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Abstract In this paper two mathematical models for handling water pollution are
introduced. In the first one we assume that algae and fungi are in competition for
resources that come from wastewater, while in the second one we introduce explicitly
the equation of nutrients. Both algae and fungi need dissolved oxygen (DO) for their
biological process of growth. But there is a difference, indeed algae produce it too
and in a higher quantity than the one they use. For the first model it is shown that
if the coexistence equilibrium exists, it is stable without additional conditions. If the
competition rate between algae and fungi is not high for a chosen set of parameters
the stability of the coexistence equilibrium is reached even without an external con-
stant input of DO in the system. For the second model we have found the matching
equilibrium points with the ones of the first model, furthermore other two equilibria
are found.

Keywords Mathematical model - Algae - Fungi - Competition - Wastewater

1 Introduction

Algae are important in a lake, as they can improve the quality of the aquatic ecosystem,
growing under right conditions such as adequate nutrients (mostly phosphorus, but
nitrogen is important too). The nutrients that are present in the wastewater can derive
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from agricultural and/or industrial discharges. Fungi can be used for biodegradation
of organic pollutant in a waterbody, because the grow using the nutrients obtained
from the biodegradation, [1]. Some mathematical models in the literature study the
behaviour of algae biomass in a waterbody in the presence of organic pollutants, [4,5].
In [2,3] the case of fungi has been addressed. In this paper we want to investigate the
situation in which both algae and fungi are present in the same waterbody, assuming
that they compete for the resources coming from the pollutants.

In this paper we introduce two mathematical systems modeling the algae and fungi
behaviour in a waterbody. The waterbody considered could be nutrient-rich waters,
like municipal wastewater or some industrial effluents. Both algae and fungi can feed
on these wastes and therefore purify the water, while also producing a biomass suitable
for biofuels production.

In the next Section we present the first model and in Sect. 3 its qualitative analysis.
Sect. 4 contains the extended model in which also nutrients are present, its qualitative
behaviour is examined in Sect. 5. These two models are compared in Sect. 6 and a
final discussion concludes the paper.

2 The first mathematical model

In the first model we assume that algae and fungi are in competition for food, since
both share the same resources. Further, fungi as well as algae need dissolved oxygen
(DO) to thrive but we assume that the algae’s production and input of DO into the
system is much larger than their own use for their growth.

The model consists of three equations that describe the time evolution of the algae
population, the fungi population and the DO respectively. The model, in which all the
parameters are nonnegative, reads:

dA 5

? =rqA —asgA —byA° —cAF

dF hOF 2

— =——— —arpF —bpF°—cAF

dt k+koO

do hOF

— = A—apO — f————. 1
5, =90 t8A—ao fk+k00 (D

In the first equation algae grow at a constant rate 74 and are washed out at a constant
rate a4 . We assume that algae are in competition among themselves at a constant rate
b4 and also experience interspecific competition with fungi at rate c.

In the second equation the fungi’s growth depends on the presence of DO. They are
washed out at rate ar. The intraspecific competition occurs at rate b while ¢ denotes
the rate of the interspecific competition with the algae population.

The third equation shows the evolution in time of DO. We assume that it is supplied
from external sources at rate g, but a part of it comes from the algae own production
at rate g. We take further into account its washing out, at rate ap and its depletion due
to its assumption by fungi at rate f > 1.
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3 The qualitative analysis of the model

To find the equilibrium points of the model, we need to solve the equilibrium equations,
i.e. the system obtained by setting the right hand side of (1) to zero, namely

A(ra —as —baA —cF) =0

F(_"0 bpF —cA) =0
kt+koo TR TR)= ()
+gA o—f hOF
— a —_ —_—
qdoTs 0 k+koO

Further, for the stability analysis, we need to calculate the Jacobian matrix J of system
(1), given by

ra —apg —2bpgA — cF —CcA 0
hO hkF
—cF —ap —2bpF — cA +
k+koO (k—l—kong
fho fhkF
8 —= —a0— "
k+koO (k+ko O)

3)

Solving (2) we obtain the analytic expression of three equilibrium points. In addi-
tion, we prove that two other equilibria exist. We also show that all these points are
conditionally locally asymptotically stable, while the coexistence equilibrium is stable
if it is feasible.

Proposition 3.1 The trivial equilibrium point, Eq = (0, 0, 0), exists if
g0 =0. (4)
Furthermore, it is stable if the following condition holds:
rA < aa. (5)

Proof For A = F = O = 0 in the system (2) we get that Eg exists if go = 0. The
characteristic polynomial associated to the matrix (3) evaluated at Ey is

det(J — ) = (ra —aa — w)(—ar — p)(—ap —pn) = 0.

To have the stability of Ey all the eigenvalues should be negative thus the condition
(5) must hold. O

Proposition 3.2 The fungi-and-algae-free point E1 = (0, 0, qoaal) exists always.
It is stable if the following conditions hold:

ra <ag and hq—o <ag. (6)
kao +koqo
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Fig. 1 The equilibrium E is stably achieved with the parameter values r4 = 10.1273, a4 = 16.93072,
by = 11.7382, ¢ = 19.3012, h = 1.61592, k = 0.454245, kg = 5.87845, ap = 2.55798, by =
0.0344478,q909 = 2,8 =3.63317, a9 =5.41771, f =1

Proof In fact for A = F = 0 in (2) from the last equation we get O = qoa(_)l. While
the characteristic polynomial associated to E is

hqo
det(J — ) = (ra —aa — uw)(—ap — ) (L —ap — M) =0.
kao + koqo
To have all the eigenvalues negative the conditions (6) must hold. O

In Fig. 1 one can see that for a chosen set of parameters the equilibrium E is stably
achieved.

Proposition 3.3 The fungi-free equilibrium

B (AT a4 qoba +gra —an)
2 bA s Vs bAaO

is feasible if
rqa > aa (7)

and it is stable if
hO

_ A 8
k+k002<aF+C 2 ®)

holds.
Proof From the first equilibrium equation of (2) in which we set F = 0 it follows

ra —daa
by

A=
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Fig. 2 The equilibrium E» is stable for the parameter values r4 = 8.90096, ay = 4.14886, by =
1.62848, ¢ = 0.0691916, h = 11.8402, k = 1.92602, kg = 16.7554, ap = 18.7713, by = 15.4976,
qo = 69.5303, g =13.847,ap = 19.037, f =1

Thus for the nonnegativity of the algae population, (7) must hold. From the third
equation instead we get the equilibrium value of the oxygen.

_ qoba +g(ra —ax)

(0]
baao

The characteristic polynomial associated to £ is once again easily obtained,

hO,
det(J — ) = (—ra +aa — —ap — ———— —ap —cAy — =0,
(J—w)=(-ra+as —p)(—ao M)<k+k002 ap —cAp M)
as well as its eigenvalues
n1 =—-rqg+as <0
uy = —ap <0
hO A
=—— —ap—c¢
s k+koO> F 2
Requiring 13 < 0 we find the condition (8). O

In Fig. 2 we show that for a chosen set of parameters the stability of the fungi-free
equilibrium, Ej, is attained.

Proposition 3.4 The algae-free point is in fact a set of multiple equilibria, namely
(0, F3, 03), (0, F4, O4) and (0, Fs, Os). Of them, only one is feasible, if

k
o> ©)
h—arko
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and it is stable if
ra < aa+ cFs. (10)

Proof Part 1: Existence
For A = 0 the system (2) becomes

A=0
—hO brpF =0
k+kpo FTOPT= (11)
0-f hOF
_a — ——
90 — 4o k+koO

Solving the second equation with respect to F we get

F = O(h — apko) — apk
T bptk+koO)

12)

Condition (9) arises by requiring the positivity of the expression (12). Note that the
opposite case, obtained when h — arkop < O,

apk
0 < ——,
h — apko

cannot arise, because O < 0 would then follow, which is impossible because the
oxygen must be a nonnegative quantity.

Substituting the expression (12) for F into the third equation of the system (11) we
obtain the following third degree equation in O

a0’ +b0*+¢c0+d=0, (13)
with

a= —aOka20 <0

b = qobrks — 2apbrkko — fh*+ fharko
¢ =2qobrkko — aobrk® + fharpk

d = qobpk* > 0.

Since a < 0 and d > 0 by Descartes’ rule of signs the third degree polynomial (13)
in O has at least one positive root. We are able to show that there is exactly one such
root. In Table 1 the only four possible cases are summarized.

The first case is impossible, in fact assuming that » > 0 and ¢ < 0 we find

h2
aobrk + Jli_o < qobrko —aobrk + fhar < —qobrko.
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Table 1 The four possible cases

Cases a b d Number of real positi ts
for the signs of the coefficients ases 4 N HrTber of real postiive roots
of the third degree equation (13) 1 _ + _ + 3 (impossible)

2) — + + + 1

3) - - - + 1

4) - - + + 1

But this is a contradiction, because the term in the middle should be less than a negative
term (on the right) and greater than a positive one (on the left side).
Thus there is only one positive equilibrium, with O3

O3(h —arko) —ark )
E; =10, , 0
’ ( br(k+ ko O3) ’

with O3 the real positive root of (13) satisfying (9).

Part 2: Stability
To study the stability of the equilibrium point we evaluate the Jacobian matrix (3) at
E5. The resulting characteristic polynomial det(J — ) explicitly becomes

fhkF3
ra—ap—clF3 — 24 ar +2bpF34+a0 + ————
(ra —aa 3 M){M (F ris a0+ 0
hO;3 fhkF3 ) aohOs }
——— 2 Vu+4lao+—L""0 ) ap +2bpFy) — —2 2 =0
k+k003>“ (0 k +ko0n? ) 4 T2 =m0

The eigenvalue w1 = rq — as — cF3 is negative if (10) holds, while the roots of the
quadratic polynomial in @ are negative with no further conditions. It turns out that
both coefficients of the terms of the two lowest degrees in p are positive, so that the
Routh—Hurwitz conditions are unconditionally satisfied. In fact, substituting F3, (12),
for the coefficient of u we get

( 2h O3 2(03arko + ark) + fhkF3 hO3 )
a — a —
g k+koOs k+koOs ¢ (k+ko03)?  k+koOs3
hO3 fhkF3 )
=(ar+—"— —2ap +ap+ ———>—
( F k+koO3 F 0 (k + ko 03)?
O3(h — arko) — ark fhkF3 fhkF3
= ao+ —————5 = F3s+ap + — >
br(k 4+ ko O3) (k + ko O3) (k +koO03)

Similarly, for the constant term, by dividing by a¢, denoting by H a positive quantity,
we have:

hO
aF+2bFF3—m+H>O.

O
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Fig. 3 The equilibrium E3 is stabile for the parameters r4 = 4.85571, ay = 13.2729, by = 11.6077,
¢ = 127024, h = 11.4803, k = 2.3815, kg = 1.11246, ap = 1.40551, b = 1.95987, g0 = 65.3973,
g=16.7907,ap = 15374, f =1

Figure 3 shows that for a chosen set of parameters the algae-free equilibrium, E3,
is stably achieved.
For the coexistence equilibrium point we have the following result

Proposition 3.5 There exists at least one feasible coexistence equilibrium
Eq = (A*, F*, O%) if the following three conditions hold:

§=bpbs—c* >0, ra—ap—baA* >0, (apc+bp)k+koO*)(ra—as) > chO*
(14)
and whenever it exists, it is stable.

Proof To find the conditions for the existence of the coexistence equilibrium point
from the first equation of the system (2) we get

—ap —byA
A L S
c

and substitute it into the remaining two equations. We solve these two equations with
respect to A and we match the resulting expressions

4 _ (arc+br)(ra —an)(k +ko0) = chO
B (k +koO)(bpba — c?)
_ fhO(ra —aa) +c(ap0O —qo)(k +koO)
B cgtk+koO)+ fhbsaO

Thus, we now have the following cubic polynomial in O:

a10° +b10% +¢10 +d, =0, (15)

@ Springer



J Math Chem (2017) 55:1481-1504 1489

with

a, = —aok%)(s

by =ko(fhc+brkog)(ra —aa) +ko(kogo — 2aok)$
+arko — h)(fhba +ckog)

c1 = k(fhe+2brkog)(ra —aa) + kQkogo — apk)s
tchgQRapko — h) + apkhba

di = apck®g + k*qo8 + brk*g(ra — ax).

For 8 = bpby — c? > 0, it follows a; < 0 and d; > 0. Thus the polynomial (15) by
the Descartes’ rule of signs has at least one positive root O*. For the feasibility of the
equilibrium we need to have F* > 0 and A* > 0, providing thus the second and the
third conditions in (14).

To study the stability, the characteristic polynomial of (3) evaluated at E4 gives the
cubic equation

det(J —p) = + Ru> + S+ P =0
with
fhkF*
—_— >
(k + ko 0%)?
fhkF*(bpA* + bp F*) h’kF*O* 0
>
(k + ko 0*)? (k + ko 0*)3
fhkF**A* baA*h2kF*0*  cghkA*F*
>
(k + ko 0*)? (k +ko0*)3 (k + ko 0*)?

R=0bsA" +ap +brpF*+

S = A*F*S—i-bFaoF*—i-

P=3$ (aoA*F*—i-

For 8 = bpby —c* > 0, which holds by feasibility, the three eigenvalues are negative.
Thus E4 is stable whenever it is feasible. O

In Fig. 4 we show that the coexistence equilibrium is stable for a selected set of
parameter values.

In Table 2 we summarize the feasibility and stability conditions for the five equi-
librium points of model (1).

In Fig. 5 for a chosen set of parameters and using the same initial conditions, but
changing the value of g o, the constant input of DO in the system, the stable coexistence
equilibrium, E4, is obtained, left frame, while in the right frame instead E» is found.
Thus, starting from the coexistence equilibrium, by decreasing the rate gp at which
oxygen is supplied into the system, the fungi-free equilibrium is obtained.
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Fig.4 Two possible configurations for the equilibrium E4, g9 = 0and g = 1. Itis stable in the following
cases. Left: qo = 0, the point (1.20, 0.30, 0.55) is achieved for the parameters r4 = 1, a4 = 0.001,
bp=08,c=0.1224,h =11,k =1,kp = 1,ar =0.001,br =0.8,g =.1,ap0 =0.001, f = 1.
Right: o = 1, the point (1.08, 1.08, 10.15) is obtained for the same parameters as before but changing
the value of g

Table 2 The feasibility and stability conditions for the five equilibrium points of model (1)

Eq. Feasibility conditions Stability conditions
Ey q0 =0 rA <dgp
h
E None rg <ap and __ftdo <ar
kap +koqo
E "0, +cA
rA>a —— <a c
2 A A kao T kO 0, F 2
ark
E3 03 > —— rpg <ap+cF3
h—arkop
E4 ra —ag —bgA* >0, bpby —c? >0
(apc+bp)k+koO*)(rg —ap) > chO* None
2 T T 2
< 1f <
0 s 0
0 10 20 30 40 50 0 10 20 30 40 50
time time
1 T 1
W 05 w os
0™ - — 0
0 10 20 30 40 50 0 10 20 30 40 50
time time
10 i 10
(e} Sf O 5
0 0
0 10 20 30 40 50 0 10 20 30 40 50
time time

Fig.5 Left frame: the equilibrium E4 is stable forqp = 30;r4 = 19.6445,a4 = 1.73234,b4 = 11.5828,
¢ = 3.34324, h = 16.676, k = 12.4305, kg = 0.517493, ap = 3.04963, by = 1.3597, g = 11.5323,
f =0.835718, ap = 5.42261 Right frame: the equilibrium E» at the stability for the same parameters as
before and g9 = 20
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4 The mathematical model with nutrients

In this section we consider another model in which the nutrients N are explicitly taken
into account as a dependent dynamic variable. The model reads:

E:g(N)A—eAA—mAA

dF s

Izk(N, O)F—eFF—mFF

dN

o =gny —1rg(N)A — sk(N, O)F —exN

do

o — o +84A—¢ep0 —cok(N, O)F (16)

with
AN kiNO
N)=——— d k(N,O0) = .

S = N A O = e N T k0 + kN O

Note that in (16) the growth rate of A is assumed to depend directly on N. This fact is
expressed using a Monod equation, i.e. the function g(N). The growth of F' depends
on both N and O, thus it is expressed by a product of two Monod equations in N and
O respectively, giving the function k(N, O). All the parameters are nonnegative, and
furthermore we assume r, s, cp > 1.

5 The qualitative analysis of the second model

To find the equilibrium points of the model, we need to solve the equilibrium equations
of (16), thus the system:

A[g(N) —es —maAl =0

F[k(N, 0)—€F —mpF] =0

gy —18(N)A — sk(N, O)F —exN =0
qo + 8aA —epO —cok(N, O)F =0

A7)

Further, for the stability analysis, we need to calculate the Jacobian matrix of the
system (1)

B .71’1 0 *7;,3 0 ]
dk(N, 0) dk(N, 0)
0  k(N,O)—ep—2mpF ——Zp D p
~ (N O) = er = amr N do
T=| rhaN L. O i dk(N.0) |-
a4 —sk(N, —s——
ko +kyN dk?; o do
gA —cok(N,0)  —co—_—F Taa

(18)
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with

~ haN ~ hak knN)A —kyhaNA

Jip= 20— —en—2maA, Ti3= alka o) 2N A

ka +kyN (ka +knN)
7. rhaA (ka +knyN —kyN) dk(N, O)F 7 dk(N, O)F
=— -5 =—ep—CcOo———

33 (ka + kyN)2 dN 4 R0
Here

dk(N, O) dk(N, O)
dN ~ do

are the derivatives of k(N, O) with respect to N and O respectively.

Solving the equilibrium equations we obtain the analytic expressions of four equi-
librium points. In addition, we prove that three other equilibria exist. We also show
that all these points are conditionally locally asymptotically stable.

Proposition 5.1 The trivial equilibrium point, Eo =(0,0,0,0), exists if
g0 =qn =0. (19)
Furthermore, if it exists, it is stable.

Proof For A = F = N = O = 0 in the system (17) we obtain that Eo exists if
qgo = qn = 0. The characteristic polynomial associated to the matrix (18) evaluated
at Eg is

det(J = w) = (e + )(er + w)(en + w(eo + w) =0.
All the eigenvalues are negative thus Ej is stable if it exists. O
In Fig. 6 we show that for a chosen set of parameters the stability of Ej is attained.
Proposition 5.2 The algae-fungi-and-oxygen-free point, namely E, = (0, 0, qu;,l,

0), exists if
go = 0. (20)

Furthermore, it is stable if the following condition holds:
eaqnkn +eaenks —hagy > 0. 21

Proof For A = F = O = 0 in the system (17) we get that E; exists if go = 0. The
characteristic polynomial associated to the matrix (18) evaluated at E is

~ hagn
det(J — ) = <6A AN u) (er + ey +m)eo +u) =0.
ankn +enka
To have the stability of E| the condition (21) must hold. O
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Fig.6 Theequilibrium E( is stable for the parameter values h 4, = 1.26987,k4 = 9.13376,ky = 6.32359,
eq = 0975404, my = 2.78498, k; = 5.46882, kp = 9.57507, k3 = 9.64889, kg = 1.57613, ef =
9.70593, mp = 9.57167, qy = 0, r = 1.41886, s = 4.21761, ey = 4.85376, qp0 = 0, g4 = 8.0028,
e =9.15736, cp = 7.92207
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Fig. 7 The equilibrium Ej is stable for the same parameter values as for Fig. 6 and ¢y = 45.2896

Figure 7 shows that for a chosen set of parameters the stability of E| is attained.

Proposition 5.3 The algae-fungi-and-nutrient-free point, namely E> = (0,0, 0, go

—1 . .
eq ), exists if

Furthermore, if it exists it is stable.

gy =0.

(22)
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Fig. 8 The equilibrium E is stable for the same parameter values as for Fig. 6 and g = 40.7362

Proof For A = F = N = 0 in the system (17) we get that E, exists if gy = 0. The
characteristic polynomial associated to the matrix (18) evaluated at E» is

det(J — 1) = (ea + m)(er + w(en + w(eo +p) = 0.

For stability all the eigenvalues must be negative thus E, is stable if it exists. O
Figure 8 shows the stable equilibrium E» achieved for a chosen set of parameters.
Proposition 5.4 The algae-and-fungi-free point, Ez = (0, 0, quXII, qoeal), exists

always. Furthermore, it is stable if the following conditions hold

eaqnky +eaenka —hagny >0 (23)

and
kigngo

<
qnqoksks +eoqnks +enqoks +eneoks

er. (24)

Proof For A = F = 0 in the system (17) we get that E3 exists always. The charac-
teristic polynomial associated to the matrix (18) evaluated at E> is

_ k—lango n H)
gnqoksks +eoqnks +enqoks +eneoks

det(J — p) = (ep

hagn >
x (ea — ——— 4+ 1) (en + w)(eo + 1) =0.
(A vk + enka | (eny +pw)eo + 1)

To have all the eigenvalues negative (23) and (24) must hold, thus E3 is stable. O

In Fig. 9 we show that for a chosen set of parameters the stable equilibrium Es is
attained.
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Fig. 9 The equilibrium E3 is stable for the same parameter values as for Fig. 6 and gy = 45.2896,

g0 = 40.7362

Proposition 5.5 The fungi-free point is in fact a set of multiple equilibria, namely
(A4, 0, Ng, Og), (As,0, N5, Os) and (Ag, 0, Ng, Og). Of them, only one is feasible,

if
haN
A 25
P > ea (25)
and it is stable if
N4Oserksks — NyOsk1 4+ Nyepks + Oserpks + epky > 0 (26)
and
B >0 and C; >0 (27)
hold, with By and C| as below.
Proof Part 1: Existence
For F = 0 the system (17) becomes,
A[g(N) —ea—mpaAl =0
—rg(N)A—eyN =0
gn —rg(N) en 28)
qo +84A—ep0 =0
F=0
Solving the third equation of (28) with respect to O we find
A
0= g0 + 844 >0, (29)
eo

and from the first equation we obtain A,
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Table 3 The four possible cases

for the signs of the coefficients Cases o by e “ Number of real positive roots
of the third degree equation (31) 1 + + + _ 1
2) + + - - 1
3) + — + - 3 (impossible)
4) + - - - 1
(N)—ea
A=A (30)
ma

For the feasibility of E4 we need to ask the positivity of (30), thus condition (25) must
hold. Substituting the expression of A previously found into the second equation of
the system (28), a third degree polynomial in N is obtained,

a N> + boN? + ;N + dp =0, 31)
with
a = kIZVmAeN >0
by = 2kpkymaen +rhy — kymaqyn — reahaky
C) = k%mAeN — ZkAkNmAqN — reAhAkA

dy = —kimagn <O.

Since a; > 0 and d> < 0 by Descartes’ rule of signs the third degree polynomial (31)
in N has at least one positive root. We will show below that there is exactly one such
root. In Table 3 the only four possible cases are summarized.

The third case is impossible, in fact assuming that > < 0 and ¢ > 0 we find

by = kn(kamaen +kamaeny —knmagn —reahy) + rh124 < 0.

Let us set

rh2
Q = kAmAeN —kNmAqN — reAhA < —k—A — kAmAeN <0
N

thus
c2 =ka(Q — kymagn) <O0.

But this is a contradiction with the assumption ¢ > 0.
Thus there is only one positive equilibrium

~ (g(N4) —ex

A
Fue meﬁiﬁiy

ma €o

where Ny is the real positive root of (31).
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Fig. 10 The equilibrium E, is stable for the set of parameter values hy = 7.04047, kg, = 4.42305,
ky = 0.195776, e4 = 3.30858, my = 4.24309, k1 = 2.7027, kp = 1.97054, k3 = 8.21721, kg =
429921, e = 8.87771, mp = 391183, gy = 34.1708, r = 8.08514, s = 7.55077, ey = 7.69114,
qo = 19.7354, g4 = 3.96792, e = 3.77396, co = 2.16019

Part 2: Stability ~
The characteristic polynomial associated to the matrix (18) evaluated at Ey4 is

det(f— ) = <N404epk3k4 — N4O4ki + Nyepks + Ogerpks + epkn + ,IL>

N4 Osksks + Nak3 + Oskyg + k
x(eo + w)(Aiu? + Bip + Cy) = 0,

with
— N272 2

Al = Niky + 2Nakpky + k3 > 0,

By = 2ANGkYma + 4ANskakyma + Ni(eaky + enky) + Ahakar +2Ak5m 4 +
—NZhAkN + 2Ny(epkaky + enkaky) — Nohaka + eAkf, + eNkf\

Ci = 2ANZenkima + 2A%hakamar + 4ANsenkakyma + Niesenks +
+Aephakar +2Aenkima
—NfeNhAkN + 2Ngepenkaky — Noenhaka + eAeNkIZA.

To have all the eigenvalues negative (26) and (27) must hold, thus E4 is stable. O

In Fig. 10 we show that for a chosen set of parameters the stability of Ey is attained.

Proposition 5.6 There exist at least one feasible algae-free point,

s

s — (O, k(Ns, Os) — F N encoNs —gnco +f10S> ’
mp eops
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if
k(Ns5, Os) —er >0, encoNs —qgnco +qo0s >0, f3<0. (32)
where f3 is given below in (40). Furthermore, it is stable if the following condition
holds:
eaknyNs +epka —haNs > 0, (33)

and the Routh—Hurwitz criteria hold

B C B,C D
250, 2s0 s (34)
Az Az A3 Az
Proof Part 1: Existence
For A = 0 the system (17) becomes,
Flk(N,O)—er —mpF]=0
gn —Sk(N, O)F —eyN =0 (35)
qgo —e00 —cok(N,O)F =0
A=0
We solve the first equation of (35) with respect to F, and we get
k(N, O) —
F = ﬁ (36)
mg

Solving the second and the third equations of (35) with respect to F' and equating them
we find an expression in O

_gvn—enN g0 —e00

= = ; (37)
sk(N, 0) — cok(N, 0)

and from (37) we get O,

encoN —gnco + qos
eos ’

0 = (38)

Substituting (36) into the third equation of (35) we get a fifth degree polinomial in N
a3N°® + b3N* 4+ ¢3N3 + dsN? + e3N + f3 = 0, (39)
with

ay = CZOe?ngkfmF >0

f3 = —mpgn [00k4611v(00k4611v —2epkas — 2kaqos) + (eokas + k4610S)2] , (40)

and b3, c3, d3 and e3 are defined in Appendix A. Since az > 0, to have at least one
positive root of (39) f3 must be negative.
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Fig. 11 The equilibrium E 5 is stable for the set of parameter values 1 4 = 0.647781, k4 = 4.86608, ky =
9.93558, e4 = 3.89696, m 4 = 7.01721, k1 = 2.14784, ky = 4.99448, k3 = 0.556305, kg4 = 0.354883,
er = 4.89305, mp = 2.94844, gy = 40.5671, r = 3.15619, s = 7.82938, ey = 0.648179, gp = 15
.84 = 7.00175, e = 1.80741, cp = 0.243628

Part 2: Stability ~
The characteristic polynomial associated to the matrix (18) evaluated at E5 is

eaknyN +epkg —haN
kNN + kg

det(J — 1) = (Ao + Bop® + Cop + Do) ( + M) =0.

Requiring the negativity of all the eigenvalues, conditions (33) and (34) must hold. O

In Fig. 11 we show that for a chosen set of parameters Es is stably attained.

Numerically, the coexistence equilibrium point, E6 = (Ag, Fg, Ng, Og) exists for
a chosen set of parameters. From the first and the second equations of system (35) we
obtain the analytical expressions for A and O, as functions of N and F,

A= hAN —eAkNN —eAkA
o kamyg +makyN

(41)

and
erky + epkaN +mpko F +mpksNF

kIN — epks — epk3kaN — mpka F — mpkskaNF’
For the feasibility of the coexistence equilibrium we must have A > 0 and O > 0.
Substituting A and O from (41) and (42) respectively, into the third and fourth equa-
tions of (35) we get two expressions in F and N, say H(F, N)and G(F, N).InFig. 12
we plot the intersection point between the two expressions.
The characteristic polynomial associated to Eg is:

0=

(42)

Apt* + By’ + Cu? + D+ E =0,
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Fig. 12 The intersection point 4
between the two isoclines,
H(F, N) (black) and G(F, N)
(red), depending of F and N
(Color figure online) 3
ko2
1
0
0 5 10 15 20 25
N
5 1 5 1
4 4+
3 3
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2 2
1 /—— 1 [ e ——|
0 - 0 P 0 5 ok v
0 50 100 0 50 100 0 50 100 0 50 100
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Fig. 13 The equilibrium Eg is stable for the set of parameter values iy = 5.40106, k4 = 3.1111,
ky = 0.712346, e4 = 1.8198, m4 = 0.929889, k| = 4.63489, kp = 0.0933251, k3 = 9.15026,
ky = 642742, e = 0.0141906, mp = 0.303853, gy = 27.1407, r = 1.27266, s = 0.0864769,
ey = 2.0847, g4 = 4.54966, ep = 7.2708, cp = 3.54116; On the left: g9 = 47.7051; On the right:
q0 =0

where A, B, C, D and E are expressions depending on the parameters of the system.
If the Routh—Hurwitz conditions hold EG is stable.

In Fig. 13 we show that for a chosen set of parameters Eg is stably attained. For
go = 47.7051, Eg = (2.7090, 0.2036, 5.8428, 8.2499) while for g0 = 0, E¢ =
(2.7090, 0.1861, 5.8428, 1.6889). From Fig. 13, if there is no external input of oxygen
into the system only the oxygen population is affected.

In Table 4 we summarize the feasibility and stability conditions for the seven equi-
librium points of model (16).
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Table 4 The feasibility and stability conditions for the five equilibrium points of model (16)

Eq. Feasibility conditions Stability conditions
Eg q0 =qn =0 None
Ej 40 =0 €AqNkN +esenka —hagy >0
Ez gy =0 None
E"3 None eaqNkn +epaenka —hagy >0 and
kigngo
<er
qnqoksks +eoqnks +engoks +eneoks
- haN
Ey4 _aar eA N4Oyg(epksky — k1) + Nyepks + Ogepks + epky > 0,
ko +kyN
By >0 and C; >0
- B C B,C D
Es k(Ns, Os) —ep >0, f3 <0, o0 20 22s2
Ay A A5 A2
encoNs —gnco +qos >0 eaknNs +epkg —haNs >0,

Eg Numerically Routh-Hurwitz conditions
Table 5 Summary of the equilibrium points of the models (1) and (16)
Interpretation Equilibria of (1) Equilibria of (16) Interpretation
Ecosystem Ey=1(0,0,0) EO =(0,0,0,0) ecosystem
Collapse collapse

El = (0,0, %, 0) nutrient-only

Ez =(0,0,0, %) oxygen-only
Algae-and-fungi-free E; =(0,0, %) E3 = (0,0, *, %) algae-and-fungi-free
Fungi-free Ey = (x,0, %) E4 = (%,0, %, %) fungi-free
Algae-free E3z = (0, %, %) ES = (0, *, *, %) algae-free
Coexistence E4 = (k, *, %) E6 = (%, *, *, %) coexistence

6 Comparison between the models without and with nutrients

In Table 5 we summarize the equilibrium points of the models (1) and (16).

For each fixed point of (1) we find a corresponding equilibrium of (16). In addition,
the mathematical system with nutrients explicitly modeled has two more equilibria.
From the above summarizing Tables 2 and 4 we observe the differences between the
conditions needed for the feasibility and stability of the various equilibria.

In both cases the ecosystem may collapse, but while it is enough not to feed oxygen
and nutrients into system (16) to achieve this status, as Eo is unconditionally stable, for
(1) even disrupting the inflow of oxygen, harldly thinkable in view of the fact that some
will always enter into the waterbody from the atmosphere, to obtain the stability of
this outcome a further condition must hold (5). Thus in this case it is possible to avoid
the system’s collapse if the algae reproduction rate r4 exceeeds their mortality rate
a4. On the other hand, if we consider also nutrients in the system, a similar situation
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can be obtained in (16) with no algae, nor fungi nor oxygen, if condition (21) holds. In
such case, to avoid collapse, the parameters appearing in the response function g(N)
should be suitably tuned together with the nutrients input flow rate gy .

This very same condition (21) together with (24) ensures the stability of the algae-
and-fungi-free equilibrium E3 in (16). In the simpler model (1) less involved conditions
must hold for the corresponding situation, i.e. the point Eq, namely giving lower
bounds on the fungi and algae mortality rates.

Instead there is a second equilibrium in (16) giving this very same outcome, Ep. It
is achieved if the nutrients supply stops, and in such case it is unconditionally stable.
Evidently, this is a considerable difference among the two models. Whether nutrients
are taken into account or not appears to have a substantial effect on the ecosystem
behaviour.

To obtain the fungi-free situation, equilibrium E; in (1), the growth rate of algae
should be greater than the mortality rate for feasibility (7), while for its stability the
fungi mortality rate should be high enough (8), although in this condition the algae
level also helps in satisfying it. For the corresponding equilibrium in (16), E4, the
feasibility condition imposes restrictions on the response function g(N), for stability
the conditions are much more involved, see (26) and (27).

The feasibility condition of the algae-free point E3 relies on a high enough level of
the oxygen in the first model, while in the second one, equilibrium Es, it depends on
both oxygen and the nutrients and further also on a high level of nutrients, see (32).
It therefore may give a more relaxed condition. In other words, nutrients may help to
deplete the algae. Stability of this outcome in (1) is obtained if the algae reproduction
rate is bounded above by their mortality augmented by a quantity that depends on the
fungi equilibrium level. Thus even in a highly reproducing environment, a suitable
quantity of fungi may avoid eutrophization of the waters. It is very hard to assess the
meaning of the corresponding stability conditions in the model (16) in view of the fact
that they are quite involved, (33), (34).

The coexistence equilibrium E4 of the model (1) is always stable if it exists while
for the model (16) the existence of Eg is shown numerically and for its stability the
Routh—Hurwitz conditions must hold. For both E4 and EG we have made numerical
simulations with two fixed set of parameters varying only the input of oxygen go. The
results are quite interesting. For the equilibrium E4 changing go from O to 1 leads to
a significant increase in the DO concentration and in the fungi biomass, respectively,
see Fig. 4. For Eg changing g from 0 to 47.7051 only the concentration of DO will
increase while A, F' and N will remain at the same value, see Fig. 13.

7 Conclusions

A three dimensional, nonlinear mathematical model has been introduced and analysed.
In addition to the trivial equilibrium, four additional equilibrium points have been
found. Their stability was been completely analysed. For a chosen set of parameters
with the same initial conditions we get the stability of the coexistence equilibrium, E4,
both in the absence, gp = 0, and with full, go = 1, external oxygen supply, Fig. 4.
Thus the constant input of DO is not necessarily needed if the parameters are chosen
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appropriately, to have a viable system. In fact algae contribution of DO to the system
is enough for the fungi utilization. The simulations of Fig. 5 instead show that the DO
concentration should not drop below a critical threshold, because in such situation the
fungi may disappear. Such a loss would be detrimental for the ecosystem.

One of the hypothesis of the model is the competition for food between algae and
fungi, but in an indirect way the results indicate that algae help the fungi growth by
producing DO.

Also a four dimensional, nonlinear mathematical model has been analysed. The model
was built starting from (1) in which the equation of nutrients was introduced explicitly.

Seven equilibrium points were found among which three of them exist if no external
input of oxygen and/or nutrient is considered, one of them exist always and three other
need feasibility conditions. For six of them we found the analytical expression or we
proved their existence analytically, while for the coexistence equilibrium we used
numerical methods. For the equilibrium stability we found that two of them are stable
without conditions and the remaining ones are locally conditionally stable.

As for the system (1) in Fig. 13 one can see that the coexistence equilibrium Eg
can be reached even without constant input of oxygen from the external environment,
thus the algae population helps indirectly the fungi population.
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8 Appendix A
by = -3 0026N2k32k42mp gn +2co eN2k32k42mF qo s — (,'0281:‘ eN2k1 k3 kg s +
+2 C026N3k3 k42mF +2co eNzeo k32k4 mps + C02eN2k12S 43)

3 = 3colen k3kg®mp qn® —dco ey k3Pka’mp gy qo s + ey k3Pka*mp qo®s? +
+2602e1: enkikzkagns — 60026N2k3 k42mF gn —2coerenkikiksqo s+
+2co eN2e0 kok3kamps+4co eN2k3 k42mF qos —4coeneo k32k4quNs +

291\73k42mF —coerenepki k3 s2+

+2eneo k32k4 mrqo s2— cozeF eNZkl kas+co

+2co eNzeO kykgmps+en eozkgzmp §2 = 200261\] klqu s+2coen k12q0 52 (44)
dy = —cO%k3%k4*mF gN> +2c0 k3%k4*mF gN%qO s — k3%k4*mF gN q0%s* —

+c0%eF k1 k3kdgN2s +6cO%eN k3k42mF gN? +2¢0 eFkl1k3kdgN qO s% —

+4¢0eNeOk2k3kdmF gN s —8¢O0 eN k3k42mF gN qO s +2¢0 O k32kdmF gN?s —

+eFk1k3kdq0%s3 +2eN eOk2k3kdmF qO s> +2eN k3k4*mF q0%s* —

+2e0k3%k4mF gN gO s> +2c0%eF eN k1 kdgN s — 3c0%eN*kd*mF gN —

+cOeFeNeOklk2s? 72606F6Nk1k4q052 +cOe‘FeOk1k3qNs2 +

+2¢0 eN2?eO k2kdmF s + 200@N2k42quOs —4c0OeNeOk3kdmFgNs —

+eFeOklk3gO s> +2eNeOX2k3mF s% +2eNeOk3kdmF qO s* —

+e0%k3%mF gN 5% + c0%k12gN?s —2c0 k1%qN g0 s> + k1?q0%s° (45)
e3 = —2c0%3k4*>mF gN> +2¢0 e0k2k3kdmF gN*s +4c0 k3k4*mF gN*>qO s —

+2e0k2k3k4mF gN qO s> — 2k3k42mF gN qO2s* — cO%eF k1 k4 qN?s +
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+3c0%eN k42 mF gN? + cO eF eOk1k2gN s> +2¢0 eFk1kdgN qO s —
+4cOeNeOk2kdmFgNs —4cO eNk42quNq0s +2c0e0 k3k4qust —
+eFeOklk2q0 s> — eFk1kdqO2s> + eN e0*k2*mF s* +

+2eN eO k2k4quOs2 + eNk42quOZs2 - 2e02k2k3quNs2 -
+2¢0k3k4mF gN qO s> (46)
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