Journal of Global Optimization (2024) 88:901-926
https://doi.org/10.1007/510898-023-01335-3

®

Check for
updates

Robust second order cone conditions and duality for
multiobjective problems under uncertainty data

Cao Thanh Tinh'2( . Thai Doan Chuong3#

Received: 19 October 2022 / Accepted: 23 September 2023 / Published online: 22 January 2024
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2024

Abstract

This paper studies a class of multiobjective convex polynomial problems, where both the
constraint and objective functions involve uncertain parameters that reside in ellipsoidal
uncertainty sets. Employing the robust deterministic approach, we provide necessary condi-
tions and sufficient conditions, which are exhibited in relation to second order cone conditions,
for robust (weak) Pareto solutions of the uncertain multiobjective optimization problem.
A dual multiobjective problem is proposed to examine robust converse, robust weak and
robust strong duality relations between the primal and dual problems. Moreover, we establish
robust solution relationships between the uncertain multiobjective optimization program and
a (scalar) second order cone programming relaxation problem of a corresponding weighted-
sum optimization problem. This in particular shows that we can find a robust (weak) Pareto
solution of the uncertain multiobjective optimization problem by solving a second order cone
programming relaxation.
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1 Introduction

Since the seminal paper by Soyster [34], robust optimization has become a useful and efficient
deterministic mathematical approach to handle problems relating to decision making in the
face of data uncertainty [5, 7]. Recently, the robust optimization approach has been applied to
various domains in multiobjective/vector frameworks with many further developments and
high-potential techniques to solve various real-life decision making problems under the data
uncertainty (see e.g., [9, 12, 1618, 20, 23, 24, 26, 36] and the references therein).

A recent research direction in robust multiobjective optimization has been devoted to
investigating on how to reformulate and solve a robust multiobjective optimization problem
via semidefinite programming (SDP) (see e.g., [4]) techniques by exploiting special structures
of the constraint and objective functions such as linear, quadratic or polynomials; see e.g., [10,
11, 14, 25, 28]. For example, Magron et al. [28] used SDP relaxations to approximate Pareto
curves of a bi-criteria polynomial program. The author in [11] established duality and linear
matrix inequality conditions for a multiobjective SOS-convex optimization problem under
constraint uncertainty, while Lee and Jiao in [25] examined such a multiobjective problem by
employing an approximate constraint scalarization approach to find robust efficient solutions
via SDP duals. In terms of two-stage frameworks, the authors in [ 14] reformulated and solved
an adjustable robust linear multiobjective optimization using SDP relaxations.

Remarkably, a new class of first-order scaled diagonally dominant sums-of-squares con-
vex (1st-SDSOS-convex) polynomials has been recently introduced in [8]. This class is a
subclass of SOS-convex polynomials [3, 21], and is a numerically tractable subclass of con-
vex polynomials in the sense that checking a given polynomial is 1st-SDSOS-convex or not
can be done by solving a feasibility problem of a second order cone programming (SOCP)
problem [1, 2, 8]. The class of 1st-SDSOS-convex polynomials covers all separable con-
vex quadratic functions and any polynomial that can be expressed as a sum of even powers
with the corresponding nonnegative coefficients [8]. The interested readers are referred to a
more recent paper [13] for an application of the class of 1st-SDSOS-convex polynomials to
examine duality and optimality conditions for weak efficient solutions of a multiobjective
optimization problem.

In this paper, we consider an uncertain multiobjective optimization problem that is defined
by

min {(AG uD, o fnum) | gi(x o) <0, I=1,....q}, L)
where x € R" is the vector of decision variables, u; € Uy, ¢ = 1,....m, 0 € Q,1 =
I,...,q, are uncertain parameters, Ur, ¢ = 1,...,m, Q1 = 1,..., q are uncertainty sets
and f; :R"x U >R, ¢ =1,...,m, g :R"xQ —R,I=1,...,q are bi-functions.

In what follows, the uncertainty sets Uy, { = 1,...,m, $;,l =1, ..., g are assumed to
be ellipsoids given by

Ur == {u; €R* | M?A{M{ <pc} Qi=|weR |0 B <1l (1)

where Ay, ¢ = 1,...,m,B;,l = 1,...,q are positive-definite symmetric matrices

(Ay > 0,B; = 0)and p;,¢ = 1,...,m,7,l = 1,...,q are positive real numbers

(p; > 0,7, > 0), while the bi-functions f;(-,-),¢ =1,...,m,g(,),l =1,...,q are
assumed to satisfy that f; (-, u;),u; € Uy and gi(-, w;), w; € 2 are Ist-SDSOS-convex
polynomials (cf. Definition 2) and that f; (x, -), gi(x, -), x € R" are affine functions given
by
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N
fe(x ug) = p?(x) +Zu"§pé(x) for u; = (u}ué) c RS,

i=1

.
g, o) =h)x) + Yo hl (x) for = (],....0]) R, )
j=1

wherepé,i =0,1,....,85,¢=1,....m andh‘l’,j =0,1,...,r,1 =1,...,q are given
polynomials with degrees at most n € No := {0, 1,2, ...}. Without loss of generality, we
suppose that 1 is an even number because otherwise we can replace n by n + 1.

To deal with the uncertainty problem (U), we associate with it the following robust coun-
terpart:

min {(urflggl fl(x,m),---,uf:leag]&m fn (e um)) 1 g1(x, @) <0, Yoy €, 1=1,....q},
R)

where the uncertain objective functions and uncertain constraint functions are enforced for
all possible realizations within the corresponding uncertainty sets.
From now on, the feasible set of problem (R) is denoted by

C={xeR"| g(x,00) <0, Yoy €, I =1,...,q}. 3)
We also use the notations F := (F},..., Fy), where F;(x) = mal)/( fe(x ug), ¢ =
ugely
1,...,mforx € R".

The forthcoming concepts of solutions are in terms of worst-case robustness efficiencies
(see e.g., [16, 22]) of multiobjective/vector optimization (cf. [15, 19, 27, 29, 31, 35]).

Definition 1 (i) A point x € C is called a robust Pareto solution of problem (U) if x is a
Pareto solution of problem (R), i.e., for all x € C,

F(x) = F(x) ¢ =R\ {0},

where R} stands for the nonnegative orthant of R™. (i) We say that x € C is a robust weak
Fareto solution of problem (U) if x is a weak Pareto solution of problem (R), i.e., for all
xeC,

F(x)—F(x) ¢ —intRﬁ,
where int R”! denotes the topological interior of R’.

The purpose of this paper is threefold: Firstly, we propose necessary and sufficient optimal-
ity conditions for robust (weak) Pareto solutions of the uncertain multiobjective optimization
problem (U). The obtained optimality conditions are displayed by means of second order
cone (SOC) conditions, which provide a numerically checkable certificate of the solvability
of the robust optimality conditions. Interestingly, it is shown that the SOC conditions are
equivalent to the robust Karush-Kuhn-Tucker (KKT) condition. These are done by employ-
ing the special structures of the 1st-SDSOS-convex polynomials that empower us to provide
robust optimality conditions by way of SOC conditions. These results will be given in Sect. 2.

Secondly, we suggest a dual multiobjective problem in terms of SOC conditions to the
robust multiobjective optimization problem (R) and explore robust strong, robust weak and
robust converse duality relations between (R) and its dual. The obtained dual results charac-
terize the SOC conditions as well as the fulfilment of the robust KKT condition. In particular,
this shows how we can verify a Pareto solution of the robust multiobjective optimization
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problem (R) by solving the corresponding dual multiobjective problem, which is expressed
in terms of SOC conditions. These results will be given in Sect. 3.

Thirdly, we establish robust solution relationships between the uncertain multiobjective
optimization problem (U) and an SOCP relaxation of a corresponding weighted-sum opti-
mization problem. These relationships show how one can find a robust (weak) Pareto solution
of the uncertain multiobjective polynomial program (U) by solving an SOCP relaxation. In
this way, we obtain strong SOCP duality and exact SOCP relaxation among the (scalar)
dual, relaxation and weighted-sum optimization programs. These results will be presented
in Sect. 4. The last section summarizes the main results and provides some perspectives on
this research topic.

2 Second-order cone optimality conditions and solution relationships

To begin with, some notations and definitions are presented. The notation R” signifies the
Euclidean space whose norm is denoted by || - || foreachn € N := {1, 2, .. .}. The inner prod-
uct in R” is defined by (x, y) := xTy for all x, y € R". Denote by R[x] (or R[x1, ..., x,])
the ring of polynomials in x := (x1, ..., x,) with real coefficients. Consider a polynomial
f with degree at most  where 7 is an even number, and let / := /2. We note the canonical
basis of R, [x1, ..., x,] as

. 2 2 Ul T
xM = (L, X1, X2, oo Xy X, KUKy ey XYooy Xy e X, XD

where R, [x1, ..., x,] is the space including of all real polynomials on R" with degree .
Let s(n, n) be the dimension of R, [xy, ..., x,] and for each 1 < a < s(5,n), leti(a) =
(i1(a), ..., in(a)) € (Np)" denote the multi-index satisfying

x = 5@ = xi‘(a) cxin@)

Let the monomials 7 (x) = x{” be the a-th coordinate of x, 1 < a < s(1, n). Thus, we
can write

s(n,n) s(n,n)

fx) = Z Jama (x) = Z faxén)-
a=1 a=1

Givenu € Nand y = (yy) € R*™"_ the Riesz functional L, : R,[x] — R is defined by

s(u,n) s(u,n)

Ly(f)= Y favafor f(x)= Y fax?, @
a=1

a=1

and the moment matrix M, (y) about x € R” with degree u generatedby y = (yy) € RS 2u.n)
is defined by

sQu,n)
M) = Y YoM, ®)
a=1
where My, = 1,...,5Qu,n), are the (s(u, n) x s(u, n)) symmetric matrices such that
sQ2u,n)
T = 3" x M, (6)
a=I
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Definition 2 Let d be a polynomial on R”. (i) The polynomial d with degree n = 2¢,1 €
No, is scaled diagonally dominant sum-of-squares (SDSOS) [1] if there exist nonnegative
numbers «;, /3;, /Si; yl;.r, yi; and p € Nwith 1 < p < (¢, n) such that

p P P
dx) =) ami@+ Y Bimi@ +yimi) + Y (Bymix) =y mi0)),
i=1 i j=1,i#] i, j=1,i#]
where m;, m; are monomials in the variable x. We let SDSOS,[x] denote the set of all
SDSOS polynomials on R” with degree at most 7. (ii) For the polynomial d with degree
n € Np, we consider a polynomial D defined as

D(x,y) :=d(x) —d(y) — Vd(») (x — y),

where Vd(y) stands for the derivative of d at y. The polynomial d is called first-order scaled
diagonally dominant sum-of-squares convex (1st-SDSOS-convex) [8] if D is an SDSOS
polynomial in the variable of (x, y).

It is worth mentioning here that all 1st-SDSOS-convex polynomials are convex, the sum
of two 1st-SDSOS-convex polynomials is a 1st-SDSOS-convex polynomial, and the product
of a 1st-SDSOS-convex polynomial and a nonnegative scalar is also a 1st-SDSOS-convex
polynomial.

The first theorem in this section provides necessary and sufficient optimality conditions
for robust (weak) Pareto solutions of problem (U) in terms of second order cone (SOC)
conditions. Let Q;,¢ =1,...,mand E;,[ =1, ..., g be square matrices such that A; =
Q{Q,; and B, = E] E;.

Theorem 1 (SOC conditions for robust (weak) efficiencies) Let x € R”" be a robust feasible
point of problem (U).

(i) Suppose that the Slater condition is satisfied; i.e., there exists x € R" such that for all
w e, l=1...,q,

g1(x, wp) < 0. 7

If X is a robust weak Pareto solution of problem (U), then there exist ,u? e Ry, ,ulj €
R, = 1,...,q,j = 1,...,r and (a?,...,a&) € Rfﬁ\{O},aé e R,¢ =

1,....,m,i =1,...,s such that

m K o q r o m

D (@fpf 4+ alpl) + > (ufh) + Y uin]) = > alFi (%) € SDSOS,[x]. (8)
=1 i=1 =1 j=1 =1

1Qc (@} ... adll < ozeld. ¢ =1.....m, ©)
VE/(ufs - ouDIl < Vapd. 1=1,....q. (10)
where Fy(X) := max f(x,u;) for¢ =1,...,m.

M;EUC

(i) If there ex?stu? S R+,u{ eRIlI=1,....q,j = 1,...,r and (a?,...,a%) €
R\ {0}, a’{ eR,¢=1,...,m,i =1,...,s such that (8), (9) and (10) are satisfied,
then x is a robust weak Pareto solution of problem (U).

(iii) If there egcistu? eRypu eRiI=1,....q,j =1,....rand (@),...,02) €
int RY, (x’g eR,¢=1,....,m,i =1,...,s such that (8), (9) and (10) are satisfied,
then X is a robust Pareto solution of problem (U).
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Proof (i) Suppose that the Slater condition (7) is satisfied and let X be a robust weak Pareto
solution of problem (U). Put Fy(x) := mal)/( fex,ug), ¢ = 1,...,m and G;(x) =
ugele

max g;(x,w;),l = 1,...,q for x € R". Then, it holds that F;;, ¢ = 1,...,m and

w] QY

G;,I = 1,...,q are convex functions finite on R" because f;(-,u;),u; € U, and
gi(-, wp), wy € Q are 1st-SDSOS-convex polynomials (hence, convex polynomials), f; (x, -)
and g;(x, -) are affine functions for each x € R”", and U, and £2; are compact sets. Note that
the Slater condition (7) ensures that foreach [ =1,...,¢q,

Gi(%) < 0. (11)
Since x is a robust weak Pareto solution of problem (U), it ensures that
{x e R" | Frx)—F(x) <0, ¢=1,...,m, Gi(x) <0, I=1,...,q} =0

Invoking a classical alternative theorem in convex analysis (see e.g., [32, Theorem 21.1]),

m q
wecanfindi, >0, =1,...,m,y >0,l =1,...,q such that Z(A;)z—i— Z(y;)2 >0
=1 =1
and

m q
> he(Fe(x) = Fe(9) + Y _nGi(x) 20, Vx eR". (12)
=1 =1

We observe by (11) and (12) that (Aq, ..., A;) # 0, and that
m q m

'f[ i F G ]> he Fr (7). 13

inf, ; ; ;(x)+§n /() _; Fe (®) (13)

m q
Denoting W := [] U, x [] @ C R™*9" it is true that W is a convex compact set. Now,
¢=1 I=1
by recalling the definitionof F;, ¢ =1,...,mand G;,Il =1, ..., g, we get by (13) that

m q m
. - _
inf max {3 feCroue) + Y ngiGron | = YA Fe, (14)
=1 =1 =1
where w = (uy,...,Up,o1,...,04). Let H : R" x R™S+4r . R be defined by
m q
Hx,w) =Y Aefe(x,ur)+> yigi(x, o) forx e R", w = (ui, ...,y 01,...,04) €
=1 =1

R™+47 Then, H is a convex function in variable x and affine function in variable w and so,
we refer to the classical minimax theorem (see e.g., [33, Theorem 4.2]) to claim that

inf max H(x, w) = max inf H(x,w).
xeR* weW weW xeR"?

This together with (14) entails that

m q m
max inf Zkgf;(X,M;)-i-Z)’Zgl(xawl) ZZ)‘CFC(’E)-
c=1 =1

weW xeR”
=1
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Hence, we can find u; = (ﬁ},...,ﬁz) e Ut =1,...,mand @ := (cbll,.‘.,d)l’) €
Q;,l=1,...,q such that

m q m
D hefelxiig) + Y yigix. @) = Y A F(¥), VxR (15)

¢=1 =1 c=1

m
We now consider a polynomial on R” given by foreach x € R", o(x) := > A¢ fr(x, iig) +
=1

q m
> vigi(x, 1) — Y A Fy(X). By our assumption, it is easy to see that o is a 1st-SDSOS-
=1 ¢=1

convex polynomial and moreover, o (x) > 0, Vx € R", by virtue of (15). So,o € SDSOS;;[x]
(cf. [8, Proposition 5.3]).

Now, the relations i, := (ﬁé, R ﬁ‘z_) € Ur, ¢ =1,..., m mean that

i Agity < pg, ¢ =1,...,m. (16)
Settinga? =k >0, =1,....m andaé = a‘gﬁg eRi=1,....,8,¢=1,....,m,
we claim that (9) holds. To see this, let £ € {1,...,m}. If ag = 0, then 0{2 = 0 for all
i =1,...,s, and hence, (9) is trivially valid. If a? # 0, then it follows from (16) that

af Aciiy < pr(ef)?,

where i, = (ozzl,...,ocg). Since A; = QCTQ{, we arrive at the conclusion that
||Q;(a§,...,ag)|| < ﬁp;a?, whicil shows that (9) holds, too. Similarly, by letting
W=y =01=1,...,qand pu = wWao] e R,j =1,....r,0l =1,...,q, we
conclude from the relations @; := (c?)ll, ...,w0)) € Q,l=1,...,q that (10) also holds.
Next, by noting the definitions of functions f;,¢ = 1,...,mand g,/ = 1,...,q in

s . .
(2), we obtain that A fr (x, ir) = afpl(x) + Y ol pl(x) and yig(x, @) = pfh)(x) +
i=1

r

> Ml]hlj x), I=1,...,q, forall x € R". This together with the definition of ¢ yields

m q r o m
> (edpf + Z“;Pz + ) (h + > ulh) = el () =0,
¢=1 = I=1 j=1 =1

which shows that (8) is satisfied. Therefore, the proof of (i) is accomplished.

(i) Assume that there exist u? € R+,M1j e Rl =1,...,¢q,j = 1,...,r and
(a?,.. o ) e R\{0}, oz eR,¢=1,...,m,i = 1,...,s such that (8), (9) and (10)
hold.

Consider any ¢ € {1,...,m}. We claim by (9) that if oc = 0, then oe = 0 for all
i =1,...,s. Assume on contrary that a? = 0 but there exists igp € {1, ..., s} w1th a’;’ # 0.
In this case, (9) entails that || Q; w || = 0, where w; := (ozé, R aéf) # 0. This establishes a
contradiction as inasmuch || O w¢ 1% = ngg w; > 0, where the strict inequality is satisfied
by virtue of A; > 0. So, our claim is valid. Similarly, we assert by (10) that if [,L? = 0 for
eachl e {1,...,q}, thenp,l =O0forall j=1,.
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Now, denote it; := (ﬁé,...,ﬁg),g =1,...,mand @& := ((Z)ll,...,d)l’),l =1,...,q,
where
, 0 ifaf =0, A 0 ifud=0,
N . N . .
U, ;=3 o i=1,...,8, @ =3 ,J j=1,...,r.
¢ e 0 L 1 121 . 0 ’ )
Ot? if aé- 7& 0’ IIT) if Ml # 07

It follows from (9) and (10) that
afAcliy <pe. ¢=1,....m, & Bioy <. 1=1,....q,
which show thatii; € U, ¢ =1,...,mand & € Q;,1 =1,...,q. Then, for any x € R",

S N
alpl(x) + Y ol ph(x) =afpl(x) + Y (fil) pl(x)
i=1 i=1

=af p;(x)+Zu;p;(x) =g fe(x, i), ¢ =1,.
i=1

where we note that if a? = 0 foreach ¢ € {1, ..., m}, then oc =O0forali =1,.

r . .
as shown above. Similarly, u?h?(x) + > u{h'/ x) = ,u?gl(x, @), 1 =1,...,q for each
j=1
x € R™.
Therefore, we use (8) to find op € SDSOS;,[x] such that

m q m
Yol frlx i) = o00(x) = Y pfai(x, &) + Y alF(X), YxeR'.  (17)

=1 =1 =1
Let x € R” be an arbitrary robust feasible point of problem (U). Note here that oo (x) —

q
> M?gl (X, &) > 0inasmuch as og is an SDSOS polynomial, and hence o (X) > 0and /,L?

%

A%

m
0,g(X, ) <0,l=1,...,q. Then, we estimate (17) at X to obtain that ;2 a?f; (X, i)

m
Y @ Fy (%) and thus,
¢=1

D alF(®) = ) el Fr (%), (18)
=1 =1

due to the fact that a? >0, Fp(X) = fe(X,ap)forc =1,...,m

Note by (18) that F(¥) — F(¥) ¢ —int R” because of (af, ..., a%) € R% \ {0}. So, X is
a robust weak Pareto solution of problem (U).

(iii) Assume that there exist //L? € R+,/,L{ e Rl =1,...,q,j = 1,...,r and
@),...,ap) € intRY, af € R,& = 1,...,m,i = 1,....s such that (8), (9) and (10)
hold. Following the same lines as in the proof of (ii), we arrive at the assertion that

D alF(®) =) ol Fr (%) (19)
=1 ¢=1

for each given robust feasible point X of problem (U). We claim that x is a robust Pareto
solution of problem (U). Otherwise, there exists a robust feasible point x* of problem (U)
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such that F(x*) — F(x) € —R%¥\{0}. Moreover, by (a?, ...,a%) e intR™, we see that
gy x*) — o X) < 0, which contradicts the assertion in . So, our
pa ?F;( *) o ?F;(') 0, which dicts th ion in (19). S

claim is true and the proof is complete. O

Remark 1 The Slater condition (7) is important for obtaining necessary SOC conditions. The
following example shows that the conclusion of (i) in Theorem 1 may go awry if this Slater
condition does not hold.

Example 1 (The importance of the Slater condition) Consider the robust multiobjective
convex polynomial optimization problem

min {(max{x + (3 —uP)x? —2x + 1}, max{(2 — u")x? = 3x — 1}) | x® +2x% <0,
xeR uel
(PE1)
(1—ox®+ (1 -0’ —1<0,Vo:= (o', 0% € Q},
where U := {u := (u',u?) € R? | # + # < 1} and Q = {o := (o', 0?) € R? |

(@H2 + (w?) < 1}. The problem (PE1) can be expressed in terms of problem (R), where the
ellipsoids U; := U, := U and Q1 := Q7 := Q are described respectively by

1
5 0 10
A1::A2::((Z)l>, 311232:=<01>,
3

p1 = p2 := 11 := 12 := 1 and the bi-functions f;,¢ = 1,2, g,l = 1,2 are given
2 . .
by fr(x,u) := p?(x) + > u’p’ (x) for u = (u!, u?) € R? with p(l)(x) = x84 3x2 —
i=1
2x + 1, pl(x) := 0, pI(x) := —x? p2(x) =2x2 = 3x — 1, pi(x) :== —x%, p3(x) :=0

for x € Rand g/(x, w) = h{(x) + Z wlh] (x) for w == (@', 0?) € R? with h0(x) :=
j=l1

x84+ 2x2, hl(x) i= h3(x) := 0, h9(x) := x® +x2 — 1, hi(x) := —x?, W3 (x) := —x8 for

x e R.

It is clear that f; (-, u),u € U, = 1,2 and g/(-, w),w € Q,1 = 1,2 are 1st-SDSOS-
convex polynomials and that x := 0 is a Pareto solution of the robust problem (PE1).
However, we assert that the SOC condition given in (8) is not valid at x. To see this, suppose
by the contradiction that there exist (ozl, ) e R? 2\{0}, oz e R¢ = 1,2,i = 1,2,

[L? e Ry, ,ulj eR,I=1,2,j=1,2and o € SDSOS;[x] such that
2 2 2 2 2
D@+ i)+ > ik} + > ulh) =Y elF (¥) =0, (20)
¢=1 i=1 =1 j=1 =1

where F| (%) = max{p1 x)+ Z u' pi(¥)} = land Fr (%) := max{pz(x) + Z u' ph(X)} =

—1. We rearrange (20) and Obtallll that =

@) 4 18 + 1S — 15)x® + Ba) + 200 —af —ad +2uY 4+ 1) — uh)x? — 2a + 3ad)x
= ug 4+ o(x) forall x € R.

For each x € R, as Mg > 0 and o (x) > 0, it entails that

@+ 10+ 1S — 1D > 2a) +36d)x — Bal + 200 — o — ) + 200 + 1Y — uhHx?
e2y)
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Considering x; := 7, where ¢ € N, we claim by (21) that

1
¢
af + 1 + 1 — 15 = %120 + 309t — B} + 208 — af — a3 + 27 + u3 — )]

> (20) 4+ 30))¢ — Ba) + 208 —af —ad +2u0 + b — ud)
for ¢ large enough. This means that
o + 1+ 18— 13 = 20 +360)¢ — Ba) 4200 —af —ad +2ud + b - ) (22

forall ¢ large enough. Now, letting ¢ — oo in(22), we arrive at a contradiction. Consequently,
the result of (i) in Theorem 1 is not true for this setting. The reason is that the Slater condition
fails for this problem.

Similarly as shown in [13, Example 2.7] that the 1st-SDSOS-convexity assumption in our
framework is also important for the validation of SOC conditions. That is, the conclusion
of (i) in Theorem 1 may fail for a robust multiobjective polynomial problem, where the
related functions are convex (but not 1st-SDSOS-convex) polynomials although the Slater
qualification holds.

We now show that the SOC conditions in (8), (9) and (10) are equivalent to the robust
Karush-Kuhn-Tucker (KKT) condition of problem (U). In doing so, we say that the robust
KKT conditionis validatx € Cifthereexista; € Q;,l =1,...,ganda 1= («1,...,ay) €
RY\{O}, A = (A1, ..., Ag) € RYii; € Us, ¢ =1,..., m such that

m q
Y Vife @G i) + Y MVigi(E. @) =0,

c=1 =1

m m

D acfe(Fiig) = Y e F () =0, hg(x.a@) =0, 1=1,....q.  (23)
¢=1 ¢=1

where V| f; (resp., Vig;) denotes the derivative of f; (resp., g;) with respect to the first
variable and F; (x) := mal)]( fe(x,up) for ¢ =1, ..., m. Note that if f; (-, u;) := p? for
urele

allu; € Ug, ¢ =1, ..., m (i.e., there is no uncertainty on the objective functions), then the
above robust KKT condition was examined in [11] for a class of SOS-convex polynomials,
and in [9] for a more general class of local Lipschitz nonsmooth functions.

Theorem 2 (SOC and robust KKT conditions) Let x € R" be a robust feasible point of
problem (U). Then, the following conditions are equivalent:
(1) The SOC conditions given in (8), (9) and (10) hold.
(ii) The robust KKT condition is valid at x.
(iii) There exist [L? € R+,Ml] eRI=1,...,q,j = 1,...,r and (a?,...,ot?n) €
R’ﬁ\{O},aé eR¢=1,...,m,i=1,...,s such that

M=

s q r . .
(@VPLE) + > ek Vi) + Y (u) VA (®) + Y 1] VA () =0,
=1

=1 i=1 j=1
(Pl + Y e pp(®) = Yl Fe (D) = 0, ufh{(®) + D ulh{(®) =0, 1=1,....q.
¢=1 i=1 =1 j=1
(24)
10 (@}, .. a)ll < ocag, £ =1,....m, (25)
IE ), mDI < Vaws 1=1.....q. (26)
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where Fr(X) :== max fr(X,u;)for =1,...,m.
M;EU{

Proof [(i) = (ii)] Suppose that the SOC conditions given in (8), (9) and (10) are valid.
Following the proof of (ii) in Theorem 1, we observe by (9) and (10) that there exist it; €
Ug,t=1,....,manda; € Q,l =1, ..., g such that

N
alpl(x) + Y el ph(x) = o fr(x. i), Yx €R", £ =1,....m,

i=1
r . .
uPR) () + > b () = pigi(x. dp), Yx e R I=1,....q. 27)
j=1

Now, we use (8) to find o € SDSOS;,[x] such that

m m q
> alfe (i) =Y alFe(®) =0(x) =Y uigx.&). VxeR", (28

¢=1 =1 I=1

where F(x) := umeal)]( fe(x,ug) for ¢ = 1,...,m. Observe here that o(x) —
¢€U;

q

> M?gl (x, &) > 0 inasmuch as o is an SDSOS polynomial and hence o (x¥) > 0, and
=1

ulogl (x,@y) <0,1=1,...,q as x is a robust feasible point of problem (U). By estimating

m m
(28) at ¥, we obtain that El of fo (%, dig) = c; ) Fy (%) and thus,

m m
Dol fe® i) =Y alF(¥) (29)
=1 =1

due to the fact that a? >0, Fr () > fr(x, i) for ¢ =1, ..., m. Substituting x := X into

q
(28) and taking (29) into account, we arrive at o (X) — Y ,u? g1(x, @;) = 0. This ensures that
=1
o(x) =0and

e o) =01=1,....q. (30)

Therefore, o (x) > o (x), Yx € R”, which means that x is a minimizer of o on R”. It entails
that Vo (x) = 0, and so we get by (28) that

m q
D a@dVifeE i) + Y Vigi(F, @) =0
r=1 =1
which together with (29) and (30) shows that the robust KKT condition is valid at x.

[(ii) = (iii)] Suppose that the robust KKT condition is valid at x. This means that there
exista := (a1, ..., am) € RT\{O}, A := (A1,...,Ay) € RY and it; := (ﬁé,...,ﬁg) €
U0 =1,...,m 0 = ((Z)}J)I’) € Q,l =1,...,q, such that (23) is valid. Let
a? =a; 20,0 = 1,...,m,aé = a?ﬁé eR¢=1,....mi=1,...,s andu? =

A =>0,1= 1,...,q,ulj = ,u?d)lj eR,I=1,...,q,j=1,...,r. Arguing similarly as in
the proof of Theorem 1, we show that (25) and (26) hold and that
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s
or fr(x, i) = a?p?(x) —{—Zaépé(x), VxeR", ¢=1,...,m,

i=1

,
Mg, dr) = pfh () + Y ik (x), Vx eR" I=1,....q.
j=1
This together with (23) proves that (24) is valid.
[Gii) = @] Let 10 €e Ry, p/ e RI=1,....q,j = 1,....rand @, ...,a0) €
R\ {0}, aé eR,¢=1,...,m,i =1,...,sbesuchthat (24), (25) and (26) hold. As above,
we use (25) and (26) to find ity € Ur, ¢ =1,...,mand & € ;,1 =1, ..., q such that

N
apL) + ) o pp () = o fe (i), Vx e R, £ =1,....m,

i=1

;
uPRP () + > b () = pgi(x, ép), ¥x R I=1,....q. (31
j=1

Consider a function d : R” — R defined by

m q m
dx) =Y ol fr(x.dig)+ Y plex. @) — Y alF(¥), xeR"

¢=1 =1 c=1

As fr(ag), ¢ =1,...,mand g (-, &),l =1, ..., q are 1st-SDSOS-convex polynomials,
d is 1st-SDSOS-convex and hence, being a convex function. We show by (24) and (31) that

m m
Vd@) =0, ) o fe(@i) = Y el Fe (D) =0, pgiF.on =0, 1=1.....q.
¢=1 ¢=1

Then, the convexity of d entails that d(x) > d(x) = 0 for all x € R". This together with
the 1st-SDSOS-convexity of d guarantees that d € SDSOS,[x] (cf. [8, Proposition 5.3]).
Taking (31) into account, we arrive at

N

m q r L m
D o(@fp?+ Y alpl) + D (k) + ) ki) =Y el Fi(x) € SDSOS, [x].

c=1 i=1 =1 j=l1 =1

Consequently, the assertion in (i) holds. The proof is complete. O

Remark 2 (i) The result in Theorem 2 provides new characterizations for the robust KKT
condition via the proposed SOC conditions in the setting of /st-SDSOS-convex poly-
nomials. The interested reader is referred to [11, Proposition 2.10] for corresponding
characterizations for the robust KKT condition in terms of the linear matrix inequality
(LMI) conditions in the setting of SOS-convex polynomials.

(ii) Inthe definition of robust KKT conditionin (23),ifa € R’}\{0}isreplacedbya € intR},
then the corresponding condition is called robust strong KKT condition. Using a concept
of robust proper Pareto solution for our setting and proceeding similarly as in the proof of
Theorem 2, we could obtain some characterizations or at least some sufficient conditions
for the fulfillment of the robust strong KKT condition and thus for the validation of the
hypothesis (iii) of Theorem 1. This would be an interesting topic for a further study.
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3 Robust duality via second order cone conditions

In this section, we propose a dual multiobjective problem to the robust multiobjective opti-
mization problem (R) and explore duality relations between them. More precisely, we justify
that robust dual results characterize the SOC conditions as well as the robust KKT condi-
tion. This particularly shows a Pareto point of the primal robust multiobjective optimization
problem (R) by solving its dual problem, which is exhibited in terms of SOC conditions.

In connection with (R), we consider a dual multiobjective problem as follows:

N r

jmax [(tl, o tm) R (alpd + Za’;p’;) + ) (ufh) + Zuljh{)
(tg oz ap iy 1) =1 i=1 =1 j=1
(D)

m
— Y aft; €SDSOS,[x].t; eR. ¢ =1,....m,
¢=1
1Qc (et ..ol < prag, ¢ =1.....m,
IE (s .o uDIl < Vaud, 1=1,....4q,
@), ....ap) eRT\ {0}, oy eR.C=1,....mi=1,...5s,

,LL,OGR+,M{eR,j:l,...,r,l:l,...,q}.

It is worth noticing here that a Pareto solution (resp., a weak Pareto solution) of a “max”
multiobjective problem like the dual problem (D) is defined similarly as in Definition 1 by
replacing —R’Y \ {0} (resp., —int R’Y) by R'! \ {0} (resp., int R™!). We also recall here the
notation F := (F1, ..., F,;) with Fr(x) := Ml}lé‘?l[)](; fex ue), e =1,...,mforx e R".

The following theorem provides weak and strong duality relations between the dual prob-
lem (D) and the primal problem (R).

Theorem 3 (i) (Robust weak duality) Let (1, a0, ol . pf & = 1.....om.i =1,....5s,
j=1,...,r,1=1,...,q) be afeasible point of problem (D) and let X be a feasible point
of problem (R). We have

F(X)—(t1, ..., tw) ¢ —intR7. (32)

(ii) (Robust strong dual characterization) Let X be a weak Pareto solution of problem (R).
The robust KKT condition is valid at x if and only if there exists a weak Pareto solution
of problem (D), say (f;,&?,&é,ﬁ?,ﬁ{,;’ =1,....mi=1,....8,j =1,...,r,1 =
1,..., q), such that

F(X)=(f1,..., tm)-
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Proof (i) As (tc. o of. pd il ¢ =1....omi=1..s.j=1_..rl=1...4¢)]is
a feasible point of problem (D), we find o € SDSOS,;[x] such that

m

s q r o m
Do (@pfC) + ) appi) + Y (uPh) ) + ) ulh @) = Y e =o(x), VxR,
¢=1

r=1 i=1 =1 j=1

(33)
10c (@}, ... ad) | < peef, ¢ =1,....m, (34)
VEGefs oDl < Vamd, 1=1,...,q, (35)
where (af,...,ap) € RE\ {0} o} € R,y e R,¢ = 1,...,m,i =1,...,s and puj €

R4, ,ulj eR,j=1,...,r,1 =1,...,q. As shown in the proof of (ii) of Theorem 1, we
show by (34) and (35) that there exist ii; € U, ¢ = 1,...,mand oy € Q,1 =1,...,q
such that

N
a?p?(x) —I—Zaépé(x) =oc?f{(x,ft§), VxeR", ¢=1,...,m,
i=1

;
ufh ) + Yl h] () = pfgi(x. @), Vx e R I=1,....q.

j=1
Note further that o (x) > 0 as o is an SDSOS polynomial and that g;(x,a;) < 0,1 =
1,...,q, as X is a feasible point of problem (R). We now estimate (33) at X to arrive at
m m m
D alF @)=Y el fe (i) = Y e, (36)
¢=1 c=1 ¢=1
where we should remind that F; (X) := mal)/( fe(E ug) = fe (X, dg)forallg =1,...,m.On
ugele
accountof (), ..., @) € R\ {0}, we conclude by (36) that F (£)—(t1, ..., ty) ¢ —int R",

which concludes that (32) holds.

(ii) Let x be a weak Pareto solution of problem (R). Suppose that the robust KKT condition
is valid at x. By Theorem 2, the SOC conditions hold, i.e., there exist ,L_L? e Ry, ﬁlj eR, [ =
L...,g.j=1,...,rand @,...,a)) € M\{O},ag eRc=1,....mi=1,...,s
such that

m Ky q r o m
S o@pl+ Y alpl)+ > (afh + ) ilhl) = > alF;(¥) € SDSOS, [x],
=1

¢=1 i=1 =1 j=1
1Qc @} ....aD)|l < /peag, ¢=1.....m,
IE@f. ... DI < Vi), 1=1.....q.
where F;(X) := ur{neal)]({ fe(x,up) for ¢ =1,...,m. Letting t_( =F (), ¢ =1,...,m,it
holds that
F(X)=(f1,...,Im)

and that (7. &0, &, . 4] ¢ = 1....omi=1,...s.j=1..rl=1..¢)isa
feasible point of problem (D).

Weassertfurtherthat(t_;,&?,&é,ﬂlo,ﬂl],; =1,....mi=1,...,8,j=1,...,r,l =
1, ..., g) is a weak Pareto solution of problem (D). To see this, assume on the contrary that
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there exists another feasible point of problem (D), say (7, &2, &é, ,11?, /:L]j, c=1,....,m,i =
IL,...,s,j=1,...,r,1=1,...,q),suchthat (f1, ..., %) — (f1, ..., ty) € intR™”, which
amounts to the following relation:

FX) = (1, ..., 0n) € —intR”.

This clearly shows a contradiction to the robust weak duality of (i).

Conversely, let (f;,&g,&g,ﬁ?,ﬁ{,; = L..omi=1..sj=1..rl=
1, ..., q) be aweak Pareto solution of problem (D) such that F(x) = (¢, ..., t;y). Then, we
obtain that

m \} r

K q o m
> o@p?+ Y alpl)+ > (ah + ) i/hl) = > alFi () € SDSOS, [x],
J (=1

c=1 i=1 =1 j=1
1Qc @}, ....a)l < /peag, ¢=1.....m,
VEi(}, ..., i)l < vaid, 1=1,....q,

where (@), ...,a0) € Ri';\{()},&g eR¢=1,...omi=1,...sand i} € R+,;1{ €
R,I=1,...,q,j=1,...,r.Inother words, the SOC conditions given in Theorem 1 hold,
and so, by Theorem 2, the robust KKT condition is valid at x as well. O

In the forthcoming corollary, we derive a robust strong duality relation under the validation
of the Slater condition, which is an easy-to-verify condition in practice.

Corollary 1 (Robust strong duality with the Slater condition) Suppose that the Slater condi-
tion (7) is satisfied. Let x be a weak Pareto solution of p}foblem (R). Then, there exists a weak
Fareto solution of problem (D), say (t_;, 6{?, 6{2, [L?, ﬂlj, c=1,....mi=1,...,5,j =
1,....,r,1=1,...,q), such that

F()z) - (;15 ~'~5t-l‘)l)a
where F := (Fy, ..., Fy) with Fr(X) := max f;(x,u;),l=1,...,m.
Ur EU(
Proof Let x be a weak Pareto solution of problem (R). Under the Slater condition (7), we
employ Theorem 1(i) to conclude that the SOC conditions given in (8), (9) and (10) hold. In

view of Theorem 2, it is equivalent to saying that the robust KKT condition is valid at x. To
finish the proof of the theorem, it remains to invoke Theorem 3(ii). ]

In the following theorem, we present a robust converse duality relation between the robust
multiobjective problem (R) and its dual problem (D).

Theorem 4 (Robust converse duality) Let the feasible set C in (3) be compact and the Slater
condition (7) hold. If (i, &, ay, i, i), & = 1,...,m,i =1,....5,j = 1,...,r,1 =
1,...,q) is a weak Pareto solution of problem (D), then there exists a weak Pareto solution
of problem (R), denoted by x, such that

FX) = (i, ..., i) € =R (37)
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Proof Let(z},&g,&g,@?,u{,; =1,....mi=1,...,5,j=1,...,r,1=1,...,q)be
a weak Pareto solution of problem (D). Then, it is clear that

s r

m q L m
So@pd+ > alpl)+ Y (ah) + Y alhl) = ali; € SDSOS,[x],  (38)

=1 i=1 =1 j=1 =1

10c @}, ..., @)l < /pcag, £ =1,...,m, (39)

VE] .. 2Dl < Vaig. 1=1,....q, (40)
where (&), ....a0) € RI\{0}al e R.¢ =1.....mi=1_. sand ) € Ry ji] €

Ril=1,...,q,j=1,...,r.
Put X := {F(x) +w | x € C,w € R}, where F := (F, ..., Fy) with F (x) :=

mal>]< fex,ue), ¢ =1,...,mforx € R". Since Fy,¢ = 1,..., m are convex functions
Lt{E e

finite on R”, it holds that X is a closed convex set, and we claim that

(T, ..., tn) € X. (41)
Indeed, if this is not the case, i.e., (71, ..., &) ¢ X. By a classical strong separation theorem
in convex analysis (see e.g., [30, Theorem 2.2]), there exists A := (A1, ..., An) € R\ {0}

such that Y 7 Acfr < inf {xTv | v € X}. This entails that

m m
D ek <inf{ ) 2 F(x) | x e Cl. (42)
=1 =1

Observe that the (scalar) optimization problem on the right hand-side of (42) has an optimal
solution as the feasible set C is compact and F;,{ = 1, ..., m are convex functions finite
on R” and thus being continuous. Then, there exists an optimal solution x, € C such that

m m
D ket <Y e Fe(x) (43)
=1 =1
and that
m m
[r eR" D M Fr(x) =) AeFr(x) <0, ¢=1,....m, Gi(x) <0, [=1,....q} =1,
=1 ¢=1

where G;(x) = mas)zc gi(x,wp), forx €e R",I = 1,...,q. Invoking a classical alternative
[JASI V)]

theorem in convex analysis (see e.g., [32, Theorem 21.1]), we find o > 0,y > 0,/ =
1, ..., g, not all zero, such that

m m q
M(D heFe(x) =Y AcFr(xa) + Y yGi(x) =0, Vx e R". (44)
¢=1 =1 I=1

On account of the Slater condition (7), we assert by (44) that Ag > 0, and so there is no loss
of generality in assume that 1o := 1. Consequently, we arrive at

m m q
D heFe(x) =Y AeFr(xa) + Y yGi(x) =0, Vx eR".
c=1 =1 =1
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Now, following the same lines (after (12)) as in the pyoof of Theorem 1(i), we can find
aé_* eR¢=1,....m,i = 1,...,sandu?* €R+,,u[j* eRI=1,...,q,j=1,...,r
such that

m

Ky q r ) ) m
D (ep D> el pl) + > (uf*h) + Dl h]) =Y A Fr(x.) € SDSOS,[x],
i=1 j=I

;=1 =1 ;=1
1Qc(af, ..., < Drhe, ¢ =1,....m,
IE (™, DI < Vad™ 1=1,....q. (45)

m m
Letting y := m( X hs o) = X A;t}), we conclude by (43) that y > 0 and, by
= = ¢=

(45), that
m N ) . q r . . m
Z (A;p? + Za’;‘p’{) + Z (1 n) + Zul]*hl]) - ZA; (fz + v) € SDSOS,[x].
=1 i=I =1 j=1 =1

Therefore, (7 +y,k;,aé*,,u?*,ulj*,§ =1,....mi=1,...,8,j = 1,...,r,] =
1,..., q) is a feasible point of problem (D), and

t+y, o tmty) =@, ty) = (y, ..., y) € intRY.

This contradicts the fact that (z},&g,&g,a?,a{,; = 1,....mi = 1,...,8,] =
1,...,r,1 = 1,...,¢q) is a weak Pareto solution of problem (D). Hence, our assertion
in (41) is valid.
Granting this, we find X € C and w := (wy, ..., wy) € R such that
(t1, ..o tm) = F(X) +w, (46)

which concludes that (37) holds. By (38) and (46), we find o € SDSOS; [x] such that
m K o q r o m
do@pl+ Y alpl) + > (ath) + Y ki) = > ad(Fo () + ) =o.
¢=1 i=1 =1 j=1 r=1
This, together with Z?:l &?u‘); > (, guarantees that
S r

S @p+ Y aph) + > (alh + > alnl) = Y a@lF )
=1

=1 i=1 =1 j=1

=Y al; + o € SDSOS, [x]. 47)

In view of Theorem 1(ii), we get by (39), (40) and (47) that x is a weak Pareto solution of
problem (R), and so the proof of the theorem is complete. O

4 Finding robust efficient solutions via SOCP relaxations

In this section, we show how to find a robust (weak) Pareto solution of the uncertain multi-
objective problem (U) by using a second-order cone programming (SOCP) relaxation. This
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is done by establishing robust solution relationships between the uncertain multiobjective
problem (U) and an SOCP relaxation of a corresponding weighted-sum optimization pro-
gram.

Foragiven v := (v1, ..., v,) € R} \ {0}, let us consider a corresponding weighted-sum
optimization problem of (R) as follows:

m
inf | F, co) 0, Yore R, 1=1,....q], P
inf, ;v; () | gi(x, 1) <0, Yoy € 2 q (P,)
where F; (x) := max fr(x,u;),¢ =1,...,mforx e R".
M{EU{

A second-order cone programming (SOCP) dual program of problem (P,) is defined by

m q r . .
sup {t|z v;p§+2)\[p{ +Z(,u?h?+z,ul’hl])—teSDSOSn[x],teR,
@xpmy =1 = I=1 j=1
(Dv)
1Q¢ Ghgoo e AP < fBrve, Ay €Ri= 15,0 =1..om,
IE(), oDl < Jauf.uf e Ry pf eRj=1,....r,1=1,....q},

where Q;,¢ =1,...,mand E;,l =1, ..., g are square matrices such that A, = Q?Q;
and B; = E] E as previously.
We also consider an SOCP relaxation program of problem (P,) as

s(n,n) m s(n,n)

inf | Z(Zv;paayﬁzv;rsu Z(h,>aya+fa<o I=1.....q,

(ORI NGRAND I =1
(DY)
s(n,n) ) .
Z (PPaYe + (0 5 =0, [1f <& i=1,....5,¢=1,....m,
a=1
smn) )
Y Daye +(ENTE =012 <& j=1,....rl=1,....4q,
a=1
2(My (»))ij
| ( My ()i — My ()5

= (yg) € RS 1y =1,

)n = My + My ()7 1 =i j < s,

E eR ¢ eR‘*,{:l,...,m,éeR,ZleR’,Z:I,...,q},

where Qi ,i =1,...,s are the columns of the matrix Q; for¢ =1, ..., m and Eji,j =
1, ..., r are the columns of the matrix E; for/ =1, ..., 4.
The following lemma is needed for our analysis in the sequel.

Lemma 1 (Jensen’sinequality with 1st-SDSOS-convex polynomials, cf. [8, Proposition 6.1])
Consider a 1st-SDSOS-convex polynomial d on R" with degree n := 2L. Let y = (yy) €
RSO swith yy = 1and 1 < i, j < s(€,n),

”< 2(Mg(y))ij

(Mo (»))ii — (Ml()’))jj)” < Me(y))ii + Mg (y)) - (48)
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Then, one has

Ly(d) = d(Ly(x1), ..., Ly(xy)),

where Ly is given as in (4) and x; denotes the polynomial which maps a vector x in R" to its
ith coordinate.

Robust solution relationships between the uncertain multiobjective optimization prob-
lem (U) and an SOCP relaxation (D) of the corresponding weighted-sum optimization
problem (P)) is now ready to be established. This result illustrates, in particular, that we can
find robust (weak) Pareto solutions of program (U) by solving the (scalar) SOCP relaxation
problem (D). In addition, we obtain strong SOCP duality-exact SOCP relaxation among
the dual problem (D,), the relaxation (D}) and the weighted-sum optimization problem (P,)
that might be of independent interest.

Theorem 5 Let the Slater qualification condition (7) be valid. Then, we have the following
statements:

Q) Ifx == (X1,...,Xp) isa r~0bust weak Pareto solution of problem (U), then there exist
ve RN} and & e R, & e R,z e R, Z e R, ¢ =1,...,m, 1 =1,...,q such
that

min (P,,) = max (D,)) = min (D,)) 49)
and (v, &1, ..., En, &, ..., §q,z], L2 g L 3 is an optimal solution of prob-
lem (D), where 3 := (1, X1, ..., Xn, X7, X150, ..., %5, .o, Xy oo K], oo 5.

(it) Consider Ly given as in (4) and x; being the polynomial which maps a vector x in R"
to its ith coordinate. Let v € R} \ {0} be such that the problem (P,) admits an optimal
solution. If (5, €1, ... Em, &1, o+, &g 24y o 2" 2N L 29 with § = (3y) € RSO
is an optimal solution of problem (D}}), then X := (L5(x1), ..., Ly(x,)) € R" is a robust
weak Pareto solution of problem (U). Moreover, if v € intR", then X is a robust Pareto
solution of problem (U).

Proof (i) Let x := (X1,...,X,) be a robus§ weak Pareto solution of problem (U). In view
of Theorem 1(i), there exist ,u? € R+,ulj eRI=1,...,q9,j = 1,...,rand v :=
Wy eees Up) eR'z\{O},,\g eR,c=1,...,m,i=1,...,s such that

r

m K q o m
S e+ APl + D (ufh) + " uih]) = v F (%) € SDSOS,[x],  (50)
=1 i=1

j= =1 Jj=1 ¢=1

1Qc Gy AN < Prve, ¢ =1,...,m, (51)
VE(u), .ol < Vawd, 1=1,...,4q, (52)
where Fy(x) := max fr(x,u;)for¢=1,...,m.
M{EU(

Step 1. Let us first prove that

min (P,) = Y v; Fy (¥) = max (D). (53)
¢=1
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By (50), we find o € SDSOS;[x] such that

m q

3 (vepP) + Zx{p{ @) =0() =Y (uh)e) + Y ufh] (1)) + > v F(F), Vx € R".
=1 i=1 =1 j=1 =1
(54)

As shown in the proof of (ii) in Theorem 1, we show by (51) and (52) that there exist
iy eUs,¢t=1,...,mand @y € Q;,l =1,..., g such that

v;p;(x>+zx{p;<x> = v fr(x, ), Vx eR", ¢ =1,...,m,
i=1

.
PhCo) + Yl h] (0) = pfgi(x. @), Yx e R I=1,....q.
j=1

Let X be an arbitrary feasible point of problem (P,). This entails that g;(x, &;) < 0,1 =

1,..., q. Note further that F; (%) := mal)j( fe(& ug) = fr(x,ay) forallg =1,...,mand
urely
that o (%) > 0 as o is an SDSOS polynomial. Estimating (54) at X, we arrive at
m m m
D v Fe®) =Y v fr(Rdig) = Y v Fr(X). (55)
=1 =1 =1

This concludes that x is an optimal solution of problem (P,), and so min(P,) =

Doty v Fp(¥).
To proceed, let

m q r . .
V¥ = sup {t] Z V¢ Pe +chp§ +Z(u?h? +Z/Lljhlj) —t € SDSOS, [x],t € R,
2 i1 i) ¢=1 i=1 I=1 j=1
|\Q((x{,...,xg)|| < Vpeve. M eRi=1....s.¢=1....m,
WE fs - DIl < VT ) € Ry pf €Rj=1,..,r0=1,...,q}.
By putting 7 := Z?:l v Fr (X), we get by (50) that (7, AL ,u?,ulj,i =1,...,8,¢ =
r

1,....m,j=1,...,r,l =1,...,¢q) is a feasible point of problem (D,) and so,
Let us show that

v* < min (P,). (56)

To see this, assume that (t,ki,u?,u[,i =1,....8,¢ =1....m,j=1,...,r,] =

1, ..., g) is a feasible point of problem (D,). Then, u? € R+,u'l/ eRiI=1,...,q,] =
1,...,rand)»é eR,¢=1,...,m,i =1,...,s satisfying

> (erd+ Zkgp; + 5 (1fh? + 3" uih]) 1 € SDSOS, Lx1,
=1 = =1 j=1

||Q§()»;,---,)»§)|| <Jpeve, ¢ =1,....m
IE () ouDI < Jaw) 1=1,....q.

By similar arguments as in (54) to (55), we come to the conclusion Zg":] ve Fr(x) > 1,
which proves that (56) is valid due to min (P,) = Z';"ZI ve Fr (x). Consequently, (53) holds.
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Step 2. Denote 3 := X = (1, %1, ..., %, X7, X1 X2, ..., X5,y ooy X2, 00, K]y, X). We
now prove that there exist £, € R, e R,z6 e R, 7 e R',¢ =1,....m, [ =1,...,q
such that

()7,51,...,Sm,gl,...,§q,zl,...,zm,21,...,Zq)isanoptimalsolutionofproblem(Dj)
and
s(m,n) m
min (P,) = min(D,) = »_ (ngp[)ayaJrZug,ﬁsg. (57)
a=1 ¢=1

Since x is a feasible point of problem (P,), it is true that

max (x)+Zwth(x)}<0 I=1,.
j=1

This entails that
[0 := (@] ....0]) R, | Ej]| < /7]
r
W@+ olhl @ <0, 1=1.....q. (58)
j=1

Letting &; := 0, € R", we have ||E;o;|| < /7, i.e., the strict feasibility condition holds
for (58). This allows us to employ the strong duality in second-order cone programming (see
e.g., [6, Theorem 7.1]) to assert that there exist e R, §1 e R,l =1,...,q such that
120 <&,1=1,...,qand

h) &)+ Ju€ <0, 1=1,....q,
W@+ EHZ=0,j=1,....r,1=1,....q.

Similarly, by Fy (x) := max {p{ (x) + Z u;pg )} ¢ =1,...,m, we have

lug = (g, ... up) € R, | Qeucll < /o¢]
s
= pl(®) + Y ubpl(®) < F(®), ¢=1.....m
i=1
and so, we can find z¥ € R%, & € R, ¢ =1,...,msuchthat |z°|| <&, =1,...,mand

PLE) + prk < Fr(X).c=1,....m

Pr®+ Q) =0i=1,....5¢0=1...m (59)
As y = ¥ = (1,%, ..., %, X3, X1 X2, ..., X3, oo, X2, ... X[, ..., %), it holds that
y1 := 1 and
s(n,n) s(n,n)

L@Q—E}mhm—E:@m(“=mmJ=QLmJ$=anm

' A(mn) ' s(n,n) ' '
Ly(h)) = Y (h))aFa= D (h)ax =h] (&), j=0.1.....r.1=1,....q. (60)
a=I a=1
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where L, is defined as in (4). Furthermore, by the definition of the moment matrix (cf. (5)
and (6)), we see that

s(n,n) s(n,n) s . .
My(D) = ) FaMo = ) F' My =3P =0,
a=1 a=1

which ensures that for each 1 < i, j < s(},n),

O )1 = Oty + Oty 50

Consequently, (y, &1, ..., &n, £, ..., §q, Z', ..., 2, zh, ..., 29) is a feasible point of prob-
lem (D}), and it in turn implies that

s(m.n) m m m
inf (D) < > QO vepdada+ Y ve/peke < Y veFe(®) =min(P),  (61)
a=1 =1 r=1 r=1

where the second inequality holds by (59) and (60), while the equality holds by (53).

We now justify that min(P,) < inf(Dy). Let (y,&1,...,&n, &1,..., &, 2", ..., 2",
7!, ..., Z%) be a feasible point of problem (D¥), where y = (yq) € RS0 and denote
X := (Ly(x1), ..., Ly(xy)). Then,

s(n,n)

D h)aye +VTUE <0.1=1,....q, (62)
a=1

s(n,n) ' .

D Phave + (D F =010 <bi=1,..5.0=1,...,m,

a=1

sn) ,

Y aye +(ENTE =012 <&, j=1,....rl=1,....q, (63)
a=1

=1, (64)

||< 2(My ());j

Considering any / € {1, ..., q}, we verify that
s(n.n) r o
Y Waye +VTE = max  {BE+ Yol k] (D), (66)
P w,::(wll ..... ] )€y =

where X := (Ly(x1), ..., Ly(x,)). It suffices to show that for any w; € €, it holds that

s(n,n) r
D (h)aye + VTE = B)E) + Y o b (). (67)
a=I j=1
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Since w; = (@}, ..., ®}) € Q, it holds that ||E;(w], ..., )|| < /7. This together with
(63) ensures that

p = 1 =T 1
Vué = 1zl Enwy, ..., o)l = =2 Ei(oy, ..., @)
s(n.n)

=Y W/ (E)TH = Zw, Z (] )aYer).
j=1

Therefore, we have

s(n.n) s(n.n) s(n.n)

3 (h)ave + VT = Z(hl)awawz Z<h Java) = Ly (h) + Y o] h]),
a=1 j=1

j=1
(68)

where Ly is defined as in (4). Note that the polynomial h + Z] 1 @; hzj is 1st-SDSOS-
convex by our assumption. On account of (64) and (65), we invoke the Jensen’s inequality
given in Lemma 1 to claim that

r r r
Ly(h) + Y ol h]) = (h) + > o/h])(Ly(x1). ... Ly(xn)) = h)E) + Y o] b ().
j=1 j=1 j=1

which together with (68) shows that (67) holds. So, (66) is true. Granting this, we conclude
from (62) that X is a feasible point of problem (P, ) and hence,

min (P,) < Y v Fr (8). (69)
¢=1

Similarly, we can verify that

s(n,n)

D ey + Pk = max {p4<x>+2u;p;(x>} c=1.....m,

a=1 i=1
and so

smn) m

Z (Z V{P;)a}’a + ngf& > ZU;Fg(X)

a=1 ¢=1
Hence, by (69), it follows that
inf (D,) > min (P,).

Granting this, we invoke (61) to conclude that

s(m,n) m
min (P,) =min(D,) = > O v pdafa + Z ve /Prke
a=1 ¢=1
ie.,(57)isvalidand (7, &1, ..., &m, &1, ..., &, 2, ..., 2", 2", ..., 29) is an optimal solution
of problem (D}).
(i) Let v := (v1,...,vy) € R \ {0} be such that the problem (P,) admits an optimal

solution. Suppose that x is an optimal solution of problem (P,). Arguing similarly as in the
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proof of Step 2 of (i), we arrive at
min (P,) = min(D,). (70)
Let (3, &1, .y Emu E1, .0 &gy 2o 2™ 2 L0 29) with § = () € RO be an opti-

mal solution of problem (D}). Then, we have &, € R, §1 e R,z e BR3¢ R, ¢ =
1,....,m,l=1,...,qand

s(n,n) m
min(D,) = Y O V;p;)aya+zvmﬁ$;, (71)
a=1 =1 =1
s(n,n) ~
D h)aYu+VTUE <0.1=1,....q, (72)
a=1
s(n,n) ' .
D (Phadu+ (0 =0, 18 <& i=1,...,5,¢=1,....,m, (73)
a=1
san) , 3
Y aFe+ (ENTE =012 <& j=1,....rl=1,....q, (74)
a=I
=1, (75)

| ( 2(My (5));j

My ()i = My (¥))j

Denote x := (Lj(x1), ..., L3(x;)) € R". As shown in (i), under the validation of (72), (74),
(75) and (76), we can verify that x is a feasible point of problem (P,,), and so

)n = My + My 1=ij <sGam. (T6)

m
min (P,) < Y v Fy (%). (77)
c=1
Similarly, we derive from (73), (75) and (76) that

s(n.n) m

DO verdada + Zv;f&; > Zv;Fg»(x)

a=1 ¢=1

Combining this with (77), (71) and (70) shows that min (P,) = Z?:l ve Fr (x), and so X is
an optimal solution of problem (P,). We can make conclusion that X is a robust weak Pareto
solution of problem (U). In the case of v € intR}, we obtain that X is a robust Pareto solution
of problem (U). The proof is accomplished. O

5 Conclusions

In this paper, we have presented necessary and sufficient optimality conditions in terms of
second order cone conditions for robust (weak) Pareto solutions of an uncertain multiobjective
optimization problem. We have also addressed a dual problem to the robust multiobjective
optimization problem and examined robust converse, robust weak and robust strong duality
relations between the primal and dual problems. Furthermore, robust solution relationships
between the uncertain multiobjective optimization program and (scalar) second order cone
programming (SOCP) dual and relaxation problems have been established by using the

@ Springer



Journal of Global Optimization (2024) 88:901-926 925

duality theory in second order cone programming. Particularly, it has been shown that one
can calculate a robust (weak) Pareto solution of the uncertain multiobjective optimization
problem by solving a related second order cone programming relaxation.

The results obtained in this paper are conceptual dual/relaxation schemes that have poten-
tially numerical experiments for a subclass of robust convex multiobjective polynomial
optimization problems. It would be of great interest to see how we can develop associated
algorithms that allow to find robust (weak) Pareto solutions of an uncertain multiobjective
optimization problem via its SOCP dual or relaxation programs.
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