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Abstract In this paper, we introduce the one-two descriptor. The one-two descrip-
tors is the sum of the vertex contributions such that each pendant vertex contributes
1, each vertex of degree two adjacent to pendant vertex contributes 2, and each vertex
of degree higher than two also contributes 2. We test this descriptor on the benchmark
data set of the octane isomers proposed by the International Academy of Mathemat-
ical Chemistry. We show that this descriptor is a good predictor of the heat capacity
at P constant (CP) and of the total surface area (TSA). Linear model predictions for
both these properties are better then predictions of any of the benchmark descriptors
proposed by International Academy of Mathematical Chemistry. Linear model pre-
dictions of TSA are also better then predictions of any of Adriatic descriptors, while
linear model predictions of CP are not as good as predictions by Adriatic descriptor
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called inverse sum lordeg index. We also analyze the mathematical properties of this
descriptor and we find tight upper and lower bounds in the families of the trees with
n vertices and the chemical trees with n vertices.

Keywords One-two descriptor · Molecular descriptor · Linear models ·
Extremal graphs

1 Introduction

The molecular descriptor is the final result of a logical and mathematical procedure
which transforms chemical information encoded within a symbolic representation of
a molecule into a useful number or the result of some standardized experiment [1].
Molecular descriptors have been shown to be useful in modeling many physico-chem-
ical properties in numerous QSAR and QSPR studies [2–4].

In this paper, we introduce one-two descriptor. It is defined as the sum of the vertex
contributions is such a way that each pendant vertex contributes 1, each vertex of
degree two adjacent to pendant vertex contributes 2, and each vertex of degree higher
than two also contributes 2. We illustrate this definition for 3-ethyl-hexane by Fig. 1

One-two descriptor of graph G will be denoted by OT (G). For instance, if G is
3-ethyl-hexane, then OT (G) = 11. We show that one-two descriptor is a good predic-
tor of the heat capacity at P constant (CP) and of the total surface area (TSA) for octane
isomers. Further, we analyze mathematical properties of this descriptor. Namely, we
find tight upper and lower bounds in the families of the trees with n vertices and the
chemical trees with n vertices.

2 QSAR results

International Academy of Mathematical Chemistry [5] proposed four benchmark sets
[6] as sets for testing the molecular descriptors. Also, recently Adriatic descriptors
[7–11] have been proposed and in many cases they have provided better results then
benchmark descriptors [7,10]. In this paper, we show that one-two descriptor is a good
predictor of TSA and CP. Linear model predictions of the best benchmark descrip-
tor, the best Adriatic descriptor and the one-two descriptor are presented in Figs. 2
and 3.

It can be seen that linear model prediction of TSA of one-two descriptor are better
than linear model predictions of the best benchmark descriptor and the best Adriatic
descriptor. Linear model predictions of CP of one-two descriptor are slightly better

Fig. 1 Vertex contributions of
3-ethyl-hexane
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Fig. 2 Linear model predictions of the total surface area by the best benchmark descriptor (the second
Mohar indeks TI2), by the best Adriatic descriptor (inverse sum lordeg indeks), and by the one-two descriptor
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Fig. 3 Linear model predictions of the heat capacity at P constant by the best benchmark descriptor (aver-
age connectivity indeks χ2), by the best Adriatic descriptor (inverse sum lordeg indeks), and by the one-two
descriptor

then the best benchmark descriptor (we can say that they are of comparable quality),
but they are not as good as linear model predictions by Adriatic descriptor called
inverse sum lordeg index.
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3 Mathematical properties

Before proving Theorem 1, let us introduce some notation. By ni we denote the num-
ber of vertices of degree i and by d (u) we denote the degree of vertex u. Let x be any
real number. By �x� we denote the greatest integer not greater than x . In the proof of
the Theorem, we shall use the following well known Lemma:

Lemma 1 Let G be a tree with at least 2 vertices. Then it holds:

n1 (G) =
∑

i≥3

(i − 2) ni (G) + 2.

Now, we can prove:

Theorem 1 Let G be a tree with n vertices. It holds

0, n = 1
1, n = 2
4, n = 3
5, n = 4
6, n ≥ 5

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

≤ OT (G) ≤
{

0, n = 1⌊
5n−2

3

⌋
, n ≥ 2

These bounds are tight and the bounds can be obtained for chemical graphs.

Proof Let us prove the lower bound for OT (G). It can be easily checked for n ≤ 4.
Hence, let us assume that n ≥ 5. It is well known that each tree with at least two
vertices has at least two leaves. If G is a star, then OT (G) = 2 + (n − 1) · 1 =
n + 1 ≥ 6. If G is not a star, than there are at least two vertices adjacent to leaves
hence OT (G) ≥ 2 + 2 + 1 + 1 = 6. Examples of the extremal graphs obtaining the
lower bounds are paths for n ≥ 5.

Now, let us prove the upper bound. If n ≤ 4, the claim is obvious. Hence, suppose
that n ≥ 5. Let G be a graph with maximal upper bound. First let us prove that G
does not contain any vertices of contribution 0 to OT index. Supposed to the contrary
that there is a vertex u adjacent to vertices v1 and v2 such that d (v1) , d (v2) ≥ 2. Let
G ′ = G −uv2 +v1v2. It can be easily seen that contributions of all the vertices except
u and v2 to OT index remained the same, the contribution of v2 did not decrease
and the contribution of u increased from 0 to 1. Hence, OT

(
G ′) > OT (G), which

is contradiction. Hence, indeed there are no vertices of contribution 0. Therefore,
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n2 (G) ≤ n1 (G). Let us denote x = n1 (G) − n2 (G) , x ≥ 0. Hence,

OT (G)

n (G) − 4
= n1 (G) + 2 · ∑i≥2 ni (G)

n (G) − 4
= 3n1 (G) − 2x + 2 · ∑i≥3 ni (G)

n (G) − 4

= 3
(∑

i≥3 (i − 2) · ni (G) + 2
) + 2 · ∑i≥3 ni (G) − 2x

n (G) − 4

=
∑

i≥3 (3i − 4) · ni (G) − 2x

n (G) − 4
+ 6

n (G) − 4

=
∑

i≥3 (3i − 4) · ni (G) − 2x

n1 (G) + n2 (G) + ∑
i≥3 ni (G) − 4

+ 6

n (G) − 4

=
∑

i≥3 (3i − 4) · ni (G) − 2x

2n1 (G) − x + ∑
i≥3 ni (G) − 4

+ 6

n (G) − 4

=
∑

i≥3 (3i − 4) · ni (G) − 2x

2
(∑

i≥3 (i − 2) · ni (G) + 2
) − x + ∑

i≥3 ni (G) − 4
+ 6

n (G) − 4

=
∑

i≥3 (3i − 4) · ni (G) − 2x
∑

i≥3 (2i − 3) ni (G) − x
+ 6

n (G) − 4

≤
max
i≥3

{
3i−4
2i−3

}
· ∑

i≥3 (2i − 3) · ni (G) − 2x
∑

i≥3 (2i − 3) ni (G) − x
+ 6

n (G) − 4

=
5
3 · ∑

i≥3 (2i − 3) · ni (G) − 2x
∑

i≥3 (2i − 3) ni (G) − x
+ 6

n (G) − 4

= 5

3

∑
i≥3 (2i − 3) · ni (G) − x

∑
i≥3 (2i − 3) ni (G) − x

−
1
3 x

∑
i≥3 (2i − 3) ni (G) − x

+ 6

n (G) − 4
≤ 5

3
+ 6

n (G) − 4
.

Hence,

OT (G) ≤ 5

3
(n (G) − 4) + 6 = 5n (G) − 2

3
.

Since OT (G) is integer, it follows that OT (G) ≤
⌊

5n(G)−2
3

⌋
.

The examples of the extremal graphs obtaining the lower bounds are presented in
Fig. 4.
This proves the Theorem. �	
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n = 1 n = 2 n = 3 n = 4

n = 5

…

n = 3k + 5, k >= 1

…

n = 3k + 3, k >= 1

…

n = 3k + 4, k >= 1

Fig. 4 Extremal graphs obtaining the upper bounds
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2. N. Trinajstić, Chemical Graph Theory (CRC Press, Boca Raton, 1992)
3. J. Devillers, A.T. Balaban (eds.), Topological Indices and Related Descriptors in QSAR and QSPR

(Gordon and Breach, Amsterdam, 1999)
4. M. Karelson, Molecular Descriptors in QSAR/QSPR (Wiley-Interscience, New York, 2000)
5. http://www.iamc-online.org/
6. http://www.moleculardescriptors.eu/dataset/dataset.htm
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