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Abstract

This paper considers a generalized (2+1) dimensional nonlinear evolution equation
depending on two nonzero arbitrary constants. We derive the Lie point symmetry
generators and Lie symmetry groups. This symmetry analysis leads us the reduc-
tions equations, through one of which we obtain solutions. We also get the low-order
conservation laws of the equation that have been obtained using the corresponding
symmetries of the family. We will present a classification of conservation laws for
this equation and we will apply Lie symmetry analysis to the equation in order to
obtain exact solutions.
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1 Introduction

Studies on nonlinear partial differential equations are significant because these equa-
tions describe multiple behaviours in various sciences such as fluid dynamics, chem-
istry, condensed matter, biophysics, plasma physics, biogenetics, optical fibers, biol-
ogy and other areas of engineering. Several methods have been developed to find exact
solutions of nonlinear partial differential equations such as the symmetry methods [2, 3,
4, 17], the homogeneous balance method [25], the sine—cosine method [21], the hyper-
bolic tangent method [12], sub-equation method [13], multiple exp-function method
[11], the non-clasical method [3], the variational principle, the simple-equation method
[7, 8] and others methods.

The Lie group method or symmetry analysis is one of the most efficient methods of
studying differential equations. A symmetry group of a system of differential equations
transforms solutions of the system to other solutions. Once one has determined the
symmetry group of a system of differential equations, a number of applications become
available.

In this paper, we consider a generalized (2+1)-dimensional nonlinear evolution
equation given by

Uy +au,, + buu, +u =0, 1)
with a and b nonzero arbitrary constants. For a =4 and b =4 we obtain the
(2+1)-dimensional Bogoyavlenskii’s breaking soliton equation

U, + 4uxuxy + 4ththy + Uy = 0.

For a=4 and b =2 derive in the (2+41)-dimensional Calogero-Bogoyavlen-
ski—Schif equation

U, + 4uxuxy + Zuxxuy + il = 0,

which is an well-known nonlinear evolution equation in mathematical physics and
have been paid attention by a lot of researchers.

Some special cases of (1) have been studied by several authors [1, 16, 20]. In [20]
the authors applied the multiple exp-function to Eq. (1), defining solvable differential
equations, transforming nonlinear PDEs and solve algebraic systems. Also in [1] the
modified simple equation method is applied using a the nonlinear evolution equation.

The study of nonlinear evolution equations is of great importance in the theory of
solitary waves [22], which appear in many scientific and engineering fields with appli-
cation in physical and chemical processes [15, 23, 24]. The (241)-dimensional Burgers
equation

u, + uu, —au, +bu,, =0

where a and b are constants that define the kinematic viscosities, is a nonlinear evo-
lution equation that incorporates both convection terms uu, and uu, and dissipation
terms u,, and u,,.

The (2+1)-dimensional Kadomtsev—Petviashvili-Burgers equation
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(u, + 30, +uy, +au,), + Puy, =0

where a and b are constants, is a nonlinear equation derived from nonlinear wave
models of fluid in an elastic tube, liquid with small bubbles and turbulence and it
describes for the dust acoustic waves in dusty plasmas.

This paper is organized as follows: In the first section we perform a study of Lie
symmetries of a generalized (2 4 1)-dimensional nonlinear evolution equation and we
establish our main results about it. We deal the point symmetries clasification and the
commutators table of Lie algebra. In Sect. 2, we employ the similarity variable and
similarity solution to obtain symmetry reductions [6, 18], we reduce the generalized
(2+1)-dimensional equation to partial differential equations and ordinary differential
equations, some of them with exact solutions. In the following section, by using the
generators calculated previously, we study the Lie symmetry groups with new solutions
[9, 10, 26] that we obtain using these groups. Finally, the low-order local conserva-
tion laws [5, 14, 19] admitted by (1) on the whole solution space will be presented in
Sect. 4.

2 Lie symmetries

According to the Lie theory, to obtain Lie symmetries of the generalized (2+1)-dimen-
sional nonlinear evolution Eq. (1), we consider a one-parameter Lie group of infinitesi-
mal transformations acting on independent and dependent variables
t=t+er(t,x,y,u) + O@E),
X=x+¢€&§ @t x,y,u)+ O(eY),
j\} =Yy + Eéz(tvxsy’ M) + 0(62)5
o= u+en(t,x,y,u) + OE>).

@

where ¢ is the group parameter and 7, &}, &, and # are the infinitesimal of the trans-
formations for the independent and dependent variables respectively.The infinitesi-
mal generator V associated with the group of transformations can be written by

0 0 0 0
V =1(t,x,y, M)E + &, xy, u)a +&(,x,y, u)a +n(t,x,y, u)a, 3)

where

di
T= —

de

dii
b '7_

dax
’ 51 cso - %

dy
0 - E ) 52 -5

=0 de

=0

The solutions space of (1) is invariant under the point transformation group (2) pro-
vided the invariance condition

prPV(A)=0 si A =0, 4)
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where A = u, + auu,, + buu, + u,. and prdV is the fourth prolongation of the
vector field (3)

0
@y — J @
prV V+—§¢(unxu)aw, (5)

where
&' (1, x,y,uD) = D (¢ — Tu, — E;x + &) + TUy + Ejuy + Sy, (6)

with J = (j,....j). 1 <j, <3and1 <k < 4.

2.1 Point symmetries clasification

A point symmetry of the generalized (2+1)-dimensional nonlinear evolution
Eq. (1) is a one-parameter Lie group of transformations on (¢, x, y, u) generated
by a vector field of the form (3), whose prolongation leaves invariant Eq. (1).

The condition for a vector field (3) to generate a point symmetry of Eq. (1)
is given by (4), that splits with respect to the x, y and ¢ derivatives of u giv-
ing an overdetermined linear system of equations for the infinitesimals 7(z, x, y, u),
&t x,y,u), &(t, x,y,u) y n(t,x,y,u) and the parameters a, b. Solving this system
we obtain the next theorem:

Theorem 1 (Point Symmetries Classification Theorem:) The point symmetries
admitted by Eq. (1) are generated by:

1. Inthe case a # 2b, the generators
Vi=9, V,=0,, V3=9,, V,=10,+yo,
Vs = —2td, —x0, + ud,, Ve =atd, +x0,, 7
View=Fi00,, Vyp = Fy()bd, + Fy(1)y9,

2. Inthe case a = 2b, the generators
Vi=90, V,=0,, V3=9,, V,=10,+yo,
Vs = —2t0, —x0, + ud,, Ve =2btd, +x0,,
V; = 2b1*0, + b1d, + 2b1yd, + (xy — btu)d,
View=Fi00,, Vyp = Fy()bd, + Fi(1)y9,

®)

Proof The condition (4) leads to a linear system of determining equations. When
a # 2b, by simplifying the system, we obtain
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M =00 My =00 me =0, ny, =0, ny; =0, 17, =0, &, =0,
§,=0. &, =0, 7,=0, 7,,=0. &,,=0, &, =0, 7, =0, #7,n=0
T==2n0+&,, S,=mb &, =na, 7,=0, &, =-n,,
)
and in the case a = 2b, we obtain
M =0, 0, =0, M, =0, n,=0, &, =0,
§1y =0, &,=0, 7,=0, 7,,=0, &,;=0, &, =0,
Myar) =05 Myyur) =0 (10)
N1 = —Uxy = 0, 7,=-2n,,+ 52}*’ &, = ’l_vb’ &,

=2nb, 1,=0,

X

flx = My

The solutions of systems (9) and (10) lead the generators obtained in both cases. [

2.2 Commutator table of Lie algebra

It is easy to check that the vector field in the general case (7) and in the case a = 2b
(8) , are closed under the Lie bracket. Thus the symmetry generators form a closed Lie
algebra. The commutation relationships of Lie algebras determined by the symmetry
generators (7) and (8) are shown in Table 1, where

F 1= F 1 (f),
F 2 = F. z(t), 11
Fy = F5(0) = —F, (1) = 2tF(0) (1)
Fy = Fy(t) = Fy(t) — 2tF}(1)
and [V, Vj] is the commutator for the Lie algebra defined by
[V, Vil = ViV, = VY,
Table 1 commutator table of Lie algebra (7) and (8)
(Vi,vil v, v, Vs Vy Vs Ve Vs Vir, Var,
v, 0 0 v, -2V, aV, —Vs+2V, Vi Vor
v, 0 0 0 ~Vy,  Vipo Vapo 0 0
v, 0 0 0 v, 0 0 v, 0 Vie
Vs -V 0 -V 0 0 0 Vs Vi Vaur,
Vs 2V, v, 0 0 0 ) A 74 Vir, Var,
v, —av, ~Vip 0 0 2V, 0 0 0 Vi,
Vs Vs=2Vy Vg Vs -V; 2v; 0 0 “Viee —Vocru
Vl,F1 _Vl,F; 0 0 0 -V JFy 0 Vl,—Flm 0 0
Var, - Vz,ﬁ'; 0 -V FT Var, Vae, —Vier, Voorw 0 0
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Then we build the adjoint table for each pair of elements V; and V,, with
i,j=1,...,7, where

- e £2
Ad(exp(eV))V; = Y —(comV)Y'(V)) = V; = e V;, Vil + - [V;, [V, V1T =

n=0 """

We will use the adjoint representation to decompose all the subalgebras of the Lie
algebra in equivalence classes of conjugated subalgebras. From the action attached
infinitesimal of a Lie algebra over itself, we can rebuild the adjoint representation to
the underlying Lie group adding the Lie series (Table 2).

We use now elements of the optimal system of subalgebras to calculate the reduc-
tions of the Eq. (1). An optimal system of subalgebras is a list of subalgebras that are not
equivalent or conjugated. Also, any other subalgebra of the Lie algebra is conjugated
or equivalent whith it. The generators of the optimal one-dimensional system when
a#2b are given by: 4,V + ALV, + 43Vs, AV, +V,, AV + Vs, 41V, + 4,V + Vg
and V,+Vs. When a=2b the optimal system is given by:
AVi+ Vs, V2 Vs, 4,V + L,V + Voand 4V, + 4,V + Vi

3 Symmetry reductions

In this section, we mainly use the optimal system of one-dimensional subalgebras com-
puted in the previous subsection and obtain symmetry reductions of the generalized
(2+1)-dimensional nonlinear evolution equation.

Reduction 1 By using the generator AV, + V,, we obtain the similarity variables
and similarity solution

y
7 =x—Alng, o =7 u=nhzz) (12)

and the PDE E,

- ’Ulz]z] - ZZhZIZz + ahzthIZz + thzhzm + hzlzlzIZz =0 (13)
Table 2 Adjoint table of the Lie algebra
[Vi, V]l V, v, v, v, Vs v, v,
v, Vv v, v, Vy—eV,Vs+2eV, Vs—aeVy V,—e(Vs—2V,)
vy Vi Va Vs Vy Vs—€Vy Vs—€eVipVi—eVyr
v, v, v, v, V, — eV, V; v, V, — eV,
vV, Ve v, Vit V, Vs v, Ve
Vs Ve Vye™® 0 0 0 Vee* V,e%
Ve Vi +aeV; V), + €V, Fy=1 Vs Vy Vs —2eVy Vg v,
v,  V,—e(Vs-2V, Vy+eVs V,+eVyVs—2eV, Vg v;
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Reduction 2 By using the generator V| + V, ., we obtain the similarity variables
and similarity solution

7 =x- b/ F(ndt, z =y, u=hz,z)+yF,(0) (14)

and the PDE E,
ah, h, . +bh h . +h =0 (15)

217212, 2212 21212122

Reduction 3 By using the generator V; in the case a = 2b, we obtain the similarity
variables and similarity solution

_ X =Y _1 X
= @, 2 = .’ u= xl’l(Z1,Zz)+ b (16)
and the PDE E;
— 6h, —3zth, . . +62,h,, —4bzh, h, —2bzhh, -
2 2 3 —
+ szlhzlhz]zz + bzlhzzhzlzl +Zlhz.z.z|zz =0

Reduction 4 By using the generator AV, + V, + V, we obtain the similarity vari-
ables and similarity solution

y X
=x—-Al t, =< —qal 1, =h y + —
=X n p=7-a n u=hz,,2,) 27 (18)
and the PDE E,
bh Ah a h h, h
71 2 — Mz, + (ZZI -2y — a> % +a 2Nz (19
+ bh,h . +h, .. =0

Reduction 5 By using the generator AV; + Vi, we obtain the similarity variables and
similarity solution

=xt""2 z=y+ %lnt, u=hiz;, )t "? (20)
and the PDE Es
ho—Sn 4t hoh  +bh h . +h . =
= By T E 212 + E 2122 ta 21012 + (SIS + uuu 0 (21)

Reduction 6 By using the generator V, 4+ Vs, we obtain the similarity variables and
similarity solution

X 1
U= =y, U= Fh(ZpZz) (22)

and the PDE E
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- 2h —Zlh 212 +thth 2 hZ|lelzz =0 (23)

; +2,h, , + ahZl h

212y 212

Reduction 7 By using the generator 4,V, + 1,V, + 4;V;, we obtain the similarity
variables and similarity solution

a=Ax=lt, 5 =hy=st u=hz.z) @4
and the PDE E,
—_ ), Azh - A A3hv 2 +a)’:fhzlhllz7
25
+ bA’h h + A%h =0 =

172512 1 z,z,zlzz

3.1 Symmetry reductions to ODE’s and exact solutions

The reduced PDE’s in (1 + 1) variables admit symmetries which lead to further
reductions to ODE’s, we shall use again the techniques of Lie group theory.

1. Equation E;, admits the following symmetries

9 9 0 .70
+—— (26)

Vii=—, Vi,=—, Vi;=— s
Woz," T on BT oz, aoh

By using uv,; + v,; we obtain the similarity variable and similarity solutions

2
Z
W=z — pHzy h=gw)+ ﬁ 27)

and the ODE

— ug" — u(a+b)g's ”—(A+W)g"—bg’_£=0‘ (28)

Integrating once with respect to w Eq. (28) can be reduced to the following sec-
ond order ODE

b A
g = 5@+ DEY = Gwg +(1-7)g = Zw=0 29)
By multiplying by g” in the case a = 2b and then integrating once respect to w
we get
11\2 /\3 A N2 1 ’ A /
(8 =-bEg)y ——(@€)——88 ——=@E@w-g+cg+c (30)
H H bu

with ¢, and ¢, constants of integration.The solutions of this equation when
¢, = ¢, = 0 are given by
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gw) = —iw +k
bu
where k is a constant of integration. Thus, solutions of (1) are given by

_ 2
t) (x—AlIny) s 31)

u(t,x,y) = —ﬁ(x—ﬂlnt T

In Fig. 1 we considere y =0,3,A=1,5,u =—-1,b = -0, 1k =2,3.
2. Equation E,, admits the following symmetries
0 0 0 0 0
bfvyy = —, Vyu=—, Vy=z——h—, V,= —,
fva 0 2T YBTug Ty (zp) F) (32)
where a(z,) is an arbitrary function of z,. By using p; vy, + vy, + v, We
obtain the similarity variable and similarity solutions

1 1
W=7z — M / mdzz, h=gw)+ ﬂz/ az )dzz’ (33)
2 2
and the ODE
—amg'g" —bug'g" +buyg" — g’ =0. (34)

Integrating once with respect to w, by multiplying by g” and integrating again
respect to w, Eq. (34) can be reduced to the following second order ODE

a+b

@Y =-—1=(% )3+b (g Y teg +e (35)

where ¢, and ¢, are constants ot integration. The solutions of this equation when
cp=c,=0are

Fig. 1 Exact solution of (31)
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3bu,

——w+k
ui(a+b)

glw) =

and

6bu, < Vo py

glw) = —————tanh
Hi

Vbuipy(a+b)

where k, k; and k, are constants of integration. Hence, for Eq. (1) we give
respectively the followings solutions

(w+k1)>+k2

u(t,x,y) = ﬂ(x—b/Fz(t)dt—yl/Ld))
wla+b) a(y)

1
F.
+ uz/Fz(y)dy+y () +k

and for a(7) = F,(¢) the following solution

0bu,

\bupu,(a+b)
Voup 1
tanh< 2”1 1<x—b / Fy(t)dt — / Fz(y)dy> +k1> (37)

1
d F,(t) + k.
+“2/F2<y) o

(36)

u(t,x,y) =

In Fig. 2 we considere k=1l,u,=1pu=1,y=1a=3,b=1,5,
F,(x) =x3,F2(x) =x2 and w=Luy=Lk=Lk=1y=tb=1,a=2,
F,(x) = x, F,(x) = x* respectively.

By using v, + v, we obtain the similarity variable and similarity solutions
1 1
w= z]e_/ @d@’ h= g(w)e_f @dzz, (38)
and the ODE

ag'g"w+2a(W ) +bg"gw+bg"g + 48" +h"'w =0 (39)

3. Equation E; admits symmetries (33) and

0 h o

0 0
= _—, = —, = — 4+ _—, = _
V31 =2 oz, Vi =2 Va3 PR Vo a(Z2)6z2 (40)

@ Springer



Journal of Mathematical Chemistry (2020) 58:775-798 785

Fig.2 Exact solution of (36)
and (37) respectively given by

. gl

equation E, 1 d”/////// ll/l/ll/ll
il

/z’/’”’ 7

l

By using Vi, + uvs; +v, we obtain the similarity variable and similarity

solutions
2
1 4
w=z —u | —dz,, h=gw)z +— “n
a(z;) H
and the ODE

—ug"" —2bg" —3bug's" = 0. (42)

Integrating (42), by multiplying by ¢” and integrating again with respect to w
we arrive to the following second order ODE

2b
"= _7(8,)2 —b@Y +c18 +¢, (43)

The solutions of this equation when ¢; = ¢, = 0 are
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gw) =k,

glw) = —gw +k
u

and

Vb \ 2

where k, k; and k, are constants of integration. Thus, for Eq. (1) we give respec-
tively the followings solutions

V2D
g(w) = —Zﬁtan( "k, +w)> +k

1 X 1x? Xy
Lxy) ==\ k—=+-= )+,
ult. %, ) x( \/; n t> 2bt @4
u(t,x,y):i _2 i—%/ ! dy+
2R
X 1x? Xy
t+k )| —+-— |+ =
”y/ 2F, () >\/t nt) b1
and
242 \V2b
M(I,X,y): ——\/_btal’l TH kl %—Itl ly dy+
VH ! F‘(?> (46)

1 X 122\1 xy
+,uy/ Sy dt+k>> +k2>— + ——)— + =
tFl(;) \/; ut Jx 2bt
In Fig. 3 we considere y = 2 n=1,b=1,k=0,2 for the first solution,
y=-21,u=05n=1,b=1,k=1 for the second solution and finally
y=3,u=3n=1b=-Lk=1k =1k =2,F ()=t
By using v;; + v, we obtain the similarity variable and similarity solutions

1
W=z — dz,, h=gw
4\ / «) % gw)z, 47)
and the ODE
g//// _ 3bgig// — O (48)

Integrating (48), by multiplying by ¢” and integrating again with respect to w
we arrive to the following second order ODE
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Fig. 3 Exact solution of (44),
(45) and (46) respectively given
by equation E,
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€' =-b(E) + 18+ (49)
The solutions of this equation when ¢; = ¢, = 0 are
gw) =k
and

4

— 4k
bw+k)

gw) =

where k, k; and k, are constants of integration. Thus, for Eq. (1) we give respec-
tively the followings solutions

k Xy
u(t,x,y) = 7t Y (50)
and
-1
1141 x 1 1 1
u(t,x,y) = —| - ———/ dy+y/ —dt + k|
1l k) D 51)
+hy) S 4 2

\/; 2bt

In Fig. 4 we considere y=4n=1b=1 and
y= 2n=0,1,b=0,8k= 2,k; =0,ky =0, F|(¢) = t respectively.
By using v3; + v, we obtain the similarity variable and similarity solutions

1
-/ de 52
w=ze %@ T p=gw) 62
and the ODE
—w*g"" 1 2bw?(g')? + 2bw?gg” — 2bwgg’ — 3bw3g'g" = 0. (53)

4. Equation E4 admits symmetries
A% = i \'% = i + Z_li \% = i —_ Z_li
WTon 2T oz, T Zon BT oz, aon (54)

By using v, + uv,; we obtain the similarity variable and similarity solutions

2 Z% 1 u
W= -, h=g(w)+5<z—;) (55)
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Fig.4 Exact solution of (50)
and (51) respectively

and the ODE

n_2
a A

8" — (A +a)g" — pwg" —(a+b)g'g" + ( )bg’ + L’ﬂ -u=0. (56)
Integrating (56)we arrive to the following second order ODE
—&" = (Au+a)g +puwg' — (#)(g’)%
+<%+%b—ﬂ>g+<%ﬂz—y>w=0. o7
By using v,; we obtain the similarity variable and similarity solutions
w=z, h=gw)— %zlzz (58)

and the ODE
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b b1
i+ 2 )" / (———) —1=0.
(+awg+g+ ar_ )" (59)

Integrating (59) we arrive to the following first order ODE

by)e <_é) l(£_1>2_ =
<ﬂ+aw>g+ 1 p g+2 17 w+c¢; =0. (60)

The solutions of this equation when ¢; = ¢, = 0 are

1

)= @ =)

<2/1k1 (a® = b*)(Aa + bw)'"F + 4</1a + %(b - a))2>

where k, k; and k, are constants of integration. Thus, for Eq. (1) we give respec-
tively the followings solutions

2
u(t, x,y) = ;—/1 - é(x— Mnt)(% - alnt)

1 2 2 1-4¢
n m(ukl(a — b)(Aa+ b(x — A1) 6D
1 2
+4 (ﬂa+ Se- ,um)(b—a)) )
InFig. 5weconsidere y=x,A=1,b=—-1,a=3,k; = 1.
5. Equation Eg, for 4 = 0, admits symmetries
0 d 0 0
Vs1 = 95, V2= 5p0 V53 = 2b0_z1 tag
(62)
Vsy =—2 i+Zz i+hi
54 IOZI zaZZ ()h

By using uvs; + vs; we obtain the similarity variable and similarity solutions

Fig.5 Exact solution of (61)

0000+
0000+

D000

-10
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2b L,
= - — h= A
W=z y 2 gw) + 2/1Z2 (63)
and the ODE
4bg"" + 4b(a + b)g'g" + uwg" +2ug’ = 0. (64)

Integrating we arrive to the following third order ODE
4bg"" + 2b(a + b)(g')* + uwg' + ug = 0. (65)

The solution of this equation when a = —b is given by

3
u(t,x,y) klwzhypergeom<[1], [%, %], al n)

" 36b
_xn .
6
+ k,Bessell —%, 3 b <_x7n>
(66)
x3n 1
1 Ty B\ 6
kB 1] =, -
+ k;Besse 3 3 < b>

where k,, k, and k; are constants of integration. Thus, for Eq. (1) we give respec-
tively the followings solutions

u(t, x,y) = (=2x(In () + 2)V/1 + tIn (¢)* + 4¢1n (1)

|
t3/2f(t)1/6

+ 32 +41) -f(t)l/éhypergeom<[l], [%, %], %f(ﬂ)
(67)

— 3(—\/;)6 +t2+1n (t)))BesselI(%, % f(t)> <—)%> ‘

+2tf(t)1/3BesseII<—%, % f(t)) + %(m ) + 2)2]

3
where f(f) = t‘3/2((ln (t) + 2/t - x) . In Fig. 6 we considere y = land b = 1.
By using uvs, we obtain the similarity variable and similarity solutions

w=z257 h=gwz’ (68)

and the ODE

wg'"" + 48" + (a + bywg'g"” + bgg" —wg" +2a(g')? —2¢' = 0. (69)

6. Equation Eg, for 4 = 0, admits symmetries
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Fig. 6 Exact solution of (67)

0,20 .0 5 0 0 .
"oz, 20z,  oh (70)

= N =—+__,
Yo T o Yo T o T ¢

By using uvg; we obtain the similarity variable and similarity solutions

w=z27 h=gwz (71)

and the ODE

—wg"" — 48" 4+ (a+ b)wg'g" + bgg" +wg" +2a(g")? +2¢' =0. (72)

4 Lie symmetry groups

In this part, by solving the following initial problems, we can get the Lie symmetry
group from the related symmetries. Considering the infinite symmetry generators,
we can observe that

Theorem 2 The one-parameter Lie symmetry groups g;,i = 1, ..., 6, which are gen-
erated through'V,,i =1, ..., 6, respectively are given by

time-translation:

g Gx,yu) > 0,239,080 = +e,xy,u) (73)
space-translation along the x-axis:
g2 : (t’x’y’u)_)(’i’j"j\)’ﬁ)z(t’x-i_e?y?u) (74)
space-translation along the y-axis:

(75)

g (X, y,u) > (4,1,9,8) = (t,x,y +e,u)
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time and space scaling group:

g4 : (ta-x,y7u) g (?,2,5)7ﬁ)=(tee7x7ye€7u) (76)
nonhomogeneous scaling group:
N , 77
gs . (tx,y,u) - (4,x,9,01) = (te™%¢, xe™¢, y, uet) a7
time and space dependent shift:
(78)

8 - tx,y,u) > (1,%,9,0) = (t,x,y + ate, u + xe)

The groups g, g, and &, r.,, generated through V, . ) and V, . respectively are
given by

time-dependent shift:

A n oA 79
81w - (Lxy,u) = (L, 9,0) = (t,x,y,u+ eF (1) (79
time-dependent shift:
IR 80
8rryn - (XY u) = (1,5, 9,0) = (1, x + beF, (1), y, u + yeF;(t)) (80)
And finally for V, with a = 2b, the Lie symmetry group is given by the shift g,
NN t ix y
. t, > Y, = - ) s )
g (H550) ( 2bet— 1 fopor 1 2bet— 1

8D

<z + 7i + In 2bet — 1))qu xy(i — \/2bet — 1)>
2 b\ 2bet — 1

where € is the group parameter.

Proof To calculate the one-parameter Lie symmetry group g(t, x, y, u) generated
through the general vector field (3), we consider

gt,x,y,u) = (1,%,9, ) (82)
and we solve the following initial problems

g T(t,X,y, 1) (83)
de

ox
& = é](tbx’y’ M) (84)

%
% = 52(1‘7957)’» M) (85)

<
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& =y (36)

and
1.2,9, )9 = (t,x,y,u). (87)
From (83)—(86) we obtain the corresponding Lie symmetry group. |

4.1 New solutions

The theory of Lie assures that a group of symmetry transforms solution into solutions,
then we can conclude that if u = f(z, x, y) represents a known solution of the differential
Eq. (1), by applying the different group of symmetry we can calculate the new solu-
tions of (1).

By applying the above groups g;, (i = 1, ... 6) we can obtain the corresponding new
solutions:

i, =f(t —e,x,y) (88)
i, =f(t,x—€,y) (89)

iy =f(t,x,y—€,y) (90)
i, = f(te™¢, x,ye™) 91)
its = f(te*, xe®, y)e (92)
ftg = f(t, X,y — aet) + xe (93)

The groups g, ¢, and g, r (, give us the solutions:

iy g =f(tx,9) + €F (1) (94)

ﬁzsz(l) =f(t,x — Fy(t)be,y) + yeF;(t) (95)

and for the Lie symmetry group g, we obtain the new solutions:
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iy = (1 iz +lln<—;>>
T 2 2 2bet + 1

Y R
2bet + 1’ 2bet + 17 2bet + 1 (96)
X 1
M —— 41

+ bt(’\/ Yerr1 ))y

5 Conservation laws

A local conservation law for the generalized (2+1)-dimensional nonlinear evolution
Eq. (1) is a divergence expression

(D,T+DX+D,Y)|, =0 (97)

holding on the whole solution space € of Eq. (1). The conserved density 7 and the
spatial fluxes X and Y are functions of ¢, x, y, u and derivatives of u. Here D,, D, and
D, denote the total derivative operators with respect 7, x and y respectively.

This method makes use of the concept of multiplier, that is, a function
O(t, x, y,u, u,, uy, ...) which satisfies that (u,, + auu,, + buu, + u,,,,)Q is a diver-
gence expression for solutions of (1) and for any function u(z, x, y). All non-trivial
conservation laws arise from multipliers. When we move off of the set of solutions
of Eq. (1), every non-trivial local conservation law (97) is equivalent to one that can
be expressed in the characteristic form

(D,? + Dx)? + D{f) = (utx + auu,, + buxxuy + uxxxy)Q (98)

that vanishes on the set of solutions of Eq. (1) where (/]\”, X , ?) differs from (7, X, Y)
by a trivial conserved current.
We find all multipliers by solving the determining equation

)
5 (u,x +auu,, + buxxuy + umy) 0=0 (99)

where :—u is the Euler—Lagrange operator £[u] given by

. 0 ' 0
E] := < + Y (-1)'D, D,
[u] ou ;( ) i i auili7,,_i_
= o (100)
=£—D,1—DX1—D.i+D2i+-~-
ou ou, ou, yduy * Ou,,

and the general form for a low-order multiplier for the generalized (2+1)-dimen-
sional nonlinear evolution Eq. (1) is given by
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u

Ot X, y, Uy, Uy, U, 1 -

o Uys U Uneys U

The determining Eq. (99) yields a linear determining system for the multipliers
Q(t’ X, y’ M)

O,(t.xy,u)=0, 0, tx,y,u)=0, Q, (tx.y,u)=0,
o,txyu)=0, @, ¢txyu)=0, 0, xyu)=0,

QM(I,X,}” u) = 03 qux(t’X,y, M) = 07 Qu”y(tsx’y’ u) = 09 (101)
Qu,(t’ X, y’ u) = 07 Quz(ta X, y’ u) = 0'
We solve this determining system and we get two multipliers
Ql = u)(?
0, = /(). (102)

Theorem 3 The low-order local conservation laws admitted on the whole solution
space € by the generalized (2+1)-dimensional nonlinear evolution Eq. (1) are given
by

1. Corresponding to the multiplier Q| we obtain the first conservation law

u;
T, ==,
2
X, = bp (103)
| = T Uyl + zuxuy,
Y, = 2a6_ bui +uu,, + Zuix.

2. For the multiplier Q, we obtain the second conservation law, with f(t) arbitrary
function

T2 =f(t)uxa
X, = bf(yuu, — f'(t)u,

(104)
Y, = %f(t) [(a + by + 2u,.].

Proof For each of the conserved currents obtained, Eq. (97) is satisfied when the
generalized (2+41)-dimensional nonlinear evolution Eq. (1) holds. By solving the
determining Eq. (99), the solution multipliers O, and Q, give us these conserved
densities and fluxes of Eq. (1) and they are the only conservation laws admitted by
this equation. O
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6 Concluding remarks

In this paper, by using the Lie symmetry analysis method, we studied the general-
ized (2+1)-dimensional nonlinear evolution Eq. (1). All the Lie point symmetries
admitted by this equation is performed. We have construct an optimal system of sub-
algebras and used it to obtain symmetry reductions and exact solutions of (1). Fur-
thermore, we have determined the Lie symmetry groups and obtained new solutions.
Finally by using the multipliers method we performed a clasification of low-order
conservation laws.
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