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Abstract

Adsorption of “He on graphene substrates has been a topic of great interest due to
the intriguing effects of graphene corrugation on the manifestation of commensu-
rate solid and exotic phases in low-dimensional systems. In this study, we employ
worm algorithm quantum Monte Carlo to study helium adsorbed on a graphene sub-
strate to explore corrugation effects in the grand canonical ensemble. We utilized a
Szalewicz potential for helium-helium interactions and a summation of isotropic inter-
actions between helium and carbon atoms to construct a helium—graphene potential.
We implement different levels of approximation to achieve a smooth potential, three
partially corrugated potentials, and a fully ab initio potential to test the effects of corru-
gation on the first and second layers. We demonstrate that the omission of corrugation
within the helium—graphene potential could lead to finite-size effects in both the first
and second layers. Thus, a fully corrugated potential should be used when simulating
helium in this low-dimensional regime.

Keywords Low-dimensional - Superfliudity - Quantum Monte Carlo - Helium films -
Grand canonical ensemble

1 Introduction

The adsorption of *He atoms on a solid substrate has been an intriguing many-body
problem for decades, holding the possibility of dimensional crossover as the film
thickens, and exhibiting a rich phase diagram [1-9]. Previous experimental [2, 10,
11] and theoretical studies [10, 12—16] demonstrated that *He on graphite is an ideal
substrate for investigating both solid commensurate and incommensurate layers close
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to the surface, as well as low-dimensional superfluidity in the 2nd and higher adsorbed
layers. Additionally, there is a history of intriguing observations reporting the possi-
ble coexistence of superfluidity and density wave order [17] including experimental
studies [8, 18, 19]. While there is still debate on whether or not this behavior can be
realized in simulations [15, 16, 20, 21], there is a resurgent interest in the properties
of low dimensional adsorbed phases of helium. Adding to this is the discovery of
graphene [22], an atomically thin substrate with reduced (and possibly tunable [23])
van der Waals interactions (compared to graphite), which should enhance delocaliza-
tion and thus quantum effects near the substrate [9, 21, 24, 25]. Yet, there is still a
question of whether the current effective and empirical models used in simulations to
describe both helium—graphite and helium—graphene [26-29], constructed from the
superposition of *“He-C interactions, are sufficient to adequately represent the physics
of adsorption under experimental conditions, and in particular, what role corrugation
plays in the first and higher adsorbed layers.

This problem was previously addressed for graphite by Pierce and Manousakis
[30], who studied the effects of corrugation on the first layer of *He, concluding that
it is required to realize the +/3 x +/3 commensurate solid phase that is well known
in experiments, and fully confirmed with quantum Monte Carlo [15]. However, it
was less clear whether or not the second adsorbed layer was far enough away from
the substrate that corrugation would be relevant, and thus the second layer could
be simulated assuming graphene to be featureless. Boninsegni and Moroni recently
addressed this question via numerical simulations [20] concluding that the effects of
surface corrugation on the second layer of “He adsorbed on graphite were negligible.

These previous works were all performed in the canonical ensemble, studying the
properties of the first and higher adsorbed layers as a function of helium coverage. In
this study, we investigate the effects of corrugation for helium adsorbed on graphene
in the grand canonical ensemble. We simulate the adsorption process for helium on
graphene as a function of chemical potential, directly related to the experimentally
tunable pressure. This is accomplished via worm algorithm path integral quantum
Monte Carlo [31, 32], which directly operates in the grand canonical ensemble. We
probe corrugation effects analogously to Ref. [20] by systematically increasing the
number of symmetry related reciprocal lattice vectors included in a 6-12 Carlos-
Cole potential [26] taking into account the superposition of isotropic helium—carbon
interactions.

Our results are in agreement with previous studies demonstrating that the existence
of a first order transition out of the vacuum to a \/§ X \/5 commensurate solid phase
in the first layer [21, 24, 33, 34] is reliant on the use of a corrugated potential. For
a smooth potential, we instead observe that the adsorption process extends over a
region of chemical potentials with the adsorbed layer remaining compressible. As the
chemical potential is increased, and second layer formation becomes energetically
favorable above ~ 0.6 filling, we find that potential corrugation leads to a slightly
more bound first layer which may inhibit fluctuations in the particle number and
subsequently reduces the compressibility upon the second layer onset. This could
have implications for the phases and phase transitions of the second layer.

In the remainder of this paper, we first present the microscopic model we employ to
characterize the adsorption of helium atoms onto a graphene substrate. We show how

@ Springer



Journal of Low Temperature Physics (2024) 215:525-540 527

varying levels of corrugation are achieved at the level of an empirical helium—graphene
potential and briefly describe our quantum Monte Carlo methodology and system
parameters. We present numerical results on the adsorption process for different levels
of potential corrugation and directly compare to past theoretical and experimental
studies. We analyze finite size effects by considering three different system sizes and
consider the extrapolation of the energy per particle to the thermodynamic limit. We
discuss implications for the second adsorbed layer and outline some promising future
directions of inquiry. All code, scripts and data needed to reproduce the results in this
paper are available online [35, 36].

2 Model

We consider N indistinguishable *He atoms of mass m proximate to a graphene sub-
strate oriented in the xy-plane and fixed at z = 0. The system is enclosed in a simulation
cell of size L x Ly x L with periodic boundary conditions in the x and y directions.
Atoms are restricted to only one side of the graphene sheet corresponding to z > 0
through a hard wall located at z = L defined by:

VHe—C} (rmin)
1 4+ eLz=rvaw—2))/A"

Viwall (2) = (D

The parameters were chosen to approximate the hard-core part of helium—graphene
potential and we take rpj, = ao(\/g/Z, 1/2,1) (here ag = 1.4 A is the carbon-
carbon distance) leading to Vg, (Fmin) /kB ~ O( 10°) K (where kg is the Boltzmann
constant). Other parameters include rygw =~ 1.4 A, the van der Waals radius of helium,
and A = 0.05 A, which defines the rapidness of the wall onset. In a previous study
[29] we confirmed that quantitative modifications of the potential do not affect the
physics of adsorption provided L, > 6 A. In this study, we fix L, = 10 A and
select three transverse cell-size commensurate with periodic boundary conditions for
graphene:L, = 14.757 A and Ly = 17.04 A admitting 48 strong adsorption sites,
L, = 22.136 A and Ly, =17.04 A admitting 72 strong adsorption sites, and L, =
22.136 A and L, =25.56 A admitting 108 strong adsorption sites as shown in Fig. 1.

The adsorption process is governed by the N-body Hamiltonian for a system of
4He atoms with mass m interacting with a graphene substrate:

R =
H = 5 Zl Vl.z + Zl Vie—o (i) + Z VHe-He (Ti — T'j) @)

i<j

where we neglect 3-body interactions (expected to be weak for single layer materials
[38]) and the ith atom is located at r; = (x;, y;, z;). The interaction term Vye fe 18
taken to be of the Szalewicz form [39, 40] and is known to high accuracy. The second
term includes all interactions between the helium atoms and the graphene substrate.
Here, we employ the same potential as in Ref. [41] derived from the sum of isotropic
6—12 Lennard—Jones potentials with parameters updated via graphene polarization
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Fig.1 Three system sizes with periodic boundary conditions in the xy-plane. Carbon atoms are shown by
blue solid circles, and the larger green solid circles indicate the strong adsorption sites corresponding to the
C1/3 phase. Ng refers to the number of adsorption sites. Reproduced using graphenetools-py [37]

calculations [23]. The use of an isotropic (as opposed to anisotropic) helium—carbon
dispersion interaction is employed due to the lack of experimental scattering data that
could be used to fit the additionally needed parameters for graphene. The resulting
corrugated adsorption potential is given by:

4 2 10 4
e {5 ()]

9. . (1 g02 3 8‘72 :
_{_Zzelg{mﬁzz](@(z—Z) Ks(gz) — (2—Z> K2(82)>}-

g#40 k=1
3)

In this expression, A = 5.239 AZ is the area of the unit cell, »; = (xi, y;i) are the
coordinates of the “He atom in the xy-plane, and the sum runs over all of the graphene
reciprocal lattice vectors, g = [1G1 + [oG2, where

Gi= 2T (Vi1), =X (-vA1). 4)

- 3610 3a0

@ Springer



Journal of Low Temperature Physics (2024) 215:525-540 529

Table1 Reciprocal Lattice Vectors corresponding to different levels of corrugation for the helium—graphene
potential in Eq. (3)

nth shell Integer multiples (/1, /2) for reciprocal lattice vectors g = [1G1 + [, Gy
0 (0,0)

1 (0,1), (1,0), (1,1), (0,—1), (=1,0), (=1, =1)

2 (1,2), 2,D, (=LD), (=1, =2), (=2,1), (1,-1)

3 (2,2),(2,0),(0.2), (=2, -2), (=2,0), (0,-2)

The real-space basis vectors are:
m = (V31)., m=a 1. 5)

and K, (-) are modified Bessel functions with asymptotic behavior exp(—t) for t >
1. We employ hybridized helium—carbon Lennard—Jones parameters € = 16.968 K
and 0 = 2.641 A determined for graphene [23], which differ slightly from their
counterparts for graphite [15]. The first term in Eq. (3) corresponds to the far-field
smooth potential (g = 0) which only depends on the distance form the membrane and
is equivalent to what a *He atoms would experience from a uniform 2D slab with the
same density as graphene. The effects of corrugation can be explored by systematically
including additional sets or “shells” of symmetry-related reciprocal lattice vectors in
the second term of Vy,_¢ all having the same magnitude |g|. As this term converges
rapidly with increasing |g|, we need only consider 5 distinct potentials corresponding
to the 4 shells defined in Table 1 and the fully corrugated potential, where the sum is
only restricted once we reach double numerical precision.

One aim of this work is to determine the minimum number of reciprocal lattice
vectors required to accurately represent the adsorption potential and some details of
the potential are included in Fig. 2.

In panel (a) the different reciprocal lattice shells are identified, while panel (b)
shows the corrugated adsorption potential above the graphene sheet at a height of
z = 2.641 A corresponding to the distance of the potential minimum directly above a
strong adsorption site (center of the graphene hexagon). The z-dependence for different
levels of corrugation is seen in panel (c¢) showing that the smooth potential will lead to
subtantially different adsorption behavior at small distances. This effect is quantified
in panel (d) showing deviations for z < 3.5 A. The main features of the corrugated
adsorption potential (not present for g = 0) that affect physical phenomena near the
membrane include local minima, maxima and the saddlepoints between them. The
minimum (Vpin) occurs at the center of the hexagon formed by carbon atoms, the
maximum (Vmax) directly above a carbon atom, and the saddle point (Vsp) in between
carbon atoms. These features are reproduced in the probability density (wavefunction)
of adsorbed helium atoms (see e.g. Ref. [21, 29, 30]). The effects of corrugation on
these features is shown in Fig. 2e where a non-monotonic convergence is observed as
the shell is increased, a result of the modified Bessel function in Eq. 3.
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Fig. 2 (a) The first four reciprocal lattice vector shells (referred to as Ng) are depicted in varying colors.
(b) The adsorption potential Vg, in the xy-plane, at fixed distance of z = 2.641 A. (¢) The effects of
corrugation on a 4He atom located at r = (0, 0, z) near the graphene membrane. Shells up to Ng = 00
are included, with the latter indicating accuracy of order 10~!0 K. Deviations between this result and a
smooth (Ng = 0) and partially corrugated (N, = 3) potential are quantified in panel (d). (e) The effects of
corrugation on the energy gap between the maxima and minima, the saddlepoint and minima, and maxima
and saddlepoint which can be seen in spatial dependence of the adsorption potential panel (b)

3 Methodology

As mentioned in the introduction, we employ worm algorithm path integral quantum
Monte Carlo to simulate finite temperature adsorption phenomena defined by Eq. 2
in the grand canonical ensemble [31, 32, 42]. The path integral framework allows for
the stochastically exact computation of physical observables via:

(0) = zn [Oe pH- MN>] (6)

where Z = Tre A1) jg grand partition function for chemical potential x and
B = 1/T (we work in units where kg = 1). We are interested in the effects of
corrugation on the adsorption process quantified by the average filling fraction n =

<N > /Ng where No = 48 is the number of strong adsorption sites, the energy per
particle E/N = <7%/N), and the compressibility, & = %2 = (N — (N)?) /(TV),

where V. = L,L,L, and p = (N) /V. Structural information on the thickness and
properties of the adsorbed helium film can be determined from the linear density:

o= {356 -2 « [ [ axdyiwer.yp @)
i=1

where any corrugation effects have been averaged over the sheet. Thus, by performing
simulations at different chemical potentials (a proxy for the experimentally tunable
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Table 2 Simulation parameters

Parameter Value

Temperature T=1K

Chemical potential nw=—-125Kto —15K; Au=1K

Imaginary time step T =0.003130K !

Cell size (Ng = 48) Ly x Ly x Ly = 14.757Ax17.04 Ax10.0 A
Cell size (Ng = 72) Ly x Ly x L; =22.136 Ax17.04 Ax10.0 A
Cell size (NG = 108) Ly x Ly x Ly = 22.136 Ax25.56 Ax10.0 A

pressure) at fixed temperature, we can explore adsorption phenomena as a function
of the number of reciprocal lattice shells (Ng) included in the corrugation potential.
This includes corrugation effects on a first order transition from vacuum to a single
adsorbed layer, as well as promotion to a second layer as the chemical potential is
increased.

Simulations were performed using an open source path integral Monte Carlo code
maintained by the authors [43] for different N, using the parameters included in
Table 2. To investigate the interplay of potential corrugation and finite size effects
we employed periodic cell dimensions in the x and y directions that accommodated
Ng = 42,72, and 108 strong adsorption sites.

4 Results
4.1 Corrugation Effects in the First Adsorbed Layer

We begin our discussion of simulation results by focusing on the adsorption of the
first layer of helium on graphene. It is known from previous simulations [21, 29],
that the first layer adsorbed out of the vacuum is a /3 x +/3 commensurate solid
phase stabilized by the presence of corrugation. This incompressible phase consists
of helium atoms occupying 1/3 of the strong binding sites on a triangular lattice
(hexagon centers) with constant /3o and axes rotated by 30° with respect to the
original graphene triangular lattice. This first order layering transition to 1/3 filling
can be clearly seen in Fig. 3a for all N, > 0 with onset occurring near 4 = —126 K
and u = —128 K for the smooth and corrugated potential respectively.

The large region of stability (as a function of chemical potential) is further confirmed
by the energy per particle in panel (b) where a minimum clearly occurs at n = 1/3

corresponding to N) = 16 for this particular cell. By the time we have N, = 1,

corrugation effects appear to be fully saturated, while there may be some residual
rounding and enhanced finite size effects at the first layer adsorption transition. The
situation is drastically different for the smooth potential (N, = 0) where no sharp
transition is seen, and instead a broad onset region of adsorption appears above © =
—125 K and extends to nearly —100 K. The energy is consistently higher as seen in
panel (b) and there is no clear stable minimum in the equation of state. This energy
shift can likely be attributed to the suppression of lateral fluctuations of the helium
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Fig. 3 (a) Quantum Monte Carlo results for the filling fraction n = (N) /Ng as a function of chemical
potential u (points) for different levels of potential corrugation as defined by the number of reciprocal lattice
shells Ng included in the adsorption potential in Eq. 3. Both panels use the same legend and lines are guides
to the eye. The left inset shows the linear density perpendicular to the graphene membrane indicating the
existence of a single well-defined layer at © = —115 K. The right inset quantifies the structural difference
when corrugation is included, with the legend corresponding to the different values of Ng. (b) The energy
per particle E /N versus filling fraction n in the grand canonical ensemble for different levels of corrugation
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Fig.4 Quantum Monte Carlo results for the compressibility « as a function of chemical potential ;« showing
the effects of corrugation measured through the number of reciprocal lattice vectors included in the com-
putation of the adsorption potential Ng. Large spikes accompany layering transitions, or changes between
incommensurate and commensurate solids. The inset shows additional detail of the compressibility for a
reduced range of chemical potentials corresponding to the first layer

atoms in the presence of corrugation. For larger values of the chemical potential
n > —80K we begin to see differences between different corrugation levels with a
general trend that particle fluctuation effects are enhanced for less rough potentials.
This can be understood in light of the fact that at these higher values of the coverage
below n = 1/2 the adsorbed layer becomes incommensurate, with the strong repulsive
interactions between helium atoms becoming dominant and thus reduced corrugation
may allow for additional configurational freedom before second layer promotion.

This picture is confirmed in Fig. 4 which shows the compressibility « for a smooth
Ng = 0 and fully corrugated Ny = oo potential.
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For the case of corrugation, we see a sharp spike accompanying the onset of the
first layer with n = 1/3 and then the transition to other commensurate fillings with
n =5/12,23/48 and 7/12. The largest signal occurs as the second layer is adsorbed.
Intermediate regions of u with k = 0 highlight the stepwise adsorption process. For
the smooth potential with N, = 0, first layer adsorption occurs in an extended region
of 1 as seen in the finite compressibility turning on above © = —120 K and extending
to —100 K. Interestingly, the transition to n = 23/48 filling appears sharper for the
smooth potential which is confirmed by the step in Fig. 3. For the promotion to the
second layer near u ~ —26 K, corrugation remarkably still plays a role, with a 50%
larger value of « seen for the smooth potential.

4.2 Finite Size Effects

While the primary focus of this work is to study the effects of corrugation on adsorption
in the grand canonical ensemble, the N = 48 cell analyzed in the previous section is
small enough that the stabilization of some particular filling fractions (e.g. n = 5/12
and 7/12) may be construed to be the results of finite size effects as they have not been
reported in prior studies of larger cells [21, 24], where fillings of 7/16 were prevalent.
Therefore, our aim is to provide a more comprehensive depiction of the commensurate
and incommensurate phases in the firstlayer and we conducted simulations using larger
system sizes comprising N = 72 and 108 adsorption sites. Where possible, we have
extrapolated result (such as the energy per particle) to the thermodynamic limit and
attempted to understand the role of a finite cell on the enhanced particle fluctuations
observed in Fig. 3.

In Fig.5, we compare simulation results at different system sizes focusing on the
adsorption process and equation of state for a smooth (panel (a)-(b)) and fully cor-
rugated (panel (c)—(d)) potential. In the absence of corrugation (N, = 0) we observe
minimal finite size effects with the appearance of a smooth onset region of adsorption
between u© = —120 K and = —100 K. This is supported by the energy per particle
in panel (b) which shows no stable minimum across all system sizes and minimal
dependence on the value of Ng within statistical fluctuations (error bars are on the
order of the symbol size). For N, = 0o, we observe that larger system sizes are
accompanied by a steeper first order adsorption transition out of the vacuum to the
V/3 x +/3 commensurate solid phase. The filling fraction plateaus at n = 1/3 in Fig. 5¢
correspond to many points at the minimum value of E/N ~ 124.34 +0.02 K in panel
(d) nearly independent of system size within statistical uncertainties.

This is further supported in Fig. 6 where we extrapolate the equation of state at
fixed chemical potential to the thermodynamic limit using the ansatz:

E(N) = E|xxN + ON). ®)

At u = —115 K, corresponding to the C1/3 phase in the presence of a corrugated
potential, the finite size scaling has a minimal negative slope for N, = oo. More
fluctuations are observed for N, = 0 consistent with the fact that the commensurate
phase is not observed in the absence of a corrugated potential (i.e. this is not a spe-
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cial chemical potential). The energy difference between the corrugated and smooth
potential is approximately 2 K and is only weakly dependent on system size. It is
also instructive to look at larger values of the chemical potential, where the onset of
new incompressible phases becomes apparent. In Fig. 5, we observe a region of stable
n = 7/16 filling around —100 K for the smooth potential and —105 K in the presence
of corrugation for N = 72 and Ng = 108. At these higher filling fractions, finite-
size effects become more prominent. At © = —87 K, shown in Fig. 6b, the change
in E/N for n = 7/16 is approximately 4% when extrapolating to the thermodynamic
limit, with similar scaling behavior observed for both N, = 0 and N, = 0o, with the
former always being about 1 K larger.

Limited finite size effects for the three cells studied are observed in the range
n = —80Ktou = —60 K as can be seen in Fig. 5 where a filling that fluctuates
aroundn ~ 1/21is observed. The smallest system size corresponding to N = 48 does
realize some rational values of n not observed for larger sizes due to the appearance of
metastable configurations with large finite size energy barriers between them. As we
approach second layer promotion at © = —41 K, we observe more severe finite-size
scaling in Fig. 6¢c where energies per particle in the thermodynamic limit are reduced
by nearly 10%. This is likely the result of stronger and more important repulsive
interactions between helium atoms that are sensitive to small deviations in separation
as a result of the emergence of another dominant lengthscale — the hardcore size of
the helium—helium potential.

4.3 Second Layer Formation

Details of second layer formation can be observed in Fig. 7 which shows the chemical
potential dependence of the filling fraction for a reduced window of ;> —35 K.

Here we see that as the chemical potential is increased, a single layer commensurate
solid with filling fraction n = 7/12 becomes highly compressible as a second layer
is formed. This occurs when there is no longer any energetic advantage from the
adsorption potential of adding additional atoms to the first layer, and instead the hard-
core helium-helium interaction stabilizes a second adsorbed layer which sits about
z ~ 6.139 A from the membrane consistent with previous simulations [21]. The second
layer does appear to be starting earlier (near © = —28 K) for the smooth potential
with Ny = 0, a feature that was consistent across multiple initial configurations of our
simulations.

Fluctuations in the filling during second layer onset are due to atoms being inserted
near z &~ 6.139 A and are not the result of extra atoms stuck above the surface (which
could be possible in the grand canonical ensemble). It does appear that for Ng =
48, fluctuations are stronger in the presence of corrugation. The averaged transverse
structure of the first adsorbed layer p(z) directly before second layer formation is
shown in panel (b) and looks nearly identical to that seen in Fig. 3ain the n = 1/3
commensurate phase, with corrugation effects tending to bind atoms closer and more
strongly to the membrane as seen in panel (c) which shows the differences in the
averaged transverse density, Ap(z) for different values of N,. This is the expected
behavior due to the form of the adsorption potential seen in Fig. 2c. After the second
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Fig. 7 Panel (a) reveals the filling fraction, the number of particles adsorbed over the N = 48 strong
adsorption sites in the graphene membrane. The large increase in the filling fraction is evidence of the
adsorption of the second helium layer. Panel (b) and (d) show the linear density at —15 K and —27 K,
respectively, with an appearance of a second peak around 6 A for increased chemical potential. Panels (c)
and (e) show the difference in the linear density with the full corrugated potential in panels (b) and (d),
respectively

layer is adsorbed, we see multiple features in p(z) (panel (d)) with the second layer
being much more weakly bound with a larger transverse width. Remarkably, there are
still some structural differences in p(z) due to corrugation as quantified in panel (e)
with evidence of an enhancement of the density in both layers for N, = oco. Hence,
within this picture, we conjecture that fluctuations in the filling during the second layer
onset are a result of the first layer adsorbing new particles, where a stronger corrugated
potential can allow for tunneling between different states differing by a few particles
as aresult of the competition between helium-helium and helium—carbon interactions.
Energetics in the grand canonical second layer adsorption process appear compli-
cated as shown in Fig.8 and at larger filling fractions there are no clear effects of
corrugation that can be discerned. The smooth potential does appear too allow for
configurations that are not energetically favorable in the presence of corrugation.

5 Discussion

In this paper, we presented quantum Monte Carlo results at 7 = 1 K to study the
effects of corrugation of the graphene substrate potential during the helium adsorption
process in the grand canonical ensemble. Our work was motivated by the recent cal-
culations of Boninsegni and Moroni [20] who performed analogous simulations in the
canonical ensemble for helium on graphite. Here, we considered an adsorption poten-
tial consisting of the superposition of isotropic He-C interactions, and systematically
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Fig. 8 The energy per particle E/N as a function of the total number of particles adsorbed for the same
range of chemical potentials seen in Fig. 4 corresponding to the second layer onset for different corrugation
levels Ng and N = 48. The inset shows additional detail at the high density

included the effects of corrugation near the membrane by modifying the number of
reciprocal lattice vector shells included in the substrate potential.

When no corrugation effects are included, corresponding to N, = 0, the adsorption
potential is equivalent to that of a uniform film with the same density as graphene and
we observe no sharp first layer adsorption transition with a nearly continuous onset of
density until a commensurate film with n = 23/48 is formed above u© = —90 K. In
the presence of corrugation, we instead observe a sharp adsorption transition out of the
vacuum to a commensurate n = 1/3 filled state, where the configuration is stabilized
by the large repulsive helium—helium interactions that inhibit any configurations with
neighboring triangular lattice sites occupied [29]. Other commensurate phases with
n = 5/12,23/48 and eventually 7/12 are seen in the first layer, understood to be
related to the finite size of the membrane used in the simulations with No = 48
strong adsorption sites. When considering larger systems with Ng = 72 and 108, we
observe relatively weak finite size effects, with small (order 10%) modifications in
the equation of state when extrapolating to the thermodynamic limit. These are most
severe directly before second layer promotion where the size of the hard core of the
helium—helium interaction potential begins to take on a more important energetic role.
The enhanced strength of the corrugated adsorption potential tends to bind the first
layer closer to the graphene membrane as compared to the smooth potential, and the
energy per particle is lower for all chemical potentials considered in the first layer,
regardless of N.

Rather surprisingly, as the chemical potential is increased above —35 K we still
observe some effects of corrugation immediately before and during second layer for-
mation. Here, the transverse structure of the first and second layer show modifications
of the order of a few percent between N, = 0 and N, = oo. In addition, for the
smooth potential, we find an enhanced compressibility during second layer promo-
tion which may be understood in terms of lowering the energetic barrier to form an
incommensurate triangular lattice directly before onset.
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Much remains to be done, including exploring the effects of anisotropy on the
He-C potential and understanding the detailed structure and properties of a superfluid
film in the second layer in light of experiments on graphite already discussed in
the introduction [8, 18, 19]. The main conclusion of this work is that to achieve
quantitative accuracy during the adsorption process of helium on graphene as a function
of increased pressure, the knob turned in experiments, including corrugation with at
least a few reciprocal lattice vector shells (N, > 2) is likely important. However, to
actually achieve realistic agreement with future experiments, more work is needed to
understand how accurate simple empirical adsorption potentials actually are, and how
advances in quantum chemistry methods may be employed [44] to derive ab initio
adsorption potentials in a regime dominated by weak van der Waals interactions.
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