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Abstract Oscillating solid bodies have frequently been used for studying the prop-
erties of normal and superfluid helium. In particular, the transition from laminar flow
to turbulence has attracted much interest recently. The purpose of this note is to re-
view several central features of this transition in oscillatory flow, which have been
inaccurately formulated in some recent work.
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1 Introduction

Various types of oscillating bodies have been used for investigating the properties of
liquid helium: vibrating wires, oscillating disks, grids, spheres and, recently, quartz
tuning forks [1, 2].

At low velocity amplitudes of the oscillating body the flow is laminar. In this
regime the amplitude grows linearly with the driving force. In the superfluid the drag
force is given by the interaction with the quasiparticles and one can distinguish be-
tween a hydrodynamic and, at low temperatures, a ballistic interaction, depending
on the ratio of the quasiparticle mean free path to the size of the body. In case of a
sphere, the hydrodynamic drag force is known quantitatively from Stokes’ formula.
For vibrating wires an approximation by a straight cylinder is made to allow for a
quantitative analysis using Stokes’ formula for a cylinder. For the more complicated
geometry of a grid or a tuning fork the analysis is more qualitative. Nevertheless, the
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tuning fork and the vibrating wire have proven to be very useful secondary thermome-
ters because the damping force scales with the quasiparticle density. In the ballistic
regime the drag is given simply by the scattering of quasiparticles off some geomet-
rical cross section. Finally, between the hydrodynamic and the ballistic regime slip
effects become important and a quantitative analysis is complicated. In the normal
liquid the drag force in the laminar regime is classical and therefore of lesser interest
here.

At large velocity amplitudes the flow becomes turbulent on either side of the oscil-
lating body extending into a volume determined at least by the size and the amplitude
of the body or even filling the entire measuring cell. In this regime the amplitude is
found to grow with the square root of the driving force, both in the normal liquid
and in the superfluid. This signals a drag force that increases with the square of the
velocity amplitude, similar to classical fully developed turbulence for steady motion
of the body. For a sphere the turbulent drag force in superfluid 4He was studied in
detail [3, 4]. Turbulent drag originates from the superfluid component. Only near the
lambda temperature nonlinear drag of the normal component begins to contribute but
full turbulence in the normal phase was not observed. With the tuning forks, however,
full turbulent drag in the normal liquid was reached at sufficiently high velocities
[5, 6]. The transition from laminar oscillating flow to turbulence is of great interest,
not only in the superfluid regime, where shedding of quantized vortices will occur at
some critical velocity [7], but also in the normal liquid because little is known ex-
perimentally about the different drag force when compared with steady motion. In
the following Sect. 2, elementary properties of the classical case will be summarized
and compared with recent work. This will then be the basis of a discussion of results
obtained in liquid 4He in Sect. 3.

2 Transition to Turbulence of Classical Oscillatory Flow

There are three independent length scales in oscillatory flow: the size L of the oscillat-
ing body, the oscillation amplitude A, and the viscous penetration depth δ = √

2ν/ω,
where ν is the kinematic viscosity of the liquid and ω is the oscillation frequency.
From these 3 quantities one can obtain 2 independent dimensionless numbers. Be-
cause the transition to turbulence is due to the nonlinear term of the Navier-Stokes
equation when the velocity v becomes large, the following 2 numbers are rele-
vant [8]:

1. The ratio of the nonlinear term (v∇)v ∼ v2/L to the viscous term ν∇2v ∼ νv/L2.
This ratio is the Reynolds number Re = Lv/ν. Inserting v = ωA gives Re =
2LA/δ2.

2. The ratio of the nonlinear term to the time derivative v̇ ∼ Aω2. This is called
the Strouhal number Sr in [8] which is given here by Sr = A/L. Note that the
Strouhal number does not depend on the viscosity and hence remains valid in an
ideal liquid.

Thus, the situation is more complicated than in steady flow where only the Reynolds
number is relevant. Now, one has to take into account the Strouhal number as well.
There are 2 limiting cases, though, where the situation is simpler [8]:
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1. If L � δ, i.e., at low frequencies or low temperatures in superfluid 4He (but still
in the hydrodynamic regime), where δ of the normal component diverges, the time
dependence of v can be neglected. The situation is analogous to stationary flow
and consequently the nonlinear term is negligible if Re � 1.

2. If L � δ, i.e., at large frequencies or in 4He close to or above Tλ, the nonlinear
term can be neglected only if the Sr � 1. The viscous term is much smaller than
Aω2 and the Reynolds number 2AL/δ2 need not to be small.

It is clear that no pair of numbers other than Re and Sr is relevant for the transition
to turbulence of oscillatory flow. For example, the choice to consider the Keulegan-
Carpenter number (Kc) and the Stokes number (St) instead [9], is not useful. While
Kc = 2πA/L is essentially the same as the Strouhal number,1 the Stokes number is
St = ωL2/ν = 2L2/δ2. Because L/δ may be either a large number or a small one
in the laminar regime, no information on the transition to turbulence can be inferred
from its value. The reason for this fact is that St is given by the ratio of the Reynolds
number 2AL/δ2 to the Strouhal number A/L. Hence, it does not depend on the non-
linear term, which drops out. It just compares the 2 linear terms of the Navier-Stokes
equation: it is given by the ratio of v̇ ∼ Aω2 to the viscous term ν∇2v ∼ νAω/L2.

Moreover, it is also clear that one cannot replace L by δ in Re and Sr as sug-
gested recently when discussing experiments with tuning forks on the transition to
turbulence in liquid helium [5, 6], see below. This would leave only A and δ as in-
dependent length scales from which only one dimensionless number, namely A/δ,
can be obtained. This would give Re = 2A/δ and Sr = A/δ which obviously does
not make sense because by definition both numbers refer to independent ratios of the
nonlinear term to the linear ones, and also Sr would then depend on the viscosity.

3 Transition to Turbulence in Liquid Helium

Recent experiments with tuning forks on the transition from laminar flow to fully
developed turbulence cover a temperature range from 1.3 K up to 4.2 K for the liquid
and include also gaseous helium at 78 K [5, 6]. In the normal liquid and in the gas
a gradual transition from the linear behavior of v as a function of the drive F to the
square root dependence is observed, extending over more than 2 orders of magnitude
in v. This is similar to what is known from steady motion, see, e.g., [8]. By extrapolat-
ing both regimes a “critical” velocity vcr can be defined where the laminar drag force
F lam

drag = λv becomes equal to the turbulent drag force F turb
drag = γ v2, hence vcr = λ/γ .

The drag coefficients λ and γ = Cdρσ/2 can be obtained from the data (Cd is a nu-
merical drag factor that depends on the geometry of the body, ρ is the density of the
liquid, and σ is the area normal to the flow).2 This “critical” velocity is found to scale

1In classical fluid dynamics often a different definition of the Strouhal number is used and the definition
here is called Keulegan-Carpenter number.
2To be precise, for nonlinear drag forces the principle of energy balance (energy gain from drive = energy
loss from drag) has to be applied for inferring the drag force from the driving force. But this will introduce
only a numerical factor of order one in γ which is not important here [4].
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as
√

νω [5, 6]. For a sphere the drag coefficient λ is known analytically (Stokes’ so-
lution) and therefore the validity of this scaling can be proven [5]. For the geometry
of a fork, λ obviously has a similar dependence on ν and ω and differs only by a nu-
merical factor. It is important to note, that this scaling behavior is understood without
postulating, as was done in [5, 6], that the length L in the Reynolds number should be
replaced by the penetration depth δ. Finally, in view of the wide interval between the
laminar regime and full turbulence, extending over more than 2 orders of magnitude,
it appears questionable that this “critical” velocity has any physical meaning. At least
for steady flow around a sphere or a cylinder it has none that I know of.

In the superfluid phase of 4He the situation is quite different. Well below Tλ where
the normal fluid density is small compared to the superfluid density, the transition to
turbulence is sharp, even discontinuous or hysteretic [3, 4, 10, 11]. The reason is that
turbulence in the superfluid phase occurs abruptly at a critical velocity when vorticity
is created. The classical Strouhal number is obviously not applicable for the transition
to turbulence in a quantum fluid.

Experiments with a sphere [12] show that the turbulent drag force is no longer
proportional to v2 but instead has a constant shift F turb

drag = γ v2 − F0. This implies
that superfluid turbulent drag sets in at a temperature independent critical velocity
vcr = √

F0/γ . Up to now, no theory exists that could describe the measured critical
velocities quantitatively, probably because both geometry and surface properties of
the oscillating body will have an influence. Furthermore, careful experiments with a
vibrating wire show that the critical velocity may be affected by remanent vortices
[7, 13]. The normal phase may remain in the laminar regime or gradually start devi-
ating from it at high velocity amplitudes. With the sphere, e.g., very little nonlinear
normal drag is found near Tλ [3, 4], which is reasonable because Sr ≤ 0.5 in this case.
The implication is that quantum turbulence in the superfluid phase of 4He does not
necessarily lead to classical turbulence in the normal phase, in contrast to what seems
to be generally believed.

Experiments with an oscillating grid [14, 15] indicate that the resonance frequency
is lower when turbulence is produced. This is attributed to an enhanced effective
mass of the grid due to vortices attached to it. However, with wires the opposite
behavior is found [10, 11]. Very recently, a decrease of the resonance frequency of
the wire is reported in a vortex free environment, and an increase if remanent vorticity
is present [13]. (In the latter case the spring constant of the oscillator is believed to
be increased by vortices attached to the body and the walls of the cell.) Skepticism
is expressed with regard to the interpretation of the enhanced mass effect [9, 16].
With the sphere no change of the resonance frequency due to turbulence production
was detectable within a resolution of better than 10−4. This situation clearly deserves
further investigation.

In the ballistic regime, at very low temperatures, the flow pattern switches intermit-
tently from laminar flow (better: potential flow) to turbulence and back [11, 12, 17].
The lifetimes of the turbulent phases are exponentially distributed and can be at-
tributed to statistical fluctuations of the vorticity [18]. Turbulence appears to be sta-
ble when sufficient power from the drive is available so that the turbulent lifetimes
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exceed the measuring time.3 The lifetimes of the laminar phases, however, which
have a Rayleigh distribution [12], remain to be explained. Finally, metastable poten-
tial flow is observed above vcr whose lifetime is limited only by natural radioactivity,
which may create local vorticity in the superfluid that triggers the decay of the poten-
tial flow [12]. Also this observation of metastable potential flow awaits a theoretical
interpretation.

4 Summary

Several problems with the interpretation of experiments on the transition to turbu-
lence of oscillatory flow of 4He have been discussed. Some have been resolved by
reviewing the classical case. In the superfluid, some remain open for further inves-
tigation. Corresponding experiments in superfluid 3He remain beyond the scope of
the considerations here, because the situation is quite different: pair breaking and
Andreev scattering of quasiparticles by the superflow contribute to the drag on the
oscillating body, and the strength of mutual friction determines whether or not turbu-
lence can exist.
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6. M. Blažková, M. Človečko, E. Gažo, L. Skrbek, P. Skyba, J. Low Temp. Phys. 148, 305 (2007)
7. R. Goto, S. Fujiyama, H. Yano, Y. Nago, N. Hashimoto, K. Obara, O. Ishikawa, M. Tsubota,

T. Hata, arXiv:0711.1448. For a very interesting video simulating a sphere oscillating in helium, see:
http://matter.sci.osaka-cu.ac.jp/~fujiyama/contents.html

8. L.D. Landau, E.M. Lifshitz, Fluid Mechanics, 2nd edn. (Butterworth, Stoneham, 1987), § 24
9. R. Hänninen, M. Tsubota, W.F. Vinen, Phys. Rev. B 75, 064502 (2007)

10. H. Yano, A. Handa, M. Nakagawa, K. Obara, O. Ishikawa, T. Hata, AIP Conf. Proc. 850, 195 (2006)
11. D.I. Bradley, D.O. Clubb, S.N. Fisher, A.M. Guénault, R.P. Haley, C.J. Matthews, G.R. Pickett,

K. Zaki, J. Low Temp. Phys. 138, 493 (2005)
12. M. Niemetz, W. Schoepe, J. Low Temp. Phys. 135, 447 (2004)
13. N. Hashimoto, R. Goto, H. Yano, K. Obara, O. Ishikawa, T. Hata, Phys. Rev. B 76, 020504 (2007)

3Because the mean turbulent lifetime is found to increase exponentially with the power input from the
drive but never really diverges, superfluid turbulence is inherently unstable. It only appears to be stable
because of the finite observation time of the turbulent phases (up to 100 minutes in [12]). Interestingly,
also in classical turbulence an inherent instability has recently been observed in pipe flow [19].

http://dx.doi.org/10.1007/s10909-007-9587-3


J Low Temp Phys (2008) 150: 724–729 729

14. H.A. Nichol, L. Skrbek, P.C. Hendry, P.V.E. McClintock, Phys. Rev. Lett. 92, 244501 (2004)
15. H.A. Nichol, L. Skrbek, P.C. Hendry, P.V.E. McClintock, Phys. Rev. E 70, 056307 (2004)
16. D. Charalambous, L. Skrbek, P.C. Hendry, P.V.E. McClintock, W.F. Vinen, Phys. Rev. E 74, 036307

(2006)
17. N. Hashimoto, A. Handa, M. Nakagawa, K. Obara, H. Yano, O. Ishikawa, T. Hata, J. Low Temp.

Phys. 148, 299 (2007)
18. W. Schoepe, Phys. Rev. Lett. 92, 095301 (2004)
19. B. Hof, J. Westerweel, T.M. Schneider, B. Eckhardt, Nature 443, 59 (2006)


	On the Transition to Turbulence of Oscillatory Flow of Liquid Helium-4
	Abstract
	Introduction
	Transition to Turbulence of Classical Oscillatory Flow
	Transition to Turbulence in Liquid Helium
	Summary
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


