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Abstract

Based on the two-band Bogoliubov—de Gennes theory, we study the boundary
effect of an interface between a two-gap superconductor and an insulator (or vac-
uum). New boundary terms are introduced into the two-band Ginzburg-Landau free
energy, which modifies the boundary conditions for the corresponding order param-
eters of the superconductor. A microscopic analysis of these terms is also given
and the characteristic length scale of the boundary effect can be estimated. The
theory allows for a simple calculation of the critical temperature suppression with
the decrease in film thickness for the typical two-band superconductor magnesium
diboride. Our numerical results are in good agreement with the experimental data
observed in this material.

Keywords Two-band superconductor - Boundary term - Critical temperature -
Magnesium diboride

1 Introduction

Since the discovery of superconductivity at about 40 K in magnesium diboride

[1], the exploration on the superconducting mechanism and physical properties
of this compound has attracted much attention over the past decades. The MgB,
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crystal consists of hexagonal-close-packed layers of Mg atoms alternating with
graphite-like honeycomb layers of B atoms. The electronic structure of MgB, is
now rather well-known, and the superconductivity is ascribed to the conventional
electron—phonon mechanism [2-5]. The Fermi surface of this compound con-
sists of two three-dimensional sheets from the x band, and two nearly cylindri-
cal sheets from the two-dimensional ¢ band. The qualitative difference between
these two bands suggests a multi-band description of superconductivity [6, 7].
This two-gap picture has been clearly confirmed by de Haas-van Alphen quantum
oscillation measurements, scanning tunneling microscopy, specific heat measure-
ments and other experiments [8—12].

High-quality MgB, films are also important for both fundamental research
and electronic, high-field and radio frequency cavity applications. Much effort
has been devoted to the deposition of MgB, thin films, and tremendous progress
has been achieved by various deposition techniques [13]. Of all these techniques,
hybrid physical-chemical vapor deposition (HPCVD) has been the most effective
one for MgB, [14, 15]. So far, a wide range of works by various groups using
HPCVD films have been performed in the research of MgB,. For example, a
series of MgB, superconducting films with the thickness ranging from 8 pm to 8
nm have been fabricated on SiC substrates by this method [16, 17]. It was found
that T, stays around the bulk value for the MgB, film thicker than 300 nm, but it
will be reduced by 13% when the film thickness decreases from 30 to 8 nm. Pan
et al. have grown epitaxial MgB, films between 40 nm and 10 nm on MgO sub-
strates and performed electrical transport measurements to study the thickness
dependence of the superconducting critical temperature [18]. A dramatic depres-
sion of T, has also been observed and the critical temperature reaches about 34
K in the 10-nm film. Different mechanisms have been proposed to account for
this T, suppression in MgB, thin films, such as quantum phase fluctuations of the
superconducting pair wave function [19] or enhanced Coulomb interaction due to
disorder [20]. But up to now, there is still no consensus on the explanation of the
experimental data mentioned above.

In this paper, we propose that the 7. dependence on the film thickness is due to
the influence of boundary effect between the two-band superconductor and the insu-
lator (or vacuum). We first introduce the appropriate boundary conditions for the
Ginzburg-Landau (GL)-order parameters at the superconductor—insulator interface.
We then give a microscopic analysis of new boundary terms based on the two-band
Bogoliubov—de Gennes theory and obtain the characteristic length scales of the
boundary effect as 268 and 383 nm for MgB,. We end up with the computation
on the film thickness dependence of critical temperature based on the two-band GL
theory and the tight-binding model. Our theoretical results are consistent with the
experimental data of MgB, films, which suggests the boundary effect is an impor-
tant factor for the understanding of superconducting properties in this compound.

The rest of this article is structured as follows. In Sect. 2, we review the
two-band Bogoliubov—de Gennes theory and the GL equations and propose the
boundary terms for the superconductor-insulator interface. In Sect. 3, we give a
microscopic derivation of these boundary conditions based on the Bogoliubov—de
Gennes formalism. In Sect. 4, we perform the calculation on the film thickness
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dependence of critical temperature for the compound MgB, in the frame of the
GL theory. In Sect. 5, we compute the critical temperature of MgB, films based
on the tight-binding model. Section 6 is the conclusion of the paper.

2 Two-Band Ginzburg-Landau Theory and Boundary Conditions
at Interface

Based on the work of Zhitomirsky and Dao [21], we write the Hamiltonian of a
two-band superconductor as

H= Z el Oh@)e, ) = Y ek ()] ey (F)ep @). 0

ii’

Here, i,i’ = 1,2 are the band indices and ¢ =1, | is the spin index. ﬁ(r) is the single-
particle Hamiltonian of the normal metal, and g, are the electron—phonon interac-
tion constants with g, = g,;.

We can introduce gap functions

Air) = - Z g,‘,"<ci/¢(r)c,‘/T(")> )

and transform the Hamiltonian into the mean field form

H. = Z cl Oh@)e,, ) + Z[Ai(r)c;rT(r)cjl(r) +H.cl. 3)

This effective Hamiltonian can be diagonalized by means of the Bogoliubov trans-
formation with b and b' the annihilation and creation operators of quasi-particle
excitations

Cy@) = Y ()b = Vi ()b}, ] @)
k
and

() = Z[Mik(r)bikl + V()b j}cT] ®)
X

where k is the wave vector. With the anti-commutation relations between the fer-
mion operators and the equation of motion for ¢, (r), we can obtain the Bogoli-
ubov—de Gennes equations for a two-band superconductor [22-25]

VN OAYATG) g (1)
i i =E. i
< NG > < v () e\ v () ©)
where E;, is the energy of the excitation. Then with Eq. (2), we can transform the
self-consistent gap equations into
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Ar) = Z iV Mt (r) X [1 = 2f (Eyp)] @
ik
with f(Ey) = [1 + exp(Ey /kgT)]™
In the analogy with the single-band case [26], for small gap functions A;, we

can obtain the linearized form of self-consistency conditions from Eqs. (6) and
(7) as

AB =) / K, (r.”)A, (" )dr’ ®)

with the kernel

tanh<ﬂ> +tanh<£"’—"’>
” 2y T 2y T
Ky (r,r') = 8ir E [ - -

T Eme t i

©)

X @, ()%, () D ()P (r)] .

Here, ®,,(r) is defined as the normal-state eigenfunction of the electron,
h®y = &Py

With the explicit expressions of the kernels in the bulk system and the addition
of nonlinear terms to the gap equations, we can obtain the two-band GL equations
from Eq. (8) as [21]

a (M)A, + ﬂ1|A1|2A1 -nvV- iA)ZA1 - R0, =0 (10)
and
o (1A, + ﬂ2|A2|2A2 -1V - iA)ZAz —RjA =0 (11)

with the GL parameters

A 1 T, TE(3)N;
=N - —Inl £ )], f=—L
a1,2 1’2|: /1 Amax n< T >] ﬂl 167[2(kBTc0)2 (12)
TN, Ny Ny
y, F R, = 142 _ Moo (13)

T T6n2 T p p

Here, 4;; = g;sN, with N, the density of states at the Fermi level for each band,
A= Aydy = Apdy and 4 = %[(/111 + ) + VO, = A +4,112/121] are the determi-

nant and the largest eigenvalue of A-matrix, respectively. T, is the bulk critical tem-
perature, and v; is the average Fermi velocity for each band. A represents the vector
potential.

In the spatially homogeneous case, we can neglect the gradient y-terms. Equa-
tions (10) and (11) yield the gap equations at 7 = T,
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Ay A A _ A
</121 Axn A ) A A, ) 19
which obviously give the consistent result.

From Egs. (10) and (11), we can also read the weak-coupling two-band GL func-
tional as

Fy=F +F,+F, (15)
with
Fy= /V [a(DIAP + (B/DIAT + 71V = i4)A, P dr (16)
and
Fp, = /‘/(—RHA’{A2 +c.cdr. 17

For a superconductor—insulator (or vacuum) interface, we can add new surface terms

which take the form as
Fg= / (Z yl.D,-,-,Al.*A,-,>ds (18)
S

i

with D;; as the constant, and the integral runs over the surface of the superconductor.
Now, the total free energy is given by

F=F,+F,. (19)

With the variation condition 6F/6A} = 0, we can not only obtain the two-band GL
equations (10) and (11), but also the boundary conditions

(V—id)A,; -s|g = — 2 Dy A, . 20)

In the absence of external magnetic field, we can set A =0 in Eq. (20). From
Eq. (20), we can see that the ordinary Neumann boundary condition corresponds
to D;; = 0. But we will find that the boundary effect induced by these D-terms is
important for the understanding of the T, suppression in MgB, thin films.

At this point, we would like to compare this boundary condition with that of the
TDGL theory. In the GL theory, the effect of surface can be simply described by
means of the boundary condition. First of all, from the general form of the self-
consistent gap equation, we can find that only the odd powers of the gap function A
will occur in the expansion at the boundary. Secondly, we also expect that nonlinear
effects are small, and only the linear term is important in the GL region (A < kzT,).
Thirdly, higher derivatives of A will not exist in the boundary condition since these
terms can be expressed in terms of the first and zeroth derivatives by the GL equa-
tion. Based on the discussion above, it is easy to justify that the boundary conditions
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of TDGL and two-band GL theories will take the forms as (V —id)A -s|¢ = —A/b
with b the de Gennes surface extrapolation length and Eq. (20), respectively. The
extra terms in the two-band GL theory are generated by the linear expansion of both
A, and A,. In principle, all the coefficients b and D;, can be precisely determined
by solving the linearized gap equations. And both boundary conditions assure the
gauge invariance dictated by the basic structure of the GL theory.

Meanwhile, we would also like to point out that based on the two-gap theory,
the boundary effect and different interband interactions in multi-band supercon-
ductors have already been extensively studied in the literature. With the Neumann
boundary condition, the stable edge states and the dynamic response of such states
to an external applied current have been investigated in the TDGL formalism for
the mesoscopic superconductors [27-29]. Based on the tight-binding model and the
free boundary condition, a microscopic study on the behavior of the order param-
eters near the boundaries has also been performed for multi-band superconducting
materials [30]. With the Neumann boundary condition, Aguirre et al. discussed the
effect of different interband interactions on the vortex states by solving the two-band
TDGL equations [31-33]. However, to explain the suppression of critical tempera-
ture with the decrease in film thickness for MgB,, we need to conduct the detailed
microscopic analysis and derive the correct boundary terms within the two-band
Bogoliubov—de Gennes theory for this superconductor.

3 The Microscopic Origin of Boundary Terms

Now, we examine the behavior of the superconducting order parameters near the
superconductor—insulator interface based on the two-band Bogoliubov—de Gennes
theory. In all cases, we assume that there is no current flowing through the bound-
ary. We will show that the characteristic length scales of the boundary effect D;, can
be estimated by the linearized self-consistency equations in the neighborhood of the
surface. The equation to be solved reads

As) = 2 / K, (s, 5")A;(s")ds' Q1)

where s measures the normal distance from the boundary. For simplicity, we set the
cross section of the boundary as 1. K;,(s,s") is defined by Eq. (9) and due to the
existence of the interface, A,(s) will decrease exponentially in the insulating regime.

Following the procedure suggested by de Gennes [26], we suppose that the form
of gap functions close to the surface behaves as

Afs) = Dy + (2 Dii,Ai,())s (22)

with A, the gap function at the boundary and s > 0 inside the superconductor. It
is easy to see that the boundary condition Eq. (20) follows naturally from Eq. (22).
However, beyond the scale of the coherence length from the boundary, the linear
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dependence definitely becomes invalid. A; will then show a negative curvature and
reach the BCS value deep in the superconductor.

If we introduce Kg, (s, ") as the kernel of gap functions in the bulk metal, we can
then transform Eq. (21) as

A(s) — Z/ ”,(s sHA;(s")ds

(23)
_ Z/ ”,(s s — K (s, s )]A (sHds' = ZH”'(S)

From Eqgs. (10) and (11) with the higher order f-terms omitted, also noting that
”,(s s = l(s—s’ ) due to the translational symmetry, we can read out the
Laplace transformation of K; 0 close to the critical temperature as

ﬂ--,yv,
wir p2

ll’ (p)
)’max Ni’

(24)

Plugging Egs. (24) into (23), we can get
Aip) = Z (Aii’//lmax)Ai’(p) - Z (Aii’yi//Ni’)pzAi’(p) =- Z Hy (p). (25)

il

Here, A,(p) and H;;(p) are the Laplace transformations of A,(s) and H;; (s) , respec-
tively. Since the ﬁrst two terms of the left-handed side in Eq. (25) can be approxi-

mately cancelled out according to Eq. (14), we then have
Z (Aii’yi’/Ni’ )PzAi/(P) = ZHii’(p)- (26)

We can see that both sides in Eq. (26) take the main contribution from the boundary
region. Notice that the Laplace transformation of the gap functions in Eq. (22) takes
the form

A, D, A,
Afp) = 70 +> = c. 27)

Then at p — 0, we will obtain from Eq. (26)

Z ( ”r}/l /N i HA "o = Z ”/(p = 0) (28)
According to de Gennes’ analysis [26, 34], from the sum rules
/ (5. ')ds’ Aji d / (5. )ds’ AN (5) -
0(s,sNds’ = —— an i (s,80)ds" = ————
i imax imath’ ( )

with N, (s) the local density of states at the Fermi surface, we can write the Laplace
transformation of the kernel difference at p — 0
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ll’Ai’O Ai/(s) Nl-/(s)
H,(p=0)= /H”,(s)ds— / Ao [1— N ]ds. (30)

max 4 l

A;(s)/ A, approaches zero in the insulating region and is of the order of 1 in the
metallic region. N,(s)/N; also passes from 0 — 1 in a few interatomic distances
from the boundary. Therefore, the integrand in Eq. (30) is nonvanishing only in a
width of order of the lattice constant a. We can then estimate H;;(p = 0) as

”/Cl
Hy(p=0)= 27, 31)

max
Combining Egs. (28) with (31), we can finally obtain

N;a
D, = ) and D, =D,; =0. (32)

max

With these formulae, we successfully demonstrate the microscopic origin of the
boundary conditions in Eq. (20).

At this stage, we would like to point out that D;; = 0 (i # i) is only an approxi-
mation and will become nonzero in the h1gher-0rder calculation. Even for a contact
between a superconductor and an insulator, the Cooper pairs can still diffuse into the
insulating region with some probability. Algebraically, this means that the gap func-
tion A, (s) will also extend up to a distance of a into the s < O region, and from the
self-consistent gap equations, we can qualitatively estimate
Ay($) ~ Y ToinApoe®’® (s < 0) with Ty, the element of the transmission matrix at
the boundary. Including the s < O part in the integration of Eq. (30) and noting
Ny(s)/N; = 0 in this region, we can get H;;(p =0) = %(Aﬂo + Yoo ToinAgng).

Plugging into Eq. (28), the coefficients of boundary terms are given by

a a
T, and D, = T,,. (33)

i’ max 1 max 2 max

N;a
D, = (1+Ty), D, =

i

With the transmission coefficient from the superconductor to the insulator 7;; < 1,
we can obviously see that D;, = 0 (i # i) is a good approximation.

4 Critical Temperature of MgB, Films in the Ginzburg-Landau Theory

In this section, we try to understand the film thickness dependence of T, for MgB,
based on the boundary effect mentioned above. We suppose that the film extends
from z = —d/2 to z = d/2, and the film thickness is d.

From Egs. (10) and (11), the two-band GL equations can be written as

H11 ﬁllZ A _
<H21 iy, ) < Ay(r) > =0 )
with
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Ay = -y, V? + ay(T) (35)
and
1:112 = 1:121 =-R),. (36)

Noting that close to the critical temperature, the magnitude of the order parameters
is small and the higher-order f terms can be neglected.

Similar to the single-band case [34], we set the form of gap functions for the
superconducting film as

(265) - (meicd) o
with y; as the constant. Then from the boundary conditions
dA,;
e a2 =FD;A,, (38)
we have k; satisfying
k; tan <%> =D,. 39)
Let us introduce
N /2 N
Hy = (A|Hy|Ay) = /_d/2 Ai(H; Ay (2)dz, (40)

we can transform Eq. (34) into

H, H, ) (#1 >
=0 41
<H21 Hy, Hy “h

with
d sin(k.d)
H, = [yi*+a(D]|= !
i = |1kt + a(T)] [2 Ty ] (42)
and
. (kd | kd . (kd  kd
sm<‘7+27) 51n<‘7—27)
Hy, =Hy =—-Ry, (43)

+

The critical temperature of the two-band superconducting film will be determined
by the condition
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HyHy — H,Hy =0 (44)
at T = T,, which can be explicitly written as

) . 2
[d sin(kid)] o lsm(% + %) sm(% - I%d)

=+ +
272k 20k 4k k, — ky

I lr# + )]

i=1,2

(45)
For the typical two-band superconductor MgB,, we have T, =~ 40 K [35] and the
average lattice constant a = 0.4 nm [36]. The density of states at the Fermi level for
the ¢ band is N, = 0.16 eV~!, and the value for the z band is N, = 0.25 eV~ [4].
Since the theoretical fit to specific heat data gives 4,; = g,;N; = 0.4 and the ratio
211:822:81> = 1:0.3:0.2 [21], we can get A = 0.066, 4,,,, = 0.44 and R, = 0.30 eV~
With the average Fermi velocities vz, = 3.7 and v, = 4.5 in units of 10'* nm - s~}
from the numerical integration of the tight-binding calculations [4], we have y; = 39
nm? - eV~'and y, = 87 nm? - eV~! from Eq. (13). Then from Eq. (32), we can obtain
the characteristic length scales D,, = (268 nm)~! and D,, = (383 nm)~!. For a given
film thickness d, we get k; from Eq. (39). Plugging into Eq. (45), the critical temper-
ature T, as a function of d can be calculated numerically and then plotted in Fig. 1. It
is shown that the critical temperature keeps gradually decreasing with the decrease
ind and T, = 33 K when the film thickness is reduced to d = 10 nm. From Fig. 1, we
can see that our theoretical results fit the experimental data on different substrates
very well.

40 |

38 F

Te K)

B Samples on SiC substrate [16, 17]
A Samples on MgO substrate [18]

® Samples on Al,O; substrate [37, 38]
O Tight-binding result

= GL result

34k

10 100 1000
d (nm)

32

Fig. 1 Critical temperature as a function of the MgB, film thickness
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5 Critical Temperature Calculations in the Tight-Binding
Approximation

In this section, we present the calculation of gap functions and critical temperature
for MgB, films based on the tight-binding model. The MgB, crystal consists of the
subsequent, equally separated parallel honeycomb graphene-like layers of B and
hexagonal planes of Mg atoms. Owing to this layered structure, the typical orienta-
tion of films is (0001), and we will limit ourselves to consider only such configura-
tion. The z-direction is chosen perpendicular to the layer plane. As we know, the
band structure calculations in the tight-binding approximation involve only boron
electronic orbitals, so that only the boron atom positions inside the film are impor-
tant. Let us label the subsequent boron layers as v =0, 1,---,M. Then, the total
thickness of the MgB, film is d = Ma.

In the tight-binding model, the dispersion relations for o and z bands are, respec-
tively, given by

e, = e —ticos(k.a) — 1] (ki + ki)a2 (46)
and
k,a 3k k,a
x = €y + tyeos(k,a) — )4 | 1 +4cos = ) | cos V3ka +cos| =
: 2 2 2
(47)

with e; = 0.58 eV, t;, =0.19 eV, t; =023eV,e, =0.04¢eV, 1, =184 ¢V, t; = 1.60
eV [4]. We assume an infinite quantum well for the electrons at the boundaries in
the z-direction, and our construction of the trial electron wave functions follows the
calculation of Szczeniowski and Wojtczak [39—42]. Then for this multi-layer system,
we can rewrite the linearized gap equation in Egs. (8) and (9) as

Av) = E K (v, V)N (V) (48)
with
tanh ('Si) + tanh <—£""' )
8ir z 2kgT 2T ) v *
Kii/(\/, V’) = 2 Enp T Epp sz(‘/)r é(v,)rkz(v)rké(v)' “9)

kk'

Noting here that the factor exp(ivk.a) satisfying the Bloch condition in the z-direc-
tion for the bulk crystal is replaced by the more general amplitude

sin(vk_a)
)= <
A (50)
o Sin“(vk.a)
and k, = % (m=0,1,---,M) is the discrete wave vector allowed in the infinite

potential well.
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We perform the numerical calculations for the films composed of 20 ~ 10000
boron layers, corresponding to a film thickness roughly 8 ~ 4000 nm. For a given
temperature, we compute the kernel K, (v, V') first. We use the Monte Carlo tech-
nique to do the summation on k, and ky, and a number of 10® random wave vec-
tors (k,.k,) are generated from the two-dimensional first Brillouin zone. The energy
cutoff for €, and g, is taken as kz®, with ®, the Debye temperature. To fit the
critical temperature for the bulk system, we choose ®,, = 750 K [36]. We then itera-
tively compute the gap function A;(v) from Eq. (48) with the initial value setting
as 10 meV. The convergence criterion we adopt is |A:’+1(v) —AT(W)|/AN(v) < 1078,
where n numbers the iteration. Finally, T, is determined by the maximum tempera-
ture with the existence of a nonzero solution of A;(v) in the layered system. The
calculated critical temperature as a function of the film thickness d is also presented
in Fig. 1. It is shown that the critical temperature keeps decreasing with the decrease
in d and T, drops to about 36 K at d = 10 nm which is 9% greater than the GL result.
From Fig. 1, we can see that the tight-binding calculations are qualitatively consist-
ent with the experimental data and the GL theory.

6 Conclusion

In conclusion, we introduce the appropriate boundary conditions in the two-band
GL theory at the interface between a two-gap superconductor and an insulator (or
vacuum). We also give a microscopic derivation of these boundary terms based on
the two-band Bogoliubov—de Gennes formalism. For the typical two-band supercon-
ductor MgB,, we obtain the characteristic length scales of the boundary effect as
268 and 383 nm. It can perfectly explain the dramatic suppression of 7, when the
film thickness is reduced to the same order of these scales. Our investigation thus
suggests that the boundary effect induced by these new terms may play an important
role in the research of multi-band superconducting films.
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