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Abstract
The main purpose of the study is to introduce the multi-objective optimization using
Pareto approximations to problems of chemical kinetics. We report the setting up
and solution of the multi-objective optimization problem for conditions of a chemical
reaction on the basis of a kinetic model. The study addresses the reaction of alcohols
with dimethyl carbonate catalyzed by cobalt or tungsten carbonyl. The objective func-
tions for optimization of chemical reaction conditions based on a kinetic model are
presented. The NSGA-II algorithm was applied to determine the Pareto set and front
for the multi-objective optimization problem applied to the reaction of alcohols with
dimethyl carbonate for two catalysts, which make it possible to find the compromise
values of variable parameters providing extrema of the objective functions.

Keywords Multi-objective optimization · Reaction of dimethyl carbonate with
alcohols catalyzed by metal complexes · Kinetic model · Economic criteria · Variable
parameters · Pareto approximations · NSGA-II algorithm · Pareto front · Pareto set
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νij Stoichiometric coefficients
J Number of steps
yi Concentration of a reactant, mol/l
I Number of compounds
wj Rate of j-th step (1/min)
kj, k−j Rate constants of steps (reduced)
Ej Activation energy of reactions, kcal/mol
G Universal gas constant, equal to 8.31 J/(mol K) or 0.002 kcal/(mol K)
T Temperature (K)
αij Negative elements of the matrix (νij)
β ij Positive elements (νij)

k0j Pre-exponential factors, 1/min
Z Optimization function
yct Amount of the catalyst, mmol
y Concentration vector of a compound, mol/l
y0 Vector of initial concentrations of compounds, mol/l
η Weight vector
μ Additional expenses
t* Reaction time (min)
B Productivity [g/(l day)]
N Number of cycles per day [day−1]
ξXi Reactant conversion
MXi Reactant molar mass [g/mol]
yprod Reaction product concentrations (mol/l)
ysource Reactant concentrations (mol/l)
ψ Variable costs (normalized)
A Fixed costs (normalized)
Pr Number of products
Sr Number of reactants
P Profitability (normalized)
X* Desired solution of multi-objective optimization problem over variable

parameters
F* Desired solution ofmulti-objective optimization problem over objective func-

tions
R|A| |A|-Dimensional arithmetic space

1 Introduction

The key goal of the study is to apply Pareto multi-objective optimization methods to
the problems of chemical kinetics. The purpose of modeling of any process, including
a complex catalyzed reaction, is to find the optimal conditions for conducting the pro-
cess. Herewe present a procedure for determining the optimal conditions of a chemical
reaction such that the extreme values of several criteria are attained simultaneously.
Determination of the optimal reaction conditions is based on the kinetic model of the
reaction.
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We consider the catalytic reaction of DMC with alcohols catalyzed by W(CO)6 or
Co2(CO)8.DMC is a green chemistry reagent.According to green chemistry principles
[1], hazardous chemicals used in the synthesesmust be replaced by less toxic andmore
efficient compounds, which give either less by-products or more readily utilizable by-
products. DMC complies with the green chemistry principles as both a solvent and
a reactant. It is synthesized using CO2 as a starting compound. Reactions involving
DMC require only a catalytic amount of a base and give no wastes. The reaction
gives the methyl ethers of alcohols and alkyl methyl carbonates, which are widely
used as solvents and intermediates for the synthesis of pharmaceuticals, herbicides,
antifreezes, etc. The DMC reactivity is moderate; therefore, the reaction is carried out
in the presence of catalysts [2, 3].

Previously [4], alkyl dimethyl ethers and alkyl methyl carbonates have been
synthesized by the reactions of diols with dimethyl carbonate in the presence of
W(CO)6 or Co2(CO)8. The tungsten carbonyl W(CO)6 and the cobalt carbonyl
Co2(CO)8 show high catalytic activities towards the reaction of DMC with alcohols.
The W(CO)6-catalyzed reaction affords alkyl methyl ethers ROMe with a 95-98%
selectivity. When the catalyst is replaced by Co2(CO)8, alkyl methyl carbonates
ROCO2Me are formed. The DMC activation towards the reactions with alcohols is
accomplished by the metal complex catalysts, dicobalt octacarbonyl (Co2(CO)8) and
tungsten hexacarbonyl (W(CO)6).

ROH + (MeO)2CO
Co(CO)8,W (CO)6−−−−−−−−−−−→ROMe + ROCO2Me + CO2 + MeOH

The observable compounds are ROH, ROMe, and ROCO2Me (R�C6H13).
The conditions of this kinetically complex reaction should be optimized on the basis

of a kinetic model that reflects the key reaction regularities: the reaction mechanism,
equations for the rates of single steps, and quantitative characteristics including kinetic
constants, activation energies, and additional simplifying assumptions for the roles of
particular steps.

2 Kinetic model of the catalytic reaction between dimethyl carbonate
and alcohols

The kinetic models for the possible chemical transformation schemes have been
reported in [5–8]. By comparative analysis of the calculated kinetic parameters and
rates of steps, the possible reaction pathways were elucidated and an adequate mech-
anism was chosen.

The scheme of transformations involved in the reaction ofDMCwith alcohols in the
presence of Co2(CO)8 and the relevant ranges of kinetic parameters are summarized
in Table 1.

The scheme of transformations involved in the reaction of DMC with alcohols in
the presence ofW(CO)6 and the relevant ranges of kinetic parameters are summarized
in Table 2.

The uncertainty of the values of kinetic parameters (Tables 1, 2) appears because the
inverse kinetic problem has a non-unique solution. The parameters were determined
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Table 1 Kinetic parameters of the Co2(CO)8-catalyzed reaction of DMC with alcohols

N Stages ln k0j ,
l/(mol*min)

Ej

1 Co2(CO)8 +ROH→Co2+(ROH)+Co(CO)−4 +
4CO

22.00±0.01 24.10±0.01

2 Co(CO)−4 + (MeO)2CO→Me+[Co(CO)−4 ]+
CO2+MeO−

11.9±0.8 8.1±0.8

3 Co(CO)−4 + (MeO)2CO ↔ Co(CO)4CO2Me+
MeO−

20.70±0.01;
10.90±0.01

13.40±0.01;
9.00±0.01

4 Co(CO)4CO2Me+ROH→HCo(CO)4 +CO2 +
ROMe

18.20±0.01 15.00±0.01

5 Co(CO)4CO2Me+ROH→ROCO2Me+
HCo(CO)4

12.0±0.1 5.6±0.1

6 Me+[Co(CO)−4 ]+ROH→ROMe+HCo(CO)4 20.1±0.4 21.5±1.5

7 HCo(CO)4 +MeO− →MeOH+Co(CO)−4 15.90±0.01 10.60±0.01

Table 2 Kinetic parameters of the W(CO)6-catalyzed reaction of DMCwith alcohols (the rate constants are
reduced to the min−1 units)

N Stages ln k0j , Ej ,

1 W(CO)6 →W(CO)5 +CO 38.40±0.01 31.70±0.01

2 W(CO)5 +MeOCO2Me→W(CO)5CO2Me+ +
MeO−

30.4±0.1 30.4±0.6

3 W(CO)5CO2Me+ +ROH→ROMe+CO2 +
HW(CO)+5

18.2±0.2 17.1±0.5

4 W(CO)5CO2Me+ +ROH→ROCO2Me+
HW(CO)+5

20.8±0.1 21.7±0.3

5 HW(CO)+5 +MeO− →MeOH+W(CO)5 18.90±0.01 12.10±0.01

by processing a large array of experimental data collected at various temperatures and
initial amounts of the catalyst [4–6]. The kinetic parameters thus obtained vary over
the indicated ranges.

This kinetic model can be used to solve the optimization problem for the reaction
conditions. Setting up the optimization problem implies the presence of objective
functions, variable parameters, and some constraints on the variable parameters.

3 Objective functions of the optimization of chemical reaction
conditions based on a kinetic model

In the general case, objective functions of optimization based on a kinetic model have
the form

Z (y, y0, t∗, η, μ, T ) → max, (1)
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As a rule, the optimization functional for problems of chemical kinetics is the maxi-
mized product yield. However, themost general setting up of the optimization problem
is to express the objective function as some economic evaluation. This evaluation may
be done using some economic criterion (profitability, productivity).

Optimization of the reaction conditions according to (1) on the basis of the kinetic
model can be performed using the following objective functions [9, 10]:

1. Product yield

Z � yprod (t∗, T , y0) → max (2)

This objective function can be used to determine the reaction conditions to maxi-
mize the yield of the target product.

2. Productivity criterion: production output per unit time

Z � B � N · y0i · ξyi (t∗, T ) · Myi → max (3)

The objective function can be used to determine the reaction conditions that would
maximize the productivity. The productivity maximum does not necessarily coincide
with the highest product yield, as the product formation slows down with time, and
the reaction can be arrested after high productivity has been attained. In this case, the
number of cycles N is greater.

3. Profitability criterion equal to the ratio of the income amount to the capital invest-
ment:

Z � P �
∑Pr

prod�1 yprod (t∗, T ,y0) · ηprod
∑Sr

source�1 ysource(t∗, T ,y0) · ηsource + ψ(t∗, T ) + A
→ max (4)

This objective function defines the reaction conditions tomaximize the profitability.
Simultaneous investigation of several objective functions requires multi-objective

optimization, which provides the optimal values of variable parameters.

4 Setting up andmethods of solution of multi-objective optimization
problem for the conditions of reaction based on the kinetic model

The mathematical model of the problems of chemical kinetics is given by a nonlinear
system of ordinary differential equations for the variation of the compound concen-
trations with time with known kinetic parameters, that is, pre-exponential factors and
activation energies of particular steps [11–13]
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(5)

dyi
dt

�
J∑

j�1

vi jw j , i � 1, . . . I ; w j

� k j ·
I∏

i�1

(yi )|αi j | − k− j ·
I∏

i�1

(yi )
βi j ; k j

� k0j · exp
(

− E j

GT

)

; t ∈ [0, t∗]

The optimal conditions for conducting the reaction can be identified by analysis of
the specified objective functions (2)-(4) within the framework of model (5).

Setting up the multi-objective optimization problem for the conditions of chemical
reaction on the basis of the kinetic model has the following form [10, 14, 15].

Vector of variable parameters X=(x1, x2, x3). x1 is the reaction temperature, T ; x2
is the initial amount of the catalyst, yct (Co2(CO)8) or W(CO)6); x3 is the reaction
time, t*. Dimensionality of the vector of variable parameters |X |�3. Objective func-
tion vector F(X)= (f 1(X), f 2(X)). f 1 is the yield of the target product (2) (the target
product is ROCO2Me for Co2(CO)8 as the catalyst or ROMe in the case of W(CO)6);
alternatively, f 1 is productivity (3); f 2 is the profitability of the reaction (4).

F(X) with the values {F}�R(F)=R2 in the objective space is defined in the region
DX⊂ {X}=R|X|=R3: T ∈ [Tmin; Tmax], yct ∈ [yct min; yt max], t* ∈ [t*min; t*max].

Then the maximization of the objective function in the region DX can be written
in the form

maxF(X )
X∈DX

� F(X∗) � F∗ (6)

The two-objective optimization problem (6) for the catalytic reaction of DMC
with alcohols was first solved separately for each objective function (single-objective
optimization) in order to evaluate the influence of variable parameters on the objec-
tive functions with the following constraints on the variable parameters: T ∈
[150, 200], ykt ∈ [0.001; 0.005], t∗ ∈ [1; 300]. The solution was found by the Hooke
and Jeeves direct search method in combination with the multistart method using the
Matlab software [16].

It was found (Table 3) that the extreme values for the reactions with Co2(CO)8 and
W(CO)6 and objective functions (2)-(4) are attained at the highest temperature, but at
different xct and t* values, which is indicative of the inconsistency of the optimization
quality functional. Therefore, the multi-objective optimization (MOO) problem was
solved with the assumption that Tmin=Tmax=200 °C.

The MOO problem was solved by the Pareto approximation using the NSGA-II
algorithm [16] in the Matlab software with parallelization [17, 18]. The condition for
exiting the algorithm was the minimum change in the objective function (less than
10−6). The quality of Pareto approximation was evaluated considering the following
factors [14]:
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Table 3 Variable parameters for the case of single-objective optimization (t* is the reaction time, xct is the
initial amount of the catalyst, T is the reaction temperature)

Catalyst Criterion Variable parameters

T , °C yct , mmol t*, min

Co2(CO)8 Yield 200 3.24 123

Productivity 1.5 44

Profitability 4.05 34

W(CO)6 Yield 2.41 108

Productivity 1.8 65

Profitability 4.56 23

1. Average distance between solutions, that is, the Euclidean distances for all pairs
of solutions of the obtained agglomerations

d̄(A) � 1

|C1| ∗ |C2|
∑

i∈C1, j∈C2

d(i, j), (7)

i ε C1, j ε C2 where the pairs of C1, C2 solutions are aggregations, agglomerations,
clusters and d(i, j) is the Euclidean distance between solutions i and j.

2. Average scattering as a measure of homogeneity of distribution of solutions

IS(A) �

√
√
√
√
√

1

|A| − 1

|A|∑

j�1

(d̄ − d j )2, (8)

where |A|� |C1| + |C2| is the size of the solution set.
These characteristics were applied to evaluate the Pareto set (genotype), that is, the

optimal values of the variable parameters, and the Pareto front (phenotype), that is,
the corresponding optimal values of the objective functions.

5 Results and discussion

While solving the multi-objective optimization problem, we took into account the
ranges of kinetic parameters (Tables 1 and 2) by interpolating the parameters for the
conditions of interest.

The results of Pareto set and front approximations for elucidation of the optimal
conditions of the catalytic reaction of DMC with alcohols in the presence of the
Co2(CO)8, and W(CO)6 catalysts with objective functions (2)–(4) are summarized
below:

1. Pareto front approximations for the yield (2) and profitability (4), and productivity
(3) and profitability (4) objective functions F are shown in Figs. 1 and 2.
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Fig. 1 Pareto front approximation for the MOO problem for the reaction of alcohols with DMC catalyzed
by Co2(CO)8. a Objective functions: product yield-profitability, b Objective functions: productivity-
profitability

Fig. 2 Pareto front approximation for theMOO problem for the reaction of alcohols with DMC catalyzed by
W(CO)6. aObjective functions: product yield-profitability. bObjective functions: productivity-profitability

When productivity is taken as an objective function, the resulting profitability values
are higher (Figs. 1b, 2b) than with the target product yield (Figs. 1a, 2a). This is due to
the fact that the highest productivity is attained over a shorter time, resulting in higher
profitability according to (4). The profitability is higher for the Co2(CO)8 catalyst
(Fig. 1) than for W(CO)6 (Fig. 2), which can serve to compare the performances of
various catalysts.

2. The Pareto set approximations (variable parameters) for the use of yield (2) and
profitability (4), and productivity (3) and profitability (4) objective functions F are
presented in Figs. 3 and 4.

Figures 3 and 4 show the following trends: the optimized variable parameters
(amount of the catalyst and reaction time) are lower for the case of productivity-
profitability objective functions (Figs. 3b, 4b) than for the yield-profitability case
(Figs. 3a, 4a). This allows one to evaluate the process performance.

The evaluation of the quality of Pareto approximations according to (7), (8) is given
in Table 4.

Relying on the solution of the MOO problem and the obtained values, one can
consider an assembly of points in which DM can assume practical values of reaction
conditions. It is possible to choose conditions for maximized target characteristics
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Fig. 3 Pareto set approximations (variable parameters) for theMOOproblem for the reaction of alcoholswith
DMC catalyzed by Co2(CO)8. a Variable parameters for objective functions: product yield-profitability. b
Variable parameters for objective functions: productivity-profitability

Fig. 4 Pareto set approximations (variable parameters) for the MOO problem for the reaction of alcohols
with DMC catalyzed byW(CO)6. a Variable parameters for objective functions: product yield-profitability.
b Variable parameters for objective functions: productivity-profitability

Table 4 Evaluation of the quality
of Pareto approximations

Phenotype Genotype

Average distance between
solutions d̄(A)

0.003 0.004

Average scattering IS(A) 0.135 0.108

(by Pareto front approximation) or some compromise decision. Also, on the basis
of the existing Pareto set, it is possible to choose acceptable conditions for variable
parameters (i.e., minimal values of the Pareto set that are matched by approximations
of the Pareto front).

6 Conclusion

Thus, using the NSGA-II algorithm, we determined the Pareto set and front for the
MOO problem for the reaction of alcohols with DMC for two catalysts. The areas of
variation of parameters in the Pareto set with the corresponding extrema of the Pareto
front are provided for the DM.

As regards the practical process design, the application of the above methods pro-
vides exhaustive sets of conditions for conducting chemical processes, with both
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economic and production requirements being taken into account in any production
cycle.

Acknowledgement The reported study was funded by the President of the Russian Federation SP-
669.2018.5 stipends and RFBR according to the research projects No. 18-07-00341, 18-37-00015.

References

1. P.T. Anastas, J.C. Warner, Green chemistry: theory and practice (Oxford University Press, New York,
1998)

2. F. Arico, P. Tundo, Russ. Chem. Rev. 79(6), 479 (2010)
3. A.G. Shaikh, Chem. Rev. 96, 951 (1996)
4. R.I. Khusnutdinov, N.A. Shchadneva, Y.Y. Mayakova, Russ. J. Org. Chem. 50(6), 790–795 (2014)
5. K.F. Koledina, S.N. Koledin, N.A. Schadneva, Y.Y. Mayakova, I.M. Gubaydullin, Reac Kinet Mech

Cat 121(2), 425–428 (2017)
6. K.F. Koledina, S.N. Koledin, N.A. Shchadneva, I.M. Gubaidullin, Russ. J. Phys. Chem. A 91(3),

444–449 (2017)
7. R.Z. Zainullin, K.F. Koledina, A.F. Akhmetov, I.M. Gubaidullin, Kinet. Catal. 58(3), 279–289 (2017)
8. E. Hairer, G. Wanner, Solving ordinary differential equations II , 2nd edn. (Springer, New York, 1996)
9. L.F. Shampine, R.M. Corless, J Comp Appl Math 125(1–2), 31–40 (2000)

10. M.M. Canedo, J.L. González-Hernández, J. Math. Chem. 49(1), 163–184 (2011)
11. K.F. Koledina, I.M. Gubaidullin, Rus J Phys Chem A 90(5), 914–921 (2016)
12. I.M. Gubaydullin, K.F. Koledina, L.V. Sayfullina, Eng J 18(1), 13 (2014)
13. L.F. Nurislamova, I.M. Gubaydullin, K.F. Koledina, R.R. Safin, React. Kinet. Mech. Catal. 117(1),

1–14 (2016)
14. A.P. Karpenko, Modern algorithms of search optimization. Algorithms inspired by nature: a tutorial

(MSTU Publishing House. N.E. Bauman, Moscow, 2014)
15. M. Abramson, A. Charles, J.E. Dennis, J. Digabel, S. Digabel, SIAM J. Optim. 20(2), 948–966 (2009)
16. D. Kalyanmoy, A. Pratap, S. Agarwal, T. Meyarivan, IEEE Trans. Evol. Comput. 6(2), 182–197 (2002)
17. P. Alonso, F. Argüeso, R. Cortina, J. Ranilla, A.M. Vidal, J. Math. Chem. 51(4), 1153–1163 (2013)
18. P. Alonso, F. Argüeso, R. Cortina, J. Ranilla, A.M. Vidal, J. Math. Chem. 50(2), 410–420 (2012)

123


	Multi-objective optimization of chemical reaction conditions based on a kinetic model
	Abstract
	List of symbols
	1 Introduction
	2 Kinetic model of the catalytic reaction between dimethyl carbonate and alcohols
	3 Objective functions of the optimization of chemical reaction conditions based on a kinetic model
	4 Setting up and methods of solution of multi-objective optimization problem for the conditions of reaction based on the kinetic model
	5 Results and discussion
	6 Conclusion
	Acknowledgement
	References




