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Abstract In this work, we propose an effective numerical technique for a class of
Lane–Emden equation which arises in chemistry and other branches. This technique
is the combination of variational iteration and homotopy perturbation. It produces
approximate solution in the form of a series, which is very handy from computational
point of view. Accuracy of the proposed method is revealed by test examples.

Keywords Nonlinear singular boundary value problem · Homotopy perturbation
method · Variational iteration method · He’s polynomials · Series solutions

1 Introduction

We consider the following class of two point nonlinear singular boundary value prob-
lems (SBVPs)

− u′′ − α

x
u′ = f (x, u), 0 < x < 1, ′ ≡ d

dx
,

u′(0) = B, a1u(1) + b1u
′(1) = c1,

⎫
⎬

⎭
(1)
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where α, B, a1, b1, c1 are real constants and α ≥ 1. We assume that f (x, u) is con-
tinuous and Lipschitz in D = {(x, u) ∈ [0, 1] × R}. Various real life problems [1–7]
are governed by nonlinear singular boundary value problem (SBVP) (1). Below we
mention few of these real life problems which are our test examples also.

(i) Equilibrium of isothermal gas sphere:
Chandrasekhar [1] derived the following two point nonlinear SBVP (α = 2 and
f (x, u) = uγ ), where γ is a physical constant. Here we consider the case, when
γ = 5.

− u′′(x) − 2

x
u′(x) = u5, 0 < x < 1,

u′(0) = 0, u(1) =
√
3

4
.

⎫
⎪⎪⎬

⎪⎪⎭

(2)

(ii) Thermal explosion in cylindrical vessel:
Chamber [2] derived the following two point nonlinear SBVP, which arises in
the thermal explosion

− u′′(x) − 1

x
u′(x) = eu, 0 < x < 1,

u′(0) = 0, u(1) = 0.

⎫
⎬

⎭
(3)

(iii) Thermal distribution in the human head:
Duggan andGoodman [5] derived the following two point nonlinear SBVPwhich
describes the thermal distribution profile in the human head

− u′′(x) − 2

x
u′(x) = e−u, 0 < x < 1,

u′(0) = 0, 2u(1) + u′(1) = 0.

⎫
⎬

⎭
(4)

(iv) Radial stress on a rotationally symmetric shallow membrane cap:
The following two point nonlinear SBVP arises in the study of radial stress on a
rotationally symmetric shallow membrane cap [6,7]

− u′′(x) − 3

x
u′(x) = 1

8u2
− 1

2
, 0 < x < 1,

u′(0) = 0, u(1) = 1.

⎫
⎬

⎭
(5)

Extensive literature is available for both analytical ([8–12] and the references their in)
and numerical results ([13–20] and the references their in).

Recently, variational iterationmethod and its modified version have been studied by
several researchers [21–25]. These methods give better results for linear problems but
it suffers for most of the nonlinear problems [19,31]. Wazwaz et al. [31] showed that
VIM is more impractical for solving second kind Lane–Emden equation. To overcome
this disadvantage, we propose this technique. It gives approximate solution in the form
of a series. To increase the accuracy of the solution obtained by our technique we can
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compute more number of terms which is otherwise difficult. The convergence analysis
and the error estimate of the proposed method are also discussed.

The prime motive of this work is to derive an effective numerical technique for
a class of SBVP (1). The proposed technique is based on the concept of Variational
IterationMethod (VIM) coupled with Homotopy perturbationmethod (HPM) [26,27].
In VIM [25], an iterative scheme for nonlinear SBVPs

L(u) + N (u) = g(x) (6)

is defined as

un+1(x) = un(x) +
x∫

0

λ(t) [Lun(t) + Nun(t) − g(t)] dt (7)

where L is a linear differential operator, N is a nonlinear operator, and g(x) is an
inhomogeneous term. It is easy to see that we will get the best solution if

x∫

0

λ(t) [Lun(t) + Nun(t) − g(t)] dt, (8)

is minimized. For minimization we use Homotopy perturbation method [27].

2 Homotopy perturbation method (HPM)

Actually, Homotopy perturbationmethod (HPM) is combination of homotopy analysis
and perturbation method, which mainly removes the restrictions on small parameter
for perturbation methods. Homotopy plays an important role in differential topology,
which is basically used to solve the nonlinear algebraic equations. In this analysis, a
homotopy H : [0, 1] × R → R (see [28] and the references there in)

H(x, p) = p f (x) + (1 − p)(x − a) = 0, x ∈ R, p ∈ [0, 1],

is constructed for nonlinear algebraic equation f (x) = 0, where p is an imbedding
parameter and x − a = 0 is a simple algebraic equation. It is clear that, when we vary
p from 0 to 1, the homotopy H(x, p) is varied from, (x − a) to f (x), i.e., at p = 1,
we get the solution of nonlinear algebraic equation f (x) = 0. This process is called
deformation, and we say that (x − a) & f (x) are homotopic.

By using the homotopy analysis [28] and elimination of small parameter ([27] and
the references there in), He [27] proposed a new perturbation method for nonlinear
differential equations

A(u) − f (r) = 0, r ∈ �, (9)
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with boundary condition

B

(

u,
∂u

∂n

)

= 0, r ∈ �, (10)

here A ≡ L + N is a general differential operator, where L and N are linear and
nonlinear differential operators, respectively. B is a boundary operator, f (r) is a
known analytic function and � is the boundary of the domain �. So, Eq. (9) can be
written as

L(u) + N (u) − f (r) = 0, r ∈ �. (11)

Now we employ the ideas of homotopy analysis and construct the homotopy ν(r, p) :
� × [0, 1] → R, which satisfies

H(ν, r, p) = (1 − p)[L(ν) − L(u0)] + p[A(ν) − f (r)] = 0, p ∈ [0, 1], r ∈ �,

(12)

which is equivalent to

H(ν, r, p) = L(ν) − L(u0) + pL(u0) + p[N (ν) − f (r)] = 0, (13)

where p ∈ [0, 1] is an embedding parameter, and u0 is an initial guess of (9), satisfying
the initial conditions. From (13), we have

H(ν, r, 0) = L(ν) − L(u0) = 0, (14)

H(ν, r, 1) = L(ν) + N (ν) − f (r) = 0. (15)

It is clear from (14) and (15), that L(ν)−L(u0) and L(ν)+N (ν)− f (r) are homotopic.
Now, we introduce perturbation and take p as a small parameter. We expand the

solution of Eq. (13) as a power series of p given by

ν = ν0 + pν1 + p2ν2 + · · · , (16)

where νi , i = 0, 1, 2, . . . are unknowns to be determined. At p = 1, we obtain the
approximate solution of Eq. (9) given by

ν(r, 1) = u(r) = ν0 + ν1 + ν2 + · · · . (17)

Now, we write the nonlinear term in integral powers of parameter p given as

N (ν) =
∞∑

i=0

pi Hi = H0 + pH1 + p2H2 + · · · , (18)

where Hn’s are defined as
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Hn(ν0, . . . , νn) = 1

n!
∂n

∂pn
N

(
n∑

i=0

piνi

) ∣
∣
∣
∣
p=0

, n = 0, 1, 2 . . . . (19)

In literature Hn’s are also known as He’s polynomial [29].
Finally, we substitute (16) and (18) into Eq. (13), collect coefficients of different

powers of p and equating them to zero, we get

p0 : L(ν0) − L(u0) = 0,

p1 : L(ν1) + L(u0) + H0 − f (r) = 0,

p2 : L(ν2) + H1 = 0,

p3 : L(ν3) + H2 = 0,

...

pn+1 : L(νn+1) + Hn = 0,

....

(20)

Now using the above system of equations we compute νi , i = 0, 1, 2, . . . and
∑∞

i=0 νi
to get the solution ν(r, 1) = u(r) of the nonlinear equation (9).

2.1 Variational iteration method (VIM)

The iterative scheme for nonlinear SBVP (1) is given by (see [21])

un+1(x) = un(x) +
x∫

0

λ
(
−ün(t) − α

t
u̇n(t) − f̃ (t, un)

)
dt, (21)

where˙≡ d
dt .

Following the analysis of [25], we arrive at stationary conditions given by

1 + λx (x) − αλ(x)

x
= 0, (22)

λ(x) = 0, (23)

−λt t (t) + α
(tλt (t) − λ(t))

t2
= 0. (24)

By using the stationary conditions, the value of the Lagrange multipliers can be
easily obtained. It is given as follows

λ(t) =

⎧
⎪⎪⎨

⎪⎪⎩

tα

xα−1(1 − α)
− t

(1 − α)
, ∀ α > 1,

lim
α→1

[
tα

xα−1(1 − α)
− t

(1 − α)

]

, for α = 1.
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3 HPM & VIM

In this section we combine the two techniques HPM and VIM together and solve a
class of two point nonlinear singular boundary value problems. Here we construct
homotopy with the help of VIM.We follow an intuitive route [30] for the construction
of the homotopy.

To get the solution of the nonlinear SBVP (1), we couple the concept of HPM with
VIM, i.e., we consider the following homotopy (Appendix 7) for Eq. (21)

H(x, ν, p) = (1 − p)[u0 − ν] + p

x∫

0

λ(t)[Lν(t) + Nν(t) − g(t)]dt = 0, (25)

where p ∈ [0, 1] is the embedding parameter, and u0(x) is the initial guess satisfying
the initial conditions. It follows from (25) that

H(x, ν, 0) = ν − u0 = 0, (26)

H(x, ν, 1) =
x∫

0

λ(t)[Lν(t) + Nν(t) − g(t)]dt = 0. (27)

As embedding parameter p is varied from 0 to 1, ν(p, x) changes from u0(x) to the
best approximation of Eq. (21).

We expand ν(p, x) in a power series of p, where we take p as a small parameter,

ν(p, x) =
∞∑

i=0

piνi . (28)

At p = 1, we get the best solution of nonlinear differential Eq. (6),

ν(1, x) = u(x) =
∞∑

i=0

νi . (29)

Now using He’s polynomials, we decompose the nonlinear term [see Eq. (18)], i.e.,

N (ν) =
∞∑

i=0

pi Hi . (30)

Substituting (28) and (30) into (25), and comparing the coefficients of same powers
of p we get

p0 : ν0 = u0(x)

p1 : ν1 =
x∫

0

λ(t)[Lν0 + H0 − g(t)]dt,
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p2 : ν2 = ν1 +
x∫

0

λ(t)[Lν1 + H1]dt,

...

pn+1 : νn+1 = νn +
x∫

0

λ(t)[Lνn + Hn]dt,

.... (31)

We solve these set of equations to obtain the series solution

u = lim
n→∞ un =

∞∑

i=0

νi (32)

where un =
n∑

i=0

νi .

Additionally, for the nonlinear SBVP (1), we choose u0 = A, where A =∑∞
i=0 Ai pi , where p is a small parameter. Making use of this initial approximation,

we can write the Eq. (25) as

(1 − p)[A − ν] + p

x∫

0

λ(t)[Lν(t) + Nν(t) − g(t)]dt = 0,

where A = ∑∞
i=0 Ai pi and ν = ∑∞

i=0 νi pi .
Now by collecting the coefficients of different powers of p and equate them to zero,

we get

p0 : ν0 = u0

p1 : ν1 = ν0 + (A1 − A0) +
x∫

0

λ(t)[Lν0(t) + H0(t) − g(t)]dt,

p2 : ν2 = ν1 + (A2 − A1) +
x∫

0

λ(t)[Lν1(t) + H1(t)]dt,

...

pn+1 : νn+1 = νn + (An+1 − An) +
x∫

0

λ(t)[Lνn(t) + Hn(t)]dt,

....

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(33)

We use equations labeled as Eq. (33) to compute our solution.
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4 Accuracy and efficiency

The accuracy and efficiency of proposed technique are discussed in this section. Here,
we study the existence and uniqueness of the solution of SBVP (1) and examine the
convergence analysis and error estimate for the proposed technique.

We consider the norm
‖u‖ = max

0≤x≤1
|u(x)|, u ∈ X,

where X = C[0, 1] is a Banach space.
Further assume that there exist N0 ≥ 0 such that for all f (x, y), f (x, z) ∈ D

| f (x, y) − f (x, z)| ≤ N0|y − z|, (34)

where D = {(x, y) ∈ [0, 1] × R}.

4.1 Existence and uniqueness of solutions

Theorem 4.1 The nonlinear singular boundary value problem SBVP (1) where
f (x, u) satisfies the Lipschitz condition (34) and N0 < 2(1+α), has a unique solution.

Proof Let y1 and y2 be two distinct solutions of nonlinear SBVP (1), so they will
satisfy the Eq. (27) , i.e.,

x∫

0

λ(t)[y′′
1 (t) + α

t
y′
1(t) + f (t, y1)]dt = 0, (35)

where L = − d2

dt2
− α

t
d
dt , N = − f (t, _) and g(t) = 0. Similarly, we can define it for

y2.
Now, Integration by parts and stationary conditions (22)–(24), yield

y1(x) = ν0 −
x∫

0

λ(t) f (t, y1)dt. (36)

Similarly,

y2(x) = ν0 −
x∫

0

λ(t) f (t, y2)dt. (37)

Making use of Eqs. (36)–(37), we get

|y1 − y2| =
∣
∣
∣
∣
∣
∣

x∫

0

λ(t) [ f (t, y1) − f (t, y2)] dt

∣
∣
∣
∣
∣
∣
,

max
0≤x≤1

|y1 − y2| = max
0≤x≤1

∣
∣
∣
∣
∣
∣

x∫

0

λ(t) [ f (t, y1) − f (t, y2)] dt

∣
∣
∣
∣
∣
∣
,
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= max
0≤t≤1

| f (t, y1) − f (t, y2)| max
0≤x≤1

∣
∣
∣
∣
∣
∣

x∫

0

λ(t)dt

∣
∣
∣
∣
∣
∣
,

‖y1 − y2‖ ≤ N0 ‖y1 − y2‖ max
0≤x≤1

∣
∣
∣
∣

x2

2 + 2α

∣
∣
∣
∣ .

Hence, we have

‖y1 − y2‖ ≤ γ ‖y1 − y2‖ ,

where γ = N0
2+2α < 1. This gives that y1 = y2. Hence, the theorem is proved. ��

4.2 Convergence analysis

Now, to show the convergence of proposed technique, we use Eq. (21) and stationary
conditions (22)–(24), and deduce,

un+1 = un −
x∫

0

((

−λt (t) + αλ(t)

t

)

u̇n(t) + λ f̃ (t, un)

)

dt . (38)

Similarly, we have

un = un−1 −
x∫

0

((

−λt (t) + αλ(t)

t

)

u̇n−1(t) + λ f̃ (t, un−1)

)

dt . (39)

Now,

|un+1 − un| =
∣
∣
∣
∣
∣
∣

x∫

0

((

−λt t (t) + α
(tλt (t) − λ)

t2

)

(un − un−1)

+ λ(t)
(
f̃ (t, un) − f̃ (t, un−1)

))
dt

∣
∣
∣ ,

=
∣
∣
∣
∣
∣
∣

x∫

0

(
λ(t)

(
f̃ (t, un) − f̃ (t, un−1)

))
dt

∣
∣
∣
∣
∣
∣
,

or

max
0≤x≤1

|un+1 − un)| = max
0≤x≤1

∣
∣
∣
∣
∣
∣

x∫

0

(
λ(t)

(
f̃ (t, un) − f̃ (t, un−1)

))
dt

∣
∣
∣
∣
∣
∣
,

≤ max
0≤t≤1

| f̃ (t, un) − f̃ (t, un−1)| max
0≤x≤1

∣
∣
∣
∣
∣
∣

x∫

0

λ(t)dt

∣
∣
∣
∣
∣
∣
.
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As f satisfies the Lipschitz condition, so we get

‖un+1 − un‖ ≤ N0 max
0≤t≤1

|un − un−1| max
0≤x≤1

∣
∣
∣
∣

x2

2 + 2α

∣
∣
∣
∣ ,

≤ γ ‖un − un−1‖ .

Hence, we have

‖un+1 − un‖ ≤ γ ‖un − un−1‖ , (40)

where γ < 1.

Theorem 4.2 Let νn(x), u(x) ∈ X and further we assume that ‖ν0‖ is a finite, then we
have ‖νn+1‖ ≤ γ ‖νn‖, γ < 1, for n = 0, 1, 2, . . ., and the sequence {un = ∑n

i=0 νi }
converges to the solution of SBVP (1).

Proof As {un} is the sequence of partial sum of the series (32), i.e.,

u1 = ν0 + ν1,

u2 = ν0 + ν1 + ν2,

...

un = ν0 + ν1 + ν2 + · · · + νn,

...

which gives

νn+1 = un+1 − un, n = 1, 2, 3, · · · .

Now with the help of (40), we can write

‖νn+1‖ = ‖un+1 − un‖ ≤ γ ‖un − un−1‖ = γ ‖νn‖ .

Hence, we obtain

‖un+1 − un‖ = ‖νn+1‖ ≤ γ ‖νn‖ ≤ γ 2 ‖νn−1‖ ≤ · · · ≤ γ n+1 ‖ν0‖ .

To show the convergence of the sequence {un}, we use Cauchy criterion

‖un − um‖ = ‖(un − un−1) + (un−1 − un−2) + · · · + (um+1 − um)‖
≤ ‖(un − un−1)‖ + ‖(un−1 − un−2)‖ + · · · + ‖(um+1 − um)‖
≤ γ n ‖ν0‖ + γ n−1 ‖ν0‖ + · · · + γm+1 ‖ν0‖
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≤ γm+1
[
1 + γ + γ 2 + · · · + γ n−m−1

]
‖ν0‖

≤ γm+1
(
1 − γ n−m

)

1 − γ
‖ν0‖ .

As 0 < γ < 1, we have

‖un − um‖ ≤ γm+1

1 − γ
‖ν0‖ . (41)

Now taking limit m → ∞, we get

‖un − um‖ → 0.

Thus, the sequence {un} is a Cauchy sequence inBanach spaceX, so the series∑n
i=0 νi

is convergent. ��

4.3 Error estimate

Theorem 4.3 Themaximumabsolute truncation error in the computation of the series
solution (32) of SBVP (1) is given by

max
0≤x≤1

∣
∣
∣
∣
∣
u(x) −

m∑

i=0

νi

∣
∣
∣
∣
∣
≤ γm+1

1 − γ
‖ν0‖ .

Proof From inequality (41), we have

‖un − um‖ ≤ γm+1

1 − γ
‖ν0‖ , (42)

where n ≥ m. If we fix m and varies n → ∞, then we get

max
0≤x≤1

∣
∣
∣
∣
∣
u(x) −

m∑

i=0

νi

∣
∣
∣
∣
∣
≤ γm+1

1 − γ
‖ν0‖ .

This completes the proof. ��

5 Numerical illustrations

5.1 Problem 1: Equilibrium of isothermal gas sphere

Consider the nonlinear SBVP (2). The exact solution of this problem is u(x) = (1 +
x2
3 )− 1

2 . Using (33) and (2), we obtain the value of ν1, ν2, . . . as
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Table 1 Numerical values of
Ai , where i = 0, 1, 2, . . . A0 = 0.866025, A5 = 0.00329187, A10 = 0.000291152

A1 = 0.0811899, A6 = 0.00191103, A11 = 0.000190205

A2 = 0.0266404, A7 = 0.00115173, A12 = 0.000125714

A3 = 0.0117741, A8 = 0.000713747, A13 = 0.00008391

A4 = 0.00597904, A9 = 0.000451962 A14 = 0.0000564804

ν0 = A0,

ν1 = A1 − 1

6
A5
0x

2,

ν2 = 1

24
A9
0x

4 − 5

6
A1A

4
0x

2 + A2,

ν3 = 1

432
(−5)A13

0 x6 + 3

8
A1A

8
0x

4 − 5

6
A2A

4
0x

2 − 5

3
A2
1A

3
0x

2 + A3,

ν4 = 35A17
0 x8

10368
− 65

432
A1A

12
0 x6 + 3

8
A2A

8
0x

4 + 3

2
A2
1A

7
0x

4

− 5

6
A3A

4
0x

2 − 10

3
A1A2A

3
0x

2 − 5

3
A3
1A

2
0x

2 + A4,

ν5 = −7A21
0 x10

6912
+ 595A1A16

0 x8

10368
− 65

432
A2A

12
0 x6 − 65

72
A2
1A

11
0 x6 + 3

8
A3A

8
0x

4

+ 3A1A2A
7
0x

4 + 7

2
A3
1A

6
0x

4 − 5

6
A4A

4
0x

2 − 5

3
A2
2A

3
0x

2 − 10

3
A1A3A

3
0x

2

− 5A2
1A2A

2
0x

2 − 5

6
A4
1A0x

2 + A5,

....

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(43)

We have also computed other components, but due to lack of space we have not listed.
Using boundary conditions of (2), we get the values of Ai (Table 1)
Hence, by using (43) and Table 1, we can write an approximate series solutions

containing 15-terms i.e., u = ∑15
i=0 vi .

In Table 2, we show the efficiency of this numerical technique. Here, we have
discussed the approximated series solutions containing respectively 6, 10, 12 terms
and their corresponding absolute errors,which shows a systematical decline in absolute
errors. In Table 3 we compare our numerical results with the result of [25].

5.2 Problem 2: Thermal explosion in cylindrical vessel

Consider the nonlinear two point SBVP (3). The exact solution of this SBVP is u(x) =
2 ln

(
C+1

C x2+1

)
, where C = 3 − 2

√
2. By employing the Eqs. (33) and (3), we obtain
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Table 2 Numerical solutions and absolute error for problem (2)

x Approximations Exact solution Absolute error
u6 u10 u12 a6 a10 a12

0 0.996812 0.99942 0.999736 1 0.003188 0.00058 0.000264

0.1 0.995216 0.997771 0.99808 0.998337 0.003121 0.000566 0.000257

0.2 0.990472 0.992869 0.993159 0.993399 0.002927 0.00053 0.00024

0.3 0.982703 0.984856 0.985115 0.985329 0.002626 0.000473 0.000214

0.4 0.972106 0.973952 0.974172 0.974355 0.002249 0.000403 0.000183

0.5 0.95894 0.960444 0.960622 0.960769 0.001829 0.000325 0.000147

0.6 0.943513 0.944664 0.9448 0.944911 0.001398 0.000247 0.000111

0.7 0.926161 0.926972 0.927067 0.927146 0.000985 0.000174 7.9E−05

0.8 0.907234 0.907735 0.907793 0.907841 0.000607 0.000106 4.8E−05

0.9 0.887079 0.887308 0.887335 0.887357 0.000278 4.9E−05 2.2E−05

1 0.866025 0.866025 0.866025 0.866025 0 0 0

Table 3 Numerical solutions and absolute error for problem (2)

x Approximations Exact solution Absolute error

Proposed
method
(u14)

Solution
(y2) in [25]

Solution
(y3) in [25]

u14 for y2 [25] for y3 [25]

0 0.999877 0.993678 1.000392358 1 0.000123 0.006322 0.000392358

0.1 0.998217 0.992067 0.998726589 0.998337 0.00012 0.00627 0.000389589

0.2 0.993287 0.987282 0.993778768 0.993399 0.000112 0.006117 0.000379768

0.3 0.985229 0.979461 0.985693317 0.985329 1E−04 0.005868 0.000364317

0.4 0.97427 0.968827 0.97469805 0.974355 8.5E−05 0.005528 0.00034305

0.5 0.9607 0.955679 0.961086726 0.960769 6.9E−05 0.00509 0.000317726

0.6 0.944859 0.940377 0.945197991 0.944911 5.2E−05 0.004534 0.000286991

0.7 0.927109 0.923325 0.927393267 0.927146 3.7E−05 0.003821 0.000247267

0.8 0.907819 0.904958 0.908035953 0.907841 2.2E−05 0.002883 0.000194953

0.9 0.887346 0.885714 0.887473778 0.887357 1.1E−05 0.001643 0.000116778

1 0.866025 0.866025 0.866025404 0.866025 0 0 4.03784E-07

Table 4 Numerical values of
Ai , where i = 0, 1, 2, . . . A0 = 0 A5 = 0.00153809

A1 = 0.25 A6 = 0.000587463

A2 = 0.046875 A7 = 0.000233786

A3 = 0.0130208 A8 = 0.000095889

A4 = 0.00427246
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Table 5 Numerical solutions and absolute error for (3)

x Approximations Exact
solution

Absolute error

u4 u6 u8 a4 a6 a8

0 0.314168 0.316294 0.316624 0.316694 0.002526 0.0004 7E−05

0.1 0.310782 0.312872 0.313196 0.313266 0.002484 0.000394 7E−05

0.2 0.300656 0.302642 0.30295 0.303015 0.002359 0.000373 6.5E−05

0.3 0.283886 0.285707 0.285987 0.286047 0.002161 0.00034 6E−05

0.4 0.260628 0.262232 0.262479 0.262531 0.001903 0.000299 5.2E−05

0.5 0.231095 0.232446 0.232653 0.232697 0.001602 0.000251 4.4E−05

0.6 0.195552 0.196628 0.196792 0.196827 0.001275 0.000199 3.5E−05

0.7 0.15431 0.155103 0.155223 0.155248 0.000938 0.000145 2.5E−05

0.8 0.107716 0.108229 0.108306 0.108323 0.000607 9.4E−05 1.7E−05

0.9 0.0561473 0.0563936 0.0564308 0.0564386 0.0002913 4.5E−05 7.8E−06

1 −8.32667E−17 4.16334E−17 7.1205E−17 0 8.32667E−17 4.16334E−17 7.1205E−17

the components {νi } of the series solutions of SBVP as

ν0 = A0,

ν1 = A1 − 1

4
x2eA0 ,

ν2 = − 1

4
x2eA0 + 1

64
x2

(
eA0

(
eA0 x2 + 16

)
− 16eA0 A1

)
+ A2,

ν3 = − 1

4
x2eA0 + 1

64
x2

(
eA0

(
eA0 x2 + 16

)
− 16eA0 A1

)

− eA0 x2
(
x2eA0

(
x2

(
2eA0 +eA0

)+36
)+36A1

(
x2

(− (
eA0 +eA0

))+8A1−16
)+576A2

)

2304
+A3,

ν4 = − 1

4
x2eA0 + 1

64
x2

(
eA0

(
eA0 x2 + 16

)
− 16eA0 A1

)

− eA0 x2
(
x2eA0

(
x2

(
2eA0 +eA0

)+36
)+36A1

(
x2

(− (
eA0 +eA0

))+8A1−16
)+576A2

)

2304

− eA0 x2

147456

(
−6x6e3A0 − x4e2A0

(
11eA0 x2 − 128A1 + 128

)

− x2eA0
(
e2A0 x4 − 64eA0 (6A1 − 1) x2 + 1152 ((A1 − 2) A1 + 2A2)

)

+ 64
(
e2A0 A1x

4 − 18eA0 (A1 (3A1 − 2) + 2A2) x
2

+ 96 (−6A2 + A1 ((A1 − 3) A1 + 6A2) + 6A3))) + A4,

.

.

..

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(44)

Making use of boundary conditions of (3), we obtain the values of A0, A1, A2, . . .

(See Table 4). Hence, by using (44) and Table 4, we can write an approximate series
solutions of SBVP, containing 9-terms i.e., u = ∑8

i=0 vi . In Table 5,we have discussed
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the approximated series solution (containing different terms) for SBVP (3) and their
corresponding absolute errors, which shows a systematical decline in absolute errors.

5.3 Problem 3: Thermal distribution in the human head

Consider the nonlinear SBVP (4). By employing the Eqs. (33) and (4), we obtain the
components {νi } of the series solutions of SBVP u as

ν0 = A0,

ν1 = A1 − 1

6
e−A0 x2,

ν2 = − 1

120
e−2A0 x4 + 1

6
e−A0 A1x

2 + A2,

ν3 = − 1

120
e−2A0 x4 + 1

6
e−A0 A1x

2

− e−3A0
(−63eA0 (2A1 + 1) x4 + 630e2A0 (A1 (A1 + 2) − 2A2) x2 + 4x6

)

7560
+ A3,

ν4 = − 1

120
e−2A0 x4 + 1

6
e−A0 A1x

2

− e−3A0
(−63eA0 (2A1 + 1) x4 + 630e2A0 (A1 (A1 + 2) − 2A2) x2 + 4x6

)

7560

− e−4A0

22680x

(
−12eA0 (3A1 + 1) x7 + 378e2A0

(
A2
1 + A1 − A2

)
x5

− 630e3A0 (−6A2 + A1 (A1 (A1 + 3) − 6A2) + 6A3) x
3 + 61x9

72

)

+ A4,

.

.

..

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(45)

Making use of boundary conditions of (4), we obtain the values of A0, A1, A2, . . .

(See Table 6).
Hence, by using (45) and Table 6, we can write an approximate series solutions of

SBVP, containing 11-terms, i.e., u = ∑10
i=0 vi .

To check the efficiency of our technique for this problem we use absolute residual
error because exact solution is not available. The absolute residual error measures that
how well the approximate solution satisfies nonlinear SBVP (4).

Rn =
∣
∣
∣
∣−u′′

n(x) − 2

x
u′
n(x) − e−un

∣
∣
∣
∣ , 0 < x < 1.

Table 6 Numerical values of
Ai , where i = 0, 1, 2, . . . A0 = 0 A4 = −0.0145847 A8 = −0.0011053

A1 = 0.333333 A5 = 0.00712792 A9 = 0.000627972

A2 = −0.0861111 A6 = −0.00369133 A10 = −0.000363262

A3 = 0.032672 A7 = 0.00199019
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Table 7 shows the numerical values of residual error Rn , n = 7, 8, 10 and their
systematical decay. We also compare our results with the results in [14] and [5].

5.4 Problem 4: Rotationally symmetric shallow membrane cap

We consider the nonlinear SBVP (5). By employing the Eqs. (33) and (5), we obtain
the components {νi } of the series solutions of SBVP u as

ν0 = A0,

ν1 = − x2

64A2
0

+ A1 + x2

16
,

ν2 = x4

1536A3
0

− x4

6144A5
0

+ A1x2

32A3
0

+ A2,

ν3 = − x6

32768A4
0

+ 11x6

589824A6
0

− 13x6

4718592A8
0

+ 5A1x4

6144A6
0

− A1x4

512A4
0

+ A2x2

32A3
0

− 3A2
1x

2

64A4
0

+ A3,

ν4 = − x6

32768A4
0

+ 11x6

589824A6
0

− 13x6

4718592A8
0

+ 5A1x4

6144A6
0

− A1x4

512A4
0

+ A2x2

32A3
0

− 3A2
1x

2

64A4
0

+ x2

1509949440A11
0

(
8A2

0

(
520A0x

4 + 4160A1x
4

− 320A3
0x

2
(
480A1 − 480A2 + 11x2

)

− 6A2
0

(
320A1x

2
(
240A1 + 11x2

)
+ 51x6

)

+ 5760A5
0

(
64A1

(
24A1 + x2

)
− 64A2

(
48A1 + x2

)
+ x4

)

+ 288A4
0

(
80A1

(
32A1

(
16A1 + x2

)
+ x4

)
+ x6

)

− 5898240A6
0 (A2 − A3) + 101x6

)
− 85x6

)
+ A4,

....

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(46)

Making use of boundary conditions of (5), we obtain the values of A0, A1, A2, . . .(See
Table 8).

Hence, by using (46) and Table 8, we can write an approximate series solutions
of SBVP, containing 10-terms, i.e., u = ∑9

i=0 vi . Similar to above problem, exact
solution of this problem (5) is also not known. So, again we check the efficiency of
our technique with the use of absolute residual error.
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Table 8 Numerical values of Ai , where i = 0, 1, 2, . . .

A0 = 1 A4 = 1.13249 × 10−7 A8 = 9.7943 × 10−12

A1 = −0.046875 A5 = −6.18833 × 10−8 A9 = 5.23386 × 10−13

A2 = 0.000976563 A6 = −3.29419 × 10−9

A3 = 0.0000336965 A7 = 1.10069 × 10−12

Table 9 Numerical solutions and absolute residual error for (5)

x u6 Solution Absolute residual error

in [25] R6 R7 R8 R9

0 0.954135 0.952148432 1.70634E−09 2.13697E−10 1.90742E−11 3.86774E−13

0.1 0.954589 0.95263173 1.52099E−09 2.08909E−10 1.79321E−11 3.28515E−13

0.2 0.95595 0.954081048 1.02873E−09 1.93842E−10 1.48054E−11 1.81022E−13

0.3 0.95822 0.956494659 3.95944E−10 1.6746E−10 1.05031E−11 1.04916E−14

0.4 0.961403 0.959869678 1.74014E−10 1.30779E−10 6.09157E−12 1.14464E−13

0.5 0.965503 0.964202058 5.21019E−10 8.86357E−11 2.53958E−12 1.58318E−13

0.6 0.970526 0.969486581 5.89803E−10 4.90143E−11 3.81084E−13 1.3195E−13

0.7 0.976479 0.975716845 4.44409E−10 1.9698E−11 4.40037E−13 7.64944E−14

0.8 0.983369 0.982885249 2.24681E−10 4.11388E−12 4.29934E−13 2.99205E−14

0.9 0.991206 0.990982981 6.17023E−11 4.23439E−13 1.74638E−13 6.60583E−15

1 1 1 0 0 0 5.55112E−17

Rn =
∣
∣
∣
∣−u′′

n(x) − 3

x
u′
n(x) − 1

8u2n
+ 1

2

∣
∣
∣
∣ , 0 < x < 1.

Table 9 shows the numerical values of residual error Rn , n = 6, 7, 8, 9 and their
systematical decay. Also we compare our result with the result of [25].

6 Conclusion

In this paper, we have applied proposed Homotopy perturbation method coupled with
Variational Iteration Method to nonlinear singular boundary value problems arising
in chemistry and other branches. The proposed method is convergent and provides us
approximate solutions which are very close to exact solution or best solution, known
so far. This method can be preferred over finite difference method as it does not require
matrix inversion.Using absolute and residual errors, we show the computational power
of proposed method.

Acknowledgments This work supported by Seed Grant provided by DST (SERB), New Delhi, India,
File No. SR/S4/MS/805/12.
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7 Appendix

Construction of homotopy for the nonlinear SBVP (1) is discussed in this section.
We define the (n + 1)th approximate solution for SBVP (1) as (see Sect. 2.1)

un+1(x) = un(x) +
x∫

0

λ(t)[Lun(t) + Nun(t) − g(t)]dt, (47)

where Lun = −u′′
n − α

t u
′
n , Nun = − f (t, un) and g(t) = 0.

We introduce ν = ∑∞
i=0 p

iνi , N (ν) = ∑∞
i=0 p

i Hi and the nth approximate solu-
tion un = ∑n

i=0 νi . Also note that N (ν0) = H0, N (ν0 + ν1) = H0 + H1 and
N

(∑n
i=0 νi

) = ∑n
i=0 Hi .

Substituting these values into (47), we get

(
n+1∑

i=0

νi

)

=
(

n∑

i=0

νi

)

+
x∫

0

λ(t)

[

L

(
n∑

i=0

νi

)

(t) + N

(
n∑

i=0

νi

)

(t) − g(t)

]

dt.

(48)

Now, after solving the above equation for different values of n, we get

ν0 = u0

ν1 =
x∫

0

λ(t)[Lν0(t) + H0(t) − g(t)]dt,

ν2 = ν1 +
x∫

0

λ(t)[Lν1(t) + H1(t)]dt,

...

νn+1 = νn +
x∫

0

λ(t)[Lνn(t) + Hn(t)]dt,

....

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(49)

Which yields

ν(x, p) =
∞∑

i=0

piνi = ν0 + pν1 + p2ν2 + · · · + pnνn + · · ·

= ν0 +
⎡

⎣p

x∫

0

λ(t)[Lν0 + H0 − g(t)]dt
⎤

⎦
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+
⎡

⎣p2ν1 + p

x∫

0

λ(t)[Lν1(t)p + H1(t)p]dt
⎤

⎦

+
⎡

⎣p3ν2 + p

x∫

0

λ(t)[Lν2(t)p
2 + H2(t)p

2]dt
⎤

⎦+ (50)

· · · +
⎡

⎣pn+1νn + p

x∫

0

λ(t)[Lνn(t)p
n + Hn(t)p

n]dt
⎤

⎦ + · · · .

That gives

(1 − p)[u0 − ν] + p

x∫

0

λ(t)[Lν(t) + Nν(t) − g(t)]dt = 0.

Hence, we get the following homotopy

H(x, ν, p) = (1 − p)[u0 − ν] + p

x∫

0

λ(t)[Lν(t) + Nν(t) − g(t)]dt = 0.
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