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Abstract This paper is devoted to numerical simulation of vortex tangle dynamics
in superfluid helium. The problem is solved on the base of the so called reconnec-
tion ansatz consisting of the equation of motion for vortex lines plus reconnection of
a loop. A new algorithm, which is based on consideration of crossing lines, is used
for the reconnection processes. Calculations are performed for a cubic box. Periodic
boundary conditions are applied in all directions. We use the 4th order Runge-Kutta
method for the integrations in time. The dynamics of quantized vortices with various
counterflow velocities is studied. The density of vortex lines and number of recon-
nections as functions of vortex line density are calculated.
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1 Introduction

A vortex tangle (VT), which consists of chaotic vortex loops, influences many prop-
erties of superfluid helium [1, 2]. The whole dynamics of this system is very compli-
cated to be describe analytically, therefore numerical simulations are almost the only
source of knowledge about vortex tangle. There are many works devoted to numeri-
cal investigations of vortex tangles and to turbulent state of helium, (e.g., see [3–7]).
These works had been fulfilled in the similar manner based on pioneering paper by
Schwarz [3]. Namely the calculations have been done with application of the so called
reconnection ansatz. The main idea of the reconnection ansatz is that the equation of
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motion in the local induced approximation is supplemented with the forced reconnec-
tion whenever some criteria are reached. Schwarz himself proposed this criterion in
the form that the vortex lines reconnect whenever the minimal distance between the
pair of vortices, Δ becomes Δ = 2R/[c ln(R/a0)], where R is the radius of curvature
at the given point, c is the constant (�1), and a0 is the radius of the vortex core. Other
authors (e.g. [7]) had chosen the mesh size ξ as a minimal distance. Thus, in the cited
works only the distance between the points of a vortex line was chosen as the crite-
rion for reconnection. In our opinion, this is slightly incorrect approach, because the
elements of filaments can go away from each other and the crossing may not occur.
This can distort real dynamics of vortex filaments and lead to unadequate results. For
instance, in papers [3, 6] degeneration of stochastic picture occurred and the vortex
tangle changed into a state with lines stretching from wall to wall with poor dynamics
and rare events. In contrast we offer a new algorithm of reconnection events, which is
based on consideration of crossing lines. We demonstrated that in this case the prob-
lem of degeneration of vortex tangle is removed. We completed several numerical
experiments and explored some physical quantities, such as the vortex line density
and the rate of reconnections.

2 Statement of Problem

Let us consider the main steps of problem formulation such as the equation of mo-
tions, reconnection procedure and conditions of numerical experiment. We start with
dynamics of the vortex loops. In the presence of the friction force of vortices on the

normal component of helium, velocity
·
s of the vortex line elements is [3]:

·
s = ·

s0 + α
(
s′ × (

vns− ·
s0

)) − α′s′ × [
s′ × (

vns− ·
s0

)]
(1)

where s(ξ, t) is the radius-vector of the vortex line points, ξ is the arc length, s′ is
derivative with respect to the arc length ξ . α and α′ are the friction coefficients. Quan-

tity
·

s0 is the self induced velocity, which is taken as the local induced approximation.
Let us consider now the reconnection of lines (see [8]). The first step in modeling
the reconnection process is selection of the point pairs, which are the candidates for
reconnection. After the pairs was defined, it was assumed that the line segments be-
tween each of the pair were moving with a constant velocity (according Vi,Vj ) during

Fig. 1 Schematic picture for
crossing line elements
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the time step, as illustrated in Fig. 1. From the compatibility of equations

xi + Vx,ih + (xi+1 − xi)s1 = xj + Vx,jh + (xj+1 − xj )s

yi + Vy,ih + (yi+1 − yi)s1 = yj + Vy,jh + (yj+1 − yj )s (2)

zi + Vz,ih + (zi+1 − zi)s1 = zj + Vz,j h + (zj+1 − zj )s, 0 ≤ s1 ≤ 1; 0 ≤ s ≤ 1

the meeting of these line segments during the time step was determined. Here
(xi, yi, zi , xi+1, yi+1, zi+1); (xj , yj , zj , xj+1, yj+1, zj+1) are the coordinates of the
first and the second pairs of points, accordingly; Vx,i ,Vy,i , Vz,i ; Vx,j ,Vy,j ,Vz,j are
the projections of the velocities of the points and the line segments on the coordi-
nate axis. If the line segments meet, the reconnection occurs. Thus, if originally the
points belonged to the same loop, a pair of new loops was generated. Otherwise the
confluence of the loops occurs. The equation of motion (1) with the reconnection
condition (2) is the base for our numerical simulation of the stochastic vortex line
dynamics. We run the calculations at the temperature T = 1.6 K (which corresponds
to choice α = 0.098, α′ = 0.012) in the computing cubic box 50 × 50 × 50 µm3. In
our calculations we usually start with an initial vortex configuration of twenty four
vortex rings as it is shown in Fig. 2 (upper left). The periodic conditions in all three
direction were taken. Counterflow velocities were taken to be equal 6,8,12 cm/s. The
initial condition was chosen to make the total impulse of the system equal to zero.
For the integration of the motion equation (1) in time we used the classical 4th order
Runge-Kutta method.

3 Results

The outcome of a typical numerical experiment is shown in Fig. 2. Here the initial
configuration of vortex loops evolves in the periodical box accordingly to the equation
of motion (1) with the reconnection condition (2). The obtained numerical results
demonstrate that initially smooth vortex rings transform into highly chaotic vortex
tangle with a uniform structure. We controlled the development of the process by
monitoring one of the key characteristics of vortex tangle, namely the vortex line
density L(t). In Fig. 3 we depicted the time evolution of quantity L(t). It is seen
that after some transient period the vortex line density takes more less steady state
but with essential fluctuations. The transient time essentially depends on the applied
driving counterflow velocity vns . Note that in the similar work [6] the authors did not
obtain the steady stationary case at all. Stationary situation had been reached in work
[3] only after the use of the special “mix” procedure. We think that these failures
of mentioned works is related to the unsuitable reconnection procedure. The very
important question is dependence of the vortex line density on the applied velocity
vns in the stationary regime. Analyzing the data in Fig. 3 we found out that with
good accuracy this dependence is L(vns) = γ 2v2

ns with γ ≈ 280. As it was asserted
in many previous works (e.g., see reviews [1, 2]) quantity L is indeed proportional to
the squared counterflow velocity.

We also explored the behavior of some reconnections N(t) as the function of
time. We distinct the reconnections leading to breakdown of vortex loops to a fusion
of loops.
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Fig. 2 Development of a vortex tangle in the periodical box with edge 50 µm. Here α = 0.098, α′ = 0.012
corresponds to temperature T = 1.6 K. Counterflow velocity is taken 12 cm/s. Upper left t = 0, upper right
t = 2 ms, lower left t = 7 ms, lower right t = 10.8 ms

Fig. 3 Vortex line density as a function of time for different driving velocities vns equal to 6, 8, 12 cm/s

In Fig. 4 (left) we depicted quantities N(t) for the breakdown and fusion processes
for various applied velocities. As it is seen they are very close to each other, although
the breakdown processes slightly prevail. From these graphs we are able to extract
the rate of reconnections dN/dt = N ′(t) (the number of events per unit volume and
unit time) in the stationary regime. Analyzing the data in Fig. 4 (right) we concluded
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Fig. 4 (left) Number of reconnections as a function of time for the breakdown and fusion processes for
the various applied velocities. (right) Rate of reconnections in the stationary regime

that

N ′ ≈ CκL5/2 (3)

with C ≈ 2.47. This dependence was early predicted in numerical [7, 9] and analyti-
cal [10] works. The upper lines are responsible for the breakdown processes, and the
lower ones—for the fusion processes.

4 Conclusions

The obtained numerical results demonstrate that the initially smooth vortex rings
transform into a highly chaotic vortex tangle. In spite of that the total length fluctuates
around a constant value; we think that we reached the stationary state. The use of new
reconnection algorithm removed the problem of degeneration of the vortex tangle.
The density of vortex lines and number of reconnections as the functions of vortex
line density were calculated. The results obtained satisfactory agree with the ones
obtained or predicted in early works.
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