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Abstract
In the present paper, we have studied analytically the thermodynamic properties of 
diatomic molecules like LiH, HCl and H2 and compared calculated properties with 
experimental data. In this regard, we have solved the Schrödinger equation with 
Hulthén plus screened Kratzer potential using the Nikiforov–Uvarov method and 
obtained energy eigenvalues. According to calculated the energy eigenvalues, we 
have  deduced the partition function and thermodynamic properties of the molecules 
by applying the Poisson summation formalism. Our results show that the specific 
heat at constant pressure, Gibbs free energy and enthalpy are in good agreement 
with experimental data The average deviation of the specific heat at constant pres-
sure, Gibbs free energy and enthalpy is 1.62% , 3.57% and 4.21% , respectively. It is 
obvious from the data that the potential model predicts well the thermodynamic 
properties of diatomic molecules.

Keywords  Thermodynamic function · Diatomic molecules · Hulthén plus screened 
Kratzer potential · Nikiforov–Uvarov method

1  Introduction

The theoretical prediction of the thermal properties of diatomic molecules is an 
interesting subject in physics, chemistry, material science and engineering. Exam-
ples of thermal properties are entropy, enthalpy, free energy, and specific heat [1–6]. 
The properties have important roles in phase transition, adsorption and synthesis of 
materials [7–10].

In the past few years, obtaining the thermodynamic properties of  systems like 
diatomic molecules and semiconductors has been widely interested among scientists 
[2, 11–15]. The most important parameter that has played a great role in calculating 
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the properties is the partition function which one can deduce it using energy eigen-
values. Applying calculated energy eigenvalues, we can obtain other thermodynamic 
properties such as entropy, mean energy, specific heat, and enthalpy. To this end, the 
first step to derive the energy spectrum is solving the Schrödinger equation [16–18] 
or using the path integral formalism [19, 20]. In this regard, different potential mod-
els have been studied in the literature [1, 21–27]. Among the considered potential, 
the Morse potential was the first experimental model that was greatly applied in 
physics and chemistry [28–30]. The potential is an interatomic model that gener-
ally uses the potential energy of a diatomic molecule. Therefore, many works con-
sidered other improved and generalized potentials and correspondingly derive ther-
modynamic properties for different systems like diatomic molecules [31–33] and 
nanostructures, i.e., quantum dots and quantum wires [34–36]. It is worthy to men-
tion that the potential functions have been of growing interest because of their high 
application in fields like derive thermodynamic properties, calculating the molecular 
energy spectrum and simulation behavior of the molecular potential.

Nath and Roy [37] solved the Schrödinger equation with Deng-Fan potential 
using the Nikiforov–Uvarov method and obtained energy eigenvalues and thermo-
dynamic properties for diatomic molecules such as H2, LiH, HCl and CO. Okorie 
et al. [38] calculated analytically the fractional Schrödinger equation under Morse 
potential and derived the partition function and thermodynamic properties like inter-
nal energy, free energy, entropy and specific heat for diatomic molecules. Ding et al. 
[39] predicted thermodynamic properties for the sulfur dimer. They represented a 
new method with temperature and pressure as independent parameters for the Gibbs 
free energy and entropy of the sulfur dimer. Okon et  al. [40] obtained the energy 
spectrum and thermodynamic properties of two molecules, namely CO and SeF, 
in the presence of Mobius square plus screened Kratzer potential. In this regard, 
we have considered the Hulthen and screened Kratzer potential model and deduce 
energy eigenvalues and have correspondingly obtained the partition function and 
thermodynamic properties of the diatomic molecules such as HCl, LiH and H2.

As mentioned above, we combine Hulthén plus screened Kratzer (HSK) potential 
and have solved the Schrödinger equation applying Nikiforov–Uvarov (expressed in 
appendix) and series expansion method for the potential. The importance of combin-
ing potential models is obtaining a better result because potential models with more 
fitting quantities tend to give a better result [41, 42]. The HSK potential is defined as

where Z
1
 is the potential strength for Hulthén, and � is the screening parameter. 

Z
2
≡ 2Dere and Z

3
≡ Dere

3 where De and re are dissociation energy and equilibrium 
bond length, respectively. The behavior of the potential is plotted in Fig. 1.
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2 � Mathematical Framework

The Schrödinger equation with HSK potential is given as

Where Ψnl(r) denotes the eigen functions, Enl shows the energy eigenvalues, � is the 
reduced mass, ℏ is the reduced Plancks constant, and r is radial distance from the 
origin. Inserting Eq. (1) into Eq. (2), we have the following equation

To release the centrifugal term in Eq. (3), we use the Greene–Aldrich approximation 
scheme [43]. This scheme is a proper approximation to the centrifugal term which is 
valid for 𝜈 ≪ 1 and it is presented as

Substituting Eq. (4) into Eq. (3), we have
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Fig. 1   Hulthen plus screened Kratzer potential as a function of distance
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For simplicity, we use the following substitution

Differentiating Eq. (6) and putting in Eq. (5), we have the following equation

where

According to Eqs. (7) and (9) of ref. [44], we have

Inserting Eq. (9) into Eq. (11) of ref. [44], the following equation is obtained

where

In Eq. (11), we take the discrimination under the square root sign and solve for K . 
Here, we consider the negative root for the bound state as

By inserting Eq. (12) into Eq. (10), we have the following relation

Applying Eqs. (9) and (12), we deduce �(y) and ��(y) as below

We define �n and � by referring to Eqs. (10) and (13) of ref. [44] as
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Linking Eqs. (16) and (17) with the help of Eq.  (8), we can calculate the 
energy eigenvalues for the HSK as

According to the obtained energy spectrum, we calculated the partition func-
tion and thermodynamic properties of diatomic molecules. The partition func-
tion is derived by summation over all possible states of the system as

where � =
1

kBT
 , kB shows the Boltzmann constant, and T  is the temperature. Here, we 

have considered the s-wave state so l = 0 and the maximum value of N in Eq. (19) 
can be obtained by setting dEn

dn
= 0 . Therefore, we have

The partition function of the system with the help of Eqs.  (19) and (20) has 
been calculated as

Also, the thermodynamic properties of diatomic molecules can be calculated 
applying the following formulas:
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•	 Free energy F = −kBTln(Q)

3 � Results and Discussion

In this section, we have studied the energy spectrum and thermodynamic properties 
of diatomic molecules such as HCl, LiH and H2 under the HSK potential model. 
The considered potential is plotted in Fig. 1. Also, we have compared our theoretical 
calculated data with experimental data in NIST [45]. To this end, the spectroscopic 
values of the molecules are presented in Table 1 and taken from ref. [46]. In our 
mathematical computations, we have used the following values: ℏc = 1973eV  Å and 
1amu = 931.494028eV(Å)−1 [46].

Table 1   Spectroscopic values of 
HCl, LiH and H2

Molecules D
e
(eV) �(Å−1) r

e
(Å) �(meV)

HCl 4.6190 1.86770 1.2746 0.0912
LiH 2.5152 1.12800 1.5946 0.0819
H2 4.7446 1.94260 0.7416 0.0502

Table 2   Bound state energy 
spectra E

nl
 of HSKP for HCl, 

LiH and H2

n l E
nl
(eV)

HCl LiH H2

0 0  − 22.17032494  − 9.044861721  − 13.92974441
0 1  − 22.17022128  − 9.044847651  − 13.93464244
0 2  − 22.17001432  − 9.044819582  − 13.94456401
0 3  − 22.16970474  − 9.044777634  − 13.94456401
0 4  − 22.16929354  − 9.044722014  − 13.98060726
0 5  − 22.16878209  − 9.044652964  − 13.98060745
1 0  − 22.24690799  − 9.033844252  − 13.79739618
1 1  − 22.24679078  − 9.033836790  − 13.80084636
1 2  − 22.24655670  − 9.033821914  − 13.80786295
1 3  − 22.24620649  − 9.033799708  − 13.81867833
1 4  − 22.24574126  − 9.033770284  − 13.83364106
1 5  − 22.24516244  − 9.033733821  − 13.85321597
2 0  − 22.33432382  − 9.029306244  − 13.70661022
2 1  − 22.33419477  − 9.029304880  − 13.70872277
2 2  − 22.33393705  − 9.029302176  − 13.71305549
2 3  − 22.33355145  − 9.029298171  − 13.71982357
2 4  − 22.33303911  − 9.029292928  − 13.72934979
2 5  − 22.33240157  − 9.029286529  − 13.74206457
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Table 2 represents the numerical calculation of the energy spectra of the HSK for 
HCl, LiH and H2. We can observe from the data that for each vibrational quantum 
number, the energy increases with enhancement in the rotational quantum number.

The specific heat at constant pressure, Gibbs free energy and enthalpy for HCl, 
LiH and H2 are given in Tables 3, 4, and 5, respectively. The calculated data are 
obtained in the temperature range for HCl and H2 at 300 K–6000 K and for LiH 
at 2000K–6000K . For accuracy of our computations, we have compared the results 
with empirical data from the NIST database. It is worth noting that according to the 
NIST database, the empirical values of enthalpy are represented in the reduced form 
H − H

298.15
 . Moreover, we deduce the average absolute deviation ( �ave ) to quantita-

tively analyze the accuracy of the considered potential model. For this purpose, we 
apply the following formula

where Np shows the number of data points. The average deviation of the specific 
heat at constant pressure, Gibbs free energy and enthalpy is 1.62% , 3.57% and 4.21% , 
respectively. It is obvious from the data that the potential model predicts well the 
thermodynamic properties of diatomic molecules.

�ave =
100

Np

∑|||||
1 −

Xtheoreticl

Xexperimental

|||||

Table 3   Thermodynamic properties for HCl using Hulthen-screened Kratzer potential compared with 
experimental data [45]

Temperature (K) Cp (J/mol*K) -(G-H298.15)/T (J/mol*k) H-H298.15 (kJ/mol)

Exp Our results Exp Our results Exp Our results

300 29.14 29.67 186.9 187.5 0.05 0.06
400 29.17 29.71 188.0 188.6 2.97 3.01
500 29.31 29.89 190.2 190.7 5.89 5.99
600 29.58 30.12 192.6 193.1 8.83 8.98
700 29.99 30.36 195.1 195.7 11.81 12.02
800 30.49 30.85 197.4 197.9 14.84 14.99
900 31.05 31.47 199.7 200.4 17.91 18.06
1000 31.63 31.99 201.9 202.5 21.05 21.21
1500 34.10 34.51 211.2 211.8 37.51 37.87
2000 35.59 35.97 218.8 219.6 54.96 55.34
2500 36.55 37.03 225.1 226 73.01 73.55
3000 37.24 37.96 230.5 231.7 91.47 91.89
3500 37.76 38.33 235.3 236.7 110.2 110.78
4000 38.15 38.82 239.6 240.8 129.2 130.04
4500 38.47 39.22 243.4 244.2 148.4 148.96
5000 38.75 39.56 246.9 247.8 167.7 168.32
5500 39.02 39.87 250.1 251.1 187.1 187.87
6000 39.31 40.03 253.1 253.2 206.7 207.25
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Figure 2 shows the partition function as a function of temperature for HCl, LiH 
and H2. It is obvious from the figure that the partition function rises with increasing 
the temperature. The curves show a similar behavior, but LiH has higher values than 
the two others.

In Fig. 3, we have plotted the mean energy of diatomic molecules versus tem-
perature. At low temperatures ( 0 < T < 18K ), they have different behavior but at 
higher temperatures ( T > 18K ) have similar behavior and show a smooth treat-
ment. We can see a bow at the curves. For LiH, it occurs at ( 5.63K < T < 9.1K ), 
for HCl at ( 6.86K < T < 10.11K ) and for H2 at ( 9.89K < T < 15.52K ). This 
behavior of diatomic molecules is due to their molecular structure. At T < 15K , 
we can see  significant energy changes for three molecules but as temperature 
increases, they show less changes.

Figure 4 presents the specific heat at constant volume for diatomic molecules. 
It can be seen that the curves show a peak structure at low temperature, so at 
special temperature, the probability of a transition to higher levels is occur. With 
enhancing temperature, the system reaches more thermal energy, and hence, the 
probability increases. In this regard, a peak occurs in the specific heat when the 
energy difference between two levels and thermal energy are equal to each other. 
For each molecule, the peaks appear at different values of specific heat and it is 
related to the structure of molecules.

Table 4   Thermodynamic properties for LiH using Hulthen-screened Kratzer potential compared with 
experimental data [45]

Temperature (K) Cp (J/mol*K) -(G-H298.15)/T (J/mol*k) H-H298.15 (kJ/mol)

Exp Our results Exp Our results Exp Our results

2000 38.51 38.62 205.9 206.81 60.87 61.76
2100 38.66 38.74 207.4 208.12 64.73 65.61
2200 38.80 38.87 208.8 209.96 68.61 69.52
2300 38.94 38.99 210.2 211.03 72.49 73.35
2400 39.07 39.14 211.6 212.58 76.39 77.29
2500 39.19 39.3 212.9 213.87 80.31 81.25
2600 39.31 39.45 214.1 215.06 84.23 85.19
2700 39.43 39.58 215.4 216.34 88.17 89.04
2800 39.55 39.72 216.5 217.48 92.12 93.11
2900 39.66 39.88 217.7 218.79 96.08 96.99
3000 39.77 40 218.8 219.75 100.0 101.03
3500 40.31 40.62 224.0 225.21 120.1 122.67
4000 40.85 41.17 228.7 230.16 140.4 142.37
4500 41.42 41.77 232.9 234.57 160.9 162.53
5000 42.04 42.41 236.7 238.64 181.8 183.02
5500 42.73 43.1 240.1 241.88 203.0 204.36
6000 43.51 43.82 243.4 244.96 224.5 226.1



117

1 3

Journal of Low Temperature Physics (2023) 211:109–123	

Table 5   Thermodynamic properties for H2 using Hulthen-screened Kratzer potential compared with 
experimental data [45]

Temperature (K) Cp (J/mol*K) -(G-H298.15)/T (J/mol*k) H-H298.15 (kJ/mol)

Exp Our results Exp Our results Exp Our results

300 28.85 29.27 130.7 131.12 0.05 0.06
400 29.18 29.63 131.8 132.04 2.96 3.09
500 29.26 29.76 134.0 134.3 5.88 6.12
600 29.32 29.82 136.4 136.8 8.81 8.99
700 29.44 29.5 138.8 139 11.75 11.93
800 29.62 29.72 141.2 141.38 14.70 14.97
900 29.88 29.93 143.4 143.55 17.68 17.83
1000 30.20 30.24 145.5 145.73 20.68 20.92
1500 32.30 32.45 154.7 154.96 36.29 36.05
2000 34.28 34.39 161.9 162.11 52.95 53.11
2500 35.84 35.98 168.0 168.47 70.50 70.74
3000 37.09 37.23 173.3 173.46 88.74 88.99
3500 38.15 38.51 178.0 178.59 107.6 107.85
4000 39.12 39.37 182.1 182.38 126.9 127.16
4500 40.02 40.19 185.9 185.17 146.7 146.98
5000 40.83 40.99 189.4 189.66 166.9 167.13
5500 41.50 41.68 192.6 192.88 187.5 187.82
6000 41.97 42.25 195.6 195.81 208.3 208.56

Fig. 2   Partition function for diatomic molecules using Hulthen-screened Kratzer potential
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Fig. 3   Mean energy for diatomic molecules using Hulthen-screened Kratzer potential

Fig. 4   Specific heat at constant volume for diatomic molecules using Hulthen-screened Kratzer potential
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Fig. 5   Entropy for diatomic molecules using Hulthen-screened Kratzer potential

Fig. 6   Free energy for diatomic molecules using Hulthen-screened Kratzer potential
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In Fig. 5, we have plotted the entropy of diatomic molecules as a function of 
temperature. It is observed that the entropy for 3 cases is enhanced with increas-
ing the temperature. It reflects the subject that the interaction potential increases 
the disorder of the system.

Figure  6 displays free energy of the diatomic molecules versus temperature. 
One can see that the curves show similar treatment. With increasing the tempera-
ture, first, they increase, and then, they decrease.

4 � Conclusions

In this work, we have solved the SE with the Hulthén plus screened Kratzer 
potential model using a suitable approximation and have obtained the energy 
spectra of the model. Using the energy spectra of the potential, the partition func-
tion and other thermodynamic properties have been calculated using the Poisson 
summation formula. With these results, the specific heat at constant pressure, 
enthalpy and Gibbs free energy of diatomic molecules like HCl, LiH and H2 have 
been studied graphically and compared with reported experimental data. There 
is a good agreement between them. Also, we have studied other thermodynamic 
properties such as mean energy, specific heat at constant volume, entropy and free 
energy for the diatomic molecules and show the behavior of the potential model.

Appendix: Nikiforov–Uvarov method

We use the Nikiforov–Uvarov method to solve the second-order differential equa-
tion with an appropriate transformation S = S(r) [44]. It is given as follows

where �(s) and �̃(s) are second-degree polynomials and �̃(s) is a first-degree polyno-
mial. By using the transformation Ψn(s) = Φ(s)yn(s) and considering separation of 
variables, Eq. (1) reduces to an equation of the hypergeometric function as

Here, yn(s) is the hypergeometric-type function. The polynomial solution of 
Eq. (23) is given by the Rodrigues relation

where Bn is the normalization constant. The weight function, �(s) , must satisfy the 
following condition [44]

(22)
d2Ψn(s)

ds2
+

�̃(s)

�(s)

dΨn(s)

ds
+

�̃(s)

�2(s)
Ψn(s) = 0

(23)�(s)
d2yn(s)

ds2
+ �(s)

dyn(s)

ds
+ �yn(s) = 0

(24)yn(s) =
Bn

�(s)

dn

dsn

[
�n(s)�(s)

]
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Also, Φ(s) is defined by its logarithmic derivative relation as

In this method, we need to define the function �(s) and the parameter λ. So, we 
have

To determine the value of k , the expression under the square root must be a 
square of a polynomial. Therefore, a new eigenvalue equation is given by

where
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