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Abstract

The Schrodinger equation has been solved in two dimensions for the modified
Yukawa—Kratzer potential (MYKP) under the influence of the magnetic field and
the Aharanov—Bohm flux field (external fields). The energy eigenvalues and wave
function were calculated using the parametric Nikiforov—Uvarov approach. From the
resulting energy eigensolution of MYKP, we calculated energy eigenvalues for gener-
alised Kratzer potential (GKP), modified Kratzer potential (MKP), Kratzer potential
(KP), and Hellmann potential (HP). The energy values for MYKP, KP, MKP, and GKP
are tabulated numerically. Under the impact of external fields, we explore different
thermodynamic parameters such as partition function, mean energy, mean free (inter-
nal) energy, entropy, specific heat capacity, magnetization at finite temperature, and
magnetic susceptibility at finite temperature. Plots of the effective potential, energy
eigenvalues, and thermodynamic properties for various parameters were provided. The
calculated numerical results for KP and HP under the effect of the magnetic field and
the Aharanov—Bohm flux field are quite close to those obtained by others. In addition,
MYKP also solves the Schrodinger equation using the series expansion method. It is
possible to get confined state energy spectra. For distinct n,m quantum numbers for
q = 1, numerical values of energy spectra of special cases Kratzer potential for N
and C H molecules are computed, and the findings are consistent with NU method.
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1 Introduction

The schrodinger equation or schrodinger type equation can be solved analytically
or numerically to offer us a lot of information about a physical system. Because of
their importance in statistical physics, solid-state physics, quantum field theory, and
molecular physics, researchers are interested in solving these types of equations in the
relativistic and non-relativistic regimes. Since the last decade, many researchers have
been working to solve the diverse physical potentials in two dimensions under the
influence of the magnetic field and the Aharanov—Bohm flux field for both relativistic
and non-relativistic realms [1-4].

Different methods are available in the literature to solve second order differen-
tial equations, including: Nikiforov—Uvarov (NU) method [5-7], exact quantization
rule [8-11], Qiang-Dong proper quantization rule [12, 13], the path integral method
[14], asymptotic iteration method (AIM) [15], factorization method [16], Laplace
transform approach [17], supersymmetric quantum mechanics (SUSYQM) [18, 19],
ansatz method [20] and series expansion method [21]

Spectral features of an electron in a two-dimensional (2D) Gaussian quantum dot
(GQD) investigated by Aalu [22] through the Nikiforov—Uvarov method under the
combined action of magnetic field, electric field, and AB flux field. Many researchers
have investigated quantum rings in the presence of an external magnetic field, observ-
ing new phenomena such as spin orbit [23], quantum hall [24], Berry’s phase [25],
persistent currents [26], and the Aharonov—Bohm [27]. Ikot et al. [28] examined dif-
ferent thermodynamic features in the framework of superstatistics, employing the
pseudoharmonic potential under the influence of external magnetic and AB fields.
Ikot et al. [29] solved the screened Kratzer potential in two dimensions under the
influence of the magnetic field and the Aharanov—Bohm flux field and examined var-
ious thermodynamical features. Ikhdair et al. [30, 31] investigated 2D harmonic and
pseudo-harmonic oscillators in the presence of external fields and got the energy spec-
trum and wave function of an electron. Hamzavi et al. [32] explored the spin and
pseudospin symmetry for the Killingbeck potential using a quasi-exact solution. The
quark-antiquark interaction Killingbeck potential was solved using the power series
technique under the effect of external fields [33, 34]. Ikhdair et al. [35] investigated
non-relativistic molecular models in the presence of external magnetic fields.

Ibekwe et al. [36] analytically solved the radial Schrodinger equation with an expo-
nential, generalised, anharmonic Cornell and created the mass spectra of the heavy
quarkonium system. Theoritically Quarkonia physics now a days very important due
to many available experimental states [37-40]. Using the WKB approach, Omugbe
et al. [41] calculated the mass spectrum of mesons. In nuclei, atoms, molecules,
and spectroscopy, as well as many other fields of physics, the accurate solution of
the Schrodinger equation with some solvable potential plays an important role [42].
Obtaining analytical solutions to the radial schrodinger equation with the provided
interaction potential without the use of approximation approaches is a difficult task.
Ibekwe et al. [43] obtained mass spectra of heavy quarkonium for screened Kartzer
potential using series expantion method. The nature of the potential model influ-
ences the applications of Schrodinger equation solutions in various circumstances
[44]. AbuShady and Ezz-Alarab [45] employed an exact-analytical iteration method
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to study the N-radial Schrodinger equation analytically and used the results to com-
pute the thermodynamic properties and mass of mesons. The energy eigenvalues and
normalised eigen-functions of the radial SE in N-dimensional space for the quark—
antiquark interaction potential were calculated analytically by Kumar and Fakir [46].

Purohit et al. [47] investigated the thermodynamic parameters of the filtered cosine
Kratzar potential in the presence of a magnetic field and an Aharanov—Bohm flux field.

The modified Yukawa—Kratzer potential (MYKP) [48] solved in this study under
the effect of the magnetic field and the Aharanov—Bohm flux field written as,

aje 2 gye”r A Ay

V(V)Z r2 — +Cl+De—<T—r—2) (1)

r

where A = 2D,r,, Ay = Derez. re is the equilibrium bond length the interatomic
distance r, « are the screening parameters, and D, is the dissociation energy.

In the non relativistic framework, Parmar et al. [48] achieved the solution to MYKP
using the Nikiforov—Uvarov (NU) method and the SUSYQM method. They look
into several thermodynamical parameters, expectation values utilising the Hellmann—
Feynman theorem, and the eigensolution of the chosen dimer inferred from MYKP
eigensolutions.

In this paper, we used the parametric Nikiforov—Uvarov (pNU) approach to deter-
mine the eigenspectrum of the MYKP Eq. (1) under the effect of the magnetic field B
along the z direction and the Aharanov—Bohm flux field ® 4 p formed by a solenoid.
The energy eigenvalues spectrum of the MYKP is computed numerically for various
values of the magnetic field B and Aharanov—Bohm flux field & AB- By setting poten-
tial parameters, we deduced generalized Kratzer potential, modified Kratzer potential,
Kratzer potential, and Hellmann potential and its energy spectrum using energy
spectrum of MYKP. Different thermodynamic properties such as partition function
Z(B @ 4p, B) mean energy U(B ® 4, B), mean free energy F(B ® g, p), entropy
S(B d 4, B), specific heat capacity C; (B Dup, ,3)_} magnetization M(B D4, B)
at finite temperature and magnetic susceptibility x,, (B, ®4p, B) at finite temperature
for MYKP is presented. Plots of the effective potential and energy eigenvalues are
also addressed with respect to o, magnetic field B, and Aharanov—Bohm flux field
® 4 5. We also looked at graphs of thermodynamic properties vs various parameters.
We used m — (D — 2)/2 + £ to extend our work to D dimensions, where m and
£ are magnetic and angular quantum numbers, respectively. We also used the series
expansion method to solve MYKP and obtain energy spectra, which we compared to
the NU method for a few dimers.

This is how the article is structured: The pNU technique is explained in Sect. 2. In
Sect. 3, we presented the MYKP solution obtained under the effect of the magnetic
field and the Aharanov—Bohm flux field. Section 4 presents solution of the MYKP
using series expansion method and obtained thermodynamic properties. Section 5
presents the results and discussions. A brief conclusion is presented in Sect. 6.
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2 Review of the parametric Nikiforov-Uvarov (pNU) method

The generalized form of the Schrodinger like second order differential equation for
any potential written as [28, 49],

dV¥ (u) g1 — gou dv —Bju?+ Bou — Bs

du? u(l — g3u) du u2(1 — g3u)? W (u) (2)

From the parametric Nikiforov—Uvarov (pNU) method, the energy eigenvalues and
eigen functions respectively become [28, 49]

(g2 — g3)n + gan® — 2n + Dgs + (2n + 1) (/g9 + 83+/85)
+g7 +2g388 +2./8889 =0 (3)

g, 813 _ o1 —
W) = u2(1 — g3u) 812~ %3 P;glo 1,(g11/83)—810 1)(1 — 2g3u) )

where

ga=(-g/2, g5=(8—283)/2, g =g2+B1, g1 =2g4g5— B>, g5=g]+ B3
89 = 8387+ 83288 +86, 810 =81 +284+288, g1 =g2— 285 +2(g+ g3./88)

812 =84+ /88, 813 =285 — (Vg9 + 83/88) Q)
for gz = 0,
lim P’/Egl()_]»(gll/gS)_gl()_l)(l _ 2g3l/l) — Lﬁl()_l(g“u) (6)
g3—>0
and
. —gnn—23
lim (1 — g3u) 83 = 813U @)
g3—>0

Equation (4) becomes
W(u) = ub2e8 L8O (g1 1u) (8)

where Lﬁ”ﬁl (g11u) is Laguerre polynomials.

3 Eigensolution of the MYKP with an external fields

A general formalism of the Schrédinger equation for a charged particle moving under
the influence of the vector potential A written as

1 L g \2
[—2 (5+2A) +ve - Em] V(. $) =0 ©)
nw c
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where p-reduced mass of the system and ¢ is the charge of the particle, Eyp
energy eigenvalues vector momentum p = —ihV, c velocity of light, vector poten-
tial A = (A,, Ay, Ay), and V(r) scalar potent1a1 and wave function ¥ (r, ¢) =
@mr)~12e™? G,y (r). For A, = AZ =0, A = (0, A; + A3, 0). A vector poten-
tial A can be expressed as A= A+ A2 with V x A] = Band V x A2 =0

where B is applied magnetic field and A2 presenting AB flux field ® 4 arise due to
the uniform magnetic field. Where A 1 and A2 written as [50, 51]

- Be ™ . =~ Dyp
Al = —¢and Ay =
Ta- e_"‘rd) > 7 2nr
- ée—ar Dap\ -
A=A Ay = ——— 10
1A <l—e—ar+2nr>¢ (10

where ® 4 = 27~ Inserting Egs. (1) and (10) into Eq. (9), we obtain

> 2
2 —ar
q Be Dap 1l rq. -
v2 ——(— A

h2c2<1—e—‘"+2nr> A\t +

o R

Ap) v e-

ale—20tr are™" A

2M<a+D+ ) — __+A_22_Enm)w(rv¢):0 (11)

h? r r r

Using Greene—Aldrich approximation [52]

1 " o? N 1 o
r2 (1 —e—or)2’ r (1 — e o)
d?Fpp(r) wiolaje2er
X dr;mz + [(Ml(Enm —a—D,)— m
W (aze*”" + A1) walA, 2moBe " + q1 B2e~2
(1 — e—ar) - (1 —e—ar)2 Eum (r) —q1 (1 — e—or)2
a? (m - —) +2q|oane or
Fum (r) — (I—e ou)Z Fum(r) =0 (12)
d?Fp (r)
———5— 4 Vers (D Fam () = 1 (Ey — @ — D) Fy (1) (13)
dr?

where

,316—201;’ + ,Bze—ccr + ,33
(1 _ e—ar)2

Vers = (14)

@ Springer



Journal of Mathematical Chemistry (2022) 60:1930-1982 1935

hc

2u Pazq AOB, flux quanta ®, = i

’
andqy =L, pi=35. m=m+n n=F=

Bi = mi(@?ar + aar) + B2q'%; Br = pia(Ay — az) + 2aqi(m +1);

B3 = o? 2 1 _
p=at\m -7 + ura(eAry — Ay) (15)

Equation (12) can be written as

sznm (r)
dr?
[ = (Ep + B1) €7 + 2By, — B2) € = (Epyy + B3) | Fan () =0
(16)
where E|,, = —pt1(Epm —a — D,). Now using transformation u = e~*", we get
sznm(”) (I —u) dFym(u) 1

du? + u(l—u) du + u2(1 —u)?
x [ =62+ 60U% + el — 8 — (€1, +6) | Fan ) =0 (17)

’

2 Enm _ 2M(Enm_a_De)_
Eam = "2 =7 ) ;
_bh_ 2w < 18

§1="7=171, 2(rx a1+aaz)+h22 5 (18)
B2 21 2

b= 53 = S5 @A —an) + 7505 (20B) m+ ).
B o L, 2

g3za—2=m2 h2 2(a2A2—O{A1) (19)

Using Eqgs. (3) and (5), we obtain

<n2+n+%+(2n+1),/sl +Ez+§3+}7+§2+253)

e, +& = (20)
2<n+%+\/§1 +€z+$3+}¢)
Using Eqgs. (18) and (19), we obtain
Ra® K[ &H-&  0+Q7
E,, = D, - 21
nm = a+ De + 2 &3 2 |:2(n+9)+ ) :| (21)
o [, 1
E,, =a+D,+ —— m2— = +a2A2—oeA1
21 4
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2 — 2 ng ’ 2
2 2(n + Q) 2
(22)
where
R .
=5 1ta+sty
1 2ula; + Az) q* - q = )
= — B2 1 9B 2 23
2+\/ n2 T a2 0 peg tm T (23)

settingm = K +1/2 = € + (D; D, Eq. (22) convert into D dimensional energy

eigenvalues of MYKP without an external fields reads

h2a?
Ene =a+De+ S —K(K + D) +a?A) —aA
"

2
R2a2 %(azAz—aAl—aaz)+K(K+1)] N (n+ Q) 24)
21 2(n + Q1) 2

where

(D —3) 1 [2u(a + A) 1\?
K= d Q) = - - = K + — 25
+——— and & 2+\/ 2 +( +2> (25)

Above Eq. (24) is exactly the same energy eigenspectrum obtained by Parmar et al.

[48] for MYKP. From Eq. (4), the unnormalized wave function corresponds to the
energy eigenvalues Eq. (22),

Fum() = uVem 31— u)® 5 Fi(—n,n + 2,/e2, + y3 + 2Q,2Q + 1; u) (26)

In terms of the Jacobi polynomials wave function Fj,,, (#) can be expressed as

Fom () = Nyo u®(1 — )2 P22 1 (1 = 2u); 0 = V€2 + £ (27)

and P,fzw’m_l)(l — 2u) is the Jacobi polynomial which is defined as [53]
_ 'nh+2w+1)
Qw,2Q-1) 1 _ _ — ;
P, (1 —-2u) = 2T Co T D) 2Fi(—n,n 4+ 2w+ 22,2w + 1; u)

where N, is normalization constant. Equations (24) and (27) is the energy spectrum
and eigenfunction for MYKP respectively. Equation (26) can be written in terms of
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hypergeometric function as

)Qr(n+2w+ 1)

Fum () = Nyeu®(1 — 2Fi(—n,n+ 20+ 22, 2w + 1; u)

n''QCw+1)
(28)
Now, the total wave function becomes
nm lm¢ —qwr (| _ pmar Q
Y(r,¢) = ﬁ ( )
F'n+2w+1) _
— HFi(—n, 2 2Q,2 1;e7 %" 29
WTQw 1) et 204292 20+ e ™) 29
4 Solution of the MYKP using series expansion method (SEM)
From Equation (13), we consider the radial Schrodinger equation [36, 44]
Aty (r) 2 dity, (r) /
S 4 S [ By = Verr () | tan(r) = 0 (30)

where r is internuclear separation and E denotes the energy eigenvalues of the system.
We put F,, (r) = up, (r) and

1 —2ar ar
Verf = 53 [ﬂle + fae +ﬂ3] (D)
2
Baar ,33 /32
+—,310t2r2 — T + r2a2 + ﬁoﬂrz (32)
4
Vers = [ P+ gﬂ a’r® + [—§ﬁ1 - %} ar
_RhitAl 1A +,§22+ Bl | [2/3 n ,32] (33)
ro
C3 Cy
Verf _Clr +C2r——+—+C5 (34)
where,
¢ =[ B +2ﬂj] 2 (35)
Cr, = [——,31 — &:| (36)
C3 — M (37)
o
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+ B2+
C= PP AR ey (38)
where
1 B+ B3 +B7 1
C=_— S ot R 39
: +\/ 254 (39)
B2
Cs =2p1 + 5 (40)
dzunm(r) + %dunm(r)
dr? rodr
C c(C+1
+[5_clr2_c2r+—3—%}unmmﬂ 41)
r r
where ¢ = _(E}/’ll + Cs) Now make an anzats wave function [36, 54]

U () = e~ PTG (r) (42)

where « and B are positive constants. Using this wave function on Eq.(41), it becomes

G'(r)+ [(—401 —28+ g)} G (r)
r

n [(4a2r — c]) r2+ @dap — Co)r

LG22B) C(C;r D (s — 6a +ﬂ2)] G(r)=0 43)

r r
Due to singularities in Eq. (43), the factorization wave function of the form [36, 54,
55]

o
G(r) =) bur™*C¢ (44)
n=>0

is considered suitable to solve Eq. (43). Taking the first and second derivatives of Eq.
(44) and substitute alongside with Eq. (44) into our Eq. (43), we obtain

e 9]

an [Qn+C)2n+C — 1) +22n + C) — C(C + 1)] r2+€-2
n=0

P28 @0+ C+ 1)+ C3] P21 4 [—4a Qn+C)+etp?— 6oz] p2+C

+ (daf — Co) P2+ 4 <4a2 - cl) P2+C+2 _ g (45)

Given that r is a non-zero function, each of the terms in equation (45) is indepen-
dently equal to zero. With this in mind, we may get the following relationships for
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each of the terms.

Qn+1)2n+C+1)—C—-C*>=0 (46)

e =2a(2n+2C+3)— B> (47)

C3=2802n+C+1) (48)
C

B = —2 (49)

C =4a (50)

&1V

v Ci
2
Equations (47), (48), and (51) are used to obtain the energy eigenvalue expression.

/ c?
—(En,+cs):ﬁ(2n+2c+3>—73(2n+c+1> (52)

2 -, a(A] —ap) + 2aq(m +
ltl(Enl*a*De)=\/[§u1(azal+Wz)+324/2+m(1 2)24 an ")]az

2

o ZJ 1 ri@@a) +aap) + pra(Ag — az) +2aqi (m +n) + o2 (m/2 - %) +uja(ady — Ay)
n+2+ +
o

N 2
(2/41 (a®ay +aap) + 52)
402

-2

2
. . ZJ 1 wy(a2a) +aay) + ua(Ay —ap) + 2aq) (m +n) + a2 (m’ - %)+M1a(aA27A1)
n+1+

7+ ) *
5 H1a(A —ap) +2eq(m +1n)
2uy(a“ay +aay) + D (53)
2
En1:a+De+% [ B +ﬂz} o2 (4n +2429) -
5 % @n+1+29)72 + h— (2;31 + ﬂi) 54)

The mass spectra of heavy quarkonium systems such as charmonium and bottomo-
nium, which have the same flavour quark and antiqurak, are also obtained from the
energy eigenvalue. The following equation is used to calculate the mass spectra.

M =my +my+ Ey (55)
but,
m; =my=mp (56)
Resulting in the expression
M =2m+ Ey, (57)
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where my, is the mass of the particle under investigation and E,; is the derived energy
eigenvalues.
Substituting Egs. (54) into (57) we obtain

T2 B>
M =2m+a+D,+—_[| =B+ = |a?(4n +2+2Q)
2u\ 3 24
1w 2B+ B2)’ 2, P B
—_—— 4 1427 "+ — (2 — 58
w4 (4n+1+29Q) +2M<ﬁ1+2) (58)
4.1 Special cases with an external fields
4.1.1 Generalized Kratzer potential (GKP)
Setting a; = ap = 0, Eq. (1) reduce into generalized Kratzer potential as [35]
A A
VP =a+ D, — (2L - 22 (59)
r r2
Energy eigenvalues corresponds to Eq. (59) with an external fields
h2a? / 1 h*a?
G 2 2
BT ek Do (7 ) et e -
2 P g ' 2
i (2 —ad) i B em® =} 0 +0OK)
2(n + QOKP) 2
(60)
where
1 2uAy T T
QOKP — — B2+ —2B 2 =~ 61
2+\/ 7 T2 Thea T =3 1)

4.1.2 Modified Kratzer potential

Setting a = a; = a» = 0, Eq. (1) convert into modified Kratzer potential as [35]

_ 2
VMKP ) = D, (’ ”) 62)
r
Energy eigenvalues corresponds to Egs. (62) from (22)

h o ’ 1 h o
MK P 2 2 2
Enm =D, + —2 (m — —> + o Dere — 2C¥Dere -
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_, 2
[ r? =) B e @iy
2(n+szMKP) 2
(63)
where
1 [uD.r? q’ q
MKP __ € 2

Q _§+\/ h26+h222B +h—ZBm +m'2 (64)

4.1.3 Kratzer potential

Setting a; = a; = 0 and a = —D,, Eq. (1) convert into Kratzer potential as [35]

2
VKP () = —2D, (’—e _Le > (65)
r

Energy eigenvalues corresponds to Egs. (65) from (22)

h2a? , 1 h2a?
Efmp = _2M <m 2_ Z) + otzDere2 —2aD,r, — _2M
2 2 = , 2
« hz—/;z(()lzDerez_z(XDere) - h232a2B2+m2_ %1 n (H+QKP)
2(n + QKP) 2
(66)
where
1 /"l’Derz q2 Y q g ’
QKP = = ¢ B2+ ——2Bm'’ 2 67
2+\/ 2 e’ Thea T T 67
4.1.4 Hellmann potential
Fora = —D,,ay = —ap anda; = Ay = 0, Eq. (1) covert into the Hellmann potential
as [56-61]
A —ar
VHP(r) __4 + aze 68)
r

r

Energy eigenvalues corresponds to Eq. (22) with an external fields

Ra? (1 h’a?
Egnp— a <m2——>—aA1——a
2p
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2 2 - 2
e (@ — A1) — a2 B2+ (m — l) . (n+ QHP) )
2(n + QHP) 2
where
1 q?
HP _
Q _§+\/h2228 +h—28m +m (70)

4.2 The thermodynamic properties of the MYKP with an external fields

From the energy eigenvalues of the MYKP under influence of an external fields,
we obtain the partition function Z (B ®4p, B) under the influence of an exter-
nal fields. From partition function of the given system, we calculate mean energy
U(é, Dap, ﬂ), mean free energy F(1§, D4, B), entropy S(1§, deB, B), specific heat
capacity Cs(B, ®ap, ,8)_,} magnetization at finite temperature (B, ® 45, B) and mag-
netic susceptibility x,, (B, ®4p, B) at finite temperature [29] in this subsection.
Energy eigenvalues Eq. (22) reads

R Ly n+ )7
Enm = Ll - - (71)
2u [ 2(n+ ) 2
o (o, 1
Ly =a+ D, +—<m2——)+a2A2—OlA1
21 4
21 aAl —ap q° > noo1
L, = 77 (Az —a; — o T g B +m~* — 1 (72)
Exact partition function at temperature 7 written as [62—64]
Umax
Z(B, ®ap. f) = e PEm (73)

where § = %, k- constant of Boltzmann and E,,,, is the energy of the n'" state. From
Egs. (71) and (73) becomes

; e (1115 [
Z(Bs q)AB,,B)ZZe ! (74)
n=0
where
vy = —Qx+/Lo (75)
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In the classical limit, replacing the sum of Eq. (74) by an integral as [65]

Um
o 2. P
Z(B, Dap. B) = feﬂ(m F ) ap p—nte (76)
0
where
h2a? ha? h2a?
Pl=—: Qo=—13 Py=——-1Ly+1L (77)
8 8 4n

Employing a Maple software, we obtain Z (E, D45, B) as [66]

- 1
Z(B, Pap. ) = Eeﬁ(Plpz+P3)v Pp

PB . 7
dupeh  2WAPB erfi (V) 2| ()
- — 27
vPp vPp
where imaginary error function erfi defined as [67]
2 X
erti (x) = i erf(ix) = —= / e dr. (79)
0

Below mentioned thermodynamic and magnetic properties under influence of an
external fields can be investigate using partition function [66] ,

e Mean energy

U(B, ®ap, B) = ———InZ(B, ®ap, f) (80)

0
a(p)
e Mean free energy

F(B, ®ap, B) = —kT InZ(B, D45, ) 81)
e Entropy
. . , P .
S(B, ®ag, ) kaZ(B,q>AB,,3)+kTﬁan(B,q)AB».3)

= kInZ(B, ®43p, B) —kﬂ%an(é, ®az, B) (82)
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;:2;1 teff;ff:}’;cv"g; ted Molecules  De(eV) pamu)  re(A) re(A™1)

diatomic molecules Ny 11.9382 7.00335 1.0940  0.000655
CH 3947419 0929931 11198  0.000885
ScH 2.25000 0986040  1.776 141113
i 47446 050391 07416 1440558

e Specific heat capacity

_ 3U(1§, Dap, B) — _p? U (B, ®ap, )

Cs(B, D43,
( AB> B) 3T op

82
= kB Z(B) (83)

e Magnetization at finite temperature is written as [29, 47]

. ! 0Z(B, Pas, B)
M(B, ®ap, B) = = = P (84)
BZ(B, ®ap. B) 9B
e Magnetic susceptibility at finite temperature is written as [29, 47]
. OM(B, 45, B)
Xm(B, ®ap,p) = ———=—— (85)

3B

5 Results and discussion

In Table 2, we calculates energy spectrum of the MYKP under effect of the magnetic
field and AB flux field for the various values of the n and m quantum numbers with con-
stant values of the other parameters. We tabula}e numerical results for B =0, 2,4, 6, 8
and also for @45 = 2,4, 6, 8. At values of B and ® 45 equal to zero, degeneracy is
present. Energy eigenvalues decreases with increases Band magnetic quantum number
m whereas it is increase with increase ® 4p. Tables 3 and 4 show the energy spec-
trum for N, molecules for Kratzer potential, with different quantum numbers n, m for
comparison with numerical results in NU and series expansion methods. Tables 5 and
6 show the similar methodology for C H molecules. Numerical results are compared
with numerical results presented in Ref. [35]. In Table 7, we presented Numerical
results of energy eigenspectrum for Hellmann potential under effect of an external
fields. We tabulates numerical results for Sc H and H> molecules for modified Kratzer
potential in Tables 8 and 9. respectively. In Tables 10 and 11. we presents numerical
results of the ScH and H, molecules for generalized Kratzer potential. Tabulated
results are compared with numerical results presented in Ref. [47]. To calculates,

@ Springer
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Fig. 1 The effective MYKP (V7 (r)) vs. a function of the interatomic distance r for the parameters as
ag=A1=2A=4h=p=q=c=a=a =1,B =2T,P4p = 2 and magnetic quantum

number m = 0 with various values of screening parameter « as @] = 0.001, «p = 0.003, @3 = 0.005, g =
0.0504 = 0.1
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Fig. 2 The effective MYKP (V.7 (r)) vs. a function of the interatomic distance r for the parameters as
apg=A1=2,A=4h=p=q=c=a=a =1,B =2T,d4p = 2 and magnetic quantum
number m = 1 with various values of screening parameter « as ] = 0.001, ap = 0.003, a3 = 0.005, g =
0.0504 = 0.1

energy eigenvalues of the various molecules, we used spectroscopic parameters given
in Table 1.

Plots of the effective potential against interatomic distance r for various values of

screening parameter o form = 0, m = 1 and m = —1 presents in Figs. 1, 2 and 3

respectively. Effective potential decreases with increases r. Figures 4, 5 and 6 show
the variation in effective potential with respect to magnetic field B for different values

of o corresponds to m = 0, m = 1 and m = —1 presents respectively. Plots show

effective potential increases with increases B. Plots of the effective potential against
® 4 p for various values of screening parameter o form = 0, m = 1l and m = —1
presents in Figs. 7, 8 and 9 respectively. Effective potential increases with increases
Dap.

Changes in energy eigenvalues with respect to screening parameter « for different
values of the magnetic quantum numbers mg = —2, my = —1,m3 = 0, mq = 1 and

ms = 2forn = 0,n = 1 and n = 2 presents in Figs. 10, 11 and 12 respectively.
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Fig. 3 The effective MYKP (V.77 (r)) vs. a function of the interatomic distance r for the parameters as
ap=A1=2, A, =4 h=p=qgq=c=a=ay =1,B =2T, P,p = 2and magnetic quantum number

m = —1 with various values of screening parameter « as o) = 0.001, @» = 0.003, «3 = 0.005, g =
0.0504 = 0.1
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Fig. 4 The effective MYKP(V, 77 (r)) against a function of magnetic field B for the parameters as ay =
Al=1,A=2h=p=q=c=1,r =1, 945 = 2 and magnetic quantum number m = 0 with
various values of screening parameter « as o = 0.001, ap = 0.003, @3 = 0.005, oeg = 0.008
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Fig. 5 The effective MYKP(V, 7 (r)) against a function of magnetic field B for the parameters as ap =
Al =1,Ap =2,h=pnu=q =c=1,r =1,d,p = 2 and magnetic quantum number m = 1 with
various values of screening parameter « as oy = 0.001, p = 0.003, @3 = 0.005, a4 = 0.008
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Fig. 6 The effective MYKP(V,fr(r)) against a function of magnetic field B for the parameters as ay =
Al =1,A=2,h=p=q=c=1,r =1, P45 = 2 and magnetic quantum number m = —1 with
various values of screening parameter « as o = 0.001, oy = 0.003, @3 = 0.005, ovg = 0.008
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Fig. 7 The effective MYKP (V,fr(r)) against a function of AB flux field ®4p for the parameters as
ap=A1=1,Ap =2,h=pu=q=c=1,r =1, B =2 and magnetic quantum number m = 0 with
various values of screening parameter « as o] = 0.001, oy = 0.003, &3 = 0.005, a4 = 0.008
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Fig. 8 The effective MYKP (V,fr(r)) against a function of AB flux field ®4p for the parameters as
ay=A1=1,Ap =2,h=pn=¢q =c=1,r =1, B =2 and magnetic quantum number m = 1 with
various values of screening parameter « as @] = 0.001, ap = 0.003, ¢z = 0.005, ovg = 0.008
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Fig. 9 The effective MYKP (V,rr(r)) against a function of AB flux field ®4p for the parameters as
ap=A1=1,A =2,h=pu=¢q =c=1,r =1, B =2 and magnetic quantum number m = —1 with

various values of screening parameter « as o] = 0.001, oy = 0.003, &3 = 0.005, a4 = 0.008
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Fig. 10 The energy spectrum E,; for MYKP against a function of the screening parameter « for the
parameters as ap = A1 =2, A =4, h=pnu=q =c=1,r =1, B = 5 and quantum number n = 0

with various magnetic quantum number m asmg = —2,my = —1,m3 =0,mq = 1,m5 =2
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Fig. 11 The energy spectrum E,; for MYKP against a function of the screening parameter « for the
parameters asay = A} =2, Ap =4, h=pu=qg =c=1,r =1, B =5 and quantum number n = 1
with various magnetic quantum number m as mg = —2,my = —1,m3 =0,mg = 1, ms5 =2
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Fig. 12 The energy spectrum E,; for MYKP against a function of the screening parameter « for the
parameters asap = A} =2,Ap =4, h=pu =g =c=1,r =1, B =5 and quantum number n = 2

with various magnetic quantum number m as mg = —2,my = —1,m3 =0,mg =1, ms5 =2
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Fig. 13 The energy eigenvalues E,,y for MYKP against a function of ¢ 4 p for the parametersasay = A} =
2,A =4, h=pn=qg=c=1,0 =0.01, B =5 and quantum number n = 0 with various values of the

magnetic quantum number m as mg = —2,mpy = —1,m3 =0,mqg =1, ms5 =2
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Fig. 14 The energy eigenvalues E,y for MYKP against a function of ¢ 4 p for the parametersasa; = A} =
2,Ay =4, h=pnu=q=c=1,0 =0.01, B =15 and quantum number n = 1 with various values of the
magnetic quantum number m as mg = —2,my = —1,m3 =0,mqg = 1, m5 =2
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Fig. 15 The energy eigenvalues E,,y for MYKP against a function of ¢ 4 p for the parametersasa; = A} =
2,Ar =4, h=pn=q=c=1,a=0.01, B =75 and quantum number n = 2 with various values of the

magnetic quantum number m as mg = —2,mpy = —1,m3 =0,mg =1, m5 =2
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Fig. 16 The energy spectrum E,, for MYKP with respect to a function of B for the parameters as ap =
A1 =2, Ay =4 h=p=qg=c=1,a =2, P = 10 and quantum number n = 0 with various values of

the magnetic quantum number m as mgy = —2,mp = —1,m3 =0,my = 1,ms =2
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Fig. 17 The energy spectrum E,, for MYKP with respect to a function of B for the parameters as ap =
A1 =2,A =4 h=p=g=c=1,a=2,9 =10 and quantum number n = 1 with various values of
the magnetic quantum number m as mg = =2, mp = —1,m3 =0,mg = 1,m5 =2
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Fig. 18 The energy spectrum E,, for MYKP with respect to a function of B for the parameters as ap =
A1 =2, A =4 h=p=qg=c=1,a =2, P = 10 and quantum number n = 2 with various values of
the magnetic quantum number m as mgy = —2,mp = —1,m3 =0,my = 1,ms =2
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Fig. 19 The partition function (Z) of the MYKP wvs. a function of the temperature parameter § for the
parameters as a_= h=pnw=q=c=m=n=1,a =5a = l,ap =2,A1 =15 A =
225,D, = 3,B = 5T, ®4p = 20 and « = 0.9 with various vibrational quantum number Upqx as
U1 = 15, vy = 20, vy,3 = 25, vyg = 30, vy5 = 35 in two dimensions

Figures show energy eigenvalues decreases with increases o for MYKP. Variation in
energy eigenvalues corresponds to @ 4 p for different values of the magnetic quantum
numbers mo = —2,my = —1,m3 =0,my = 1l andms =2 forn =0,n = 1 and
n = 2 presents in Figs. 13, 14 and 15 respectively. Figures show energy eigenvalues
decreases exponentially with increases ® 4 g for MYKP. Changes in energy eigenvalues
corresponds to B for different values of the magnetic quantum numbers mo = —2,
my=—1,m3=0,mg =1andms =2forn =0,n = 1 and n = 2 presents in Figs.
16, 17 and 18 respectively. Figures indicate that energy eigenvalues decreases slowly
with increases B for MYKP.

Figure 19 shows the changes of the partition function with respect to tempera-
ture parameter B for the various values of the vibrational quantum number vy, ;.
The relationship in this case shows the partition function increases gradually as f
increased. Changes in the partition function Z(B, ® 4p, B) corresponds to magnetic

@ Springer



1972 Journal of Mathematical Chemistry (2022) 60:1930-1982

B
B2
63
B4
85

Fig. 20 The partition function (Z) of the MYKP vs. a function of the magnetic field B (in Tesla) for the
parametersasa =h=pu=qg=c=m=n=1l,a=5,a1 = l,ap =2,A1 = 1.5,A =2.25,D, =
3, Umax = 20, ® 4 p = 20 and ¢ = 0.9 with various temperature parameter S as 1 = 0.1, fo = 0.2, f3 =
0.3, B4 = 0.4, B5 = 0.5 in two dimensions
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Fig. 21 The partition function (Z) of the MYKP vs. a function of the Aharanov-Bohm flux field ® 4 p
for the parametersasa = h=pu =g =c=m=n=1l,a=5,a1 = l,ap =2,A] =15, A =
2.25, D, = 3, upax = 20, B = 5T and « = 0.9 with various temperature parameter 8 as 1 = 0.1, fp =
0.2,83=03,84=04,8;=05

field B for different values of the B is presents in the Fig. 20. Plots show that ini-
tially the Z (B 4, B) increases slowly as B 1ncreased and after B = 3T, the
partition function increases an exponentially with B. Figure 21 111ustrates the varia-
tion of the Z (B ® 4, B) with AB flux field ® 4p for different values of the S. It is
clearly shown in these plots that the partition function decreases slowly as increasing
®4p and tends to Z(B, © 4, B) =q0 around ® 45 = 22. In Fig. 22, we shows the
behaviour of the internal energy U (B, ® 45, B) with respect to B for different values
of the Uyqy. Plots show that internal energy decreases monotonically as decreasing
B. Variation in internal energy U (B ®4p, B) corresponds to magnetic field B for
various values of the B presented in Fig. 23 We noted that U (B, ® 4B, B) initially
increases and after vecB = 9T its decreases monotonically for = 0.08 and 0.09
whereas U decreases linearly as B increased for § = 0.8 and 0.9. Changes in internal
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Fig. 22 The internal energy U of the MYKP against a function of the temperature parameter $ for the
parameters as a_= h=pnp=qg=c=m=n=1,a =5a = l,ap =2,A1 =15 A, =
2.25,D, = 3,B = 5T, ®4p = 20 and ¢ = 0.9 with various vibrational quantum number vyqx as
Um1 = 15, vy = 20, vy3 = 25, vyya = 30, vy5 = 35 in two dimensions
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Fig.23 The internal energy U of the MYKP against a function of the magnetic field B for the parameters
ash=u=g=c=m=n=1,a=>5a =1,a =2,A1 = 15,4 =225 D¢ = 3, upax =
10, ®4p = 20 and o = 0.9 with various temperature parameter S as 1 = 0.08, B = 0.09, 3 =
0.8, B4 = 0.9 in two dimensions

energy U (B, D 4p, B) with respect to AB flux field ® 4 p for various values of the g
presented in Fig. 24 shows U (B, ® 45, B) deceases initially and increases gradually
after ®4p = 6 as ®4p increased. Variation of the free energy F (B, D45, B) with
varying 8 corresponds to different values of the vibrational quantum number v,
shows in Fig. 25. It is shown that free energy increases exponentially with increas-
ing B. In Fig. 26, we shows the changes in F (B, ®4p, B) with respect to magnetic
field B for various values of the temperature parameter f. It is clearly seen that
F (B ® 4, p) decreases gradually with increasing B.In Fig. 27, we shows behaviour
of the free energy F (B ® 4, B) with respect to AB flux field ® 4p for dlfferent val-
ues of the temperature parameter 8. The figure clearly indicates the F (B Dyp, B)
decreases slowly as AB flux field increased. Figure 28 shows the changes of the
entropy S (B ® 4, B) with respect to temperature parameter § for different values of
the vibrational quantum number v,,,,. We shows entropy decreases monotonically as
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Fig.24 The internal energy U of the MYKP against a function of the Aharanov-Bohm flux field ® 4 g for
theparametersgsh: n=g=c=m=n=1a=5a =1,ap=2,A1 =15,A, =225 D, =
3, Unax = 10, B = 10T and @ = 0.9 with various temperature parameter § as f1 = 0.2, fo = 0.4, B3 =
0.6, B4 = 0.8 in two dimensions
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Fig. 25 The free energy F of the MYKP vs. a function of the temperature parameter B for the parameters
ash=pu=qgq=c=m=n=1,a=5a =1l,ag =2,A1 =15 A, =225D, =3,B =
10T, ®4p = 10 and « = 0.9 with various vibrational quantum number Upax as Uy = 5, Uy =
10, uy,3 = 15, vyg = 20 in two dimensions

temperature parameter increased. Behavior of the entropy S(I§, @ 4p, B) corresponds
to magnetic field B with various values of the temperature parameter S shows in Fig.
29. it is clearly seen that entropy decreases gradually as increasing B for constant
values of the remaining parameters. In Fig. 30, variation of the entropy S (E, D4p, B)
with respect to AB flux field ®4p for different values of the g is presented. Plots
show entropy abruptly decreases initially and remain almost constant for ®4p = 50
to 65 after that it is suddenly incgeases as ®4p increased. We shows the behavior
of the specific heat capacity C, (B, ® 45, f) with respect to temperature parameter
B corresponds to various values of the vibrational quantum number vy, in Fig. 31
We noted that specific heat capacity increases as increasing temperature parameter.
In Fig. 32 the variation of the specific heat capacity Cy(B, 45, B) corresponds to
magnetic field B for different values of the temperature parameter f8 is presented. The
plots show that Cy, (B, ® 45, B) decreases exponentially and C, (B, ®4p, B) reaches
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Fig.26 The free energy F of the MYKP vs.a function of the magnetic field B for the parametersas h = u =
g=c=m=n=1,a=>5a =1l,ap =2,A1 =15,A) =225, D¢ = 3, Upax = 10, D4p = 10
and o« = 0.9 with various temperature parameter  as 1 = 0.2, o = 0.4, 3 = 0.6, B4 = 0.8 in two
dimensions
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Fig. 27 The free energy F of the MYKP vs. a function of the Aharanov-Bohm flux field ® 4 p for the
parameters as hﬁ: n=qg=c=m=n=1,a=5a =1,a0 =2,A1 =15,A) =225 D, =
3, Umax = 10, B = 10T and o = 0.9 with various temperature parameter 8 as 81 = 0.2, 8, = 0.4, 3 =
0.6, B4 = 0.8 in two dimensions

zero for all plots at B = 2.9 after that it is increases linearly as increasing . Fig-
ure 33 shows the behavior of the specific heat capacity C v(é, D45, B) with respect
to AB flux field ® 4 for different values of the temperature parameter 8. The plots
show that specific heat capacity initially decreases monotonically and later increases
suddenly as AB flux field increased. Variation in the magnetization M (B, ®p, f)
at finite temperature with temperature parameter 8 for various values of the vibra-
tional quantum number vy, presented in Fig. 34 Plots show magnetization decreases
monotonically for vibrational quantum number v,;> = 10, v3 = 15, Uya = 20 and
for vibrational quantum number v,,1 = 5, magnetization almost remained constant as
increasing B. Figure 35 shows changes of the magnetization M (B, ®4p, p) at finite
temperature with magnetic field B corresponds to different values of the tempera-
ture parameter 8. The plots seen that magnetization increases with B increased. In
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Fig.28 The entropy S of the MYKP vs. a function of the temperature parameter f for the parameters as /i =
n=g=c=m=n=1,a=5a1=1a=2,A1=15,A,=225D, =3,B=10T, P45 =10
and o = 0.9 with various vibrational quantum number vyqx as Uy, 1 = 5, U2 = 10, uy3 = 15, vyg = 20
in two dimensions
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Fig.29 The entropy S of the MYKP vs.a function of the magnetic field B for the parameters as h = u =
g=c=m=n=1,a=5a =1,a0 =2,A1 = 15,4 =225, Do =3, uppgx = 10, d4p = 10
and o = 0.9 with various temperature parameter  as 1 = 0.2, o = 0.4, 83 = 0.6, B4 = 0.8 in two
dimensions
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Fig.30 The entropy S of the MYKP vs. a function of the Aharanov-Bohm flux field ® 4 g for the parameters
ash4= nw=qg=c=m=n=1,a=5a =1l,ap =2,A1 =1.5,Ay =225 D, = 3, Unax
10, B = 10T and o = 0.9 with various temperature parameter 8 as 1 = 0.2, B = 0.4, 83 = 0.6, 4
0.8 in two dimensions
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Fig. 31 The specific heat capacity Cy of the MYKP vs. a function of the temperature parameter 8 for the
parameters ash=u=qgq=c=m=n=1,a=5,a =1,ap =2,A1 = 15,4, =225, D, =
3,B=10T, P 4p = 10 and @ = 0.9 with various vibrational quantum number vyqx as U1 =5, Uy =

10, v,3 = 15, vy = 20 in two dimensions
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Fig.32 The specific heat capacity Cy, of the MYKP vs.a function of the magnetic field B for the parameters
ash=pu=qgq=c=m=n=1,a=5a =1l,ap =2,A1 =15,A =225 D, = 3, pax =
10, ®4p = 10 and o = 0.9 with various temperature parameter S as 1 = 0.02, B = 0.04, B3 =

0.06, B4 = 0.08 in two dimensions
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Fig.33 The specific heat capacity C, of the MYKP vs. a function of the Aharanov-Bohm flux field ® 4 p
fortheparametgrsash:u =g=c=m=n=1,a=5a=1,a=2,A1=15,A, =225 D, =
3, Umax = 10, B = 10T and @ = 0.9 with various temperature parameter 8 as 81 = 0.02, 8, = 0.04, 3 =

0.06, B4 = 0.08 in two dimensions
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Fig.34 The magnetization M of the MYKP vs. a function of the temperature parameter § for the parameters
ash=pu=qgq=c=m=n=1,a=5a =1l,ap =2,A1 =15,Ap =225, D, =3,B
10T, ®4p = 10 and o = 0.9 with various vibrational quantum number Uugx as U1 = 5, Up2
10, vy3 = 15, vyg = 20 in two dimensions

Fig.35 The magnetization M of the MYKP vs.a function of the magnetic field B for the parameters as b =
n=g=c=m=n=1a=5a=1,ap=2,A1 =15,A, =225, D, = 3, uppax = 10, Pyp =
10 and @ = 0.9 with various temperature parameter 8 as f1 = 0.02, 8, = 0.04, 83 = 0.06, B4 = 0.08 in
two dimensions

Fig. 36 we shows behaviour of the magnetization M (E, D 4, B) at finite temperature
against AB flux field ® 4 for various values of the temperature parameter 8. These
plots show magnetization decreases with increasing ® 4 5. Behaviour of the magnetic
susceptibility x,, (E , ®ap, B) at finite temperature with temperature parameter § for
various values of the vibrational quantum number vy, is presented in Fig. 37 We
observe that magnetic susceptibility increases slowly with § increased. In Fig. 38 we
shows the variation of the magnetic susceptibility x,, (B, ® 4p, B) at finite temperature
with varying magnetic field B corresponds to different values of the 8. We noted that
magnetic susceptibility increases randomly with B increased. Variation in the mag-
netic susceptibility x,, (é, ® 4B, B) at finite temperature against AB flux field ® 45
for different values of the temperature parameter S is presented in Fig. 39 We notice
that the magnetic susceptibility decreases slowly with increasing ® 4 p for temperature
parameter 1 = 0.002 and temperature parameter 8, = 0.004 whereas the magnetic
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Fig. 36 The magnetization M of the MYKP vs. a function of the Aharanov-Bohm flux field ® 4 g for the
parametersas L =pu =g =c=m =n = l,a =5,a; = l,ap =2,A] = 1.5,Ap =225, D, =
3, Umax = 10, B = 20T and @ = 0.9 with various temperature parameter 8 as f1 = 0.02, fp = 0.04, 3 =
0.06, B4 = 0.08 in two dimensions
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Fig. 37 The magnetic susceptibility x,, of the MYKP vs. a function of the temperature parameter
for the parameters as h = u = g = c =m =n = l,a = 5,a1 = l,ap = 2,A1 = 15,A =
2.25, D, = 3, B = 107, ®4p = 10 and @ = 0.9 with various vibrational quantum number vy,qx as
Uml =5, up2 = 10, vz = 15, uyg = 20 in two dimensions

susceptibility almost remained const with increasing ® 4 p for temperature parameter
B3 = 0.006 and temperature parameter 84 = 0.008.

6 Conclusions

The energy spectrum for MYKP with the magnetic field and Aharanov—Bohm flux
field was obtained using the pNU approach and SEM in this study. There are special
cases for the GKP, MKP, KP, and HP. The MYKP, KP, HP, MKP, and GKP numerical
results are tabulated. The numerical results calculated for KP and HP are congruent
with those obtained by others. There are many plots of the effective potential that
correlate to interatomic distance r, magnetic field B, and Aharanov—Bohm flux field
® 4 p. The energy eigenvalues are displayed with respect to the screening parameter
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Fig.38 The magnetic susceptibility yx,,; of the MYKP vs.a function of the magnetic field B forthe parameters
ash=u=qgq=c=m=n=1,a=5a =1l,ap =2,A1 =15,Ay =225 D, = 3, Upax =
10,45 = 10 and @ = 0.9 with various temperature parameter 8 as 1 = 0.02, o = 0.04, 3 =
0.06, B4 = 0.08 in two dimensions
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Fig.39 The magnetic susceptibility x;, of the MYKP vs. a function of the Aharanov-Bohm flux field ® 4 g
fortheparametegsash:u =gq=c=m=n=1,a=5a1=1,a=2,A1=15,A, =225 D, =
3, Upax = 10, B = 10T and o = 0.09 with various temperature parameter § as g1 = 0.002, 5,
0.004, B3 = 0.006, B4 = 0.008 in two dimensions

a, the magnetic field é and the Aharanov-Bohm flux field ® 45. We also obtained
and analysed additional thermodynamic parameters such as mean energy, mean free
energy, entropy, and specific heat capacity using this information. Magnetization and
magnetic susceptibility at finite temperatures under the effect of external fields were
also discussed. We were able to discover additional physical chemical properties in
position spaces under the MYKP by using the eigenfunction of the MYKP, including
Gibbs free energy, bond length, Tsallis entropy, Renyi entropy, and Fisher information
entropy. This article findings may be useful in atomic-molecular physics, solid-state
physics, and physical chemistry.
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