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Abstract

The principal objective of this study is to propose two derivative free iteration func-
tions. Both are applicable to each earlier optimal multi-point derivative free scheme of
order four and eight whose first sub step should be Steffensen’s type method to develop
more advanced optimal iteration techniques of order eight and sixteen, respectively.
Both schemes satisfy the Kung—Traub optimality conjecture. In addition, the theoret-
ical convergence properties of our schemes are fully explore with the help of main
theorem that demonstrate the convergence order. The performance and effectiveness of
our optimal iteration functions have compared with the existing competitors on some
standard academic problems. Finally, on the account of results obtained, our meth-
ods are find to be more efficient as compared to some standard and robust iteration
functions of same order.

Keywords Computational order of convergence - Simple zeros - Kung—Traub
conjecture - Scalar equations - Steffensen’s type method

1 Introduction

A remarkable recognition has given to the development of derivative free iteration
functions having optimal convergence of order eight and sixteen in the last two decade.
Because of the upgraded digital computer and computation programming softwares.
One of the best feature of them is that they do not require any derivative evaluation of
the involved function. In addition, we can simply get our needed precision in a small
amount of time and number of iterations along with smaller residual errors.
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In the literature, we can easily find a good amount of optimal higher-order deriva-
tive free iteration functions which were given by various researchers in [1-11,13—18].
Among them, most of the modifications or reconstructions are based on the Stef-
fensen’s or Steffensen’s like iterative procedure at the expense of more substeps to the
original scheme or extra functional evaluations. However, there is no optimal scheme
that useful to each derivative free iterative technique of order 4 and 8 to obtain further
optimal eighth and sixteenth-order derivative free method, according to our knowledge.

In simple words, no researcher presented a general iteration function that applicable
on every optimal convergent scheme of order 4 and 8 (provided whose first sub step
employ Steffensen’s type scheme) to produce more advance extensions of order eight
and sixteen, respectively. Nowadays, such types of techniques are more fascinating
and tough chore in the field of computational methods and numerical analysis instead
of obtaining a particular higher-order extension of an existing iterative method.

Therefore, we are interested to develop two schemes: first one is useful for every
optimal iteration function/family of iteration functions of order four to obtain further
more advance reconstruction of optimal eighth-order; second one is applicable to
each optimal eighth-order iterative scheme to construct further optimal sixteenth-
order convergence. The construction of them based on the concept of the rational
approximations. They are useful for each optimal scheme of order four and eight
provided whose first substep employs Steffensen’s type method. Then, it is obvious to
choose any scheme from [2-9,13,15-17], etc. to further obtain eighth and sixteenth-
order methods. The efficiency of them is checked on a good number of standard test
problems. It is found that their performance is more useful than the existing ones of
same order.

The layout of this study is given as follows: the Sect. 2 is assign to the construction
of two new derivative free schemes, which are useful for each optimal scheme of
order four and eight to obtain further eighth and sixteenth-order iterative functions.
In addition, we examined the convergence properties of them in a main theorem that
demonstrate the theoretical order of convergence. Section 3 is dedicate to illustrate
the computational consequence of our schemes that were presented in the earlier
Sect. 2. Therefore, several numerical experimentation are executed on some standard
academic numerical problems. In addition, we also present the contrast of them with the
earlier existing iterative procedure of same order. Section 4 consists of final concluding
comments based on our proposed schemes.

2 Development of optimal schemes

This section is dedicated to the main objective of this study. In simple words, we
propose here two optimal derivative free schemes of order eight and sixteen. First of
all, we assume the following general derivative free iteration function of order four:

_y fw)?
flup) — f)’ 2.1

2k = Ga(xp, ug, wg),

Wk = Xk
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where uy = xx + v f(xx), ¥ € R. We assume the rational function of the following
form in order to attain the next approximation x4 to the required root,

T(x) — T(xx) + a1
1 (7 (x) = 1(x0)” + 3 (v (x) — (%)) + a

X = Xx; — 2.2)

where u;, i = 1,2,3,4 are free disposable parameters and can be determined by
imposing the following tangency conditions

T(x) = flx), tlu) = fu), t(we) = fwi), 12 = f(2e)- (2.3)
By using first condition of tangency, we have

Again, by applying the last three tangency assertions, we have three linear equations
in the form of ©y, @3 and @4, which are defined as follow

14 !
B _ =0
pa(f ) = f(x0) + 13 + flug) = fOx)  up — xp
14 1
B e S — 2.5
pa(f (wi) = f () + p3 + Fwp) — fo)  ak 23
1
2 (f @) = f () + ps + = =0

@ — fw) b

which further yield

3y f o) (f Go) = ) + f (ug) = pay f ) — f(xx)
a v ) (f () — f (x))? ’

paCf ) + fw) =2f () af(wi) = arf () =y f ) f ) + v f ()?
(f ) — O o) = f (wi) ary f(up) f () — axy f (wi) f (xx) ’
() = fFE ) — fw)(f (k) — f @)k
T agbry f o) (f i) — f i) (f ) — f@)(f(wi) = f(zx)°

w3 =

(2.6)
where ay = wi —xx, bp = zx —xk, h1 =y f ) (ap (f (urp) — f(wr)) +br(f (zx) —
S i) + arbr (f (wi) — f (k).

Now, we want to find the final substep of our scheme. So, we assume that the
rational function (2.2) cuts the x — axis at a point x = x4, we have

T(xk+1) =0, 2.7
which further yield

S ()

. 2.8
* po f(xi)? — 3 f (x) + 14 (&58)

Xk4+1 = Xk
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Now, by using the expressions (2.2) and (2.8), we obtain the following new eighth-
order scheme free from derivatives

W = 1 — VL’JZ’
Sflug) — fx)
Tk = Pa(Xk, Uk, Wk), (2.9
f(xe)
Xkl = Xk +

po f ()% — 3 f (xe) + s

where (12, (3 w4 are defined earlier in the expression (2.6).

2.1 Sixteenth order scheme

In the similar fashion, we can easily obtain the following general family of order
sixteen

y I (x)?
Flu) — fxe)”

% = Pa(xXx, ug, w),

Wi = X —

te = Y8 (X, wk, Wk, Zk),
(Wi — x) 2k — xK)(tx — xx)y f ()1

@ =30 £ @0 = %07 £ (1) £ (00) £ (kw2 + (i = 50 (Wi (f o) = F@omws | +va.
(2.10)

vi = (f (@) — f)(f @) — fwi))(f () — f @) ) — f i) (f (ue) —

F @) (f (wi)— f(zx)s v2 = (f (ur) — f ) (f (t) — f (z1) (f i) — f (220) (f (wi) —

S, v3 = [t — xi0) f (@) (f () — Fwi))(f (@) — f@))(f (ue) — f(xx) —

Y S i) f () (F (1) — f (i) (f i) — f (i) (f (u) — f(z))] and vg = —(wi —

X)) (e — xi)y f(wr) f @) f @) f ) F @) — @) (f @) — f(w)(f (ug) —

S i) (f () — f(zi)-

The construction of the scheme (2.10) is based on the following rational function

Xk+1 = Xk +

P(x) —@(xx) + B
3 2 ’
Ba(p(x) — 9(x0))” + B3(p(x) — 9(x))” + Ba(e(x) — p(xx)) + B5
(2.11)
where B;, i = 1,2, 3,4, 5 are free disposable parameters and can be determined by
imposing the following tangency conditions

X =X —

exk) = fxe), o) = fur), e(wr) = f(wi), ez = [z, o) = f).

(2.12)

The next Theorem 2.1 demonstrates that the convergence order of our schemes

(2.9) and (2.10) are eight and sixteenth-order, respectively, without using any more
functional evaluations.

Theorem 2.1 Let us assume that f : D C C — C be an holomorphic function
in the region D consists the required simple zero &. In addition, we consider that
Ga(xg, ur, wyg) and Yg(xk, ur, wk, k) are two optimal schemes of order four
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and eight, respectively. Further, we consider that the initial guess x = xq is suffi-
ciently close to & for sure convergence. Then, the iteration functions (2.9) and (2.10)
have convergence order eight and sixteen, respectively. They also satisfy the following
asymptotic error constant terms, respectively

e 203 — 3c1c300 + c204 (yc1+1) 2
eps1 = (263 T4 ) v 40 (e,?), (2.13)
¢

and

er+1 = Aoko (5c‘2L — 10c§C3 + 20% + 4dcrcq — C5) cze,lé + 0 (6117) . (2.14)

whereekzxk—éandcj:%forj:l,l ..., l6.

Proof We expand the function f (x;) by applying the Taylor series expansion around
the point x = & leads to us:

16
fe =Y ciel +0(el). (2.15)

In the similar fashion, we have

fu) = fOx + vy fxe)

=ciner + ¢ (y cl +3yc + l) e; + Z A, e”+2 + 0 (e,?), (2.16)

n=1

where A; = Aj(y,c1,c2, ..., clg)aregivenintermsof y, ¢z, c3, .. ., c1¢ forexample
Al = 2y2clc%+C3n3+2yc§+yc1C3 and A, = )/26‘%+2)/26‘1€26‘3+C4174+3)/02C3172+
2ycacs+ycics, Az = csn’ +4ycacan’® +3yes(y e +esmn+2yca(yeacs +can) +
ycies and n = (yc1 + 1), etc.

By using the Eqgs. (2.15) and (2.16) in the first sub step, we get

1 ciez (Y22 4+ 3yer +2) — 2 (y2e? +2yc1 +2
wi —§ =cz<y+c—>e,%+( ( L )2 2( L ))12
1
+ ZA AR ( ,17). 2.17)
which further yields
cics )/c +3yc1+2)—c c? +2yc1 +2
fwi) = canei + (rici +37 )Cl (7] ) e

+ZA ety 4 ( ,17). (2.18)
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Since, ¢4(xx, ur, wg) is an optimal fourth-order scheme. Therefore, the scheme will
satisfy the following error equation

12
a—t=> red™+0(ef). (2.19)
j=0

where A;(0 < j < 12) are asymptotic error constants terms, provided Ao # 0.
Now, we can expand the function f (zx) about a point z = £ with the help of Taylor
series expansion, which is given as follow

f(z) = a1 (koe;ﬁ + )»16,2 + kzeg + )»3613) + (Cz?»(z) + 61)»4)82 + Q2caror + 61)»5)62
+ {207 4+ 20002) + c1re}er’ + {2c2(M1A2 + Aoh3) + c1rg ey
+ {63/\(3) + c2(A3 + 20143 + 2h0ha) + Cﬁ»s}eiz + {363)»1)»%
+ 2¢2(02x3 + Aiha + hoks) + ciholep + O (e,l“) .

(2.20)
By using the expressions (2.15)—(2.20), we further obtain
roca (23 — 3erezes + c2ea)n?
. f (k) g™ 2(2¢; 16562 + 64 ) &40 (62>_
wo f(x)* — p3 f (xe) + 14 i
(2.21)
With the help of expression (2.21) and last sub step of scheme (2.9), we have
A 2 3 _ 3 + 2 2
ey = 200202 Ao ciean S+ 0 (eZ) (2.22)

€

Now, we want to verify the theoretical convergence order of scheme (2.10). Since, we
know that ¥rg(xx, ur, wg, zx) is an optimal eighth-order scheme. Therefore, it will
satisfy the following error equation

th—& = Koe,§+xlez+xzeio+/<3€,il +/c4e,12+/c5e,13+K66114+K7e,15+/cge,£6+0 (6,17
(2.23)
where «; (0 < j < 8) are asymptotic error constants terms, provided «y 7 O.
Again, we can expand the function f (#x) by using Taylor series expansion about a
point z = &. Then, we have

ft) = (K()e]% + /qe,? + Kzello + K3e,11 + K4€112 + K5€113 + K6e,14 + K7e]15)61

+ (cakd + crkg)el® + 0 (e,?) . (2.24)
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By using the expressions (2.15)—(2.20), (2.23) and (2.24), we further obtain

(i — xi) (2 — x0) (tx — x0)y f () vy
(zk — Xk)f(Zk)[(tk —x0)y f ) f ) fr)va + (wr — xp) f(wi) (f (wg) — f(Zk))V3] + vy

= e} — Aok <SC§ — 106‘%63 + 26‘% +4crcq — 6‘5)(}26116 + 0 (6117) .

(2.25)
Finally, by inserting the expression (2.25), in the last sub step of scheme (2.10), we
get

ekl = Aok (5c‘2L — 10()%6‘3 + 2c§ +4dcreq — 05)cze,16 + O (e,17) . (2.26)

The expressions (2.22) and (2.26) reveal that the schemes (2.9) and (2.10) reach max-
imum eighth and sixteenth-order convergence, respectively. In addition, both schemes
have optimal convergence according to Kung—Traub conjecture. This completes the
proof. O

3 Numerical experimentation

This section is dedicated to illustrate the computational behavior of our theoretical
results which are present in the earlier Sect. 2. Therefore, we assume several standard
academic nonlinear scalar problems which are depicted in the Table 1. Since, both of
the schemes are in general way. That’s mean, we can consider any exiting iterative
scheme of order four and eight in our iteration functions (2.9) and (2.10) respectively,
to obtain further eighth and sixteenth-order convergence. Firstly, we propose some
new optimal eighth-order methods, which are consider as below:

(i) We assume an expression (11) from Li et al. [6] and use in our general scheme
(2.9) with y = 1. Then, we have

e
Wi = Xk T — fon)” urp = xx + f(xe),
o= wp — Slug, xi ]+ flwg, Xk]Z— Slug, wk]f(wk), G0
Slwe, xi]
el = i + J ()
" paf ()2 — s f o) + pa

where flur, xi] = W is finite difference of first-order. We denote the
scheme (3.1) by (M 1g), for computational point of view.

(i) Now, we choose another expression (12) from Ren et al. in [5] and use in scheme
(2.9) with y = 1. Then, we further yield another new optimal scheme of order
eight, which is defined as follows:
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Table 1 Test problems

f(x) X0 Root (r)

£ = 10xe™" — 1; [5] 1.5 1.6796306104284499406749203388379704
H)=e* —tan~x — 1; 2] 03 0

) =sinT a2 —1) = + 1: [3] 1.5 0.59481096839836917752265623515213618
fa(x) =sin?x —x2 +1; [4] 1.4044916482153412260350868177868681

f5(x) = log (x2 —x+ 1) —4sinx —1);[7] 06 1

o f(xe)? B
Wi = Xk 0 = o) up = x; + f(xe),
Sf(wg)
Tk = Wk — .
a(wg — ug) (Wi — xx) + fluk, wil — flug, xi] + flwe, xi]
Xeal = X+ S
- pa f (i) — w3 f () + s

3.2)
We recall the above scheme by (M2g) witha = 1.

There are two ways to obtain optimal derivative free sixteenth-order meth-
ods/families of iterative methods. First one is corresponding to choose an optimal
fourth-order derivative free iteration function and insert in scheme (2.9). Then, again
reuse the newly obtain eighth-order method in (2.10) to further obtain sixteenth-
order convergence. Second one is corresponding to consider an existing eighth-order
derivative free method and use that one in scheme (2.10) to further obtain optimal
sixteenth-order convergence. We define the new sixteenth-order methods in both ways,
which are given as follow:

(i) Let us insert the expression (3.1) in scheme (2.10). In this way, we have the
following new optimal scheme of order sixteen

o few? _
ST T - fy TSGR
=y — f[ukvxk]JFf[wk,xk]*f[uk,wk]f(w )
T Slwe, x¢ e

_ S (xk)
= @ f(x)? — a3 f () +as’

_ (wi — x0) 2k — x0) (i — x)y f () vy
Xkl = Xk + .
(zk — Xk)f(zk)[(tk —x0)y f @) f i) f ) v + (wie — xi) f (wi) (f (we) — f(Zk))V3] + 4

(3.3)
We denote the expression (3.3) by (M31¢), for computational work.
(i) Now, we use an optimal eighth-order family of derivative free iteration functions
proposed by Khattri and Steihaug [4] in scheme (2.10). Then, we further yield
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f?
Sl — f )’

Wi =Xk — Y up = xi +y f(x),

o — S (wr)
=Wk T T ) e L o0 wch — J w0 G022
v f )y f () —wi +xi) ¥ ok —wg) (e —w) (7 f (o) —wge+xk)
fy= 25 — S @) (uge — wi) (ug — xp) (g — zx) O — wie) (i — zx) Ok — 2k)

(e — 2) 2 (f () G — wi) (e — 2) 2 — f (o) (e — wi) (g — 2) 2) +ay
(wi — xx)(zk — x0) (e — X0y f ()2 vy
(@1 = %0 £ @O (= 50y £ f @) f 00wz + (e = 50 f () (f (we) = F @ | + 4
(3.4)
whereay = f (wi) (g —xi) (i — 21 Ocx — 2) > — f (2) (e — wie) (g — ) (e —
wk)[uk (wg + xp — 2z5) + xp (wr — 2zx) + 25 Bz — 2wk)]. This is another new

g1 = X +

optimal sixteenth-order family of derivative free methods. Let us consider y = %
in scheme (3.4), called as (M4¢).

First of all, we demonstrate the comparison of our eighth-order iteration functions
with existing optimal derivative free methods of same order. In this regards, we com-
pare them with an optimal scheme proposed by Zheng et al. [2], among this family,
we consider the method (8) (for y = 1), called by (ZMg). In addition, we contrast
them with another Steffensen-type iteration functions having optimal convergence of
eighth order, which was constructed by Soleymani and Vanani [3], out of them, we
consider the method (21), recalled by (S Mg). Finally, we compare them with one more
derivative-free iterative technique given by Khattri and Steihaug [4], among them, we
choose method (17) (for y = 1), denoted by (K Mg).

Then, we also illustrate the convergence behavior of our sixteenth-order methods.
Therefore, we compare them with a family of fast 16th-order derivative free iteration
functions, proposed by Geum and Kim [11], among them we choose the method (5),
called by GM¢. In addition, we show the contrast with an optimal sixteenth-order
method given by Kung and Traub [13], denoted by (K Mi¢). In the last, we contrast
them with another derivative-free optimal methods of sixteenth-order which is recently
proposed by Sharma and Gupta [16], out of them, we assume the expression (28) (for
y = 1), known as (SMi¢).

In order to demonstrate a better comparison of our methods with the existing
schemes, we depicted the number of iteration indexes (k), estimated roots (xy), mod-
ulus value of residual errors (| f (xx)|), errors in the consecutive iterations | x4+ — X/,

. . Xkk+1 — Xk
, the asymptotic error constant n = lim | ————
k—oo | (X — Xp—1)P
either 8 or 16) and p, corresponding to each considered problem, in the Tables 2, 3,4 5
and 6. In addition, we verify the computational convergence order (p) of our proposed
methods, by using the following formula

Xk+1—Xk

Ck—xk—1)P , (where p is

(Xk+1 — X) /7
(X, — Xg—1)

, k=1,2,3.

All the values like residual errors, asymptotic error constants, computational order of
convergence, etc. have been calculated minimum 3000 significant digits in order to
minimize the round off error. But due to the restricted paper space, we mention the
value of estimated zeros x; and computational convergence order p in 20 and 5 digits,
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X, —X,
constant term 7 in 10 digits. Furthermore, modulus value of residual errors | f (x)|
and |xg41 — xi| are display in 2 digits with exponent power in the Tables 2, 3, 4 5
and 6. Finally, the estimated zeros up to 35 digits and initial approximations are also
mentioned in the Table 1.

For the computer programming, we use the programming package Mathematica9.
Further, x(£y) stands for x x 10EY) in the Tables 2, 3,4 5 and 6.

respectively. Further, we also depict the values of and asymptotic error

4 Conclusions

In this paper, we present two schemes which are applicable to each earlier optimal
multi-point derivative free scheme of order four and eight whose first sub step should be
Steffensen’s type method to construct further new optimal iteration functions of order
eight and sixteen, respectively. In addition, they do not use any kind of derivative of the
considered function and also satisfy the classical Kung—Traub optimality conjecture.
We can easily obtain many new optimal iteration functions of order eight and sixteen
by applying our schemes (2.9) and (2.10) on the earlier existing methods of order four
and eight. In the similar fashion, we can obtain optimal derivative schemes of order 32,
64, etc. by consider high degree of rational functions. Finally, the efficiency of them is
checked on a good number of standard test problems. It is find that their performance
is more useful than the existing ones of same order.
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