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In this work we apply the Method of Fundamental Solutions (MFS) with
fixed singularities and boundary collocation to certain axisymmetric harmonic
and biharmonic problems. By exploiting the block circulant structure of the
coefficient matrices appearing when the MFS is applied to such problems, we
develop efficient matrix decomposition algorithms for their solution. The algo-
rithms are tested on several examples.
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1. INTRODUCTION

In this paper, we investigate the application of the Method of Fundamen-
tal Solutions (MFS) to certain axisymmetric harmonic and biharmonic
problems. In particular, we consider the MFS with fixed singularities for
harmonic and biharmonic problems in axisymmetric hollow domains. We
extend the ideas developed in [14], where the MFS is applied to har-
monic problems in axisymmetric simply-connected domains, and [8], where
the MFS is applied to the corresponding biharmonic problems. In the
problems examined in this study, the MFS discretization leads to lin-
ear systems the coefficient matrices of which have block circulant struc-
tures. Matrix decomposition algorithms are developed for the efficient

I Department of Mathematics and Statistics, University of Cyprus, PO. Box 20537, 1678
Nicosia, Cyprus/K vmpog. E-mails: {mspgttl,smyrlis,andreask } @ucy.ac.cy

31

0885-7474/06/0700-0031/0 © 2005 Springer Science+Business Media, Inc.



32 Tsangaris, Smyrlis, and Karageorghis

solution of these systems. These algorithms also make use of fast Fourier
transforms (FFT). Comprehensive reviews of the recent developments and
applications of the MFS and related methods may be found in the sur-
vey papers [2, 6, 7, 10]. Also, the books [4, 9, 11] provide useful infor-
mation concerning various implementational and theoretical aspects of the
MFS. In domain—discretization techniques such as finite element and finite
difference methods, the reduction of the three-dimensional axisymmetric
problem to a two-dimensional problem governed by the axisymmetric ver-
sion of the governing equation is important because of the complica-
tions involved in the discretization of three-dimensional domains [5]. This
difficulty is not as pronounced in the MFS as it is a meshless method.
Further, the fundamental solutions of these (two-dimensional) equations
are complicated and involve complete elliptic integrals. Finally, when the
boundary conditions of the problem are not axisymmetric, the two-dimen-
sional approach requires the solution of a sequence of boundary value
problems. The approach that we are suggesting in this study avoids these
complications.

2. THE HARMONIC CASE
2.1. MFS Formulation

We consider the three-dimensional boundary value problem

Au=0 1in £2,
u=f ond82q,
u=g on df2;,,

where A denotes the Laplace operator and f is a given function. The
region £ CR3 is axisymmetric, which means that it is formed by rotating
a region £2’e€R2 about the z-axis. The boundary of 2 is 32 =02;Ud52,
and the boundary of £’ is defined by the two boundary segments 92;
and 952, which generate 352; and 9£2;, respectively. In the MFS [6, 14],
the solution u is approximated by

M N
umn(e, d, R, S; P) =Y "> cunki(P, Run)
m=1n=1
M N
+szm,nkl(1)a Sm,n)v PE.Q,
m=1n=1
Where c:(C]],C12,... syCINs e - s CM1s - - 7CMN)T9 d=(d117d12a"' ad1N7"'7

dyi, ..., dun)T and R, S are 3M N-vectors containing the coordinates
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of the singulariti§ (sources) Rmn, Smn, m=1,...,M, n=1,...,N,
which lie outside £2. The function k;(P, R) is the fundamental solution of
Laplace’s equation in R3 given by

1

ki(P,R) = A7 |P—R|

with |P — R| denoting the distance between the points P and R. The sin-
gularltles R, Smp are fixed on the boundary 92 =02,U352, of a solid
Q surrounding 2. The solid 2 is generated by the rotation of the pla-
nar domain £2’ which is similar to £2’. Clearly 9£2; and 92, are simi-
lar to 9£2; and 9$2,, respectively. Also, the boundary of 2’ is defined by
the segments 8.(2{ and 8.(25, which generate 92 and 92,, respectively.
A set of MN collocation points {Pi’j}il‘i’f\’]jzl is chosen on 9£2; and a
set of MN collocation points {Q; ,}lM’lN =1 is chosen on 9£2; in the fol-
lowing way: We first choose N points {P; } _, on the boundary segment
082 and N points {Q ]}j:1 on 952). These can be described by their polar
coordinates (rp;s zp;), (ro;s ZQj), j=1,...,N, where rp;, rg; denotes
the vertical distance of the points P;, Q; from the z-axis and ZP; 2Q,
denotes the z-coordinate of the points P;, Q;-respectively. The points on
0421 are, taken to be

Xp,;="rp; COS ¢;, YP, j =TP; sin @i, Zp,; =2p;
and the points on 9£2, are
XQ;;=TrQ; COS ¢;, Y0i;=T0; s ¢;, 20i;=2Q;>»

where ¢; = 2@ — l)n/M i =1,... M. Similarly, we choose a set of
MN smgularltles {Rm,,} on 0§ and a set of MN singulari-
ties {Sp, n}m ln=1 ©1 392 by taking Ry, = (me,,,v yRm,,,vZRm,,,)’ Smn =
(‘xSm‘n ’ ySm,n K ZSm,n)’ and

mlnl

‘me,n = ar Ccos I//Wh me,n =ar Sin I//m, ZRm,n :ZRns
XSy, =TS8, COS Y, VS =T, SIN Yy, TSy =28y

where ¥; =2(a+i— /M, i=1,..., M. The parameter « €[—1/2,1/2]
describes the rotation of the singularities in the azimuthal direction. The
N points R; are chosen on afz; whereas the N points S; are chosen on
0£2;. The coefficients ¢ and d are determined so that the boundary condi-
tion is satisfied at the boundary points {P;, j}l lj 1 10 ]}l 1 =t

umun(c,d, R, S; P j)= fi(P; ), umn(c,d, R, S; Qi ;)= fr(Pij),
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i=1,...,M, j=1,...,N. This yields an 2MN x 2M N linear system of
the form

A|B c f
—1=1—1. (2.1)
C|\D d g

where the matrices A, B, C and D are block circulant [3] MN x M N
matrices, that is

A=circ(Ay, Ay, ..., Ap), B =circ(By, B, ..., Bn),
C =circ(C,C>,...,Cy), D =circ(Dy, D, ..., Dy).

The matrices Ag, By, C¢, Dy, £=1,..., M, are N x N matrices defined by

1 1
A)jpn=—7"—"7, Bjn=7——>
P 4| Py — Ryl P 4| Py — Seal
1 1
CHhjn=—7—"—5 D)jp=——7>
P Am| Q1 — Real P Am| Q1 — Senl
£=1,...,M j,n=1,...,N. The system (2.1) can therefore be written as
M M
<Z7D€l ®Az>c+ (ZPel ®Bz>d =f,
=1 =1
M M
(Zpe—l ®Cg>c+ (ZPZ_I ®D(>d =g,
=1 =1
where the matrix P is the M x M permutation matrix P =circ (0, 1,0, ...,0)

and ® denotes the matrix tensor product [12].

2.2. Matrix Decomposition Algorithm

In the case we are examining, a Matrix Decomposition Algorithm [1]
involves the reduction of the 2MN x2MN system (2.1) to M decoupled
2N x 2N systems. This is achieved by exploiting the block circulant struc-
ture of the matrices A, B, C and D. If U is the unitary M x M Fourier
matrix, it is well-known [3, 13] that circulant matrices are diagonalized in
the following way. If C =circ(cy,...,cy), then C=U*DU, where D=
diag(¢y,...,c¢pm), and

M
& =3 cratbu-D,
k=1
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In particular, the permutation matrix P =circ(0, 1,0,...,0) is diagonal-
ized as P=U*TU, where

T:diag(l,a),a)z,... ,a)Mﬁl), w = eXi/M, (2.2)
Next we simplify system (2.1). Let

A|B U®IN| 0 A|B U*®IN| 0

é‘b 0 |U®IN C|D 0 |U*®ZN
¢ U®ZIy| O c f URZIy| O f
d 0 |[Uezy) \d g 0 |uUezy/) \g

Then, after pre-multiplication by Z, @ U ® Zy, (2.1) becomes

¢ S
—|l=1—1. (2.3)
d g
Since
M
A=) P RAL
k=1
then

M
= U ®IN)(Z7>"—1 ®Ak><U*®IN>
k=1

M
=Y (wrtu ®Ak_ZTk '®Ax
k=1 k=1

and similarly

M M M
B:ZTk—1®Bk, é:ZT’H@Ck and [):ZT’H@Dk.
k=1 k=1 k=1
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The system (2.3) can therefore be decomposed into M decoupled 2N x 2N
systems

Cn fm
Gm - = ) m= 1’ ) Ma
m gm
~ T
,gm,N) B
2.4)
and
n M . “ M .
Ay = Z wm=DG=D Aj’ By, = Z w®—DG-D Bj,
j=1 =1 (2.5)
A M . A M .
Cpn = Z wm=DG-1 Cj, D,, = Z wm=DG-1 Dj,

m=1,..., M. We thus have the following efficient algorithm for the solu-
tion of system (2.3).

Algorithm

Step 1. Compute f=UQZy)f, 2=U®IyN)g.
Step 2. Comnstruct the matrices G,, m=1,..., M.
Step 3. Solve the M systems (2.4). 3
Step 4. Compute c=(U*®Zy)c, d=(U*QIy)d.

Remarks. In Step 1, because of the form of the matrix U, the oper-
ation can be carried out a cost of O(NM log M) via an appropriate
FFT algorithm. Similarly, in Step 4, because of the form of the matrix
U*, the operation can be carried out via inverse FFTs at a cost of
order O(NM log M) operations. In Step 2 we need to perform an M-
dimensional inverse FFT, in order to compute the entries of the matri-
ces Aj,éj,éj,ﬁj, j=1,...,M, from (2.5). which done at a cost of
O(N?M log M) operations. In Step 3, we need to solve M complex linear
systems of order N, which is done using an LU-factorization with partial
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pivoting at a cost of O(M N?) operations. The FFT and inverse FFT oper-
ations are performed using the NAG! routines COBEAF, CO6FPF, COBFQF
and CO6FRF.

3. THE BIHARMONIC CASE
3.1. MFS Formulation

We now consider the three-dimensional boundary value problem

Ay =0 in £,
ou

u=f; and a:gl on 982, 3.1

u=f, and 8_u:g2 on 982;.
on
The region £2 €R3 is axisymmetric and, as in the harmonic case, formed
by rotating a region £2’€R? about the z-axis. We keep the same notation
as in the harmonic case for the boundaries of 2 and £2’. In the MFS [6,
8], the solution u is approximated by

M N
upn(cr, 2, di,dy, R, S; PY =Y "> cp  ki(P, Ryn)

m=1n=1

631,” ka(P, Rm,n)

n
M=
M=

3
I
_
3
Il
—_

dpy k1 (P, Sm.n)

n
M=
M=

3
I
-
3
Il
—_

M=
M=

+ d2 k2 (P, Swp), Pe82,(3.2)

m=1n=1
where ¢} = (cll,ciz,... ,C{N,... ,c}m,... ,C}WN)T,CZ = (c%l,c%z, ,C%N,
et eyldr = @ldly, . dlye o dly . d )T Ay =
@}, diy,....diy.....dayy, ... do )T, and R, S are 3M N-vectors con-
taining the coordinates of the singularities Ry, Smn, m=1,... , M, n=

1,..., N, which lie outside §£2. The function k»(P, S) is the fundamental
solution of the the biharmonic equation in R3 given by

' Numerical Algorithms Group Library Mark 20, NAG Ltd, Wilkinson House, Jordan Hill
Road, Oxford, UK, 2001.
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1
k(P,R) = — |P —R|.
8

The 2M N collocation points {P; j}lM’le s {Qi,j}?ifvj:1 and the 2M N sin-

gularities { P, "}m Ln=1 {Om ”}m l.n1 are chosen in exactly the same way
as in the harmonic case. The coefficients ¢;, ¢»,d; and d, are determined
so that the boundary conditions are satisfied at the boundary points:

uyn(ci,c2,d1,dr, R, S; P, j) = fi(P)),
upmn(cr,c2,d1,d2, R, S; Qi ;) = f>(Pi ),

0 3.3
—uyy(er 2.y dy R S: P ) = g1(Pay). (3.3)
0
%MMN(CLCZvdladZ’ R, S; 0ij) = g2(P ),
i=1,...,M, j=1,...,N. This yiclds an 4MN x 4MN linear system of
the form
AL A12[413] 414 c f1
21| 422 2 23] 224 ¢
A31 A32 A33 A34 2 | = ﬁ , (3.4
A31[A%2[A33]A d g
| 442|443 | 444 =
AT AT AT A d> P

where the matrices A™, r,s = 1,2,3,4 are block circulant MN x MN
matrices, that is

A" =circ(A}", AY, ... AY), rs=1,2,34

The matrices A”, r,s=1, 2, 3,4, can be written as

A7 = (Ty @ AT +P @ AF+P @ AT+ 4P T @ ATy ).
For £=1,..., M the N x N submatrices A}* =((A}*)} ), are defined by
A S

jom 4w [Py j— Rl jon 4w [P — Senl
1
13 14
(47),, = golPi—Real. (4] )jn=—|P1, Seals
] i S
jm 4w [Q1j — Real Jon 4JT|Q1J Senl
1
(A7) = 1o —Real. (4F) =100 Sl
J.n Y j.n
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(Asl) _tlag 1
¢ jn 4w on | [P — Renl ’

1 9
33 _ _
<AK )j,n - 87 9 | J RZ,n|:
(A‘“) _ 13 !
“Jin " 4mon Q1 —Real’
1
(Ai}s)jn = 8_ |Q1 J R(Z,n|a

3.2. Matrix Decomposition Algorithm

39

(Asz) _Ltayr_ 1
Cin dmon [P j—Seall’
19
34 _ - _
(AZ )j,n_S an| J SZ,n|s
(A4z) _1a 1
¢ jn 4nan|Q1,»—Se,n|’
1
A44> Senl.
( L in 87‘[8 |Ql] Z,n|

In this case, a Matrix Decomposition Algorithm involves the reduc-
tion of the 4MN x4M N system (3.4) to M decoupled 4N x 4N systems.
Let us denote by H the 4MN x4M N matrix

All A12 Al3 A14
A21 A22 A23 A24
H =" 31 432[ 433 434
A4l A42 A43 A44
ko a1l | ko 412 |k o 413 |k on 414
PERALLPTRAL P ®AL | P ®AL,
Z_l P e AL [P @A [P A, [P e AL,
oo | Pread |PreAl [P oAl [P oA,
Pre Al PP AR |PF oA, |PF e Al
Clearly,
(URIy) (P '@ A (U@ Ty) = (UPF UM @ AL =TF 1 @ AL

for k=1, ...,
74, QU ®Iy yields

M and r,s=1,2,3,4. Pre-multiplication of system (3.4) by

(Z4sQURIN)H (I4QU* QIN) (T4 ®@UQIn)s = (Ta®@U QIn)t, (3.5)

where s =[cilealdi|d2]", t =[f11f2lg11g2]", since (U*@In)(UQIy) =
Zun- The system (3.5) can be written alternatively

A

HS

~

=1,

(3.6)
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where
URIy)el &
. (URIn)e 2
§ = D4 QURIN)s=|———|=|=~1,
N U®In)d; d
U®In)d, ~2
WU RIy) f fi
i UeTn s | |7
= (HURIyt=|——=| =| L2
T weivs, 3
(U®IN) g, —
$)
and
H=T40URIy)H(LRU*®Iy)
k k k k
T* AL | TF oA [T e AL, |TFe Al
_ 21 22 |7k o 423 24
M TR AL T @A TR @A, [T @ AR
k k k k ’
oo | T @Al [T e A, T @Al | TH e A,
X X X k
T* @Al |TF AR | TF @ AL, [TF @ A,

where T is given by (2.2). The solution of system (3.6) can therefore be
decomposed into the solution of the M independent 4N x 4N systems

‘1
~m
¢

2
Hm ~m =

d

~m

d,

where
AL A12| A13] 414
Aj A7 A A,
A21| 222 223] 424
m — A A A A

31| 232 A33] 434
Am Am Am Am
A4l p42| 243 444

k.£=1,2,34 m=1,...
rithm

and Ak‘Z
j=1

Zw(m DG 4k,

(3.7)

(3.8)

,M. We thus have the following efficient algo-
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Algorithm

Step 1. Compute f; = (U ®In)fi,f2=U®IN)[fr.8=U®
In) g1, §2=(U®IN)g>.

Step 2. Construct the matrices H,, m=1,... , M.

Step 3. Solve(3.7).

Step 4. Compute ¢| = U*® I]\DCH,CQ =U*®IN)Cr,d =U*Q®
Iyvydy, dy=U*"R®Iy)d>.

Remarks. In Step | the operation can be carried out at a cost of
O(NMlog M) using FFTs. Similarly, Step 4 can be carried out at a cost
of order O(NMlog M). In Step 2, we need to perform an M-dimensional
inverse FFT, in order to compute the matrices ArS rs=1,2,3,4, k=
1,..., M, from (3.8). This can be done at a cost of O(N2M log M) opera-
tions. In Step 3, we need to solve M complex linear systems of order N.
This is done using an LU-factorization with partial pivoting at a cost of
O(M N3) operations.

4. EXAMPLES OF AXISYMMETRIC SOLIDS
4.1. Case I: Thick Spherical Shell

We first consider the case where the domain £2 C R3 is the 3-dimen-
sional domain defined by 2 ={x eR®: o; <|x| <02}. In this case, the
2MN singularities R,, , and S, , are fixed on the boundary 02 =02,U
352, of the 3-dimensional domain defined by 2 ={x €R?: R| < |x| < Ry}
where R; <91 <02 <Ry. A set of M N collocation points {P,-,j}lM:’f\’/jzl is
chosen on the boundary 9£2; of £ (i.e. the surface of a sphere of radius
o1) and a set of M N collocation points {Q;, j}iﬂi’{t]jzl is chosen on the
boundary 062, (i.e. the surface of a sphere of radius g») so that if P; ;=
(XP ;> YP s 2P, ;) and Q; ;= (XQ; ;> Y020 ) then

xp,; = 01 sin¥; cos¢;, yp; =01 sin?; sing;, Zp,; =01 cosVj,
X, ; = 02 sin¥; cosg;, Y, ; =02 sin®; sing;, zQ;,; =02 COS ¥,

where ¢; =2(i —Dn/M, i=1,... ,M and ¥;=jn/(N+1), j=1,...,N.
Note that we avoid the points corresponding to ¢; =0 and #; =m as these
remain invariant under rotation in the ¢-direction and hence lead to singu-
lar matrices. Similarly, we choose a set of M N singularities {R;, j}iﬁi ‘f?]j:l

on 92 (i.e., the surface of a sphere of radius R;) and a set of M N sin-
gularities {S,-,j}f.‘i’ﬁj:l on 952, (i.e., the surface of a sphere of radius R»),
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by taking R j= (xR, ;, YR, ;> 2R ;)> Si.j=(Xs;;, Vs, ;»2s;;)» With
xg,; =R sin ¥, cos iy, YR, =R sin ¥ siny;, 7R, ; = Ry cos v,
xs,; = Rasindj cosvyi, ys,; =Ry sind; sinyi, zs,; =Ry cosv;,

where ¢; =2(a+i—Da/M, i=1,... , M, 0<a<l.

4.2. Case II: Sphere with Interior Cylinder Removed

We next consider the domain
2 ={xeR: x| <o} {(x,y, ) eR: x?+y? <0f, —h<z<h},
o1, h <oz
In this case a set of MN collocation points {P; j}l lj | is chosen on
the boundary 9£2; of £ (i.e., the surface of a cylmder of radius o; and
height #) and a set of M N collocation points {Q;, ]} _, 1is chosen on

the boundary 92, (i.e., the surface of a sphere of radlus 0>2) so that if
Pi,j = (xPLj ) yPi_j ) ZPi,j) and Ql,] - (XQ,'M,' s )’Qi,,- ) ZQ,’yj)a then

-xPl',j = er COS ¢;, yP,»_,- = er Sin@ia ZP,-,]* = ZPj’
X0, =02 sin®; cos¢;, Y0, =02 sin®; sin¢;, zQ;,; = 02 €OS v,
where ¢; =2(i — /M, i=1,..., M and ¥;=jn/(N+1), j=1,...,N
The polar coordinates (rp ,2P; ) j=1,..., N, represent N points on the

boundary of the rectangle (0 01) X (— h h) Similarly, we choose a set
of M N singularities {R; J}lM 1N/ | on 9521 (i.e., the surface of a cylmder of

radius R and height 2H) and a set of M N singularities {S;, ]}l 1 j=j on 952>
(i.e. the surface of a sphere of radius Ry), by taking R; j = (xg, ;, YR, ;> ZR; ;)
Si,j = (xSi_j > VSij» ZS,'yj)a with
xR,'Yj = ij COSI/fi, le‘.j :FRJ* Sinl/fl's ZR,-,]* ZERJ-’
xs;; = Ry sin®; cos v, ys, ; = Ry sind; siny;, zs, , = Ry cos ¥,
where ; =2(a +i — Da/M, i =1,...,M. The polar coordinates

(Fo j,ZQ j), j=1,..., N describe N points on the boundary of the rectangle
(0, R)) x (—H, H) with R <p1 <02 <R> and H <h.

4.3. Case III: Cylinder with Interior Sphere Removed

We next consider the following domain

={(x,y,z)€R3:x2+y2<Q%, —h<z<h} {xeR3 |x|<Q1}
o1<h, 0. 4.1
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In this case a set of M N collocation points {P;, ]}l 1 e | is chosen on the
boundary 92 of £ (i.e. the surface of a sphere of radlus o1) and a set
of M N collocation points {Q; j} _1 is chosen on the boundary 0962,
(i.e. the surface of a cylinder of radlus 0> and height h) so that if P; ; =
(xp ;> yp;-2p ) and Q; ;= (xg,;, Y0, ,+20;,) then

xp, ;=01 8In¥; cosg;, yp, ;=01 sind; sing;, zp, ; =01 cosV;,

XQ;;=rQ; COS8Qi, Yp ;=ro; SNQi, 20;;=2Q;,

where ¢; =2(i—Dn/M, i=1,...,M and ¥;=jn/(N+1), j=1,...,N
The polar coordinates (er,sz), j=1,..., N, represent N points on the
boundary of the rectangle (0,0>) x (—h, h). Similarly, we choose a set
of M N singularities {Ri,j}?/[:’f\,],'ﬂ on 982; (i.e. the surface of a sphere
of radius R;) and a set of M N singularities {Si,j}iﬁi’ff'jzl on 982, (ie.
the surface of a cylinder of radius R, and height 2H), by taking R; ; =
(XR; ;s YR ;s TR )s Sij = (X5, ;4 Vs, ;+ 25, ;)> With

xR, =R sin¥; cos iy, YR ;=R sin ¥; sinl//,',sz =R cos¥;,

-xS,‘_j :FS]‘ COS'Q//,’, YSi_jZFSj Sinl/fl's ZSi,jZZSjs

where ¥; =2(a¢ +i — Da/M, i=1,...,M. The polar coordinates
(Fs;,2s;)s j=1,..., N, describe N points on the boundary of the rectan-
gle (0, Ry) x (—H, H) with R| <p| <02 <Ry and H > h.

4.4. Case IV: Torus with Interior Torus Removed

We finally consider the case where the domain £ CR? is defined by

2
Q= {(xl,xz,x3) eR%: 0% < (y/x2+y2—03) +z2<g§}, 42)

01 < 02 <3, where its boundary 92 =092 Ud£2; can be described by the
parametric equations

=03 COSQ + 01 COS@ cos?}, y; =03 sing+ 01 sing cos?, z1 =0 sin,
Xy =03 COS® + 03 COS@ COSV, yr =03 Sing + p3 sing cost}, 7o =p;sin v,

where 0 <@ <27, 0< ¥ <27 with (x1, y1,21) €921 and (x2, y2,22) €082>.

We choose a set of M N collocation points {P;;};,_ ].j=1 on the
boundary 02; of £ (i.e. the surface of a torus with radii g1, 03) and a
set of M N collocation points {Qi»j}?i’lz\,/jzl on the boundary 92, (i.e. the
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surface of a torus with radii 02, 03) so that if P, j=(xp;,yp;,zp ;) and
Qi.j=(xg;;,Y0;;>20;;), then

Xp,, = 03 COS@,; + Q1 COSQY, COS Dy,
VP, = 03 SN, + 01 sing, cos Yy,
2P, = 018Ny, X0, , =03 COSP, + 02 COS P, COS Vi,
YO, = 03 SiN@, 407 sing, cosy,, 29, , =025IN0,,,

where ¢, =2m — )a/N, m=1,...,M and ¢, =2(n — )a/N,n =

I, ..., N. Similarly, we choose a set of M N singularities {Ri,j}?i{vj:1

on 982 (i.e. the surface of a torus with radii R;, 03) and a set of M N sin-
gularities {Si,j}?i'fvjzl on 3£2, (i.e. the surface of a torus with radii Ry, 03),

by taking R; j = (xR, ;, YR ;2R ;)» Si.j =(xs,;, Vs, ;> 28, ;)> Where
XR,,, = R3 cosyy, + Ry cos v, costy,,
YR = R3 sin ¥, + Ry sin ¥, €os Uy, ZRn, = R1 sin o,
XS, = R3 cosy, + Ry cos iy, cos By,
VS = R3 siny, + Ry sin, oSOy, 28, = Rosin Wy,

where ¥, =2(e¢+n—1n/N, n=1,... ,N with 0<a <1.

5. NUMERICAL RESULTS

The algorithms described in Sec. 2.2 and 3.2 were tested in regions
defined by the solids described in Sec. 4, for both harmonic and bihar-
monic problems.

5.1. Harmonic Case

We considered two examples with boundary conditions corresponding
to the exact solutions:

Example (a). u = cosh(0.3x)cosh(0.4y)cos(0.5z).
Example (b). u = x>—2y>+7%.

In the description of the numerical results we shall be referring to,
say, Example (b) in the solid described in Case III, as Example 3b. In
these examples, the maximum relative error was calculated on a uniform
grid on the boundary (since all the functions involved are harmonic and
the maximum principle applies). In the cases of the spherical shell (Case
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I) and the toroidal domain (Case IV) the maximum relative error was cal-
culated at 2 x 23 x 23 points on the boundary, whereas in the Cases II and
III the maximum relative error was calculated at 2 x 20 x 20 points on the
corresponding boundaries. For Case I we present a full set of results for
Example (a). The results for Cases II-1V are similar to those of Case I
for both examples. The full set of results for all cases and both examples
can be found in [15].

Case I. We considered Example (a) in a thick spherical shell with
o1=1, 0p=2. We varied the angular parameter « and examined how this
affected the accuracy of the MFS approximation for various values of N
and for different e =o; — R = Ry — 0> (Fig. 1). Because of the symmetry
of the problem about o =1/2, we only considered 0 <« <1/2. We pres-
ent six cases for £¢=0.1,0.2,0.8 for N(=M) =38, 12,16, 24,32,48 and 64.
From these results we see that for the smaller values of ¢ the error appears
to have a minimum value for o ~ 1/4. This is consistent with the obser-
vations reported in [8, 14]. We also varied the radius R, of the external
sphere when o =0, while keeping R; fixed and equal to 0.5, and exam-
ined how this affected the accuracy of the approximation for different val-
ues of N (Fig. 2a). As can be seen from the figures, the error decreases
exponentially as we increase R, up to a certain point, beyond which it
starts increasing again. This is due to the ill-conditioning of the corre-
sponding matrices for large R, (and large N) and was also reported in [8,
14]. In addition, we varied both radii R; and R, (of the inner and exter-
nal spheres, respectively) simultaneously and examined how this affected
the accuracy of the approximation for various N (Fig. 2b). Again, it was
observed that the error decreases up to a certain value of ¢, beyond which
it starts increasing.

5.2. Biharmonic Case
We considered two examples with boundary conditions corresponding
to the exact solutions:
Example (). u = (x2+ y2+z2) cosh(0.3x) cosh(0.4y) cos(0.5z).
Example (d). u = x*—2y*+7%.

In the description of the numerical results we shall be referring to,
say, Example (c) in the solid described in Case III, as Example 3c. In these
examples, the maximum relative error was calculated on a uniform grid
in the interior of the domain. In the cases of the spherical shell (Case I)
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Fig. 1. Log-plot of error versus angular parameter « for different values of N and e¢.
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f1=f2=cosh(0,3x)cosh(0.4y)cos(0‘52), Rz=p2 +E.

10 T T
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(a) Example la

f‘=f2=cosh(0.3x)cosh(0.4y)cos(0.51), R1=p‘ -&, F(2=p2 +€.

(b) Example la

Fig. 2. Log-plot of maximum relative error versus .
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Fig. 2. continued
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and the toroidal domain (Case IV) the maximum relative error was calcu-
lated at 20 x 23 x 23 interior points, whereas in the Cases II and III the
maximum relative error was calculated at 20 x 20 x 20 interior points. The
results for the biharmonic problems are similar to the results for the har-
monic case. We therefore only present a full set of results for Case IV for
Example (c). The full set of results for all cases and Examples (c) and (d)
can be found in [15].

Case IV. We considered Example (¢) in a torus with an interior
torus removed with o =1, gp =2 and g3 =35. In Fig. 1b, we varied «
and examined how this affected the accuracy of the MFS approxima-
tion for N(= M) =24,32,48,64 and for different e =91 — R| =Ry — 02 =
0.5,0.8,0.95. For certain values of ¢ and N there is a minimum at ¢~ 1/4.
In Fig. 2c, we varied R, while keeping R; fixed and equal to 0.5 and in
Fig. 2d we varied both R; and Rj. In all these cases we observed that as
¢ increased the accuracy improved until a certain point beyond which it
deteriorated.

6. CONCLUSIONS

In this paper we propose efficient MFS algorithms for the solution
of harmonic and biharmonic problems in hollow axisymmetric domains.
These algorithms, which rely on matrix decomposition techniques with
the use of FFTs, can also be applied to hollow axisymmetric problems
governed by other differential equations such as the Helmholtz equation
and the Cauchy-Navier equations of elasticity. Further, other boundary
method discretizations also lead to the block circulant structures of the
matrices arising in the problems examined in this study, thus these algo-
rithms could be employed with these methods. It should be noted that
the current algorithm can be applied to different combinations of bound-
ary conditions, provided these conditions are taken uniformly everywhere
on that part of the boundary (39£2; or 3£2;). This method could also be
extended to the solution of inhomogeneous and time-dependent problems
using the method of particular solutions [2, 10]. The optimal location of
the sources in the MFS is still an open question. This is the reason for
which we examined the behaviour of the error as ¢ varied. When the inte-
rior hole is very small, the positioning of the interior pseudo-boundary
can be problematic as, on the one hand we cannot take ¢ to be too small
as thus results in poor accuracy and, on the other hand we cannot take
¢ to be too large as then the problem would become very ill-conditioned
because of the very small size of the internal pseudo-boundary. As has
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been reported in previous studies matrix decomposition algorithms of this
type improved (often significantly) the conditioning of the global system.
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