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We consider the symmetric formulation of the interior penalty discontinuous
Galerkin finite element method for the numerical solution of the biharmonic
equation with Dirichlet boundary conditions in a bounded polyhedral domain
in R

d , d�2. For a shape-regular family of meshes consisting of parallelepipeds,
we derive hp-version a priori bounds on the global error measured in the L2

norm and in broken Sobolev norms. Using these, we obtain hp-version bounds
on the error in linear functionals of the solution. The bounds are optimal with
respect to the mesh size h and suboptimal with respect to the degree of the
piecewise polynomial approximation p. The theoretical results are confirmed by
numerical experiments, and some practical applications in Poisson–Kirchhoff
thin plate theory are presented.

KEY WORDS: High-order elliptic equations; finite element methods; discon-
tinuous Galerkin methods; a priori error analysis; linear functionals.

1. INTRODUCTION

Over the last two decades various Discontinuous Galerkin Finite Element
Methods (DGFEMs) have been proposed and studied (see, e.g., the review
of DGFEM theory in [11]). The interest in this class of methods has been
stimulated by a number of advantages that DGFEMs exhibit over classi-
cal conforming finite element methods (FEMs): all of them stem from the
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use of finite element spaces consisting of discontinuous piecewise polyno-
mial functions. One of the most important among these favourable proper-
ties is the fact that piecewise polynomials of differing degrees may be used
in each element of the mesh without the need for adjusting their values at
the interfaces to ensure inter-element continuity; this is particularly helpful
from the point of view of implementing p-adaptivity. Similarly, DGFEM
approximations facilitate the implementation of various types of h-adap-
tation strategies through refining and derefining the computational mesh
without the need to impose regularity hypotheses on the mesh: hanging
nodes are allowed (that is, some mesh elements may be displaced in rela-
tion to others). All of these properties make DGFEMs ideal contenders
for the design of hp-adaptive algorithms.

Another significant advantage of DGFEMs, which impose the inter-
element continuity conditions only weakly, in an integral sense, is the easy
implementation of finite elements of high order; this is of crucial impor-
tance in the numerical solution of boundary-value problems for higher-
order elliptic equations, such as the biharmonic equation. In this case,
DGFEMs produce efficient and robust algorithms with fewer unknowns,
generating systems of equations with positive-definite matrices.

The theory of conforming FEMs for the biharmonic equation is a
well-developed area of the theory of finite methods for elliptic equations
(see, e.g., [10]). However, the construction of higher-order conforming
finite element approximations is a rather complicated and computation-
ally expensive task even in two space-dimensions, since the shape functions
and their first partial derivatives need to be continuous. Mixed FEMs
are another standard approach to the solution of fourth-order elliptic
problems [9]. However, these methods increase the number of unknowns
and lead to saddle-point-type problems where the finite element spaces
involved have to respect a compatibility condition—the inf-sup condition.
A further possibility is to use nonconforming finite element spaces so as
to relax the demand for C1 continuity to C0 continuity (cf. [8, 10]).

Higher-order FEMs with interior penalties for fourth-order ellip-
tic equations were proposed in [6, 12], as nonstandard finite element
techniques for elliptic problems. These methods use classical spaces of
conforming finite elements in tandem with penalty terms for the weak
enforcement of the continuity of higher-order derivatives at the element
interfaces. Hence the task of identifying suitable finite element spaces
is much simplified. In connection with this, we note that in [13] a
FEM was presented for the numerical solution of problems in computa-
tional mechanics (from the Euler–Bernoulli beam theory and the Poisson–
Kirchhoff theory of thin-plate-bending), which combines concepts from
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the realm of continuous Galerkin methods with those from the framework
of discontinuous Galerkin methods and stabilization techniques.

Recently, in [22] we considered nonsymmetric hp-version DGFEMs
with interior penalties for the numerical solution of the biharmonic equa-
tion. In that paper, a priori error bounds were established in the energy
norm which were optimal with respect to h (mesh diameter) and subopti-
mal in p (the polynomial degree of the approximation). It was also shown
through numerical experiments that for problems whose solutions are ana-
lytic over the closure of the computational domain the method exhibits an
exponential convergence rate under p-refinement.

A more detailed analysis of DGFEMs with interior penalties for
the biharmonic equation was presented in [26]. In that paper, symmet-
ric and nonsymmetric formulations as well as their combinations (called
semi-symmetric formulations) were considered. An h-optimal a priori error
bound was proved for each of the methods discussed.

While, in principle, in the energy norm the error analyses of the sym-
metric and nonsymmetric formulations of DGFEM can be conducted by
using the same technique, the situation concerning the derivation of error
bounds in the L2 norm and in broken Sobolev norms (other than the
energy norm) is quite different. Due to the adjoint-consistency of symmet-
ric DGFEMs, h-optimal bounds in the L2 norm may be obtained by using
a standard Aubin–Nitsche duality argument (see [1] for the case of second-
order elliptic equations). However, the nonsymmetric formulation is not
adjoint–consistent and, therefore, the method does not exhibit an optimal
order of convergence in the L2 norm in either h or in p (see, e.g., [23]).
Indeed, the error analysis of the nonsymmetric formulation of DGFEM
in the L2 norm is much more delicate and has only been carried out in
some particular cases. See, for example, the superpenalty technique in [24]
for the Neumann problem for second-order elliptic equations, as well as
the work of Larson and Niklasson [21] on the error analysis of interior
penalty DGFEMs in the L2 norm in one dimension.

In many areas of practical interest the ultimate objective of the
numerical simulation is not the approximation of the actual solution to
the problem in a given norm but, rather, the approximation of functionals
of the solution ([2–4]). Examples include the calculation of the stress–
intensity factor and the computation of the moments of a plate or its
displacement at its center of mass. In the case of second-order ellip-
tic equations, the a priori and a posteriori error analyses of DGFEMs
for linear functionals of the solution can be found in [17–19]. As was
demonstrated in [18], only the symmetric formulation of the method is
amenable to the derivation of optimal rates of convergence for linear func-
tionals of the solution; in addition, when the solution to the associated
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dual problem is sufficiently smooth, the convergence rates exhibited by
symmetric DGFEM approximations to certain linear functionals of the
solution, such as the weighted mean-value of the solution, are twice the
rate observed in the energy norm.

The aim of this work is to continue our investigations into a priori
error estimation for interior penalty DGFEMs for higher-order elliptic
equations initiated in [22, 26]. Motivated by the results for second-order
elliptic equations mentioned above (particularly the L2 norm error analy-
sis and the approximation of linear functionals by symmetric DGFEMs),
we consider symmetric DGFEMs with interior penalties for the biharmon-
ic equation subject to nonhomogeneous Dirichlet boundary conditions. We
present a priori error analyses for this formulation in the L2 norm and in
broken Sobolev norms. In addition, we derive an error bound for a linear
functional of the solution.

The paper is structured as follows. Section 2 is dedicated to the con-
struction of finite element spaces. In Sec. 3, we state our model problem
and its discontinuous Galerkin finite element approximation with interior
penalties. Following the ideas of [26], in Sec. 4, we consider the stability
analysis of this method. In Sec. 5, we recall an hp-version error bound
in the energy norm; then, using an Aubin–Nitsche duality argument, we
derive hp-version error bounds in the L2 norm and in broken Sobolev
norms. These bounds are optimal with respect to the mesh size h and are
suboptimal with respect to the polynomial degree p. We then carry out
an error analysis for a linear functional of the solution, deriving a bound
which is, again, optimal with respect to h and suboptimal with respect to
p. Finally, in Sec. 6, we present some numerical results, which confirm the
theoretical convergence rates and show some applications arising from the
Poisson–Kirchhoff theory of thin plates.

2. FINITE ELEMENT SPACES

Let Ω be a bounded open polyhedral domain in R
d , d � 2, with

Lipschitz-continuous boundary; let ∂Ω denote the union of all (d − 1)-
dimensional open faces of Ω. Let {Th}h>0 be a shape-regular family of
partitions of Ω into elements κ, where the κ are open, convex, pairwise
disjoint, and such that

Ω=
⋃

κ∈Th

κ.

For the sake of simplicity, we shall assume that each element κ ∈ Th is
the affine image of a fixed master-element κ̂—i.e., that for each κ ∈ Th
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there exists an affine mapping Fκ , such that κ=Fκ (̂κ)—where the master-
element is the unit hypercube or the unit simplex in R

d . On the partition
Th, we consider a piecewise constant function hTh defined by

hTh(x)=hκ =diam(κ), x ∈κ, κ ∈Th

and we denote by h the maximum of hκ , κ ∈Th. Since the partition Th may
be irregular (i.e. it may contain hanging nodes), we shall assume that each
element κ ∈ Th has no more than a fixed number cd of immediate neigh-
bours κ ′ which share a face with κ.

The Sobolev space of real order (or index) t of real-valued functions
defined on Ω, will be labelled by Ht (Ω). Its inner product, norm and
semi-norm will be denoted by (·, ·)t,Ω , ‖ · ‖t,Ω and | · |t,Ω , respectively. For
L2(∂Ω)=H0(∂Ω) the inner product and the induced norm are

〈φ,ψ〉∂Ω =
∫

∂Ω

φ ψ ds and ‖ψ‖∂Ω =〈ψ,ψ〉1/2
∂Ω ,

respectively.
For a positive integer m, Qm(̂κ) will denote the linear space of tensor-

product polynomials of degree m or less in each co-ordinate direction,
defined on the master element κ̂. Each element κ being the image, under
an affine mapping Fκ , of the master element κ̂, we denote by pκ the max-
imum degree m of the elements of Qm(̂κ). Thus, to each κ ∈Th we associ-
ate the degree pκ of local polynomial approximation and a local Sobolev
index sκ . Collecting the pκ , sκ and Fκ into the vectors p = (pκ : κ ∈ Th),
s= (sκ : κ ∈Th) and F = (Fκ : κ ∈Th), we define the following linear spaces:

Sp(Ω,Th,F)=
{
v∈L2(Ω) : v|κ ◦Fκ ∈Qpκ (̂κ) ∀κ ∈Th

}

and

Hs(Ω,Th)={v∈L2(Ω) : v|κ ∈Hsκ (κ) ∀κ ∈Th}.

The space Sp(Ω,Th,F) will be referred to as the finite elements space.
Hs(Ω,Th) will be called a broken Sobolev space of composite index s
(depending on the mesh Th); it will be equipped with the following norm
and semi-norm:

‖v‖s,Th =



∑

κ∈Th

‖v‖2
Hsκ (κ)




1/2

, |v|s,Th =



∑

κ∈Th

|v|2Hsκ (κ)




1/2

,

when sκ = s for all κ ∈Th, we shall simply write Hs(Ω,Th).
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Let Eh be the set of all (d−1)-dimensional open faces e of all the ele-
ments κ ∈Th. On this set we consider the piecewise constant function hEh
defined by

hEh(x)=he=diam(e), x ∈ e, e∈Eh.

The family {Th} being shape-regular, there exists a positive constant c ∈
(0,1], independent of h, such that

chκ �he�hκ, ∀e∈ ∂κ, ∀κ ∈
⋃

h>0

Th.

The set Eh will be divided into two subsets, E◦
h and E∂h , defined by

E◦
h = {e∈Eh : e⊂Ω},

E∂h = {e∈Eh : e⊂ ∂Ω}.

In addition, we define

Γ ◦ ={x ∈Ω : x ∈ e for e∈E◦
h}

and we put Γ =Γ ◦ ∪ ∂Ω.
For any face e∈ E◦

h there exist exactly two elements κi and κj (i > j)

such that κi ∩κj = e. Thus, for any integer m and x ∈ e, we define

{pm}Eh(x)={pm}e=
{
pmκi

+pmκj
2 , if e∈E◦

h,

pmκ , if e∈E∂h

and, for any function v ∈ Hs(Ω,Th), s > 1/2, we introduce the mean-value
and the jump (depending on the enumeration of the elements) of v on e

by

{v} =
{

1
2

(
v|κi

)
|e+ 1

2

(
v|κj

)
|e , if e∈E◦

h,

v|e , if e∈E∂h ,

[v] =
{(
v|κi

)
|e−

(
v|κj

)
|e , if e∈E◦

h,

v|e , if e∈E∂h .

To each face e ∈ E◦
h we assign the unit vector ν = nκi normal to e which

points from κi to κj , and to each face e∈E∂h , e⊂∂κ, we associate the exte-
rior unit normal vector ν=nκ .
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3. MODEL PROBLEM AND ITS BROKEN WEAK FORMULATION

We now consider the following boundary value problem for the
biharmonic equation subject to non-homogeneous Dirichlet boundary
conditions:

find u∈H4(Ω) such that

∆2u = f in Ω, (1)

u = g0 on ∂Ω,

n ·∇u = g1 on ∂Ω,

where ∆2u=∆(∆u), n is the unit outward normal vector to ∂Ω, f ∈L2(Ω)

and g0 and g1 are suitably smooth boundary data; for the purposes of
our discussion here it will suffice to assume that g0 and g1 both belong
to L2(∂Ω). Additional indirect regularity assumptions will be imposed on
the data in our error analysis of the DGFEM approximation of this prob-
lem, through hypothesising that u has appropriate Sobolev regularity.

This problem describes, for example, the displacement of a thin and
isotropic homogeneous plate [27]; it also defines the streamlines of a
slow, bidimensional flow of an incompressible fluid [15]. The existence and
uniqueness of solutions to this boundary value problem in a polygonal
domain has been studied in [7].

Using integration by parts in
∫
κ
(∆2u)v dx, summing over the ele-

ments of Th, and applying traditional techniques for the decomposition of
numerical fluxes (see, e.g. [26]), we obtain the following identity, valid for
all u∈H4(Ω,Th) and v∈H2(Ω,Th):
∑

κ∈Th

∫

κ

∆u∆v dx =
∑

κ∈Th

∫

κ

(∆2u)v dx−
∫

Γ ◦
({ν ·∇∆u}[v]+ [ν ·∇∆u]{v})ds

+
∫

Γ ◦
({∆u}[ν ·∇v]+ [∆u]{ν ·∇v})ds

+
∫

∂Ω

(∆u(ν ·∇v)−ν ·∇(∆u)v)ds.

We further observe that using the definition of the jump and the
mean value of a function on E∂h , the integrals over Γ ◦ and ∂Ω may be
merged into an integral over Γ . Based on this observation, we introduce
the following bilinear form, for u, v∈H4(Ω,Th):

B(u, v)=BTh(u, v)+J1(u, v)+J1(v, u)−J2(u, v)−J2(v, u)+Bs(u, v),
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where

BTh(u, v) =
∑

κ∈Th

(∆u,∆v)L2(κ) ,

J1(u, v) = 〈{ν ·∇∆u}, [v]〉L2(Γ ),

J2(u, v) = 〈{∆u}, [ν ·∇v]〉L2(Γ ),

Bs(u, v) = 〈α[u], [v]〉L2(Γ )+〈β[ν ·∇u], [ν ·∇v]〉L2(Γ ).

Here, 〈·, ·〉L2(Γ ) is defined analogously to 〈·, ·〉L2(∂Ω). The functions α
and β involved in the stabilization term Bs(·, ·) are known as discontinuity–
penalization parameters and are defined by

α|e=αe, β|e,=βe, ∀e∈Eh,

where αe and βe are parameters which depend on h and p, and will be
specified later on.

We also define the linear functional

l(v)= lTh(v)+ ls(v),

where

lTh(v) = (f, v)L2(Ω)−〈g0,n ·∇∆v〉L2(∂Ω)+〈g1,∆v〉L2(∂Ω),

ls(v) = 〈αg0, v〉L2(∂Ω)+〈βg1,n ·∇v〉L2(∂Ω).

We emphasise here our notational convention that ∂Ω is the union of
all (d − 1)-dimensional open faces of the polyhedron Ω (rather than the
boundary of the domain Ω).

Thus, we consider the following broken weak formulation of the
boundary value problem (1): find u∈H4(Ω,Th) such that,

B(u, v)= l(v), ∀v∈H4(Ω,Th). (2)

The hp-version of the symmetric DGFEM with interior penalty, asso-
ciated with the formulation (2) is: find uh ∈Sp(Ω,Th,F) such that,

B(uh, v)= l(v), ∀v∈Sp(Ω,Th,F). (3)
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4. STABILITY ANALYSIS

Our aim is to obtain a priori error bounds for the hp-version discon-
tinuous Galerkin method (3). We begin by establishing some preliminary
results. First, we associate with the bilinear form B(·, ·) the norm ||| · ||| on
H4(Ω,Th) (see [26] for more details), defined by

|||u|||2 =
∑

κ∈Th

‖∆u‖2
L2(κ)

+‖√α [u]‖2
L2(Γ )

+‖
√
β [ν ·∇u]‖2

L2(Γ )

+
∥∥∥∥

1√
α

{ν ·∇∆u}
∥∥∥∥

2

L2(Γ )

+
∥∥∥∥

1√
β

{∆u}
∥∥∥∥

2

L2(Γ )

,

where ‖ · ‖L2(Γ ) is defined analogously to ‖ · ‖L2(∂Ω).
The next Lemma, proved in [26], establishes the consistency of the

broken weak formulation (2) stated above.

Lemma 1. The broken weak formulation (2) of the boundary prob-
lem (1) is consistent in the space H4(Ω), in the sense that any solution u

to the boundary value problem, such that u∈H4(Ω), is also a solution to
(2).

One of the consequences of the above lemma is the validity of the Galer-
kin orthogonality property

B(u−uh, v)=0, ∀v∈Sp(Ω,Th,F), (4)

whenever u∈H4(Ω). This property will play a key role in the error analy-
sis; thus, in what follows, we shall assume that the solution to the bound-
ary problem (1) satisfies this regularity hypothesis, i.e. u∈H4(Ω).

The continuity of the bilinear form B(·, ·) on H4(Ω,Th) with respect
to the norm ||| · ||| is stated in the next lemma.

Lemma 2. There exists a positive constant c, such that,

|B(u, v)|� c|||u||||||v|||, ∀u, v∈H4(Ω,Th), (5)

where c is independent of hκ, κ ∈Th.

Following the ideas in [26], in the next lemma, we present an alter-
native proof (slightly different from that in [26]) of the coercivity of the
bilinear form B(·, ·) on the finite element space Sp(Ω,Th,F).
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Lemma 3. Let

αe=σα {p6}e
h3
e

and βe=σβ {p2}e
he

(6)

on e∈Eh; then, there exist positive constants cα >0 and cβ >0, such that
for any σα �σα >0 and σβ �σβ >0, where σα and σβ are chosen so that

cα

σα
+ cβ

σβ
<1 (7)

there exists a positive constant θ = θ(cα, cβ, σα, σβ ), such that,

B(u, u)� θ |||u|||2, ∀u∈Sp(Ω,Th,F).

Proof. For u∈Sp(Ω,Th,F), using the definitions of B(·, ·) and ||| · |||,
we have,

B(u, u)− θ |||u|||2 = (1− θ)BTh(u, u)+2J1(u, u)−2J2(u, u)+ (1− θ)Bs(u, u)

− θ
(∥∥∥∥

1√
α

{ν ·∇∆u}
∥∥∥∥

2

L2(Γ )

+
∥∥∥∥

1√
β

{∆u}
∥∥∥∥

2

L2(Γ )

)
.

Using the inequality ab� 1
2

(
εa2 +b2/ε

)
, which is valid for any real

numbers a and b, and for any ε > 0, the terms J1(·, ·) and J2(·, ·) are
bounded by

|J1(u, u)|� 1
2

(
ε1

∥∥∥∥
1√
α

{ν ·∇∆u}
∥∥∥∥

2

L2(Γ )

+ 1
ε1

∥∥√α [u]
∥∥2

L2(Γ )

)

and

|J2(u, u)|� 1
2

(
ε2

∥∥∥∥
1√
β

{∆u}
∥∥∥∥

2

L2(Γ )

+ 1
ε2

∥∥∥
√
β [ν ·∇u]

∥∥∥
2

L2(Γ )

)
.

For a face e∈E◦
h , which is the boundary of elements κi and κj , using

the inverse inequalities

‖ξ‖2
L2(∂κ)

� c0
p2
κ

hκ
‖ξ‖2

L2(κ)
, and ‖∇ξ‖2

L2(∂κ)
� c1

p6
κ

h3
κ

‖ξ‖2
L2(κ)

, ∀ξ ∈Qpκ (κ),
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we obtain,

∥∥∥∥
1√
β

{∆u}
∥∥∥∥

2

L2(e)

� cβ

σβ

he

{p2}e

(
p2
κi

2hκi
‖∆u‖2

L2(κi )
+
p2
κj

2hκj
‖∆u‖2

L2(κj )

)

� cβ

σβ

(
‖∆u‖2

L2(κi )
+‖∆u‖2

L2(κj )

)

with cβ dependent on c0. This also being valid for e∈E∂h , we obtain,

∥∥∥∥
1√
β

{∆u}
∥∥∥∥

2

L2(Γ )

� cβ

σβ
BTh(u, u).

Similarly,
∥∥∥∥

1√
α

{ν ·∇∆u}
∥∥∥∥

2

L2(Γ )

� cα

σα
BTh(u, u),

where cα depends on c1.
Combining these results, we have

B(u, u)− θ |||u|||2 �
(

1− θ − cα

σα
(θ + ε1)−

cβ

σβ
(θ + ε2)

)
BTh(u, u)

+
(

1− θ − 1
ε1

)∥∥√α [u]
∥∥2

L2(Γ )

+
(

1− θ − 1
ε2

)∥∥∥
√
β [ν ·∇u]

∥∥∥
2

L2(Γ )
. (8)

It follows from (7) that there exists ε1>0 such that,

1<ε1<

(
cα

σα
+ cβ

σβ

)−1

;

hence,

1− 1
ε1
>0 and 1− ε1

(
cα

σα
+ cβ

σβ

)
>0. (9)

In addition, there exists ε2 such that 1<ε2<ε1. Hence,

1− 1
ε2
>0

and, from the second inequality in (9), we deduce that
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0<1− ε1
cα

σα
− ε2

cβ

σβ
.

We now choose θ in such a way that,

1− 1
ε1
>θ >0, 1− 1

ε2
>θ >0 and

1− ε1
cα
σα

− ε2
cβ
σβ

1+ cα
σα

+ cβ
σβ

>θ >0.

Thus,

1− θ − 1
ε1
>0, 1− θ − 1

ε2
>0 and 1− θ − cα

σα
(θ + ε1)−

cβ

σβ
(θ + ε2)>0.

With this, we have ensured that the coefficients which multiply the terms
on the right-hand side of (8) are all positive, and thereby

B(u, u)− θ |||u|||2 �0, ∀u∈Sp(Ω,Th,F).

5. A PRIORI ERROR BOUNDS

Before embarking on the a priori error analysis of the method, we
formulate an hp-version approximation property by discontinuous piece-
wise polynomial functions [5]. In the sequel, we shall confine ourselves to
shape-regular subdivisons Th consisting of parallelepipeds; shape-regular
partitions consisting of simplices or, indeed, of a mixture of simplices and
parallelepipeds, are handled in exactly the same manner.

Lemma 4. Let us suppose that Th is a partition of Ω consisting
of shape-regular d-parallelepipeds. Then, for any u∈ Hs(Ω,Th), with s =
(sκ , κ ∈Th), and for each p= (pκ, κ ∈Th), pκ ∈N0, there exists a projector

πhp : Hs(Ω,Th) → Sp(Ω,Th,F), (πhpu)|κ =πhp(u|κ)

such that, for 0�q� sk, sκ �0,

‖u−πph u‖q,κ �Ch
µκ−q
κ

p
sκ−q
κ

‖u‖sκ ,κ , ∀κ ∈Th, (10)

where µκ =min(pκ +1, sκ), hκ =diam(κ) and e⊂ ∂κ.

The following theorem, provides an hp-version a priori bound on the
error of the method in the energy norm.
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Theorem 1. We suppose that Ω ⊂ R
d is a bounded polyhedral

domain and {Th}h>0 is a shape-regular family of partitions formed by
d-parallelepipeds. Let p = (pκ, κ ∈Th), with pκ ∈N, pκ � 2, κ ∈Th, be the
vector of local polynomial degrees which we assume to have bounded local
variation (see [26] for details). To each face e ∈ Eh we assign the values
αe = σα {p6}e

h3
e

and βe = σβ {p4}e
he

, and suppose that σα and σβ are such that
the bilinear form B(·, ·) is coercive (cf. Lemma 3). If the solution u to the
boundary value problem (2) belongs to Hs(Ω,Th), with s = (sκ , κ ∈ Th),
sκ �4, κ ∈Th, then the corresponding numerical solution uh∈Sp(Ω,Th,F),
defined by (3), satisfies the following error bound:

|||u−uh|||2 �C
∑

κ∈Th

h
2µκ−4
κ

p
2sκ−7
κ

‖u‖2
sκ ,κ

, (11)

where 2 � µκ � min(pκ + 1, sκ), and C is a constant dependent only on
the space-dimension d, the regularity constant c, the constant from the
bounded local variation condition of the polynomial degree vector p, and
s=maxκ∈Th sκ .

Proof. This theorem was established in [26] for the case of pκ � 3,
κ ∈Th. We note that the theorem is still valid when pκ = 2 for all κ ∈Th;
indeed, in that case we have that ∇ · (∆η)=0 for all η∈S2(Ω,Th,F), and
therefore, the argument is considerably simplified as there is then no con-
straint on the choice of αe from the point of view of coercivity. These
observations lead to the following result: if pκ = 2 for all κ ∈ Th and the
solution u to boundary value problem (2) belongs to Hs(Ω,Th), with s =
(sκ , κ ∈Th), sκ �4, κ ∈Th, then the corresponding numerical solution uh∈
Sp(Ω,Th,F), defined by (3), satisfies the following error bound:

‖u−uDG‖2
DG �C

∑

κ∈Th

h2µκ−4
κ ‖u‖2

sκ ,κ
,

where 2 � µκ � min (3, sK), and C is a constant dependent only on the
space dimension d, the shape-regularity constant c and on s=maxκ∈Th sκ .
Hence the stated result.

The error analysis of the method in norms other than the energy
norm will be conducted as follows: by using the hp-version error bound
in the energy norm, we shall obtain an hp-version error bound in the L2

norm which will, in turn, be used to establish error bounds in broken
Sobolev norms. The error bound in the L2 norm will be obtained through
an Aubin–Nitsche duality argument; for this purpose, we shall require the
following elliptic regularity hypothesis for the dual problem which, in our
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setting of a self-adjoint fourth-order elliptic problem, is simply the coun-
terpart of the original problem with homogeneous boundary conditions.

Hypothesis 5. Let us suppose that, whenever φ ∈ L2(Ω), the weak
solution Φ of the problem

∆2Φ = φ on Ω, (12)

Φ = 0 on ∂Ω,

n ·∇Φ = 0 on ∂Ω

belongs to the space H4(Ω), and there exists a positive constant C, depen-
dent only on Ω and d, such that,

‖Φ‖4,Ω �C‖φ‖0,Ω . (13)

The validity of this hypothesis in two-dimensional polygonal domains
depends on the size of the largest internal angle in Ω (see, e.g., Chapter
3 in the book of Grisvard [7, 16]). In particular, Hypothesis 5 holds when
Ω is a bounded convex polygon in R

2. For an analogous result in a three-
dimensional bounded convex polyhedron, we refer to Theorem 6 on page
182 of [20].

Theorem 2. Let us suppose that besides the hypotheses of the pre-
vious theorem, the elliptic regularity Hypothesis 5 holds. Then, if u ∈
Hs(Ω,Th), with sκ �4, κ ∈Th, is the solution to (2) and uh∈Sp(Ω,Th,F)
is the solution to the discontinuous Galerkin approximation (3) to prob-
lem (2), then the following error bound holds:

‖u−uh‖0,Ω �C



max
κ∈Th

h4
κ

pκ

∑

κ∈Th

h
2µκ−4
κ

p
2sκ−7
κ

‖u‖2
sκ ,κ




1/2

, (14)

where µκ =min(pκ +1, sκ) and C is independent of hκ and pκ .

Proof. The regularity hypothesis imposed on the exact solution u of
the boundary-value problem ensures that u is the solution to (2) and is,
therefore, also the solution to (3). Thus, the following Galerkin orthogo-
nality property holds:

B(u−uh, v)=0, ∀v∈Sp(Ω,Th,F).
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By considering the broken weak formulation of the dual problem
(12), noting that Φ ∈ H4(Ω), Φ = n · ∇Φ = 0 on ∂Ω and making use of
symmetry of the bilinear form, we can deduce that

(u−uh,φ)0,Ω = l(u−uh)=B(Φ,u−uh)=B(u−uh,Φ). (15)

Let π
p
h be the projector in L2(Ω) onto Sp(Ω,Th,F) defined by

Lemma 4. Then, upon subtracting B(u − uh,π
p
h Φ) = 0 from (15) and

applying Lemma 2, we find that

(u−uh,φ)0,Ω � |||u−uh||||||Φ−πph Φ|||. (16)

Our objective is to suitably bound each of the two terms on the right-
hand side of (16). The bound on the first term follows from Theorem 1.
For the second term, according to the definition of the norm ||| · |||, we
have,

|||Φ−πph Φ|||2 ≡
∑

κ∈Th

‖∆(Φ−πph Φ)‖2
L2(κ)

+‖√α [Φ−πph Φ]‖2
L2(Γ )

+‖
√
β [n ·∇(Φ−πph Φ)]‖2

L2(Γ )
+‖

√
β−1 {∆(Φ−πph Φ)}‖2

L2(Γ )

+‖
√
α−1 {n ·∇(∆(Φ−πph Φ))}‖2

L2(Γ )

≡ I1 + I2 + I3 + I4 + I5.

Therefore, supposing that pκ � 2, using that Φ ∈ H4(Ω) and combin-
ing (10) with the multiplicative trace inequalities, we have,

I1 �C
∑
κ∈Th

h4
κ

p4
κ
‖Φ‖2

4,κ, I2 �C
∑
κ∈Th

h4
κ

pκ
‖Φ‖2

4,κ, I3 �C
∑
κ∈Th

h4
κ

pκ
‖Φ‖2

4,κ,

I4 �C
∑
κ∈Th

h4
κ

p7
κ
‖Φ‖2

4,κ , I5 �C
∑
κ∈Th

h4
κ

p7
κ
‖Φ‖2

4,κ .

Thus, we have the following bound on the second term on the right-
hand side of (16):

|||Φ−πph Φ|||2 �C
∑

κ∈Th

h4
κ

pκ
‖Φ‖2

4,κ �Cmax
κ∈Th

h4
κ

pκ
‖Φ‖2

4,Ω . (17)

Substituting (17) and (11) into (16) and using Hypothesis 5,
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(u−uh,φ)0,Ω � C

(
max
κ∈Th

h4
κ

pκ

)1/2

‖Φ‖4,Ω




∑

κ∈Th

h
2µκ−4
κ

p
2sκ−7
κ

‖u‖2
sκ ,κ




1/2

� C‖φ‖0,Ω



max
κ∈Th

h4
κ

pκ

∑

κ∈Th

h
2µκ−4
κ

p
2sκ−7
κ

‖u‖2
sκ ,κ




1/2

.

Thus, for φ �=0, we have that

(u−uh,φ)0,Ω
‖φ‖0,Ω

�C



max
κ∈Th

h4
κ

pκ

∑

κ∈Th

h
2µκ−4
κ

p
2sκ−7
κ

‖u‖2
sκ ,κ




1/2

;

taking the supremum over φ ∈L2(Ω) we complete the proof.
We observe that if sκ = s�4, hκ �h and pκ �p�2 for all κ ∈Th, then

‖u−uh‖0,Ω �C hµ

ps−3
‖u‖s,Th (18)

withµ=min(p+1, s). This bound is optimal in h, and suboptimal inp, byp3.
In the next theorem, we present an hp-version a priori error bound

for the method in the norm of the broken Sobolev space Hq(Ω,Th).

Theorem 3. Let u∈Hs(Th,Ω), with sκ �4 for all κ ∈Th, be the solu-
tion to (2), and let uh∈Sp(Ω,Th,F) be the solution to the discontinuous
Galerkin approximation (3) to problem (2). Then, assuming the hypothe-
ses of the previous theorem, the following bound holds:

∑

κ∈Th

‖u−uh‖2
qκ ,κ

�Cmax
κ∈Th

p
4qκ
κ

h
2qκ
κ



max
κ∈Th

h4
κ

pκ

∑

κ∈Th

h
2µκ−4
κ

p
2sκ−7
κ

‖u‖2
sκ ,κ





for 0�qκ � sκ−3
2 and µκ =min(pκ +1, sκ).

Proof. By applying the triangle inequality and the bound (10) on the
projection error, we obtain

∑

κ∈Th

‖u−uh‖2
qκ ,κ

� 2
∑

κ∈Th

‖u−πph u‖2
qκ ,κ

+2
∑

κ∈Th

‖πph u−uh‖2
qκ ,κ

� C
∑

κ∈Th

h
2(µκ−qκ )
κ

p
2(sκ−qκ )
κ

‖u‖2
sκ ,κ

+2
∑

κ∈Th

‖πph u−uh‖2
qκ ,κ

.

Using inverse estimates (see Theorem 4.76 in [25]), we deduce that
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∑

κ∈Th

‖u−uh‖2
qκ ,κ

� C
∑

κ∈Th

h
2(µκ−qκ )
κ

p
2(sκ−qκ )
κ

‖u‖2
sκ ,κ

+C
∑

κ∈Th

h
−2qκ
κ

p
−4qκ
κ

‖πph u−uh‖2
0,κ

� C
∑

κ∈Th

h
2(µκ−qκ )
κ

p
2(sκ−qκ )
κ

‖u‖2
sκ ,κ

+C
∑

κ∈Th

h
−2qκ
κ

p
−4qκ
κ

‖πph u−u‖2
0,κ

+ Cmax
κ∈Th

h
−2qκ
κ

p
−4qκ
κ

‖u−uh‖2
0,Ω .

Applying (10) again together with (14), we have

∑

κ∈Th

‖u−uh‖2
qκ ,κ

� C
∑

κ∈Th

h
2(µκ−qκ )
κ

p
2(sκ−qκ )
κ

‖u‖2
sκ ,κ

+C
∑

κ∈Th

h
2(µκ−qκ )
κ

p
2(sκ−2qκ )
κ

‖u‖2
sκ ,κ

+ Cmax
κ∈Th

h
−2qκ
κ

p
−4qκ
κ



max
κ∈Th

h4
κ

pκ

∑

κ∈Th

h
2µκ−4
κ

p
2sκ−7
κ

‖u‖2
sκ ,κ





� C
∑

κ∈Th

h
2(µκ−qκ )
κ

p
2(sκ−2qκ )
κ

‖u‖2
sκ ,κ

+ Cmax
κ∈Th

h
−2qκ
κ

p
−4qκ
κ



max
κ∈Th

h4
κ

pκ

∑

κ∈Th

h
2µκ−4
κ

p
2sκ−7
κ

‖u‖2
sκ ,κ



 ,

which concludes the proof.
We observe that if sκ = s, qκ =q, hκ =h and pκ =p for all κ ∈Th, then

the following error bound holds:

∑

κ∈Th

‖u−uh‖2
q,κ �C h2(µ−q)

p2(s−3−2q)
‖u‖2

s,Th (19)

for 0 � q� s−3
2 and µ= min(p+ 1, s). Again, this bound is optimal in h,

and suboptimal in p.
Finally, we present an error analysis of the symmetric DGFEM (3)

for linear functionals of the solution. Let us denote by J (·) an arbitrary
linear functional of the solution to problem (2). The question we wish to
investigate here is how well J (uh) approximates J (u). For this purpose, we
consider the following dual problem:

find z∈H4(Ω,Th), such that,

B(w, z)=J (w), ∀w∈H4(Ω,Th). (20)
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In the sequel we will assume that (20) has a unique solution; this implic-
itly presupposes that J is defined on H4(Ω,Th).

Problem (20) is the starting point of the a priori error analysis for lin-
ear functionals of the solution. Taking w=u−uh in the last equation and
using the Galerkin orthogonality property, we obtain

J (u)−J (uh) = J (u−uh)=B(u−uh, z)
= B(u−uh, z− zh), ∀zh ∈Sp(Ω,Th,F).

Decomposing the error as

u−uh= (u−πph u)+ (πph u−uh)=η+ ξ
and, using the Galerkin orthogonality (4), the continuity of the bilinear
form and the definition of the norm ||| · |||, we have:

|||ξ |||2 = B(ξ, ξ)=B(−η+u−uh, ξ)=−B(η, ξ)+B(u−uh, ξ)=−B(η, ξ)

� |||η||||||ξ |||
resulting in |||ξ |||� |||η|||.

On selecting zh=πph z and applying Lemma 2, we obtain

|J (u)−J (uh)| = |B(u−uh, z−πph z)|= |B(η, z−πph z)+B(ξ, z−πph z)|
� |||η||||||z−πph z|||+ |||ξ ||||||z−πph z|||�2|||η||||||z−πph z|||.

Assuming that u∈Hs(Ω,Th), with sκ �4 for all κ ∈Th, and z∈Ht(Ω,Th),
with tκ �4 for all κ ∈Th, and applying Lemma 4 ([22, 26]), we obtain the
following bound on the error in the approximation of the linear functional
of the solution:

|J (u)−J (uh)|�C



∑

κ∈Th

h
2µκ−4
κ

p
2sκ−7
κ

‖u‖2
sκ ,κ




1/2

×



∑

κ∈Th

h
2γκ−4
κ

p
2tκ−7
κ

‖z‖2
tκ ,κ




1/2

,

where 2�µκ �min(pκ +1, sκ), 2�γκ �min(pκ +1, tκ ).
Thus we have proved the following theorem.

Theorem 4. Let us suppose that Ω ⊂ R
d is a bounded polyhedral

domain {Th}h>0 a shape-regular family of partitions formed by d-parallel-
epipeds and p = (pκ, κ ∈ Th), with pκ ∈ N and pκ � 2 for all κ ∈ Th, the
vector of local polynomial degrees, which we suppose to have bounded
local variation. Further, we assume that the solutions u and z of problems
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(2) and (20) are such that u ∈ Hs(Ω,Th), with sκ � 4 for all κ ∈ Th, and
z∈ Ht(Ω,Th), with tκ � 4 for all κ ∈ Th. Then, the following error bound
holds for the linear functional J (·) of the solution uh ∈ Sp(Ω,Th,F) to
problem (3):

|J (u)−J (uh)|2 �C
∑

κ∈Th

h
2µκ−4
κ

p
2sκ−7
κ

‖u‖2
sκ ,κ

×
∑

κ∈Th

h
2γκ−4
κ

p
2tκ−7
κ

‖z‖2
tκ ,κ
, (21)

where 2�µκ �min(pκ +1, sκ), 2�γκ �min(pκ +1, tκ ) and C is a constant
independent of hκ and pκ .

In the particular case, when pκ =p� 2, sκ = s� 4, tκ = t � 4, µκ =µ,
γκ =γ , with s, t , µ and γ being integers, and hκ =h for all κ ∈Th, Theo-
rem 4 indicates that the error in the approximation of the functional may
be bounded as follows:

|J (u)−J (uh)|�Ch
µ+γ−4

ps+t−7 ‖u‖s,Ω‖z‖t,Ω, (22)

where 2�µ�min(p+1, s) and 2�γ �min(p+1, t).
We observe that this error bound is optimal with respect to h and

suboptimal with respect to p by p3. We also highlight that this conver-
gence rate is twice that of the one in the energy norm.

6. NUMERICAL RESULTS

We shall now present some numerical experiments to confirm the the-
oretically established error bounds.

6.1. Example 1

Here, we present some numerical experiments in order to confirm the
theoretical orders of h-convergence of the method presented above. We
solve the boundary value problem (1) in Ω = (0,1) × (0,1), subject to
homogeneous boundary conditions, and f being chosen so that the exact
solution is the following (entire analytic) function

u(x, y)=4x2(x−1)2y2(y−1)2 exp(0.75(x+y)).
As mentioned in Lemma 3, the coefficients σα and σβ of the stabiliza-

tion parameters (6) need to be greater than σα and σβ , respectively. Deter-
mining these constants in practice is not a trivial task, however, the results
of our numerical experiments led us to select σα =σβ =10.
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Since the solution u∈C∞(Ω̄) and the elliptic regularity Hypothesis 5
is satisfied, Theorems 2 and 3 imply that, for p� 3, the DGFEMs pre-
sented above must exhibit the following optimal orders of convergence
with respect to h: O(hp+1) in L2(Ω);O(hp) in H1(Ω) and O(hp−1) in
H2(Ω). This may be, in fact, seen in Figs. 1–3, where we plot, for differ-
ent degrees p of the polynomial approximation, the global error of the
DGFEM in the respective norm as a function of the discretization param-
eter h. We observe that in the H1(Ω) and H2(Ω) norms the optimal order
of convergence is also achieved for p=2, whereas in the L2(Ω) norm the
order is O(hp) instead of O(hp+1) (see the dashed line in figures).

In order to study the behaviour of the DGFEM in the approximation
of linear functionals of the solution, we consider the following linear func-
tionals:

J1(u)=
∫

Ω

u(x, y)dΩ and J2(u)=u(0.5,0.5).

The convergence history for the functional J1 corroborates the the-
oretical predictions of Theorem 4 in terms of the rate of h-convergence:
the results presented in Fig. 4 shows the absolute value of the error

Fig. 1. L2 norm of the error.
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Fig. 2. H1 norm of the error.

Fig. 3. H2 norm of the error.
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Fig. 4. Error in approximating J1(u).

J1(u)−J1(uh), as a function of the discretization parameter h. We see that
the optimal h-order of convergence, O(h2p−2) (i.e., doubling of the order
of convergence observed in the H2(Ω) norm) is achieved.

For J2 the solution z of the dual problem (20) does not belong to
Hp+1(Ω,Th), p� 2; in fact, z lies in H3−ε(Ω) only for any ε > 0, so the
predicted rate of h-convergence (upon taking µ=p+ 1 and γ = 3 − ε in
the inequality (22)) is O(hp−ε). The computationally observed decay of the
error |J2(u)−J2(uh)|=O(h2p−2) shown in Fig. 5 for p=3,4, on relatively
coarse meshes of size h= 1/2,1/4,1/8,1/16, does not seem to corroborate
the analytically established convergence rate of |J2(u)−J2(uh)|=O(hp−ε).
Further experiments with J2(u) = u(x0) including, in addition to x0 =
(0.5,0.5), the evaluation points x0 = (0.25,0.75) and x0 = (0.4817,0.7316),
however, showed that the numerically observed O(h2p−2) error decay is
preasymptotic behaviour on coarse h-grids. Under further h-refinement,
starting from h = 1/2 and successively halving the mesh spacing down
to h= 1/128, we observed that after the preasymptotic O(h2p−2) behav-
iour the error decay settles to the theoretically predicted decay rate of
(approximately) O(hp−ε); Fig. 6 shows our numerical results for the case
of p=3.
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Fig. 5. Error in approximating J2(u).

Fig. 6. Error in approximating the functional J2(u) = u(x0), with evaluation points x0 =
(0.5,0.5), x0 = (0.25,0.75) and x0 = (0.4817,0.7316), on meshes of size h= 2−k , k= 1, . . . ,7,
and p=3.
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6.2. Example 2

In this example, we consider two problems from the theory of
bending of thin plates. The first problem concerns a thin clamped plate,
bending upon the action of a uniform force, while in the second prob-
lem the plate is subjected to the action of a central point-force. Thus, we
take f (x, y)= 1 and f (x, y)= δ(x − 1

2 , y − 1
2 ), respectively. In both cases,

we take Ω= (0,1)× (0,1) and g0 =g1 =0.
For both loadings, the value J2(u)= u(0.5,0.5) at the centre of the

plate was obtained by means of a series representation of the exact solu-
tion u (cf. [27]). For the case of the singular load f (x, y)=δ(x− 1

2 , y− 1
2 ),

the solution u does not belong to H4(Ω) (in fact, u ∈ H3−ε(Ω) for any
ε>0), but is nevertheless continuous at ( 1

2 ,
1
2 ), so J2(u) is meaningful.

In Tables I and II the behavior of the DGFEM error | J2(u)−J2(uh)
J2(u)

|,
in relation to h-refinement and p-refinement, respectively, are presented. In
both cases, we give the relative errors for the DGFEMs in the nonsym-
metric formulation (NIPG), considered in [22], and in the symmetric for-
mulation (SIPG) of this study—for both the uniform force and the central
point-force. We observe that the method converges rapidly in the case of

Table I. h-convergence at the point
(

1
2 ,

1
2

)
, p=3

Uniformly distributed load Concentrated central load

Mesh Rel. error NIPG Rel. error SIPG Rel. error NIPG Rel. error SIPG

3×3 1.139369e − 02 7.543377e − 03 1.052643e − 01 1.040824e − 01
9×9 8.649072e − 04 1.424936e − 04 1.138004e − 02 1.236476e − 02
17×17 1.955373e − 04 1.334661e − 05 4.106647e − 03 3.474865e − 03
33×33 4.374135e − 05 1.048839e − 06 1.114557e − 03 9.151037e − 04

Table II. p-convergence at the point
(

1
2 ,

1
2

)
, mesh 9×9

Uniformly distributed load Concentrated central load

p Rel. error NIPG Rel. error SIPG Rel. error NIPG Rel. error SIPG

p=2 3.910627e − 03 2.239174e − 02 2.038094e − 02 3.225565e − 02
p=3 8.649072e − 04 1.424936e − 04 1.380046e − 02 1.236476e − 02
p=4 3.066361e − 05 1.076654e − 06 2.633187e − 03 2.546534e − 03
p=5 2.930244e − 07 9.830120e − 08 2.603813e − 03 2.605662e − 03
p=6 3.783422e − 08 4.317365e − 10 1.123051e − 03 1.078158e − 03
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the action of a uniform force and it has a slow rate of convergence when
it is applied to the model problem with a central point-force (due to the
singularity in the solution at the point ( 1

2 ,
1
2 ) in both the primal and the

dual problem).
We also observe that in the case of the model problem with a uni-

form force, for the SIPG of the DGFEM considered here, there is a
significant reduction in the size of the error when compared with the
nonsymmetric DGFEM formulation considered in [22], highlighting the
advantages of using an adjoint-consistent method in the approximation of
functionals.

7. CONCLUSIONS

We derived a priori error bounds in the L2 norm and in broken
Sobolev norms, for the symmetric version of the discontinuous Galerkin
finite element method applied to the Dirichlet problem for the biharmon-
ic equation. The symmetric method is adjoint-consistent, which allowed us
to obtain error bounds which are optimal with respect to the mesh size
h and slightly suboptimal with respect to the degree of the polynomial
approximation p. The symmetry of the bilinear form of the method was
shown to be of crucial importance in the derivation of error bounds for
the approximation of linear functionals of the solution; this led to the
doubling of the convergence rate compared to that in the energy norm.
We confirmed the optimality of the theoretically established h-convergence
rates by a series of numerical experiments and also showed the application
of the method to some practical problems in elasticity theory.

In numerical experiments which are not reported here, by considering
a fixed uniform square mesh and a variety of analytical solutions whose
Sobolev index was exactly equal to 4, we attempted to assess the sharp-
ness, or otherwise, of the theoretically established convergence rates under
p-refinement. For the set of model problems we had considered, vastly
varying orders of p-convergence were observed, which did not permit us
to reliably confirm the (sub)optimality of the theoretically predicted rates
of p-convergence. Nevertheless, our suspicion (which, as a matter of fact,
is reinforced by the findings of the paper [14] concerned with hp-version
DGFEMs for second-order elliptic problems) is that our theoretically pre-
dicted rates of p-convergence are not of optimal order.
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4. Babuška, I., and Miller, A. (1984). The post-processing approach in the finite element
method—part 3: A posteriori error estimates and adaptive mesh selection. Int. J. Num.
Meth. Eng. 20(6), 2311–2325.
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