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Two-dimensional Lagrangian trajectories of the inertial particle in helium II
are analyzed in the vicinity of the triple-vortex structure, i.e. the superfluid
vortex and the normal dipole-like vortex structure induced by the mutual
friction. It is shown that the vortices in the normal fluid can deflect the par-
ticle which otherwise would have collided with the superfluid vortex and, pro-
vided that the relative velocity of the particle and the vortex is not too large,
would have been trapped by it. A geometrical impact parameter, which in the
considered two-dimensional model, plays a rôle of the cross-section of parti-
cle–vortex collision, is determined and calculated as a function of tempera-
ture, externally applied superfluid velocity, and the Stokes number defined by
the size of the local vortex structure, superfluid line velocity, and particle vis-
cous response time.

PACS Numbers: 67.40.Vs Quantum fluids: vortices and turbulence; 47.80.+v
Fluid mechanics: instrumentation for fluid mechanics; 47.27.-i Fluid
mechanics: turbulent flows.

1. INTRODUCTION

PIV (Particle Image Velocimetry) was, for many years, perhaps the
most popular tool of flow visualization in classical fluid dynamics, but
only recently was it implemented in liquid helium.1,2 This technique is
based on tracking small (usually micron-size in He II measurements) par-
ticles. Somewhat naively, one might expect that at temperatures between
1 K and Tλ ≈ 2.17 K, where both the superfluid and normal components
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of He II are present, the viscous drag exerted on the particle by the
normal fluid dominates all other forces so that small particles should trace
the normal component of superfluid helium. However, at sufficiently small
distances between the particle and the core of the superfluid vortex, the
latter generates a large pressure gradient force; in the presence of parti-
cle, the vortex itself bends and can reconnect to the particle surface, so
that the particle can, eventually, be trapped on the superfluid vortex line
(a similar scenario for trapping of ions by a vortex line in a Bose–Einstein
condensate was discussed by Berloff and Roberts.3) Some of the recent
PIV data1,2 indicate a possibility of particle trapping or, at least, strong
particle–vortex interaction. Preliminary, rather qualitative theoretical con-
siderations of particle–vortex interactions (and particle trapping in partic-
ular) were given in our recent paper4 based on the equations, derived in
the cited paper, of motion of the inertial particle in He II.

The scenario described above suggests that the superfluid vortex traps
any particle which happens to be in a sufficiently close vicinity of the
vortex core, provided that the particle velocity relative to the vortex is
not very high. However, this mechanism ignores any disturbances which
a moving superfluid vortex induces in the normal fluid. Our concern is
the effect of these normal fluid disturbances on a tracer particle which
approaches the superfluid vortex line. In particular we want to find if the
disturbances can deflect the inertial particle which otherwise would have
collided with the superfluid vortex.

The existence of such disturbances is a consequence of the mutual
friction force discovered by Hall and Vinen.5 Unfortunately there is no
direct experimental evidence of their nature. The only information arises
from the numerical investigations of Idowu et al.6 and Kivotides et al.7

Using a two-dimensional model, Idowu et al. determined numerically the
perturbation that a straight superfluid vortex filament (vortex point in
2D) induces in the normal fluid. They found that the flow of the nor-
mal fluid in the vicity of the superfluid vortex line resembles a dipole with
a localized jet structure formed in response to the mutual friction force,
see Figs. 1A and D in their paper.6 Their result was confirmed by Kivo-
tides et al.7 who performed a fully three-dimensional numerical calcula-
tion of the motion of a single superfluid ring in which normal fluid and
superfluid affected each other via the mutual friction force in a fully self-
consistent way. When considering these results,6,7 it must be remembered
that in all other existing numerical investigations the normal fluid velocity
field is prescribed and the mutual friction force affects only the superfluid
vortices; for example, imposed uniform,8 Poiseuille,9 Gaussian10 and ABC11

normal fluid profiles are discussed in the literature.
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In this paper, based on the equations4 we analyze two-dimensional
Lagrangian trajectories of the solid particle in the vicinity of the two-
dimensional triple-vortex structure. We adopt here a simplest model of the
particle–vortex interaction assuming that the presence of the particle mod-
ifies neither the motion of the superfluid vortex nor the normal flow. The
flow field in the normal fluid is modeled by a simple analytical stream-
function which represents the main features of the numerical solution.6

We found that, indeed, the normal vortices can deflect the particle which
otherwise would have collided with (and, possibly, trapped by) the super-
fluid vortex. We also calculated an impact parameter, defined as a critical
distance between the particle and the axis of motion of the superfluid vor-
tex line, as a function of temperature, externally applied superfluid veloc-
ity, and the parameters characterizing the properties of helium II and the
solid particle.

Based on the model,7 particle interactions with the normal fluid dis-
turbances induced by the mutual friction were also accounted for in our
recent three-dimensional numerical calculations12 of the superfluid vor-
tex ring propagating against a particulate sheet. In agreement with the
results of the present work, it was shown that the normal fluid distur-
bances sweep most of the particles away from the vortex core. However,
in the cited work the mechanism of particle–vortex collisions was not ana-
lyzed in detail; the aim of paper12 was somewhat different: To address
the question whether a direct information about the instantaneous nor-
mal fluid velocity could be obtained by measuring the velocities of solid
particles, and also to analyze some statistical properties of the particulate
motion.

2. SUPERFLUID AND NORMAL FLOW FIELDS

The two-dimensional superflow field induced by an isolated straight
vortex filament has, in cylindrical coordinates (r, θ, z), the form vs =
(0, κ/(2πr),0), where κ≈9.97×10−4cm2/s is the quantum of circulation.

We assume here that the superfluid vortex is driven by an externally
applied uniform superfluid velocity field Vs. Let V� be the velocity of the
vortex line. If the temperature is low enough (typically less than 1 K) that
the normal fluid can be neglected, the vortex line is advected by the super-
flow: V�=Vs. At higher temperatures the mutual friction force will cause
the vortex line to slip with respect to the superflow, V� �= Vs. The magni-
tude V� is a function of Vs and temperature T ,6 see Table I.13,14

So far only numerical results6 are available for the streamfunction of
the induced normal fluid flow, ψn(x, y) introduced, in the reference frame
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TABLE I

Velocity of the vortex line V�, cm/s.

Vs (cm/s) T =1.3 K T =1.5 K T =1.8 K T =2.1 K

0.01 0.00978 0.00954 0.00946 0.0113
0.1 0.0979 0.0960 0.0962 0.110
1 0.981 0.963 0.964 1.081

of the vortex system, by the relation

vn =
(
∂ψn

∂y
, −∂ψn

∂x

)
, (1)

where

ψn =ψnL −Vly (2)

with ψnL being the normal flow streamfunction in the laboratory reference
frame. Here and below, the origin of the system of coordinates (x, y) is
the superfluid vortex core, and the axis Ox is chosen along the direction
of the velocity of the superfluid vortex line V�.

The simplest model for the streamfunction of the normal fluid flow,
which would reproduce the main features of numerical results,6 can be
suggested in the form

ψnL = 	

2π
(ln

√
R+ − ln

√
R−), (3)

where

R± =x2 + (y±a)+a2ξ, (4)

a is the distance from the superfluid vortex point to the points of maxi-
mum vorticity of the vortex structure in the normal fluid (see Fig. 1 and
cf Figs. 1A and D in Ref. 6), and ξ is the parameter which can be used for
fitting the velocity distribution in the normal fluid calculated from Eqs. (3)
and (4) with that obtained numerically.6 In Eq. (3), 	 is the parameter,
associated with a positive circulation 	+ in the normal dipole vortex
structure, obtained by integrating the vorticity ωn=−∇2ψn over the area
y > 0 in which ωn > 0. From Eqs. (2)–(4) the positive circulation can be
easily calculated as 	+ = ( 1

2 + 1√
3
)	 ≈ 0.928	. The circulation 	+ was

found earlier6 as a function of the externally applied superfluid velocity
and temperature, 	+ =	+(Vs, T ), see Table II.13
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Fig. 1. Normal flow streamlines defined by the modeling streamfunction of Eqs. (3) and
(4) in the laboratory reference frame. The superfluid vortex line which generates this dipole
structure is located at the origin x=0, y=0 of the figure along the z axis.

TABLE II

Positive circulation in the normal fluid, 103 ×	+, cm2/s.

Vs (cm/s) T =1.3 K T =1.5 K T =1.8 K T =2.1 K

0.01 0.0557 0.111 0.195 0.139
0.05 0.223 0.501 0.918 0.473
0.1 0.445 0.96 1.558 0.765

Idowu et al.6 found that a≈ 10−2cm for all temperatures and super-
fluid velocities. Since a and the circulation around one side of the
normal vortex dipole are perhaps the main normal flow parameters affect-
ing the motion of the solid particle in the vicinity of the vortex struc-
ture, for 	+ we will assume the values shown in Table II. The other two
parameters that we would like to keep reasonably close to those calcu-
lated from numerical analysis6 are the peak velocity, vn0, and the normal
fluid jet length, the latter being defined as the distance over which the nor-
mal velocity falls to 25% of the peak velocity. In the laboratory reference
frame, the peak velocity calculated from the model (3)–(4) is

vn0 = 	

πa(1+ ξ2)
, (5)

and the jet length L= √
3ξa. Below we choose ξ = 1. Then, for exam-

ple, for T = 1.8K and Vs = 0.1cm/s (	+ = 1.558 × 10−3 cm2/s) our sim-
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ple model yields the peak velocity 0.027 cm/s and the jet length 0.017 cm.
For the same T and Vs, the numerical results6 give vn0 ≈ 0.039 cm/s and
L≈ 0.03 cm. In principle, the parameters of our model could be adjusted
such that a, 	+, vn0 and L would all be within 20% of their respective
values calculated in the cited work, although such an adjustment becomes
impossible in the case where the temperature is very close to Tλ≈2.17 K.
However, it should be stressed here that the numerical values of these
quantities calculated in the cited work6 were rather sensitive to the chosen
size of the periodic box and boundary conditions, and, therefore, should
themselves be regarded not as exact values but rather as estimates.

It was also shown by Idowu et al.6 that the angle θ between the
peak normal fluid velocity and the superfluid line velocity is not zero but
depends on Vs and T , so that the triple-vortex structure does not neces-
sarily move along the line of symmetry through the superfluid vortex core.
However, this angle is not large (between 0.2π and −0.25π ) for tempera-
tures within the interval from 1.2 to 2.1 K. For the purpose of the follow-
ing, rather qualitative analysis of particle interaction with the triple-vortex
structure we will assume first that θ = 0, and analyze briefly in Section 5
an influence of θ on the trajectories and trapping of solid particles.

3. LAGRANGIAN EQUATIONS OF PARTICLE MOTION

The dynamic equation of motion of a spherical Stokesian particle
(such that the particle Reynolds number Rep = 2ρnap|vn − up|/μn � 1,
where ρn is the normal fluid density, ap the particle radius, up the parti-
cle velocity, and μn the viscosity of helium II), derived, under a number
of assumptions, by Poole et al.4 has the form

dup

dt
= 1
τ
(vn −up)+ 3ρn

2ρo

Dvn

Dt
+ 3ρs

2ρo

Dvs

Dt
, (6)

where the particle response time and the effective density are, respectively,

τ = 2ρoa2
p

9μn
, ρo=ρp + ρ

2
. (7)

For neutrally buoyant particles ρo = 3
2ρ. The properties of liquid helium,

in particular the temperature-dependent viscosity μn, can be found e.g. in
the work by Donnelly and Barenghi.15 For particle sizes typical of PIV
applications in He II, the particle response time lies in the interval from
τ ≈2.69×10−5 s (for neutrally buoyant (ρp =0.145 g/cm3) particles of size
ap = 10−4 cm at T = 2.1 K) to τ ≈ 2 × 10−2 s (for particles of size ap =
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10−3 cm and density ρp =1.1 g/cm3 at T =1.8 K). In Eq. (6), the substan-
tial derivatives are defined as

Dvn

Dt
= ∂vn

∂t
+ (vn ·∇)vn,

Dvs

Dt
= ∂vs

∂t
+ (vs ·∇)vs. (8)

Equation (6) must be considered together with the kinematic equation

dr
dt

=up, (9)

where r = r(t)= (x(t), y(t)) should be regarded as a Lagrangian trajectory
of the solid particle.

In the reference frame of the triple-vortex system, moving with the
velocity V� relatively to the laboratory reference frame, ∂vn/∂t=∂vs/∂t≡0,
and the term (vs · ∇)vs has the form of the radial pressure gradient force,
i.e.

(vs ·∇)vs = κ2

8π2
∇

(
1
r2

)
. (10)

We introduce non-dimensional variables denoted below by the super-
script (∗), assuming a, V� and a/V� as the length, velocity and time scale,
respectively. The non-dimensional streamfunction of the fluid flow,

ψ∗
n =ψ∗

nL −y∗ (11)

is defined by the relation ψn = aV�ψ∗
n , so that the non-dimensional com-

ponents of the normal velocity are v∗
nx =∂ψ∗

n/∂y
∗ and v∗

ny =−∂ψ∗
n/∂x

∗. In
(11),

ψ∗
nL =λ(ln

√
R∗+ − ln

√
R∗−), (12)

where R∗± and the non-dimensional coefficient λ are defined by the
relations

R∗
± =x∗2 + (y∗ ±1)2 + ξ, λ= 	

2πaV�
. (13)

Numerical values of the parameter λ are illustrated below in Table III.
The non-dimensional form of Eq. (6) is

du∗
p

dt
= 1

St
(v∗

n −u∗
p)+

3ρn

2ρo
(v∗

n∇∗)v∗
n + 3ρs

2ρo
Cs∇∗ 1

r∗2
, (14)

where ∇∗ is the gradient operator in (x∗, y∗)-space; the Stokes number, St
and the parameter Cs are defined as

St= V�τ

a
, Cs = κ2

8π2a2V 2
�

= 1
2

( κ
	

)2
λ2 . (15)
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TABLE III

Parameters λ and Cs.

Vs (cm/s) 0.01 0.01 0.01 0.01 0.1 0.1 0.1 0.1
T (K) 1.3 1.5 1.8 2.1 1.3 1.5 1.8 2.1
λ 0.0905 0.186 0.328 0.197 0.0724 0.159 0.258 0.111
Cs 1.324 1.392 1.415 0.999 0.0132 0.0137 0.0137 0.0105

For neutrally buoyant particles, in Eq. (14)

3ρs

2ρo
= ρs

ρ
=B and

3ρn

2ρo
= ρn

ρ
=1−B. (16)

In non-dimensional variables, the form of the kinematic equation (9)
remains unchanged.

For various Vs and T , the Stokes number can be calculated from
formulae (15) and (7) using Table I which shows the superfluid line veloc-
ity V� as a function of the externally applied superfluid velocity and tem-
perature, and properties of helium II reported in Ref. 15. For neutrally
buoyant particles of radii typical of PIV applications in helium II, the
Stokes number lies in the interval from 10−5 to 10−2 (for example, St =
3.09 × 10−5 for 1μm particles at T = 1.3 K and Vs = 0.01 cm/s, and St =
8.93 × 10−3 for 5μm particles at T = 1.8 K and Vs = 0.1 cm/s.) Table III
shows the values of the parameter Cs which does not depend on the
particle properties.

Below we assume that at the initial moment, t = 0 the particle,
situated sufficiently far from the triple-vortex system, has the velocity
coinciding with that of the normal fluid, i.e. up =0 in the laboratory refer-
ence frame. Hence, in the reference frame of the vortices, the dimensionless
velocity and position of the particle are:

u∗
p = (−1, 0), x∗

p =x0, y∗
p =y0 at t=0. (17)

4. LAGRANGIAN TRAJECTORIES AND COLLISIONS OF SOLID
PARTICLES WITH THE SUPERFLUID VORTEX: TRAPPING

OF SOLID PARTICLES

The equations of motion (14) and (9) subject to initial conditions (17)
were solved numerically. The non-dimensional initial distance x0 from the
vortex structure was chosen sufficiently large (in most calculations x0 =5)
in order to eliminate an influence of the normal and superfluid flow on
the initial motion of the particle. In the case where the initial distance
y0 from the axis Ox∗ along the superfluid line velocity is sufficiently
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large, the vortices and the jet in the normal fluid deflect the particle away
from the triple-vortex structure thus preventing a collision of the particle
with (and, therefore, a possible particle trapping on) the superfluid vortex.
Typical trajectories illustrating the deflection of the neutrally buoyant par-
ticle of radius ap = 3 × 10−4 cm are shown in Fig. 2. It can be seen that,
even for rather small initial distances y0 (0.063 in the case illustrated on
Fig. 2 right), the normal fluid flow generated by the mutual friction is
sufficiently strong to deflect even the considered relatively large particle
away from the superfluid vortex (in Fig. 2 right the trajectory, originat-
ing at the same initial distance y0 = 0.063, calculated neglecting the nor-
mal fluid disturbances induced by the mutual friction is also shown by the
dashed line for comparison). As could be anticipated, in the case where
y0 is sufficiently small, the particle will collide with the core of the super-
fluid vortex located at x∗ = 0, y∗ = 0, so that the particle can be trapped
provided the relative velocity between the particle and the superfluid
vortex is not too large. Typical trajectories illustrating the phenomenon of
trapping are shown in Fig. 3.

Before analyzing the quantitative parameters of particle–vortex
collisions, we consider, in a rather qualitative manner, the time behavior
of the main forces acting on the particle along its trajectory. The three
terms in the right hand side of the non-dimensional equation of parti-
cle motion (14) represent, respectively, the Stokes viscous drag force F(d)n ,
the inertial (added mass) force F(i)n exerted by the normal fluid, and the
pressure gradient force Fs exerted by the superfluid vortex. Figure 4 illus-
trates the evolution with time of the magnitudes of these forces along typ-
ical trajectories. Time series shown on this figure correspond to T =1.8 K
and Vs = 0.1 cm/s, but the analysis below remains valid for all considered
temperatures and externally applied superfluid velocities.
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Fig. 2. Typical trajectories of the neutrally buoyant inertial particle deflected by the dipole-
like vortex structure in the normal fluid as a function of initial position (left: y0 =0.2; middle:
y0 =0.1; right: y0 =0.063; the trajectory calculated neglecting the normal flow disturbances is
shown by the dashed line). The motion of the particle is from right to left. The vortex is at
the origin. In all calculations T =1.8 K, Vs =0.1 cm/s, and ap =3×10−4 cm.
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Fig. 3. Trajectories of the neutrally buoyant inertial particle illustrating its collision with the
superfluid vortex located at x=0, y=0. The motion of the particle is from right to left. In all
calculations ap = 3 × 10−4 cm. Left: T = 1.5 K, Vs = 0.01 cm/s and y0 = 0.12; right: T = 1.8 K,
Vs =0.1 cm/s and y0 =0.052.
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Fig. 4. Magnitudes of forces acting on the particle along its trajectory (t∗ – non-dimensional
time.) Solid line – normal viscous drag |F(d)n |; dashed line – force |Fs| exerted by the super-
fluid vortex; dotted line – inertial force |F(i)n | exerted by the normal fluid. In all calculations
T = 1.8 K and Vs = 0.1 cm/s. Left (for the particle trajectory shown on Fig. 2 (left), ap = 3 ×
10−4 cm, y0 =0.2): deflection of the particle by normal fluid disturbances. Right: particle–vor-
tex collision (ap =5×10−4 cm, y0 =0.06).

The case where the particle is deflected by the normal fluid distur-
bances is illustrated in Fig. 4 (left) corresponding to the trajectory shown
in Fig. 2 (left) for ap = 3 × 10−4 cm and y0 = 0.3. For most of time the
magnitude of the viscous drag force, deflecting the particle away from the
superfluid vortex core, remains larger than that of the pressure gradient
force exerted by the superfluid vortex, except for the relatively short time
interval during which the particle is closest to the vortex core and the
force exerted by the superfluid vortex dominates. However, this does not
mean that the particle will accelerate towards the vortex core and collide,
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eventually, with it. The radial component (in cylindrical coordinates of the
superfluid vortex) of this force plays a rôle of the centripetal force keeping
the particle on its curvilinear trajectory around the vortex core. Because
the particle does not collide with the superfluid vortex, this force remains
finite at all times.

In the case where the particle collides with the superfluid vortex, ini-
tially the magnitude of the viscous drag force dominates the pressure gra-
dient force, but as the particle approaches the superfluid vortex closer, the
force exerted by the superfluid vortex becomes larger than the other two
forces and then grows infinitely as the moment of collision is approach-
ing. The magnitude of the viscous drag force also tends to infinity as
the particle accelerates towards the superfluid vortex core, but slower than
the force exerted by the superfluid vortex. The behavior of magnitudes
of forces shortly before the particle–vortex collision is shown on Fig. 4
(right); for convenience of illustration, the evolution of forces along the
particle trajectory is shown in this case for slightly larger particle size,
ap =5×10−4 cm; here y0 =0.06.

In the both considered cases, during the time interval when the par-
ticle is relatively close to the vortex the inertial force F(i)n exerted by the
normal fluid disturbances remains smaller than the other two forces and
does not play any significant rôle in the particle–vortex interaction.

Below we define the dimensionless impact parameter as �= 2(y0)cr,
where (y0)cr is the non-dimensional critical initial distance from the axis
Ox∗ separating the two regimes of motion, one where the particle is
deflected by the normal vortices, and the other where the particle col-
lides with the superfluid vortex and can be trapped, eventually, by its core.
Thus, in our two-dimensional model, the parameter � plays the rôle of
the cross-section of particle–vortex collision. For example, the trajectory
in Fig. 2 (right) illustrates the case where the initial coordinate y0 is only
slightly larger than (y0)cr.

For neutrally buoyant particles, the dimensionless impact parameter
� is a function of the Stokes number St and the non-dimensional param-
eters λ, Cs, and B = ρs/ρ defined by formulae (13), (15) and (16). It is
important to notice that it is only the Stokes number that contains the
properties of the solid particle. The parameters λ and Cs depend only on
the properties of helium II and those of the vortex structure, so that they
are functions of temperature T and applied superfluid velocity Vs. The
parameter B is, of course, a function of temperature alone. In order to
analyze an influence of the particle properties on the dimensionless impact
parameter �, the latter is represented in Fig. 5 as a function of the Stokes
number for Vs =0.01 and Vs =0.1 cm/s and temperatures T =1.5, 1.8, and
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Fig. 5. Non-dimensional impact parameter � as a function of the Stokes number St=V�τ/a.
Curves from top to bottom: T =1.5, 1.8, and 2.1 K.

2.1 K (the properties of He II are taken from the work by Donnelly and
Barenghi,15 and the properties of the triple-vortex structure from the data
shown in Tables I and II). It can be seen from Fig. 5 that at relatively
large Stokes numbers the dimensionless impact parameter � increases rap-
idly with St but remains much less sensitive to changes in St if the Stokes
number is smaller than ∼10−4. It should be remembered that the Stokes
number is proportional to a2

p, so that for very small particles the viscous
drag becomes large compared to all other forces and, in particular, dom-
inates the pressure gradient force induced by the superfluid vortex, unless
the particle approaches the superfluid vortex core very closely (it can be
said that a very small, neutrally buoyant particle moves almost as a nor-
mal fluid point). This explains small the values of �, which are relatively
insensitive to changes in the Stokes number. On the other hand, for larger
particles the ratio of the force exerted by the superfluid vortex to the vis-
cous drag force becomes significant at much larger distances; for a fixed
distance, this ratio increases with the particle size as a2

p. This explains a
rapid increase of � with St as the Stokes number becomes larger than
∼10−3.

Since the non-dimensional parameters other than St do not depend
on the particle properties, i.e. λ = λ(T , Vs), Cs = Cs(T ,Vs), and B =
B(T ), it would be more convenient and informative to illustrate directly
the dependence of the dimensionless impact parameter of particle–vortex
collision on temperature. Figure 6 shows � as a function of T for the neu-
trally buoyant particle of the size ap = 1μm for two superfluid velocities,
Vs = 0.01 cm/s and Vs = 0.1 cm/s. It can be seen that the dimensionless
impact parameter decreases with temperature; this decrease becomes more
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Fig. 6. Impact parameter as a function of temperature; ap =10−4 cm, ρp =0.145 g/cm3. Top:
Vs =0.01 cm/s; bottom: Vs =0.1 cm/s.

significant in the vicinity of the λ-point where the density of the normal
fluid becomes higher and the force exerted on the particle by the super-
fluid vortex relatively less significant.

In conclusion of this section, we will give a qualitative explanation of
how the properties of the fluid and the particle affect the impact parame-
ter of particle–vortex collision. The impact parameter is controlled by the
balance of the pressure gradient force attracting the particle to the super-
fluid vortex core, and the viscous drag force sweeping the particle away
from it. The former force is represented by the third term, while the lat-
ter by the first term in the right-hand sides of Eqs. (6) and (14). Using
formulae (7) and (15) and taking into account that V�≈Vs (see Table I),
the ratio of these forces can be easily estimated from the non-dimensional
equation (14) as

3ρsCsSt
2ρo

≈ κ2

24π2a2

ρsa
2
p

μnVs
. (18)

Clearly, the region, where the particle is likely to collide with the super-
fluid vortex core, and, therefore, also the impact parameter � will increase
with the ratio in Eq. (18). From Eq. (18) it follows that the impact
parameter must grow rapidly with the particle size and decrease with the
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externally applied superfluid velocity Vs, as can indeed be seen from
Fig. 5. The temperature dependence of the estimate (18) is controlled by
the ratio ρs/μn. The latter, easily calculated from the data reported in
Ref. 15, has a maximum between T = 1.4 and T = 1.5 K and decreases
monotonically for higher temperatures. This behavior corresponds to the
temperature dependence of the impact parameter shown in Fig. 6 (the
maximum of the curves in Fig. 6 does not correspond exactly to the max-
imum of ρs/μn because in the estimate (18) the temperature-dependent
superfluid line velocity V� has been replaced by the constant externally
applied velocity Vs.)

5. PARTICLE–VORTEX COLLISIONS IN THE CASE WHERE THE
PEAK NORMAL VELOCITY AND THE SUPERFLUID LINE

VELOCITY ARE NOT ALIGNED

Although we assumed above that the peak normal velocity, vn0 and
the velocity of the vortex structure, V� are perfectly aligned, in general it is
not the case, and the angle θ , sketched in Fig. 7, is a function of temper-
ature and superfluid velocity, θ = θ(T , Vs). As was found in Ref. 6, θ is a
decreasing function of temperature; in particular, θ≈0.2π and θ≈−0.25π
at T = 1.2 and T = 2.1 K, respectively (θ is close to zero in the vicinity
of T =1.6 K). However, θ decreases rapidly as the temperature approaches
the λ-point (θ ≈ −0.4π at T ≈ Tλ). Although in the temperature interval

 x

 y
θ

 v
n0

 Vl

Fig. 7. Schematic representation of the triple-vortex structure in the case where the peak
normal velocity and the superfluid line velocity are not aligned.
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between T = 1.2 and T = 2.1 K the angle θ is not large, it seems useful
to estimate whether this tilt of the normal vortex dipole with respect to
V� has any significant influence on the results discussed in the previous
section.

The generalization of the model (2)–(4) (or (11)–(13), in the non-
dimensional variables) for the flow generated by the “tilted” normal fluid
dipole is trivial and will not be discussed here in detail. Particle trajecto-
ries originating at y∗ = y0 and y∗ = −|y0| are no longer symmetric with
respect to the axis Ox, so that the critical distance in the upper half-
plane, (y0)

+
cr>0 (such that the particle will collide with the superfluid vor-

tex provided the initial y-coordinate y0 < (y0)
+
cr) does not coincide with

the magnitude of the critical distance in the lower half-plane, |(y0)
−
cr|).

Figure 8 shows typical trajectories of the neutrally buoyant 3μm-size par-
ticle in the case where the initial distance |y0| exceeds only slightly either
(y0)

+
cr or |(y0)

−
cr|. The trajectories in the case where the angle θ is assumed

to be zero are shown by dashed lines for comparison. The calculations
show that, for example, at T =1.3 K the “positive” critical initial distance,
(y0)

+
cr is smaller, while the “negative” critical distance |(y0)

−
cr| is larger by

about 45% than the value ((y0)cr)θ=0 calculated for θ = 0. At T = 2.1 K,
(y0)

+
cr is larger, and |(y0)

−
cr| is smaller by ∼55% than ((y0)cr)θ=0. At inter-

mediate temperatures the difference between (y0)
+
cr, |(y0)

−
cr| and ((y0)cr)θ=0

becomes smaller and vanishes in the vicinity of T ≈1.6 K.
Clearly, in the case where θ �=0 the impact parameter must be defined

as

�= (y0)
+
cr +|(y0)

−
cr|. (19)
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Fig. 8. Typical trajectories of the neutrally buoyant particle in the case where the
initial distance |y0| only slightly exceeds either (y0)

+
cr or |(y0)

−
cr|. In the case where the

angle θ is assumed to be zero, the trajectories are shown by dashed lines for comparison. In
all calculations ap =3×10−4 cm. Left: T =1.3 K, θ ≈0.2π ; right: T =2.1 K, θ ≈−0.2π .
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Surprisingly, the analysis of particle trajectories in the temperature
interval from T = 1.3 to T = 2.1 K shows that, although (y0)

±
cr can dif-

fer quite significantly from ((y0)cr)θ=0, the value of the impact parameter
defined by relation (19) differs by less than 2% from the value of � calcu-
lated assuming θ=0. In the temperature interval between T =2.1 and T =
Tλ≈2.17 K an influence of the temperature-dependent angle θ on particle
trajectories and the impact parameter � becomes more pronounced. How-
ever, in the context of PIV studies of superfluid He II, the latter, rather
small interval of temperatures is not of major interest, so that we will not
pursue further the analysis of an influence of θ on particle trajectories.

6. CONCLUSIONS

Based on a simple two-dimensional model of the triple-vortex struc-
ture consisting of the superfluid vortex and the vortex dipole in the nor-
mal fluid, we analyzed the Lagrangian trajectories of inertial particles
interacting with this local vortex structure in superfluid helium II. We
found that the normal vortices, induced by the mutual friction between
the normal fluid and the superfluid vortex, can deflect the solid parti-
cle which otherwise would have collided with the superfluid vortex core.
In the latter case, the particle can possibly be trapped by the superfluid
vortex provided that the relative velocity between the particle and the vor-
tex is not too large. We identified the non-dimensional parameters char-
acterizing the particle trajectories. We found that the particle can either
collide with the superfluid vortex or be deflected by the normal vorti-
ces depending on the initial distance y0 between the particle and the axis
through the core of superfluid vortex along the superfluid line velocity. We
calculated the impact parameter � which, in our two-dimensional model,
plays the rôle of the cross-section of particle–vortex collision, such that
the particle will collide with the superfluid vortex provided y0<�/2, and
deflected by the normal vortices in the case where y0>�/2. The impact
parameter � is found to be a function of temperature, externally applied
superfluid velocity, and the Stokes number combining the size of the tri-
ple–vortex system, superfluid velocity, and the particle response time, the
latter determining an interaction between the particle and the viscous
normal fluid at small particle Reynolds numbers. We have shown that for
relatively large particles the impact parameter increases rapidly with the
particle size but remains much less sensitive to the particle size for small
particles. We have also analyzed the dependence of � on temperature.
The considered model has also been generalized for the case where the
peak velocity of the jet generated by the dipole-like structure in the nor-
mal fluid is not fully aligned with the velocity of the superfluid vortex;
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the angle θ between these velocities is a function of temperature and the
externally applied superfluid velocity. We have shown that this angle affects
the impact parameter very little, except for the case where the temperature
is in the close vicinity of the λ-point.

Given that the lengthscale of the normal flow disturbances induced by
the mutual friction is expected to be only about 0.1 mm, there is no sur-
prise that so far there was no direct experimental evidence of the nature
of local vortex structures. The reason for that is poor spatial resolution
of visualization techniques (such as second sound, ion trapping, measure-
ments of temperature, pressure an chemical potential) most widely used
prior to implementation of the PIV methods. Perhaps the results of this
work may assist the future attempts to show experimentally, by means of
the PIV technique, the existence of local vortex structures induced, in the
normal fluid, by the mutual friction.

The model developed in this paper shows that, although the phenom-
enon of particle trapping by superfluid vortices is a serious issue that must
be taken into account when interpreting results of PIV measurements in
helium II, events of trapping are perhaps less frequent than could have
been expected from the model that does not account for normal fluid
vortices induced by the mutual friction.
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