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Abstract At any pressure sensitive quantum critical point (QCP) the thermal expan-
sion is more singular than the specific heat leading to a divergence of the Grüneisen
parameter. For a magnetic field sensitive QCP, the complementary property is the
magnetic Grüneisen ratio which equals the magnetocaloric effect. Here we use both
properties to investigate magnetic QCPs in different heavy fermion (HF) metals
starting from CeNi2Ge2. The influence of dimensionality on quantum criticality
is addressed by the comparison of cubic CeIn3−xSnx with layered CeMIn5−xSnx

(M = Co, Rh) systems, in which Sn doping both acts as tuning parameter and in-
troduces slight disorder. Near the field-tuned QCP in undoped CeCoIn5 a crossover
scale T � is discovered which separates 2D (at T > T �) from 3D (at T < T �) quan-
tum criticality. Disorder, introduced by Sn-doping, is found to increase T �, stabi-
lizing 3D behavior. We also compare the magnetic Grüneisen ratio in the approach
of the field-tuned QCP in YbRh2Si2 with zero-field Grüneisen parameter data on
YbRh2(Si1−xGex)2 (x = 0, x = 0.05). Both properties indicate quantum criticality
incompatible with the predictions of the itinerant theory.
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1 Quantum Criticality in Heavy Fermion Metals

Heavy fermion (HF) metals are intermetallic compounds with rare-earth (most Ce
or Yb) or actinide (most U) elements in which the effective charge-carrier masses
are highly enhanced compared to the free electron mass [1–3]. Their ground state
sensitively depends on the balance between the on-site Kondo and the inter-site ex-
change interaction. Thus, it is easy to tune these systems by either small changes
in chemical composition, the application of moderate pressure or the application of
magnetic fields. By varying such control parameters, long-range antiferromagnetic
(AF) ordering could often be continuously suppressed towards a quantum critical
point (QCP) TN → 0 [4, 5]. While HF systems are prototype systems for the real-
ization of quantum criticality, their theoretical description near the QCP is subject
of continued interest. The main complication arises from the fact that heavy quasi-
particles (QP) are composite objects formed by f-electrons with conduction electron
admixture [6]. The crucial question is whether these heavy quasiparticles stay intact
at the QCP or decompose due to the destruction of the Kondo singlet formation. In
the former case the well-developed Hertz-Millis-Moriya theory is applicable. This is
an itinerant description of quantum criticality, implying the AF order to be of spin-
density-wave (SDW) type [7–9]. The observation through inelastic neutron scattering
(INS) that the AF correlations at the QCP in CeCu6−xAux are of local character [10],
together with the stronger than logarithmic mass divergence in the approach of the
QCP in YbRh2(Si0.95Ge0.05)2 [11], suggest a decomposition of the heavy QP due
to the breakdown of the Kondo effect, adding electronic degrees of freedom to the
critical (magnetic) fluctuations [6, 12–15].

Quantum critical fluctuations result in an anomalous enhancement of the en-
tropy near the QCP. The dimensionless Grüneisen parameter defined by � = Vm

κT

β
C

where C and β denote the specific heat and the volume expansion, respectively (Vm:
molar volume, κT : isothermal compressibility) is an important tool to study this en-
tropy enhancement. Whenever a system is dominated by a single energy scale T0, e.g.
the Fermi energy in a metal or the Debye energy for phonons, the free energy scales
as f (T /T0) leading to a temperature independent � = − ∂ logT0

∂ logV
, which is known as

Grüneisen law [16]. While for normal metals � ∼ 1, its absolute value is largely en-
hanced for HF metals (|�| ∼ 100) at low temperatures [17, 18], as a consequence of
the strong volume dependence of the narrow heavy quasiparticle band.

For HF metals, the “coherence temperature”, below which a Landau-Fermi-liquid
(LFL) state forms, takes the role of T0 which vanishes at the QCP. Consequently, the
Grüneisen parameter will diverge analytically at any pressure-sensitive QCP. Within
the itinerant theory the critical component of the Grüneisen ratio (after subtraction of
non-critical contributions to specific heat and thermal expansion, see below) diverges
as �cr ∝ T −ε with ε = (νz)−1, where ν and z are the correlation-length exponent and
the dynamic exponent, respectively [19]. In case of a magnetic-field driven QCP, sim-
ilar results apply to the magnetic Grüneisen ratio �mag = − (∂M/∂T )

C
= 1

T
(∂T /∂B)S .

The latter property equals the magnetocaloric effect, defined as the relative change of
temperature in response to an adiabatic change of the magnetic field.

An early study of the thermal expansion and Grüneisen ratio for a system close
to a QCP focussed on Ce1−xLaxRu2Si2 with x = 0 and x = 0.05 in which negative
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Fig. 1 (Color online) (a) Low-temperature specific heat as C/T vs. T for a CeNi2Ge2 single crys-
tal [21]. The solid line represents a fit according to the 3D SDW scenario, i.e. C(T )/T = γ0 − c

√
T ,

with γ0 = 0.46 J/K2 mol and c = 0.11 J/K5/2 mol, where C denotes the specific heat (circles) after sub-
traction of a nuclear contribution from the raw data (dashed line at low T ). The yellow triangles show
data at B = 2 T to illustrate the independency of the low-temperature “upturn” from the electronic con-
tribution. (b) Corresponding volume thermal expansion of the same single crystal as β/T vs. T . The line
indicates β(T ) = a

√
T + bT with a = 3.5 × 10−6K−1.5 and b = 1.7 × 10−6K−2. Inset (c) displays the

T dependence of the Grüneisen ratio � = (Vm/κT )(β/C). Here Vm and κT denote the molar volume and
isothermal compressibility, respectively

chemical pressure induced by La-doping tunes the system towards an AF QCP at
xc ≈ 0.08 [20]. A very large value of � was obtained for x = 0.05 which, however,
was found to saturate below 0.8 K, probably because the QCP has not exactly been
reached as T → 0.

A truly divergent Grüneisen ratio has first been observed for the clean HF metal
CeNi2Ge2 [21]. Although this system remains paramagnetic down to lowest tempera-
tures, it is located very close to a zero-field QCP as electrical resistivity measurements
have found a divergence of the coefficient A in ρ(T ) = ρ0 + AT 2 for B → 0 [22].
As shown in Fig. 1a, the electronic specific heat coefficient could be described by
C(T )/T = γ0 − c

√
T compatible with the itinerant theory for a 3D AF QCP. Here,

we have assumed that the low-temperature upturn, described by a Schottky anomaly,
is not part of the quantum critical contribution, since it remains unchanged at a field
of 2 T (see the yellow circles) that tunes the system away from the QCP towards the
LFL regime. The volume thermal expansion coefficient β(T )/T = a0 + a1/

√
T is

far more singular than the specific heat coefficient and in perfect agreement with the
predictions of the itinerant theory for a 3D AF QCP. The Grüneisen parameter �(T )

displays a stronger than logarithmic divergence, providing evidence for a QCP, cf.
Fig. 1c. In order to analyze the critical Grüneisen ratio, the normal contributions to
specific heat and thermal expansion must be subtracted, leading to Ccr ∝ −T 3/2 (cf.
Fig. 2a), βcr ∝ √

T and thus �cr ∝ −T −1, as shown in Fig. 2b [21]. Since for an
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Fig. 2 (Color online) (a) Log-log plot of the critical specific heat Ccr = C(T ) − γ0T for C(T ) as
displayed in Fig. 1a. The line indicates −Ccr = cT 3/2. (b) Log-log plot of the critical Grüneisen ratio
�cr = (Vmol/κT )(βcr/Ccr) with βcr = β(T ) − bT (cf. Fig. 1b). The line displays a 1/T divergence [21]

AF QCP ν = 1/2 and z = 2, this temperature dependence agrees perfectly with the
prediction of the itinerant theory [19].

A volume expansion, induced by the partial substitution of Ni with larger Pd
has been shown to induce long-range AF order in Ce(Ni1−xPdx )2Ge2 polycrystals,
e.g. TN = 2 K for x = 0.2 [23]. Very recently, we have started the single crystal
growth of undoped [24] and Pd-doped [25] CeNi2Ge2 using the floating zone tech-
nique in a four-mirror optical furnace under high-purity argon atmosphere. Here, we
discuss first yet unpublished data of the low-temperature specific heat and magnetic
Grüneisen ratio of a x = 0.065 single crystal. The latter property has been determined
by using a quasi-adiabatic field-modulation technique with amplitude of about 5 mT
at a frequency of 0.1 Hz [26]. As shown in Fig. 3, the low-T specific heat coeffi-
cient has increased by more than a factor of two compared to undoped CeNi2Ge2.
This indicates a reduction of the Kondo temperature by negative chemical pressure
and a substantial increase of fluctuations as the system is driven closer towards the
QCP. Similar as for the undoped system, NFL behavior is suppressed by the appli-
cation of small magnetic fields, indicating the vicinity to a zero-field QCP. This is
also compatible with measurements of the magnetocaloric effect �mag(T ), which in-
dicate a strong divergence at low magnetic fields. Further experiments, in particular
measurements of the thermal expansion, are required to investigate the nature of the
substitution-driven QCP in Ce(Ni1−xPdx )2Ge2.

In case of the HF system CeCu6−xAgx , which displays an AF QCP close to
x = 0.2, the thermal expansion coefficient and Grüneisen ratio could not be described
within the itinerant theory [27]. In this system �cr(T ) diverges only logarithmically,
much too weak compared to the expected 1/T dependence. In the related system
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Fig. 3 (Color online) Low-temperature specific heat as C/T vs. logT of single crystalline
Ce(Ni0.935Pd0.065)2Ge2 at various different magnetic fields applied along the a-direction. The inset dis-
plays the magnetic Grüneisen parameter �mag = T −1(dT /dB)S , which has been determined by adiabatic
magnetocaloric effect measurements [25]

CeCu5.9Au0.1 evidence for quasi-2D quantum critical fluctuations has been found in
INS experiments [28]. A 2D AF QCP of itinerant nature could however be excluded
from the observation of energy-over-temperature scaling in dynamical susceptibility
with an anomalous fractional exponent, virtually independent of wave vector [10].
This observation has led to the development of the locally-critical QCP scenario
which considers a breakdown of the Kondo effect at the QCP [12]. The experiments
on CeCu5.9Au0.1 suggest that the quasi 2D magnetic fluctuations are crucial for the
occurrence of such an unconventional QCP. Theoretically, it has also been shown
that strong geometrical frustration may act as competing mechanism against Kondo-
singlet formation, since it is leading to spin-liquid formation [13]. Therefore, it is of
particular interest to study the influence of the parameter “dimensionality” on quan-
tum criticality in HF systems. This is addressed in the following section. Section 3
considers the role of different tuning parameters by a comparison of the Grüneisen
parameter and the magnetocaloric effect in chemically substituted and magnetic field
tuned YbRh2Si2, respectively. This system has been in the focus of attention for
several years because it shows divergences of the QP effective mass and QP-QP scat-
tering cross-section that are incompatible with the itinerant theory [11, 29]. Further-
more, a drastic change of the Hall-coefficient [30] upon tuning through the quantum
critical point (QCP), which is also accompanied by signatures in thermodynamic and
magnetic properties [31] has been found which suggests a Kondo breakdown QCP in
this system.
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Fig. 4 (Color online) Temperature dependence of the Grüneisen parameter of several CeIn3−xSnx single
crystals [32]. Inset (a) shows the magnetic phase diagram for cubic CeIn3−xSnx . Inset (b) displays the
temperature dependence of the critical Grüneisen ratio (after subtraction of non-critical contributions to
thermal expansion and specific heat) of CeIn2.35Sn0.65 on double-log scale

2 Comparison of Cubic and Layered Heavy-Fermion Systems

The HF system CeIn3−xSnx , which crystallizes in the cubic Cu3Au structure is suit-
able for a comparative study of the influence of dimensionality on quantum critical-
ity, since here low-dimensional fluctuations could be ruled out due to the cubic point
symmetry of the Ce-atoms. The inset a of Fig. 4 displays the magnetic phase diagram
as determined by various thermodynamic and magnetic experiments [32]. Whereas
pressure experiments on CeIn3 have revealed an abrupt disappearance of AF order at
pc = 2.6 GPa with superconductivity (SC) at 0.2 K in a very narrow pressure regime
close to pc [33], TN(x) evolves continuously in CeIn3−xSnx . The partial substitution
of In with Sn leads to an increase of the conduction electron density of states which
enhances the Kondo temperature and thereby weakens the long-range AF order [34].
In this system TN could be traced down to 0.1 K [32]. A further advantage for the
study of quantum criticality in this system is that there appears no SC phase around
the QCP. Therefore, quantum criticality could be accessed down to lowest temper-
atures and a detailed study of the thermal expansion, specific heat and Grüneisen
parameter has been performed on well characterized single-crystals [32]. The ob-
tained data for �(T ) are displayed in Fig. 4. The AF phase transition for x = 0.55
at TN ≈ 0.7 K is manifested in a smeared discontinuity. Furthermore, the entropy
accumulation near the phase transition leads to a sign change of the Grüneisen para-
meter, as theoretically predicted [35]. Since � = − ∂ logT0

∂ logV
= 1

κT ·T0
· dT0

dp
, the sign of
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the Grüneisen parameter reflects the pressure dependence of the characteristic energy
scale T0 of the system. For Ce-based HF systems in the paramagnetic state, both the
Kondo and coherence temperature increase with pressure leading to � > 0. On the
other hand, the negative sign in the AF state reflects the negative pressure dependence
of the Néel temperature close to the QCP. The extrapolation of TN(x) → 0 leads to
xc = 0.67 ± 0.03. Both for x = 0.65 and x = 0.7 divergent behavior in �(T ) holds
down to lowest temperatures, whereas for the x = 0.8 system a saturation is found
below 0.3 K, indicative for the crossover towards LFL behavior. Like in CeNi2Ge2,
both specific heat and thermal expansion follow the predictions of the itinerant theory
for a 3D AF QCP. To analyze the critical Grüneisen ratio, the noncritical contribu-
tions of specific heat and thermal expansion have been subtracted. The observed 1/T

divergence (cf. inset (b) of Fig. 4) proves an itinerant AF QCP in this system [32].
We now turn to the anisotropic CeMIn5 (M=Rh, Co, Ir) systems which consist

of an alternating series of CeIn3 and MIn2 layers stacked subsequently along the c-
direction. As a result of the layered crystal structure, the Fermi surface displays a
strongly 2D character with cylindrical sheets along the c-axis [36]. Superconduct-
ing transition temperatures of about 2 K are observed over wide pressure ranges for
the tetragonal CeRhIn5 (at p ≥ 1.6 GPa) and CeCoIn5 (at ambient pressure) [37, 38].
The ten times higher Tc compared to cubic CeIn3 under hydrostatic pressure has been
attributed to the layered crystal structure and, relatedly, strongly anisotropic magnetic
fluctuations [38]. Indeed the nuclear magnetic relaxation rate 1/T1 of CeCoIn5 dis-
plays a weak T 1/4 dependence in the normal state between 2 and 40 K which signals
strongly anisotropic quantum critical fluctuations [39]. Previous measurements of the
electrical resistivity [40], thermal transport [41, 42], as well as specific heat [43], have
revealed pronounced NFL behavior near the upper critical field Bc2 of SC (5 T along
the c-axis). In particular a divergence of the A coefficient of the electrical resistiv-
ity suggests a field-tuned QCP close to Bc2. The Wiedemann-Franz law in the limit
T → 0 is violated along the c-axis, while it holds in the perpendicular plane, sug-
gesting an anisotropic destruction of the Fermi surface near the QCP [42]. Here, we
use thermal expansion measurements to characterize quantum criticality in CeCoIn5
[44]. As shown by the orange squares in Fig. 5, upon cooling from high temperatures
the linear expansion coefficient α(T )/T diverges as T −1, which is the temperature
dependence predicted by the itinerant theory for a 2D AF QCP. Below T � ≈ 0.3 K (cf.
arrows in Fig. 5), however, the data deviate from this behavior and follow α(T ) ∼ √

T

down to at least 40 mK, which perfectly agrees with 3D AF quantum criticality. In
this scenario singular magnetic scattering is restricted to certain “hot lines” along the
Fermi surface which shrink as T → 0, incompatible with a Fermi surface destruction.
As the field is increased above 5 T, this crossover scale shifts towards higher temper-
atures, cf. Fig. 6. A dimensional crossover in quantum critical magnetic metals has
recently been considered theoretically [45]. In agreement with our observations on
layered CeCoIn5, it has been found that the dimensionality increases as criticality
is approached as a consequence of the divergence of the correlation length ξ : 3D
quantum criticality is expected when ξ exceeds the characteristic anisotropy length
scale ξaniso that captures the explicit or hidden anisotropy of spin fluctuations. Note,
that this theory does not take into account effects of a fully frustrated interplane cou-
pling discussed for the Bose-Einstein condensate of spin triplets in the Mott insulator
BaCuSi2O6 [46].
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Fig. 5 (Color online) Linear thermal expansion of CeCoIn5−xSnx at magnetic fields B ‖ c close to the
respective upper critical field as α(T ) (a) and α(T )/T vs. T on a logarithmic scale (b) [44]. Lines in
(a) and (b) display α ∝ √

T and α/T ∝ T −1, respectively. Note that the data sets in (b) are shifted by
5 × 10−6 K−2, subsequently

Since lattice disorder enhances isotropic impurity scattering, one would expect
a stabilization of 3D behavior by disorder. In order to investigate the influence of
disorder on the observed dimensional crossover, the system CeCoIn5−xSnx is best
suited. Here the Sn atoms preferentially substitute within the in-plane In position [47].
The SC transition temperature Tc(x) is found to be rapidly suppressed at x = 0.18,
i.e., for ∼ 3.6% Sn only. Most remarkably, specific heat and electrical resistivity
measurements have been consistent with a QCP located at Bc2(x) for all x ≤ 0.18
[48, 49].

Figure 5 displays respective low-temperature thermal expansion results at B =
Bc2(x) with B = 0 at x = 0.18. As shown in part (b), the crossover scale Tdim above
which 2D quantum critical behavior is found, shifts with increasing Sn doping to-
wards higher temperatures, as anticipated above. Likewise the region of 3D quantum
criticality is extended, e.g. for temperatures up to 1.5 K at x = 0.18 (cf. the green
circles in Fig. 5a). The evolution of the dimensional crossover with Sn doping is
displayed in the inset of Fig. 6. The Sn-doping leads to an increase of the residual
resistivity from below 1 µ
 cm at x = 0 to 15 µ
 cm at x = 0.18 [49]. This moderate
disorder effectively stabilizes 3D quantum criticality. A similar conclusion could also
be drawn from our thermal expansion measurements on CeRhIn5−xSnx discussed in
the following [50].

A comparison of cubic CeIn3−xSnx with layered CeRhIn5−xSnx , which both
show rather similar TN(x) phase diagrams (cf. Figs. 4 and 7), seems well suited for
investigating the influence of lattice anisotropy on quantum criticality. However, it
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Fig. 6 (Color online) Phase diagram of CeCoIn5 for B ‖ c as determined from thermal expansion. The
SC phase is marked in gray with the first-order boundary below 0.7 K indicated by the thick black line.
Regions where thermal expansion follows 2D- and 3D quantum critical behavior are marked in blue and
yellow, respectively. The inset displays the evolution of the crossover with Sn-doping in CeCoIn5−xSnx

at the respective Bc2(x) [44]

turned out that, like in CeCoIn5−xSnx , disorder tends to stabilize 3D quantum criti-
cality in the layered system. For CeRhIn5−xSnx the AF QCP is located at xc ≈ 0.48,
for which the low temperature thermodynamic properties are very similar to those of
cubic CeIn2.35Sn0.65. The linear thermal expansion coefficient follows the predictions
of the itinerant theory for a 3D AF QCP in the entire temperature range up to 6 K
(Fig. 7) [50]. Compared to CeCoIn4.82Sn0.18 discussed above, the latter system has a
four-times higher Sn-concentrations resulting in a three times larger residual resistiv-
ity. Whereas Tdim ≈ 1.4 K in the former case, it is above 6 K in the latter. These ob-
servations fit to the interpretation of impurity scattering smearing effectively out the
anisotropy of the quantum critical fluctuations. Nevertheless, an algebraically diverg-
ing Grüneisen parameter �(T ) in CeRhIn4.52Sn0.48 proves a truly pressure dependent
QCP [19]. This is in contrast to stronger disordered systems in which �(T ) diverges
logarithmically (CePd1−xRhx ) [51] or saturates at low-temperatures (NixPd1−x [52],
URh1−xRuxGe [53]).

3 Grüneisen Parameter and Magnetocaloric Effect in YbRh2(Si1−xGex )2

We now turn to the tetragonal HF metal YbRh2Si2, which displays very weak AF
ordering at TN = 70 mK [29, 54]. This system could be tuned towards a QCP by
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Fig. 7 (Color online) Temperature dependence of the volume thermal expansion coefficient of
CeRhIn5−xSnx as β/T vs. T on a logarithmic scale (a). Arrows mark Néel temperatures. The line in-
dicates 1/

√
T dependence. The inset displays the magnetic phase diagram for CeRhIn5−xSnx [50]

Fig. 8 (Color online)
Temperature dependence of the
Grüneisen parameter of
YbRh2(Si1−xGex )2 (x = 0,
0.05). The inset displays the
critical Grüneisen ratio (after
subtraction of normal
contributions to thermal
expansion) of
YbRh2(Si0.95Ge0.05)2. Line

indicates T −0.7 divergence [21]

applying a tiny critical magnetic field Bc of 0.05 T or 0.7 T perpendicular to, or along
the c-axis, respectively. Alternatively a small negative chemical pressure induced by
Ge-doping in YbRh2(Si1−xGex )2 with nominal Ge content x = 0.05 suppresses the
ordering to 20 mK [11]. Since the Grüneisen parameter and magnetocaloric effect are
most sensitive to pressure and magnetic field tuning, respectively, we focus on the
former property for YbRh2(Si1−xGex )2 [21] and latter property for the field-tuned
QCP in undoped YbRh2Si2 [55].
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Figure 8 shows the Grüneisen parameter �(T ) for YbRh2(Si1−xGex )2 (x = 0
and x = 0.05) [21, 52]. In the paramagnetic regime, � < 0, reflecting the negative
pressure dependence of the Kondo temperature in Yb-based systems. The AF tran-
sition at x = 0 results in a sign change at 0.1 K followed by a sharp peak at TN.
At temperatures well below TN, LFL behavior has been observed in specific heat
and electrical resistivity experiments, with highly enhanced values for the coeffi-
cients γ0 ≈ 1.7 J/K2 mol and A ≈ 22 µ
 cm/K2, respectively [29]. In this regime,
the Grüneisen parameter saturates at a giant value of 350, indicating the huge pres-
sure dependence of the ground state in this system.

The volume expansion induced by the substitution of nominally 5 at% of Si by
the larger but isoelectronic Ge in YbRh2(Si0.95Ge0.05)2 results in a suppression of
the Néel temperature to TN = 20 mK and critical field to Bc = 0.025 T (within the
easy plane ⊥ c) [11]. The zero-field volume thermal expansion coefficient of the
Ge-doped system, measured at temperatures above 50 mK, is negative and identical
to that at the critical field [21]. Thus, zero-field data are sufficient to analyze the
critical Grüneisen ratio in this temperature regime. The observed fractional exponent
in �cr ∝ T −0.7 displayed in the inset of Fig. 8 is incompatible with the itinerant
theory for an AF QCP and has been taken as signature for a locally-critical QCP
in this system [21]. An extension of the zero-field data for YbRh2(Si0.95Ge0.05)2 to
very low temperatures has detected a sign change above TN = 20 mK in this system
as well [56]. Single crystals with larger Ge-content to completely suppress the AF
phase at B = 0 would be highly desirable.

We now turn to the field-induced QCP in undoped YbRh2Si2 [55]. Isothermal
measurements of the Hall coefficient as a function of a tuning field B ⊥ c have re-
vealed a drastic change at a line B�(T ), resp. T �(B), which extrapolates to the QCP
[30]. These experiments suggest an abrupt change of the Fermi-surface volume at the
QCP, supposed to be related to a 4f-selective Mott transition. Thermodynamic and
transport measurements such as magnetization, magnetostriction, magnetoresistance
all revealed related crossovers at B�(T ) whose full widths at half maxima vanish
in the T → 0 limit [31]. The temperature derivative of the magnetization, dM/dT ,
which equals the field derivative of the entropy, also peaks at B�(T ), indicating a
drastic reduction of spin entropy upon entering the Kondo screened large Fermi vol-
ume regime [55]. Here, we focus on the magnetic Grüneisen ratio that is obtained by
calculating the ratio of the temperature derivative of the magnetization to the specific
heat [55]. In Fig. 9, −(dM/dT )/T is compared with C/T . The former property is
far more divergent on the approach of the QCP than the latter while both consistently
indicate the crossover to LFL behavior at low temperatures for B > Bc .

The magnetic Grüneisen ratio is analyzed in Fig. 10. The main part displays di-
vergent behavior in the temperature dependence of �mag at different magnetic fields
B ≥ Bc . Close to the critical field the exponent in �mag(T ) changes from −2 at high
T towards −0.7 at low temperatures. The origin of this crossover is discussed be-
low. Interestingly at low temperatures the exponent of the magnetic Grüneisen ratio
equals that of the (thermal) critical Grüneisen parameter �cr(T ). Consequently, the
pressure derivative of the critical field, dBc/dp, saturates at low temperatures [57].
At B > Bc, LFL behavior is found in the magnetization and specific heat at low
temperatures (cf. Fig. 9), leading to �(B)T →0 which as displayed in the inset of
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Fig. 9 (Color online) Temperature derivative of the magnetization as −(dM/dT )/T vs. T (a) and elec-
tronic specific heat as C(T )/T vs. T (b) for YbRh2Si2 at various different magnetic fields applied in the
easy-plane perpendicular to the c-axis [55]

Fig. 10 diverges on the approach of the critical field. The itinerant theory predicts
�mag(T = 0,B) = −Gr(B − Bc)

−1 with Gr = ν(d − z) where the latter parameter
also appears as exponent in the field-dependence of the Sommerfeld coefficient of
the specific heat, γ (T = 0,B) = (B − Bc)

Gr [19]. As shown in the inset of Fig. 10,
the low-temperature saturation values of �mag(B) indeed follow such a functional
dependence with Gr = −0.3 ± 0.01, also consistent with the critical exponent in
the divergence of the Sommerfeld coefficient [11]. Since within the itinerant theory
ν = 1/2 the measured Gr is incompatible with any integer values of d and z. On the
other hand, a recently proposed critical Fermi surface model which may be relevant
for a Kondo breakdown QCP discusses electronic criticality with ν = 2/3, z = 3/2
and d = 1 [58], yielding Gr = −1/3 as found in YbRh2Si2.

In Fig. 11 the evolution of the magnetic Grüneisen ratio exponent ε, derived
from �mag ∝ T −ε , in the temperature-field phase diagram of YbRh2Si2 is displayed.
The different symbols indicate the position of the crossover scale T �(B) observed
in measurements of the Hall coefficient [30], magnetization [55], susceptibility,
magnetostriction and magnetoresistance [31]. Within the LFL regime, the magnetic
Grüneisen ratio exponent ε ≈ 0, visualized by the violet color code. Upon increas-
ing the temperature, ε increases. There is a broad regime, in which ε ≈ 1 located in
the vicinity of T �(B), whereas the yellow-red regions for T ≥ T � are those where
the magnetic Grüneisen exponent is unusually large. Note, that the scaling approach
within the itinerant theory predicts ε = 1/νz yielding ε = 1 for the AF case. Remark-
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Fig. 10 (Color online) Magnetic Grüneisen ratio as �mag vs. T at various magnetic fields (main part) and
�mag vs. B in the field-induced Landau-Fermi-liquid regime (inset) [55]

Fig. 11 (Color online) Contour
plot for the power-law exponent
ε of �mag ∝ T −ε in the
temperature vs. magnetic field
plane for YbRh2Si2 (B ⊥ c).
The symbols indicate signatures
of T �(B) in various different
properties [57], whereas the
black and red lines represent the
boundaries of the AF state and
the crossover towards
Landau-Fermi-liquid behavior in
the electrical resistivity,
respectively

ably, this temperature dependence is found upon approaching the QCP in the vicinity
of T �(B). Unfortunately, we could not yet investigate the magnetic Grüneisen close
to B = 0 or upon crossing the AF phase boundary. Direct measurements of the mag-
netocaloric effect down to very small T and B are under way [26].



130 J Low Temp Phys (2010) 161: 117–133

4 Summary and Outlook

The accumulation of entropy due to the strong quantum fluctuations near a QCP gives
rise to singular behavior in the thermal expansion and a divergence of the Grüneisen
parameter at any pressure sensitive QCP. Likewise the magnetic Grüneisen ratio
which equals the magnetocaloric effect diverges at a field-tuned QCP. Following the
first proposal to use these thermodynamic properties to characterize QCPs [19], many
different systems have been studied experimentally. Besides the AF QCPs in HF sys-
tems discussed in this paper, the above techniques have been applied to study ferro-
magnetic instabilities in 5f- and 3d based materials. For doped URh1−xRuxGe [53]
the Grüneisen parameter does not diverge despite a continuous suppression of FM or-
dering. In clean URu2Si2 the field-induced suppression of the “hidden-order” phase
has been investigated by measurements of the magnetocaloric effect [59]. Signatures
of several subsequent first-order quantum phase transitions are observed. In case of
the bilayer strontium ruthenate Sr3Ru2O7, itinerant metamagnetism leads to a QCP
at 8 T for fields applied along the tetragonal c-axis. Magnetostriction [60], thermal
expansion [61], as well as measurements of the magnetocaloric effect [62] have re-
vealed a bounded regime, which displays signatures of electronic nematicity in the
electrical resistivity and encloses the QCP [63]. Away from this phase, thermal ex-
pansion almost perfectly follows the predictions of the itinerant theory for a z = 3
metamagnetic QCP over several decades in T/(B − Bc) [61]. For the related metam-
agnetic ruthenate Ca2−xSrxRuO4, less good agreement with the scaling predictions
is found, probably due to the larger disorder in this doped system [64]. The thermal
expansion behavior close to the metamagnetic crossover in CeRu2Si2 also displays
signatures of quantum critical fluctuations. However, below 0.3 K a crossover to LFL
behavior has been found even at the critical field, indicating that the QCP could not
be reached in this system [65, 66]. The absence of quantum criticality has also been
proven for ferromagnetic MnSi under hydrostatic pressure by high-resolution thermal
expansion measurements utilizing neutron Larmor diffraction [67]. QCPs in insula-
tors that arise by the closing of a spin-gap have attracted much interest in recent
years, due to the observation of a Bose-Einstein condensation of magnons [68]. For
example, low-temperature thermal expansion measurements on the two-leg spin lad-
der (C5H12N)2CuBr4 have shown very strong signatures of quantum criticality with
a divergence of α(T ) in full agreement with quantum Monte Carlo simulations [69].

The focus of this paper has been on Grüneisen parameter studies on QCPs in AF
HF metals. For CeNi2Ge2 it has been demonstrated, how the critical contributions
to thermal expansion and specific heat are determined for the analysis of the critical
Grüneisen ratio �cr ∝ βcr/Ccr. The observed T −1 dependence is in perfect agreement
with the predictions of the itinerant theory. Similar behavior is found for CeIn3−xSnx

at x = 0.65. On the other hand, for YbRh2(Si0.95Ge0.05)2 and CeCu5.8Ag0.2 dis-
parate behavior has been found which is incompatible with the itinerant theory [21,
27]. Since INS for CeCu6−xAux has proven quasi 2D magnetic fluctuations [28] and
for YbRh2Si2 a complex interplay of AF and FM fluctuations was observed [70], it
is important to study the influence of magnetic frustration on quantum criticality. In
layered CeCoIn5−xSnx [44], we have discovered a dimensional crossover of quantum
criticality, separating 2D behavior at higher from 3D behavior at lower temperatures.
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Furthermore, we have proven that this crossover increases with increasing Sn-doping
due to the enhancement of isotropic impurity scattering which tends to smear out
the magnetic anisotropy. Already moderate disorder could have a strong influence on
quantum criticality. This is supported by a comparison of layered CeRhIn4.52Sn0.48
with cubic CeIn2.35Sn0.65. Remarkably, both systems show very similar thermal ex-
pansion behavior near their QCPs, which in both cases is compatible with the 3D
SDW scenario [50]. Although the residual resistivity of the former system is not
too large (28 µ
 cm), the anisotropy of the magnetic fluctuations is completely sup-
pressed. It is thus desired to investigate quantum criticality in clean stoichiometric
systems, which could be tuned by pressure or magnetic field. Here the magnetic
Grüneisen ratio and magnetocaloric effect are suitable thermodynamic probes.

As demonstrated in Sect. 3 for the prototypical quantum critical HF metal
YbRh2Si2, the magnetic Grüneisen ratio could provide important information on
the nature of the underlying QCP. The observed divergence according to �mag(T →
0) = −Gr(B − Bc)

−1 with Gr = −0.3 ± 0.01 sets strong constraints for the scal-
ing parameters ν, d and z in this system. We have also discussed a contour plot of
the Grüneisen exponent in the T –B phase diagram. In addition to the boundaries
of the AF phase and the LFL regime, this phase diagram includes a crossover line
T �(B), which has been associated with a drastic change of the Fermi surface volume
due to the destruction of Kondo singlet formation at the QCP. Surprisingly, T �(B)

could be separated from the AF QCP by slight tuning of the unit-cell volume in
Yb(Rh1−xMx )2Si2 (M=Co, Ir) [71]. Co is isoelectronic but smaller than Rh and in-
duces chemical pressure which stabilizes the AF ordering (magnetization results on
the Co-doped system agree well with ones of undoped YbRh2Si2 under hydrostatic
pressure) [72], whereas Ir enhances the unit-cell volume and thereby weakens the
AF ordered regime TN(B) similar as in the previously discussed Ge-doped case. In
both cases, T �(B) remains virtually constant, whereas TN(B) varies by an order of
magnitude, resulting in a crossing of T �(B) and TN(B) for the Co-doped case (i.e.
Bc > B�). This suggests the “4f-Mott transition” to be located inside the AF phase,
resulting in an itinerant AF QCP [71]. Even more exciting is the case of Ir-doping,
where a finite field range Bc < B < B� has been found in which the 4f-moments are
suspected to be neither ordered nor Kondo screened and electrical resistivity measure-
ments indicate NFL behavior [71]. This spin-liquid type state, as well as the QCP in
the Co-doped system should be further characterized by the Grüeisen parameter and
the magnetocaloric effect.

To summarize, thermal expansion, Grüneisen parameter and the magnetocaloric
effect are powerful thermodynamic tools to study QCPs. Due to the generic sensi-
tivity of states near QCPs to small changes of pressure or magnetic field, these are
most interesting thermodynamic properties. For the future it is expected that they
will be used to classify various new types of QCPs in different material classes with
electronic correlations.
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