9041e−03 1.3939e−03 4.6046e−04 2.2906e−04
‖u−uh‖ 7.4261e−04 3.2387e−04 1.1158e−04 4.9229e−05
‖uI −uh‖ 8.1822e−04 3.4302e−04 1.1648e−04 5.0446e−05

Table X. (ε =10−4)

p =1.1 C1 C2 C3 C4

Iter num 7 7 7 7
CPU time 0 m13.96 s 0 m57.70 s 3 m53.53 s 17 m01.33 s
(J (uh)−J (u))/J (u) 1.8317e−03 4.5488e−04 1.1056e−04 2.3950e−05
‖u−uh‖/‖u‖ 1.8040e−03 4.4368e−04 9.9125e−05 2.0049e−05

5. EXTENSIONS AND AN APPLICATION TO SOLVING
VARIATIONAL INEQUALITIES

The algorithms and the theoretical analysis presented in the previous
sections can be readily extended to more general degenerate equations like
those studied in [20].

In this section we shall apply our algorithms to the following
problem:

min
u∈W

1,p

0 (�)

Jp(u), (∗∗)

where

Jp(u)= 1
2

∫
�

|∇u|2 + 1
p

∫
�

|∇u|p −
∫

�

f u on W
1,p

0 (�), f ∈L∞(�), (5.1)
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whose solution approximates that of an important variational inequality,
to be described below. It is known that as p→∞, the solution of a para-
bolic p-Laplacian converges to that of a super-conductivity model, see [3]
for the details, and thus open a possible route to computing the model.
We shall show that as p→∞, the solution up of (**) converges to that of
the following important variational inequality (EPVI) from elastic-plastic
mechanics, see [13]: u∈H 1

0 (�), |∇u|≤1:

∫
�

(∇u,∇(v −u))≥
∫

�

f (v −u),∀v :v ∈H 1
0 (�), |∇v|≤1. (5.2)

Its computational methods have been extensively studied in the literature,
see [13] again.

Now let us first show that the problem (**) has a unique solution. Let

Jp(u)= 1
2

∫
�

|∇u|2 + 1
p

∫
�

|∇u|p −
∫

�

f u on W
1,p

0 (�), f ∈L∞(�). (5.3)

It is easy to check that:

• Jp(u) is convex and continues on W
1,p

0 (�)=V

• Jp(u)

‖u‖
W1,p

→∞as‖u‖
W

1,p

0
→∞

Therefore Jp(u) has a unique minimizer in V , and its Euler equation
reads:

(∇up,∇v)+ (|∇up|p−2∇up,∇v)= (f, v) ∀v ∈W
1,p

0 (�) (5.4)

Theorem 3. As p→∞, up converges to u, the solution of the varia-
tional inequality (EPVI).

Proof. Let v =up we have for any fixed p >1,

∫
�

|∇up|2 +
∫

�

|∇up|p =
∫

�

f up (5.5)

Thus,

‖up‖H 1 ≤‖f ‖Lq (5.6)

and

‖∇up‖Lp ≤ (M‖f ‖Lq )
1
p , (5.7)
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where 1/p + 1/q = 1. Thus without losing generality, let up → u in H 1
0 (�)

weakly so that it converges to u weakly in W 1,r (�) for any fixed r > 1.
Then we have

|∇u|≤ lim
p→∞‖∇up‖Lp ≤1 (5.8)

and

‖u‖H 1 ≤‖f ‖Lq . (5.9)

Furthermore, for any v ∈V ={v ∈H 1
0 (�), |∇v|≤1},

(∇up,∇(up −v)) =
∫

�

|∇up|p−2∇u∇(v −up)+
∫

�

f (up −v)

� 1
p

∫
�

|∇up|p +
∫

�

|∇up|p−2∇u∇(v −up)+
∫

�

f (up −v).

Using the convexity

g(u)−g(v)�g′(u)(u−v) (5.10)

for g(v)= 1
p

∫
�

|∇v|p, we have

1
p

∫
�

|∇up|p +
∫

�

|∇up|p−2∇u∇(v −up)� 1
p

∫
�

|∇v|p. (5.11)

Hence,

(∇up,∇(up −v))� 1
p

∫
�

|∇v|p +
∫

�

f (up −v). (5.12)

Let p →∞. As up →u in H 1 weakly, we have

(∇u,∇(u −v))� lim
p→∞(∇up,∇(up −v))�

∫
�

f (u−v). (5.13)

Therefore,

(∇u,∇(v −u))�
∫

�

f (v −u) (5.14)

and

|∇u|�1. (5.15)
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We applied our (slightly modified) algorithms to (**) with p = 100
to approximate the solution of (EPVI), and satisfactory numerical results
have been observed with this new method. Two computational results are
presented in the follows.

The first example is on the circle domain

�={x|x = (x1, x2), r
2 =x2

1 +x2
2 ≤R2}.

For f =C ≥2/R, the exact solution is given by

u(x)=
{

R − r, R′ ≤ r ≤R

−Cr2/4+ (R −1/C), 0≤ r ≤R′

with R′ = 2/C, see page 122 [11]. In our numerical example, R = 1 and
C = 4. The following figures show the contours of the numerical solution
(Figs. 10,11).

The second example is taken from [11], see page 132 for the details.
The computational domain is the unit square, while f is the same as the
above. The exact solution is unknown. The contours of the numerical solu-
tion is shown in the follows, which can be compared with those in [11].

Fig. 10. Contours of the solution.
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Fig. 11. Contours of the solution.
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linéaires (French). RAIRO Anal. Numer. 9(R-2), 41–76.

15. Huang, Y. Q., Shu, S., and Yu, X.-J. (2006). Preconditioning higher order finite element
systems by algebraic multigrid method of linear element. J. Comput. Math. 24(5), 657–
664.

16. Liu, W. B., and Barrett, J. W. (1993). Higher order regularity for the solutions of some
nonlinear degenerate elliptic equations. SIAM J. Math. Anal. 24(6), 1522–1536.

17. Liu, W. B., and Barrett, J. W. (1993). A remark on the regularity of the solutions of
p-Laplacian and its applications to their finite element approximation. J. Math. Anal.
Appl. 178, 470–488.

18. Liu, W. B., and Barrett, J. W. (1993). A further remark on the regularity of the solutions
of the p-Laplacian and its applications to their finite element approximation. J. Nonli-
near. Anal. 21, 379–387.

19. Liu, W. B. (2000). Degenerate quasilinear elliptic equations arising from
bimaterial problems in elastic-plastic mechanics II. Numer. Math. 86, 491–506.

20. Liu, W. B., and Barrett, J. W. (1996). Finite element approximation of some degenerate
monotone quasi-linear elliptic systems. SIAM J. Numer. Anal. 33, 88–106.

21. Liu, W. B., and Yan, N. (2001). Quasi-norm local error estimates for the finite element
approximation of p-Laplacian. SIAM J. Numer. Anal. 39, 100–127.

22. Liu, W. B., and Yan, N. (2003). On quasi-norm interpolation error estimation and a
posteriori error estimates for p-Laplacian. SIAM J. Numer. Anal.

23. Manouzi, H., and Farhloul, M. (2001). Mixed finite element analysis of a non-linear
three-fields Stokes model. IMA J. Numer. Anal. 21, 143–164.

24. Padra, C. (1997). A posteriori error estimators for nonconforming approximation of
some quasi-Newtonian flows. SIAM J. Numer. Anal. 34, 1600–1615.

25. Simms, G. (1995). Finite element approximation of some nonlinear elliptic and parabolic
problems, thesis. Imperial College, University of London.

26. Verfürth, R. (1994). A posteriori error estimates for non-linear problems. Math. Comp.
62, 445–475.

27. Tai, X. C., and Espedal, M. (1998). Rate of convergence of some space decomposition
method for linear and nonlinear elliptic problems. SIAM J. Numer. Anal. 38, 1558–1570.

28. Tai, X. C., and Xu, J. (2002). Global convergence of subspace correction methods for
convex optimization problems. Math. Comp. 74, 105–124.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


