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Abstract
The principal objective of this study is to propose two derivative free iteration func-
tions. Both are applicable to each earlier optimal multi-point derivative free scheme of
order four and eight whose first sub step should be Steffensen’s typemethod to develop
more advanced optimal iteration techniques of order eight and sixteen, respectively.
Both schemes satisfy the Kung–Traub optimality conjecture. In addition, the theoret-
ical convergence properties of our schemes are fully explore with the help of main
theorem that demonstrate the convergence order. The performance and effectiveness of
our optimal iteration functions have compared with the existing competitors on some
standard academic problems. Finally, on the account of results obtained, our meth-
ods are find to be more efficient as compared to some standard and robust iteration
functions of same order.

Keywords Computational order of convergence · Simple zeros · Kung–Traub
conjecture · Scalar equations · Steffensen’s type method

1 Introduction

A remarkable recognition has given to the development of derivative free iteration
functions having optimal convergence of order eight and sixteen in the last two decade.
Because of the upgraded digital computer and computation programming softwares.
One of the best feature of them is that they do not require any derivative evaluation of
the involved function. In addition, we can simply get our needed precision in a small
amount of time and number of iterations along with smaller residual errors.
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In the literature, we can easily find a good amount of optimal higher-order deriva-
tive free iteration functions which were given by various researchers in [1–11,13–18].
Among them, most of the modifications or reconstructions are based on the Stef-
fensen’s or Steffensen’s like iterative procedure at the expense of more substeps to the
original scheme or extra functional evaluations. However, there is no optimal scheme
that useful to each derivative free iterative technique of order 4 and 8 to obtain further
optimal eighth and sixteenth-order derivative freemethod, according to our knowledge.

In simple words, no researcher presented a general iteration function that applicable
on every optimal convergent scheme of order 4 and 8 (provided whose first sub step
employ Steffensen’s type scheme) to produce more advance extensions of order eight
and sixteen, respectively. Nowadays, such types of techniques are more fascinating
and tough chore in the field of computational methods and numerical analysis instead
of obtaining a particular higher-order extension of an existing iterative method.

Therefore, we are interested to develop two schemes: first one is useful for every
optimal iteration function/family of iteration functions of order four to obtain further
more advance reconstruction of optimal eighth-order; second one is applicable to
each optimal eighth-order iterative scheme to construct further optimal sixteenth-
order convergence. The construction of them based on the concept of the rational
approximations. They are useful for each optimal scheme of order four and eight
provided whose first substep employs Steffensen’s type method. Then, it is obvious to
choose any scheme from [2–9,13,15–17], etc. to further obtain eighth and sixteenth-
order methods. The efficiency of them is checked on a good number of standard test
problems. It is found that their performance is more useful than the existing ones of
same order.

The layout of this study is given as follows: the Sect. 2 is assign to the construction
of two new derivative free schemes, which are useful for each optimal scheme of
order four and eight to obtain further eighth and sixteenth-order iterative functions.
In addition, we examined the convergence properties of them in a main theorem that
demonstrate the theoretical order of convergence. Section 3 is dedicate to illustrate
the computational consequence of our schemes that were presented in the earlier
Sect. 2. Therefore, several numerical experimentation are executed on some standard
academic numerical problems. In addition,we also present the contrast of themwith the
earlier existing iterative procedure of same order. Section 4 consists of final concluding
comments based on our proposed schemes.

2 Development of optimal schemes

This section is dedicated to the main objective of this study. In simple words, we
propose here two optimal derivative free schemes of order eight and sixteen. First of
all, we assume the following general derivative free iteration function of order four:

⎧
⎪⎨

⎪⎩

wk = xk − γ
f (xk)2

f (uk) − f (xk)
,

zk = φ4(xk, uk, wk),

(2.1)
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where uk = xk + γ f (xk), γ ∈ R. We assume the rational function of the following
form in order to attain the next approximation xk+1 to the required root,

x = xk − τ(x) − τ(xk) + μ1

μ2
(
τ(x) − τ(xk)

)2 + μ3
(
τ(x) − τ(xk)

) + μ4

, (2.2)

where μi , i = 1, 2, 3, 4 are free disposable parameters and can be determined by
imposing the following tangency conditions

τ(xk) = f (xk), τ (uk) = f (uk), τ (wk) = f (wk), τ (zk) = f (zk). (2.3)

By using first condition of tangency, we have

μ1 = 0. (2.4)

Again, by applying the last three tangency assertions, we have three linear equations
in the form of μ2, μ3 and μ4, which are defined as follow

μ2
(
f (uk) − f (xk)

) + μ3 + μ4

f (uk) − f (xk)
− 1

uk − xk
= 0,

μ2
(
f (wk) − f (xk)

) + μ3 + μ4

f (wk) − f (xk)
− 1

ak
= 0,

μ2
(
f (zk) − f (xk)

) + μ3 + μ4

f (zk) − f (xk)
− 1

bk
= 0,

(2.5)

which further yield

μ2 = μ3γ f (xk)( f (xk) − f (uk)) + f (uk) − μ4γ f (xk) − f (xk)

γ f (xk)( f (uk) − f (xk))2
,

μ3 = μ4( f (uk) + f (wk) − 2 f (xk))

( f (uk) − f (xk))( f (xk) − f (wk))
− ak f (wk) − ak f (xk) − γ f (uk) f (xk) + γ f (xk)2

akγ f (uk) f (xk) − akγ f (wk) f (xk)
,

μ4 = ( f (uk) − f (xk))( f (xk) − f (wk))( f (xk) − f (zk))h1
akbkγ f (xk)( f (uk) − f (wk))( f (uk) − f (zk))( f (wk) − f (zk))

,

(2.6)
where ak = wk − xk, bk = zk − xk, h1 = γ f (xk)(ak( f (uk)− f (wk))+bk( f (zk)−
f (uk))) + akbk( f (wk) − f (zk)).
Now, we want to find the final substep of our scheme. So, we assume that the

rational function (2.2) cuts the x – axis at a point x = xk+1, we have

τ(xk+1) = 0, (2.7)

which further yield

xk+1 = xk + f (xk)

μ2 f (xk)2 − μ3 f (xk) + μ4
. (2.8)
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Now, by using the expressions (2.2) and (2.8), we obtain the following new eighth-
order scheme free from derivatives

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

wk = xk − γ
f (xk)2

f (uk) − f (xk)
,

zk = φ4(xk, uk, wk),

xk+1 = xk + f (xk)

μ2 f (xk)2 − μ3 f (xk) + μ4
.

(2.9)

where μ2, μ3 μ4 are defined earlier in the expression (2.6).

2.1 Sixteenth order scheme

In the similar fashion, we can easily obtain the following general family of order
sixteen
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

wk = xk − γ
f (xk)2

f (uk) − f (xk)
,

zk = φ4(xk , uk , wk),

tk = ψ8(xk , uk , wk , zk),

xk+1 = xk + (wk − xk)(zk − xk)(tk − xk)γ f (xk)2ν1

(zk − xk) f (zk)
[
(tk − xk)γ f (tk) f (uk) f (xk)ν2 + (wk − xk) f (wk)( f (wk) − f (zk))ν3

]
+ ν4

,

(2.10)
ν1 = ( f (tk) − f (uk))( f (tk) − f (wk))( f (tk) − f (zk))( f (uk) − f (wk))( f (uk) −
f (zk))( f (wk)− f (zk)),ν2 = ( f (uk)− f (tk))( f (tk)− f (zk))( f (uk)− f (zk))( f (wk)−
f (xk)), ν3 = [(tk − xk) f (tk)( f (tk) − f (wk))( f (tk) − f (zk))( f (uk) − f (xk)) −
γ f (uk) f (xk)( f (tk) − f (xk))( f (uk) − f (wk))( f (uk) − f (zk))] and ν4 = −(wk −
xk)(tk − xk)γ f (wk) f (tk) f (uk) f (xk)( f (tk) − f (uk))( f (tk) − f (wk))( f (uk) −
f (wk))( f (xk) − f (zk)).
The construction of the scheme (2.10) is based on the following rational function

x = xk − ϕ(x) − ϕ(xk) + β1

β2
(
ϕ(x) − ϕ(xk)

)3 + β3
(
ϕ(x) − ϕ(xk)

)2 + β4
(
ϕ(x) − ϕ(xk)

) + β5

,

(2.11)
where βi , i = 1, 2, 3, 4, 5 are free disposable parameters and can be determined by
imposing the following tangency conditions

ϕ(xk) = f (xk), ϕ(uk) = f (uk), ϕ(wk) = f (wk), ϕ(zk) = f (zk), ϕ(tk) = f (tk).
(2.12)

The next Theorem 2.1 demonstrates that the convergence order of our schemes
(2.9) and (2.10) are eight and sixteenth-order, respectively, without using any more
functional evaluations.

Theorem 2.1 Let us assume that f : D ⊂ C → C be an holomorphic function
in the region D consists the required simple zero ξ . In addition, we consider that
φ4(xk, uk, wk) and ψ8(xk, uk, wk, zk) are two optimal schemes of order four
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and eight, respectively. Further, we consider that the initial guess x = x0 is suffi-
ciently close to ξ for sure convergence. Then, the iteration functions (2.9) and (2.10)
have convergence order eight and sixteen, respectively. They also satisfy the following
asymptotic error constant terms, respectively

ek+1 = λ0c2
(
2c32 − 3c1c3c2 + c21c4

)
(γ c1 + 1) 2

c41
e8k + O

(
e9k

)
, (2.13)

and

ek+1 = λ0κ0

(
5c42 − 10c22c3 + 2c23 + 4c2c4 − c5

)
c2e

16
k + O

(
e17k

)
. (2.14)

where ek = xk − ξ and c j = f ( j)(ξ)
j ! for j = 1, 2, . . . , 16.

Proof We expand the function f (xk) by applying the Taylor series expansion around
the point x = ξ leads to us:

f (xk) =
16∑

j=1

c j e
j
k + O

(
e17k

)
. (2.15)

In the similar fashion, we have

f (uk) = f (xk + γ f (xk))

= c1ηek + c2
(
γ 2c21 + 3γ c1 + 1

)
e2k +

16∑

n=1

Ane
n+2
k + O

(
e17k

)
, (2.16)

where A j = A j (γ, c1, c2, . . . , c16) are given in terms ofγ, c2, c3, . . . , c16 for example
A1 = 2γ 2c1c22+c3η3+2γ c22+γ c1c3 and A2 = γ 2c32+2γ 2c1c2c3+c4η4+3γ c2c3η2+
2γ c2c3+γ c1c4, A3 = c5η5+4γ c2c4η3+3γ c3(γ c22 +c3η)η+2γ c2(γ c2c3+c4η)+
γ c1c5 and η = (γ c1 + 1), etc.
By using the Eqs. (2.15) and (2.16) in the first sub step, we get

wk − ξ = c2

(

γ + 1

c1

)

e2k +
(
c1c3

(
γ 2c21 + 3γ c1 + 2

) − c22
(
γ 2c21 + 2γ c1 + 2

))

c21
e3k

+
13∑

n=1

Āne
n+3
k + O

(
e17k

)
. (2.17)

which further yields

f (wk) = c2ηe
2
k + c1c3

(
γ 2c21 + 3γ c1 + 2

) − c22
(
γ 2c21 + 2γ c1 + 2

)

c1
e3k

+
13∑

n=1

¯̄Ane
n+3
k + O

(
e17k

)
. (2.18)
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Since, φ4(xk, uk, wk) is an optimal fourth-order scheme. Therefore, the scheme will
satisfy the following error equation

zk − ξ =
12∑

j=0

λ j e
( j+4)
k + O

(
e17k

)
, (2.19)

where λ j (0 ≤ j ≤ 12) are asymptotic error constants terms, provided λ0 �= 0.
Now, we can expand the function f (zk) about a point z = ξ with the help of Taylor

series expansion, which is given as follow

f (zk) = c1
(
λ0e

4
k + λ1e

5
k + λ2e

6
k + λ3e

7
k

) + (c2λ
2
0 + c1λ4)e

8
k + (2c2λ0λ1 + c1λ5)e

9
k

+ {
c2(λ

2
1 + 2λ0λ2) + c1λ6

}
e10k + {

2c2(λ1λ2 + λ0λ3) + c1λ7
}
e11k

+ {
c3λ

3
0 + c2(λ

2
2 + 2λ1λ3 + 2λ0λ4) + c1λ8

}
e12k + {

3c3λ1λ
2
0

+ 2c2(λ2λ3 + λ1λ4 + λ0λ5) + c1λ9
}
e13k + O

(
e14k

)
.

(2.20)
By using the expressions (2.15)–(2.20), we further obtain

f (xk)

μ2 f (xk)2 − μ3 f (xk) + μ4
= −ek + λ0c2(2c32 − 3c1c3c2 + c21c4)η

2

c41
e8k + O

(
e9k

)
.

(2.21)
With the help of expression (2.21) and last sub step of scheme (2.9), we have

ek+1 = λ0c2(2c32 − 3c1c3c2 + c21c4)η
2

c41
e8k + O

(
e9k

)
. (2.22)

Now, we want to verify the theoretical convergence order of scheme (2.10). Since, we
know that ψ8(xk, uk, wk, zk) is an optimal eighth-order scheme. Therefore, it will
satisfy the following error equation

tk−ξ = κ0e
8
k+κ1e

9
k+κ2e

10
k +κ3e

11
k +κ4e

12
k +κ5e

13
k +κ6e

14
k +κ7e

15
k +κ8e

16
k +O

(
e17k

)
,

(2.23)
where κi (0 ≤ j ≤ 8) are asymptotic error constants terms, provided κ0 �= 0.

Again, we can expand the function f (tk) by using Taylor series expansion about a
point z = ξ . Then, we have

f (tk) =
(
κ0e

8
k + κ1e

9
k + κ2e

10
k + κ3e

11
k + κ4e

12
k + κ5e

13
k + κ6e

14
k + κ7e

15
k

)
c1

+ (c2κ
2
0 + c1κ8)e

16
k + O

(
e17k

)
. (2.24)
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By using the expressions (2.15)–(2.20), (2.23) and (2.24), we further obtain

(wk − xk)(zk − xk)(tk − xk)γ f (xk)2ν1

(zk − xk) f (zk)
[
(tk − xk)γ f (tk) f (uk) f (xk)ν2 + (wk − xk) f (wk)( f (wk) − f (zk))ν3

]
+ ν4

= ek − λ0κ0

(
5c42 − 10c22c3 + 2c23 + 4c2c4 − c5

)
c2e

16
k + O

(
e17k

)
.

(2.25)
Finally, by inserting the expression (2.25), in the last sub step of scheme (2.10), we
get

ek+1 = λ0κ0

(
5c42 − 10c22c3 + 2c23 + 4c2c4 − c5

)
c2e

16
k + O

(
e17k

)
. (2.26)

The expressions (2.22) and (2.26) reveal that the schemes (2.9) and (2.10) reach max-
imum eighth and sixteenth-order convergence, respectively. In addition, both schemes
have optimal convergence according to Kung–Traub conjecture. This completes the
proof. ��

3 Numerical experimentation

This section is dedicated to illustrate the computational behavior of our theoretical
results which are present in the earlier Sect. 2. Therefore, we assume several standard
academic nonlinear scalar problems which are depicted in the Table 1. Since, both of
the schemes are in general way. That’s mean, we can consider any exiting iterative
scheme of order four and eight in our iteration functions (2.9) and (2.10) respectively,
to obtain further eighth and sixteenth-order convergence. Firstly, we propose some
new optimal eighth-order methods, which are consider as below:

(i) We assume an expression (11) from Li et al. [6] and use in our general scheme
(2.9) with γ = 1. Then, we have

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

wk = xk − f (xk)2

f (uk) − f (xk)
, uk = xk + f (xk),

zk = wk − f [uk, xk] + f [wk, xk] − f [uk, wk]
f [wk, xk]2 f (wk),

xk+1 = xk + f (xk)

μ2 f (xk)2 − μ3 f (xk) + μ4
.

(3.1)

where f [uk, xk] = f (xk)− f (uk )
xk−uk

is finite difference of first-order. We denote the
scheme (3.1) by (M18), for computational point of view.

(ii) Now, we choose another expression (12) from Ren et al. in [5] and use in scheme
(2.9) with γ = 1. Then, we further yield another new optimal scheme of order
eight, which is defined as follows:
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Table 1 Test problems

f (x) x0 Root(r)

f1(x) = 10xe−x2 − 1; [5] 1.5 1.6796306104284499406749203388379704

f2(x) = e−x − tan−1 x − 1; [2] 0.3 0

f3(x) = sin−1(x2 − 1) − x
2 + 1; [3] 1.5 0.59481096839836917752265623515213618

f4(x) = sin2 x − x2 + 1; [4] 1.4044916482153412260350868177868681

f5(x) = log
(
x2 − x + 1

)
− 4 sin(x − 1); [7] 0.6 1

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

wk = xk − f (xk)2

f (uk) − f (xk)
, uk = xk + f (xk),

zk = wk − f (wk)

a(wk − uk)(wk − xk) + f [uk, wk] − f [uk, xk] + f [wk, xk] ,

xk+1 = xk + f (xk)

μ2 f (xk)2 − μ3 f (xk) + μ4
.

(3.2)
We recall the above scheme by (M28) with a = 1.

There are two ways to obtain optimal derivative free sixteenth-order meth-
ods/families of iterative methods. First one is corresponding to choose an optimal
fourth-order derivative free iteration function and insert in scheme (2.9). Then, again
reuse the newly obtain eighth-order method in (2.10) to further obtain sixteenth-
order convergence. Second one is corresponding to consider an existing eighth-order
derivative free method and use that one in scheme (2.10) to further obtain optimal
sixteenth-order convergence.We define the new sixteenth-ordermethods in bothways,
which are given as follow:

(i) Let us insert the expression (3.1) in scheme (2.10). In this way, we have the
following new optimal scheme of order sixteen

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

wk = xk − f (xk )2

f (uk ) − f (xk )
, uk = xk + f (xk ),

zk = wk − f [uk , xk ] + f [wk , xk ] − f [uk , wk ]
f [wk , xk ]2 f (wk ),

tn = xk + f (xk )

α2 f (xk )2 − α3 f (xk ) + α4
,

xk+1 = xk + (wk − xk )(zk − xk )(tk − xk )γ f (xk )2ν1

(zk − xk ) f (zk )
[
(tk − xk )γ f (tk ) f (uk ) f (xk )ν2 + (wk − xk ) f (wk )( f (wk ) − f (zk ))ν3

]
+ ν4

.

(3.3)
We denote the expression (3.3) by (M316), for computational work.

(ii) Now, we use an optimal eighth-order family of derivative free iteration functions
proposed by Khattri and Steihaug [4] in scheme (2.10). Then, we further yield
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

wk = xk − γ
f (xk )2

f (uk ) − f (xk )
, uk = xk + γ f (xk ),

zk = wk − f (wk )

− f (uk )(xk−wk )
γ f (xk )(γ f (xk )−wk+xk )

+ γ f (xk )−wk+xk
γ (xk−wk )

− f (wk )(γ f (xk )−2wk+2xk )
(xk−wk )(γ f (xk )−wk+xk )

,

tk = zk − f (zk ) (uk − wk ) (uk − xk ) (uk − zk ) (xk − wk ) (wk − zk ) (xk − zk )

(wk − zk ) 2
(
f (uk ) (xk − wk ) (xk − zk ) 2 − f (xk ) (uk − wk ) (uk − zk ) 2

) + a1
,

xk+1 = xk + (wk − xk )(zk − xk )(tk − xk )γ f (xk )2ν1

(zk − xk ) f (zk )
[
(tk − xk )γ f (tk ) f (uk ) f (xk )ν2 + (wk − xk ) f (wk )( f (wk ) − f (zk ))ν3

]
+ ν4

,

(3.4)
where a1 = f (wk)(uk−xk)(uk−zk)2(xk−zk)2− f (zk)(uk−wk)(uk−xk)(xk−
wk)

[
uk(wk + xk − 2zk) + xk(wk − 2zk) + zk(3zk − 2wk)

]
. This is another new

optimal sixteenth-order family of derivative freemethods. Let us consider γ = 1
2

in scheme (3.4), called as (M416).

First of all, we demonstrate the comparison of our eighth-order iteration functions
with existing optimal derivative free methods of same order. In this regards, we com-
pare them with an optimal scheme proposed by Zheng et al. [2], among this family,
we consider the method (8) (for γ = 1), called by (ZM8). In addition, we contrast
them with another Steffensen-type iteration functions having optimal convergence of
eighth order, which was constructed by Soleymani and Vanani [3], out of them, we
consider themethod (21), recalled by (SM8). Finally, we compare themwith onemore
derivative-free iterative technique given by Khattri and Steihaug [4], among them, we
choose method (17) (for γ = 1), denoted by (KM8).

Then, we also illustrate the convergence behavior of our sixteenth-order methods.
Therefore, we compare them with a family of fast 16th-order derivative free iteration
functions, proposed by Geum and Kim [11], among them we choose the method (5),
called by GM16. In addition, we show the contrast with an optimal sixteenth-order
method given by Kung and Traub [13], denoted by (KM16). In the last, we contrast
themwith another derivative-free optimalmethods of sixteenth-orderwhich is recently
proposed by Sharma and Gupta [16], out of them, we assume the expression (28) (for
γ = 1), known as (SM16).

In order to demonstrate a better comparison of our methods with the existing
schemes, we depicted the number of iteration indexes (k), estimated roots (xk), mod-
ulus value of residual errors (| f (xk)|), errors in the consecutive iterations |xk+1 − xk |,
∣
∣
∣

xk+1−xk
(xk−xk−1)

p

∣
∣
∣, the asymptotic error constant η = lim

k→∞

∣
∣
∣
∣
xkk+1 − xk

(xk − xk−1)p

∣
∣
∣
∣, (where p is

either 8 or 16) and ρ, corresponding to each considered problem, in the Tables 2, 3, 4 5
and 6. In addition, we verify the computational convergence order (ρ) of our proposed
methods, by using the following formula

ρ =
∣
∣
∣
∣
(xk+1 − xk)/η

(xk − xk−1)

∣
∣
∣
∣ , k = 1, 2, 3.

All the values like residual errors, asymptotic error constants, computational order of
convergence, etc. have been calculated minimum 3000 significant digits in order to
minimize the round off error. But due to the restricted paper space, we mention the
value of estimated zeros xk and computational convergence order ρ in 20 and 5 digits,
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respectively. Further, we also depict the values of
∣
∣
∣

xk+1−xk
(xk−xk−1)

p

∣
∣
∣ and asymptotic error

constant term η in 10 digits. Furthermore, modulus value of residual errors | f (xk)|
and |xk+1 − xk | are display in 2 digits with exponent power in the Tables 2, 3, 4 5
and 6. Finally, the estimated zeros up to 35 digits and initial approximations are also
mentioned in the Table 1.

For the computer programming,weuse the programmingpackageMathematica 9.
Further, x(±y) stands for x × 10(±y) in the Tables 2, 3, 4 5 and 6.

4 Conclusions

In this paper, we present two schemes which are applicable to each earlier optimal
multi-point derivative free schemeof order four and eightwhose first sub step should be
Steffensen’s type method to construct further new optimal iteration functions of order
eight and sixteen, respectively. In addition, they do not use any kind of derivative of the
considered function and also satisfy the classical Kung–Traub optimality conjecture.
We can easily obtain many new optimal iteration functions of order eight and sixteen
by applying our schemes (2.9) and (2.10) on the earlier existing methods of order four
and eight. In the similar fashion, we can obtain optimal derivative schemes of order 32,
64, etc. by consider high degree of rational functions. Finally, the efficiency of them is
checked on a good number of standard test problems. It is find that their performance
is more useful than the existing ones of same order.
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