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Abstract

We present a method to solve a special class of parameter identification problems for an ellip-
tic optimal control problem to global optimality. The bilevel problem is reformulated via the
optimal-value function of the lower-level problem. The reformulated problem is nonconvex
and standard regularity conditions like Robinson’s CQ are violated. Via a relaxation of the
constraints, the problem can be decomposed into a family of convex problems and this is the
basis for a solution algorithm. The convergence properties are analyzed. It is shown that a
penalty method can be employed to solve this family of problems while maintaining conver-
gence speed. For an example problem, the use of the identity as penalty function allows for the
solution by a semismooth Newton method. Numerical results are presented. Difficulties and
limitations of our approach to solve a nonconvex problem to global optimality are discussed.
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1 Introduction

In this paper we study an inverse problem in which we aim to identify finitely many parameters
of an optimal control problem with a linear partial differential equation. This results in an
infinite-dimensional bilevel optimal control problem. The concept of bilevel optimization
is discussed in [1-4], while [5-8] present a comprehensive introduction to optimal control.
Bilevel optimal control problems are also studied in [9—12], for example. To be more precise,
we consider the parametric optimization problem

Wﬁﬁufw””)
st. Ay — Bu =0, (LL(B))
ue Uada

where B € QO C R” is a parameter, and the sets Q, U,gq, the linear operators A, B, the
spaces U, Y, and the function f are such that Assumption 2.1 is satisfied. Here u € Uyq is
the control, y € Y is the state, and Ay = Bu describes an elliptic PDE. Assumption 2.1
guarantees that the solution of (LL(f)) is unique for each € Q, see Lemma 2.2.
The problem (LL(B)) is also called the lower-level problem. The upper-level problem
under investigation is
ére’i@ F(B,y,u)

st e, (UL)
(y,u) =W(B),

where W (B) describes the unique solution of (LL(8)). Our main motivation for studying
(UL) is the purpose of identifying an unknown parameter 8 from some (possibly perturbed)
measurements of W(4), see also Sect. 5.

Together, the problems (LL(8)) and (UL) constitute the bilevel optimization problem.
Necessary optimality conditions of bilevel optimal control problems, i.e. hierarchical opti-
mization problems with two decision layers, where at least one decision maker has to solve
an optimal control problem, are derived in [13—18]. Recently solution theory for inverse
optimal control problems of partial differential equations was developed in [19, 20]. We also
note that optimal control problems with variational inequality constraints such as optimal
control of the obstacle problem (see [21]) can be viewed as a bilevel optimal control prob-
lem. Regarding the numerical solution of the presented problem type, there mainly exist
(to the best of our knowledge) methods for inverse optimal control problems with ordinary
differential equations, see [10, 22-24]. The corresponding algorithms tend to replace the
lower-level problem with their optimality conditions. A different approach was introduced in
[25], where the authors solved a special class of inverse problems of partial differential equa-
tions by exploiting the optimal-value function of the parametric optimal control problem.
The optimal-value function ¢: Q — R of (LL(B)) is defined by

@(B) :=inf {f(B. y, w)|(y,u) € Y x Uaa, Ay = Bu} = f(B, ¥(B)). (1

The idea of using the optimal-value function in bilevel optimization problems can be traced
back to [26]. With the help of the optimal-value function, the hierarchical problem (UL) can
be transformed into the single-level problem
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min  F(B, y, u)
B.y.u

st. BeQ,
B,y u) < 9(B), (OVR)
Ay — Bu =0,
u e Uad~

We call this optimization problem the optimal-value reformulation of (UL). This resulting
nonconvex surrogate problem does not satisfy standard constraint qualifications such as
Robinson’s CQ. However, in [25, Theorem 5.12] the authors were able to prove necessary
optimality conditions of Clarke-stationary type via a relaxation approach. Furthermore, [25,
Algorithm 1] introduces a solution algorithm using a piecewise affine approximation & of
the optimal-value function ¢ with & > ¢, which leads to the relaxed optimization problem

min  F(B,y, u)
B.y.u

s.t. BeQ,
F(B.y.u) < EB), (OVR(®))
Ay — Bu =0,
u € Uyg.

If f and F are convex, this problem can be split into finitely many convex subproblems
for which a global solution can be obtained. The original problem can then be solved by
iteratively improving the approximation & of the optimal-value function, see [25, Theorem
6.5]. In this paper we start with the same approach to derive a global solution scheme. We
slightly deviate in the construction of the piecewise affine approximation by starting with
a triangulation of the admissible set for the upper-level control variable and subsequently
enforce some regularity on further divisions. In addition to proving convergence of the global
solution scheme in Theorem 3.2, this will allow us to link convergence speed to the size of
the elements of the partition (see Theorem 3.6). In order to solve (OVR(§)), we also consider
the penalty problem

fl;n‘}rb EB,y,u) +yP(f(B,y,u) —&(B))

st. B e, (OVRP(§))
Ay — Bu =0,

u € Uy.

Here, P: R — Risapenalty function and y > 0. Interestingly, we will see that it is possible
to choose the identity P(x) = x as a penalty function. This has several benefits. On the one
hand, we show in Lemma 4.7 that a finite penalty parameter can be chosen such that one
obtains the solution of (OVR(£)). On the other hand, the choice of the identity results in much
simpler derivatives of the objective of (OVRP(£)) and this enables us to use a semismooth
Newton method to solve the subproblems efficiently, see Sect.5.3.

Solving nonconvex problems to global optimality is an intricate issue, and, hence, we
expectdifficulties. Indeed, our approach has some limitations concerning the obtained conver-
gence speed, see Remark 3.7. Especially in a practical setting convergence speed deteriorates
with an increasing dimension of the upper-level variable (curse of dimensionality).

Let us describe the structure of this paper. In Sect. 2 we present the used notation as well
as the main governing assumption in addition to some preliminary theory related to optimal
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control problems. We proceed by introducing a global solution algorithm (Algorithm 1) in
Sect. 3 and prove its convergence in Theorem 3.2. Further we present some convergence speed
estimates in Theorem 3.6 related to the size and regularity of the elements in the partition.
To ensure this property, we derive a simple method for refining the partition in arbitrary
finite dimensions while keeping some regularity properties of the elements, see Lemma 3.3.
On top of this foundation we introduce our penalty approach (Algorithm 2) in Sect.4. We
show that there exists a choice of the penalty parameter (see Lemma 4.7), for which one
can expect to find the solution to the subproblems from Algorithm 1. A method for solving
the penalty subproblems by means of a semismooth Newton method is presented in Sect. 5.
We show its superlinear convergence in Theorem 5.8. The corresponding implementation of
our algorithm for solving the inverse optimal control problem and a numerical example are
covered in Sect. 6.

2 Preliminaries
2.1 Notation

The norm in a (real) Banach space X is denoted by || - || x. Let B} (x) denotes the closed
e-ball centered at x € X with respect to || - || x. Furthermore, X* is the topological dual of
X and (-, -)x : X* x X — R denotes the corresponding dual pairing. Foraset A C X we
denote by conv A, cone A, cl A, int A and d A the convex hull, the conical hull, the closure,
interior and the boundary of A, respectively. For a Banach space Y, the space of all bounded
linear operators from X to Y is denoted by L[X, Y] and for some operator F € L[X, Y] the
adjoint is called F* € L[Y*, X*]. For a convex set C C X and a point x € C we denote by

Rc(x) := cone(C — x),
Ne(x) = {x* € X*|(x*, y —x)x <0, Vy € C}

the radial cone and the normal cone to the set C at the point x € C, respectively. For x ¢ C,
we set N (x) := @.

The set R” denotes the usual n-dimensional real vector space, equipped with the Euclidean
norm || - ||g». The sets Ry, R_ represent the nonnegative and nonpositive numbers respec-
tively. For an arbitrary bounded and open set 2 C R, the space of equivalence classes
of measurable, p-integrable functions is given by L?(2), p € [1, 00). Similarly, L*°(Q2)
denotes the space of essentially bounded (equivalence classes of) measurable functions. Fur-
thermore, we use the notations H(} () and H~! (Q)::Hd (£2)* for the Sobolev space with
first order derivatives and homogeneous boundary conditions and its dual space.

A mapping J : X — Y is called Fréchet differentiable at x € X if there exists an operator
J'(x) € L[X, Y] such that

lim IJ(x+d)—J(x)— T (x)dlly _o @
ldlx—0 ldll x

In this case, J'(x) is called the Fréchet derivative of J at x. If X > x — J'(x) € L[X, Y]is
well defined and continuous in a neighborhood of x then J is said to be continuously Fréchet
differentiable at x.
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2.2 Assumptions

Throughout this work we utilize the following standing assumption.

Assumption 2.1 (Standing assumption)

(a) The spaces Y and U are (real) Hilbert spaces.

(b) The set Q C R”" is a nonempty bounded polyhedron, i.e., a nonempty and bounded
intersection of finitely many closed halfspaces. We assume that Q possesses a nonempty
interior.

(c) The set Uyg C U is nonempty, closed and convex.

(d) The operator A € L[Y, Y*] is an isomorphism and B € L[U, Y*] is a linear bounded
operator. We denote by S := A~!B € L[U, Y] the control-to-state map.

(e) The functionals F: Q x Y x U — Rand f: Q x Y x U — R are assumed to be
bounded from below, convex and continuously Fréchet differentiable.

(f) The functional F and the partial derivatives of f satisfy some specific Lipschitz-like
properties on bounded sets, i.e. for every M > 0 there exists a constant Lj; > 0, such
that

[F (B, y1,u1) = F(B, y2, u2)| < Lag (Iy1 — y2lly + llur — uz2lly)
I £5(B1, y1, u1) = f5(B2, y2, u)llgn < La (181 = Ballrn + lly1 = y2lly + llur — uzlly)
£ (Br. S, u) — fi (B2, S@), )y < Lag 1181 — Ballge
I1f5(Br, S@), u) = £ (B2, S@), W)y« < Lyl 1 — B2l
hold for all B, B1, B2 € Q, y1,y2 € B (0) and u, uy, us € Upg N B (0).

(g) The reduced lower-level objective u — f (8, S(u), u) is assumed to be strongly convex
with respect to the control with constant x> 0 independent of 8 € Q, i.e.,

f(B, S(uz), uz)> f(B, S(uy), M1)+(fy/(-), S(ua—u1))+(f, (), Mz—ul)-i—%lluz—ul 1%

holds forall 8 € Q and uy, up € Uyq. Here, fy’.(-) and f; (-) denote the partial derivatives
of f w.r.t. y and u at the point (8, S(u1), u1).

2.3 Preliminary results

Let the optimization problem
min J(x)
xeX (OP)
st. glx)eC

be given, with continuously Fréchet differentiable mappings J : X — R, g : X — Y
between Banach spaces X, Y and C C Y being nonempty, closed and convex. A feasible
point x € X of (OP) satisfies the Karush-Kuhn-Tucker (KKT) conditions if

IeNcgx):  J@)+gxr=0. 3
If x is a local solution of (OP) which satisfies Robinson’s constraint qualification
g ()X —Re(gx) =7, 4)

then the KKT conditions hold, see [27] and [28, Theorem 3.9]. Due to Assumption 2.1, the
lower-level problem fits into the setting of (OP). The KKT system for the lower level for a
parameter S in a solution (y, i) then reads
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0= f{(B.5.0) + A*p,
0= f;(ﬁ75}"’7) - B*ﬁ—i_ﬁ’
0= Aj — Bi,

Ve NUad(ﬁ)s

(&)

where p € Y (we identify Y** with Y), b € U* are multipliers. Note that Robinson’s CQ is
satisfied due to the surjectivity of A. Thus, for a minimizer of the lower-level problem there
exist multipliers such that the KKT system (5) is satisfied.

We can now prove that the assumption of strong convexity for the lower level implies a
quadratic growth condition in the solution.

Lemma 2.2 For every B € Q, the lower-level problem (LL(B)) has a unique solution
(yg, ug). Moreover, the quadratic growth condition

w
F(B. Sw),u) = f(B, yp. up) + EIIM —uglly  Yu €Uy (6)
is satisfied with the parameter > 0 from Assumption 2.1(g).

Proof Existence of a solution follows from the direct method of calculus of variations. Note
that the boundedness of the minimizing sequence follows from the strong convexity.
Let (yg, ug) denote a solution of (LL(8)). Utilizing the strong convexity in the solution

(B, yp, up) yields
F(B.SW.w) = f(B. ¥ up) + (1)1 = ug) + (£(), S = up)) + 5 |u = upllf

for all u € Uyqg, where f;(-) and f)’,(-) denote the partial derivatives of f in (B, yg, ug). By
using the KKT conditions with multipliers p, v we obtain

Ot —ug) + (£, S@ —ug)) = (f10) + S* f1() u— ug)

= (fJ() = S*A*p.u — up)

= (f() — B"p.u—up)
=(—v,u—ug) >0 Vu e Uy.

The last inequality holds since v € Ny, (ug) and u € Uy. Hence, one gets the quadratic
growth condition (6). This also yields uniqueness of the solution. O

Next, we introduce the solution operator for (LL(B)).

Definition 2.3 We denote by W : O — Y x U the solution mapping of the lower-level prob-
lem which maps 8 € Q to the corresponding unique solution (yg, ug) given in Lemma 2.2.
We further denote by ¢¥ (8) € Y and ¥*(8) € U the components of W (). As an abbreviated
notation we introduce yg:=v”(8) and ug:=y* ().

We will now prove that the function W is globally Lipschitz continuous. Local Lipschitz
continuity follows already by [15, Lemma 3.1.6]. However, by Assumption 2.1(f) we have
a stronger assumption on the derivative of f. Thus, we can adopt the arguments from [15,
Lemma 3.1.6] to obtain global Lipschitz continuity.

Lemma2.4 Let X,V be Banach spaces, and let C C X, Q C V be nonempty, closed and
convex sets. Further, let J : X x V. — R and u > 0 be given such that for all p € Q,
the function J (-, p) is strongly convex with parameter |1 on the feasible set C and Fréchet
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differentiable. Then, the solution operator r : Q — X for the parametrized optimization
problem

min J(x, p)
X
s.t. xeC

exists and we have the estimate
1 (p2) — ¥ (pDlx < NILW(p2), p1) — JL(W(p2), pD)lix  Vpi, p2 € Q.

Proof The existence of ¥ follows by standard arguments for convex optimization problems
with strongly convex objectives. .

We now consider fixed elements p;, p» € Q and their corresponding unique minimizers
Y(pi) =x; € C,i € {l1,2}. The associated optimality conditions are

(Je(xi, pi), & —xi) =0 Vi e C. (N
If we now add these inequalities with the special choices ¥ = x3_;, we obtain the estimate
0 < (Jy(x1, p1) = Jy(x2, p2), x2 — x1)

< (Ji(x1, p1) — J.(x2, p1) + JL(x2, p1) — Ji(x2, p2), X2 — X1)

A

< —pllx2 = xi1lly + 17 (x2, p1) = Ty (2, p2)lixllxa = xillx-
In the last step, we have used the strong convexity of J (-, p1). Dividing the last inequality
by wllx2 — x1| x yields the claim. m]

Corollary 2.5 The function ¥ from Definition 2.3 is Lipschitz continuous on Q. Moreover,
there exists a constant My > 0 such that

IBllge ¥ By, I¥v*“B)lly <My VB € Q.

Proof We start by proving the boundedness. From Lemma 2.2, we get
w.o. Ay A
f (B, yp,up) + L uglly < f(B.S@),4) VB e Q

for a fixed &1 € Uyg. Further, f(-, S(@), &t) : R" — R is continuous, thus it is bounded on the
compact set Q. Hence, one has

73N
(B, yp,up) + 2l —uglh, <C VpeQ

for some constant C € R. Together with the assumption that f is bounded from below (see
Assumption 2.1(e)) we get an upper bound for ||[Y*(B) ||y = lluglly. This also allows us to
bound [|[¥Y(B)lly = IS BNy < ISIHIY*(B)|ly, since S is a linear bounded operator
by assumption. Since Q is bounded, 8 € Q is bounded as well. We choose My to be the
largest of the previously discussed bounds for ||B|lg:, |V (B)|ly and [|[¥*(B) -

In order to prove the Lipschitzness of ¥, we want to apply Lemma 2.4 to the state-reduced
lower-level problem, i.e., with the setting

x=u, C=Uq, p=h 0=0, Jx,p)=Jw,p) = f(B, Sw,u).

Assumption 2.1 yields that the assumptions of Lemma 2.4 are satisfied. From the chain rule,
we get

Je(u, B) = f,(B, S(), u) + S* f1(B, S(u), u).
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Now, Lemma 2.4 yields

I (B1) — v (Bl < p~! ( £ (B Y (B W (BD) — fr (B2, ¥ (B, ¥ (BD))]

U*

+ 1S 75 B v B W BD) = £3(B2 v BV (BD) )
Owing to Assumption 2.1(f) with M = My, this yields the desired Lipschitz continuity of
y*. Consequently, the Lipschitz continuity of ¥ follows due to the continuity of S. O

We can use this property to prove the existence of solutions for (OVR).
Theorem 2.6 There exists a solution for (OVR).

Proof The lower-level problem admits a unique solution. Therefore the solution operator
W of the lower-level optimization problem can be used to reduce (UL) to an optimization
problem in R":

n}gin FB, ¥ (B). ¥ (B)

st. Be.

By Assumption 2.1(e) F is continuous. Thus with the Lipschitz continuity of W it follows
that 8 +— F(B, ¥Y(B), ¥*(B)) is continuous. Moreover, Q@ C R" is compact by Assump-
tion 2.1(b). The existence of a solution follows from the celebrated Weierstrafl theorem.

O

We finally mention that more general results on the existence of solutions for bilevel
optimal control problems are given in [29]. In particular, our result is covered by the second
part of [29, Theorem 16.3.5].

In order to use interpolation error estimates, we prove regularity of the optimal-value
function ¢.

Corollary 2.7 The optimal-value function is Fréchet differentiable on the interior of Q and
the derivative is Lipschitz continuous.

Proof The differentiability of ¢ can be shown as in [15, Theorem 3.2.6]. This also yields
the expression ¢’(8) = fé (B, ¥ (B), ¥*(B)) for the derivative. By combining this with the
Lipschitz continuity of W (see Corollary 2.5) and Assumption 2.1(f), we get the Lipschitz
continuity of ¢’ on the interior of Q. O

3 Algorithm

In this section, we present an algorithm to solve (OVR) under the given Assumption 2.1. The
algorithm is similar to [25, Algorithm 1], with the main difference being the choice of the
function & which approximates the value function ¢. In that reference, the functions & were
defined via

m m m
Se) = min 1 pip@H[0 < py Y opi =10y pwix' =x
i=1 i=1 i=1
where X; = {x!,...,x™} C R" is a finite set. The sets X are assumed to be increasing

w.r.t. k and in order to achieve a uniform Lipschitz bound of & on Q, one has to require
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Q C intconv X1, see [25, Lemma 6.1, Example 6.1]. The reason for this extra assumption
is that it is not possible to a priori control the shape and size of the simplices on which & is
affine.

We use a different method and choose a subdivision 7; of Q (recall that Q is a bounded
polyhedron) into closed simplices. On each simplex T € 7, we define £&7: T — R as the
affine interpolant of ¢ in the vertices of T. The function &7; is obtained by combining &7
forall T € 7y, see (8) below. The advantage of this approach lies in the accessible way to
control the interpolation error [|§7 — || 1o () by refining the subdivision 7 to get sufficient
decrease in diameter for new simplices.

‘We mention that our approach does not require continuity of £7;. Therefore, we do not
need any special assumptions on the subdivision, in particular, we allow for hanging nodes.
In fact, it is enough to require

Ur=o

TeTy

Therefore, if we have two elements 7', S € 7; with T N S # (J, the values of &7 and &5 may
not agree on 7' N S. For the definition of 7, : Q0 — R, we choose

= . 8
§1.(B) Tma% §r(B) @
This definition of £7; ensures upper semicontinuity.

Lemma3.1 Let a simplex T C Q be given. Then, the interpolant &1 of ¢ satisfies the
interpolation error estimate

Cy ..
lo —&rlipeory < 7(;; diam(T)?,
where Cy, is the Lipschitz constant of ¢’ on the interior of Q, see Corollary 2.7.

Proof We define the error e := ¢ — &r. Since e is continuous, there exists z € T such that
le(2)| = llellLoo(ry- If z coincides with one of the vertices, we are done since e vanishes in
the vertices of 7. Otherwise, we can find a vertex p of T and ¢ > Osuchthatz £ep € T.
Since e attains its maximum or minimum in z, this gives ¢’(z)(p — z) = 0. Now, we use the
fundamental theorem of calculus to obtain

1
Izl poe 7y = le(2)| = le(p) —e(2)| = Vo e z+1(p—2)(p—2dt

1
/O [ +1(p—2) — @] (p— it

By using the linearity of £7, we can continue with

1
Izl Loo(ry = ’/0 [¢'c+1(p—2)—¢' @] (p—2)dt

| |
C
< [ etir— - @lw=ola = [ coip—clPa = Fip-aIF.
Using ||p — z|| < diam(T) finishes the proof. m}

The main idea in Algorithm 1 is to solve (OVR(§)) with & = &7; and to successively
refine a simplex on which a solution is found. In order for Algorithm 1 to be well-defined,
we need to guarantee the existence of global minimizers of (OVR(&, T')). This can be shown
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Algorithm 1 Computation of global solutions to (UL)

(S1) Let 77 be a subdivision of Q and select a parameter ¢ € (0, 1). Further, set k := 1.
(S2) Foreach T € 7y \ 7x— compute a global solution (87, y7, ur) of the convex optimization problem

énin F(B,y,u)

,y.u
st. BeT,
fB.y.u) —Er(B), (OVR(, 1))

Ay — Bu,

%

0

u € Uyg.

Select T, € arg minTGTk{F(ﬁT, yr,ur)} and define (B, yi, ug) = (,Bfk, YF ufk).

(S3) Compute ¢ (By). If f(Br, vk, ur) = ¢(Bx), then (Bk, yx, ux) is a global solution of (OVR) (and, thus,
of (UL)) and the algorithm terminates. Otherwise, we construct 7 1| from 7 by a refinement of Ty
such that diam(7') < ¢ - diam(7y) forall T € Tj41 \ 7.

by the direct method of calculus of variations. The boundedness of B follows from 8 € T
and the boundedness of (y, u) follows from f (8, y, u) < &r(B), cf. Assumption 2.1(g).

Under very mild assumptions we can show the convergence towards global minimizers
using Lemma 3.1.

Theorem 3.2 Algorithm 1 either stops at a global optimal solution of (OVR) or the computed
sequence (Bk, Y, ux) is bounded and contains a weakly convergent subsequence in R" x
Y x U to a global optimal solution of (OVR). Every weakly convergent subsequence of
(B, Yk, ux) converges strongly. If (OVR) has a unique global solution (B, v, it), then the
entire sequence (By, yk, ux) converges strongly to (B, ¥, it).

Proof The value function ¢ is convex and therefore £7;, (8) > ¢(B). Thus, the feasible set
of (OVR(&7;)) contains the feasible set of (OVR). If the solution (B, yk, ux) of (OVR(é7,))
is feasible for (OVR), it is globally optimal for (OVR). Hence, the stopping criterion of the
algorithm ensures that (B, yx, ux) is globally optimal for (OVR). It remains to discuss the
case where Algorithm 1 does not terminate. We denote by (8, ¥, it) a global solution of
(OVR). Then

F(Br, yi, ) < F(B, 3, ) (€))

by the same argument. The feasible set Q is compact by Assumption 2.1(b). This implies the
existence of N € R with ¢(B) < N for all B € Q. Therefore, the estimate

N > &7,(Be) = f(Br, Yk, ur) = f(Brs yp» up,) + %”Mﬁk —ugll?,

(where we used (6) in the last step) together with the boundedness of u g, shows the bound-
edness of u; in U. The boundedness of y; in Y follows from the properties of the linear
operators A and B. Therefore the sequence (B, yk, ux) is bounded by a constant M > 0
and contains a weakly convergent subsequence (without relabeling) (B, vk, uk)—\(;@, v, i)
in R” x Y x U. In particular, one has the strong convergence f; — S, since R” is finite
dimensional.

In order to estimate the distance between ¢ and its interpolant £7; , we use the interpolation
error estimate Lemma 3.1 on each simplex 7 € 7. To this end, we need to show that the
last step of Algorithm 1 ensures diam(7;) — 0. We proceed by proof of contradiction and
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assume v:=lim sup;_, o, diam(7y) > 0. Thus, the set 7y = {fk|k e N, diam(Ty) > v} is
infinite. Now there has to be at least one simplex Tp € 7; that strictly contains infinitely
many simplices from To, i.e., the set 7;:=(T € ’f?)’T C Tp} is infinite. These simplices are
refined at least once and thus we have diam(7") < ¢ diam(7p) for all T € 7. Again, one
simplex in 7; has to contain infinitely many of the simplices from 7; and we can repeat the
above argument. This leads to a contradiction as the diameter of the simplices is bounded
from above by ¢~/ diam(7p) and this contradicts the lower bound v > 0.
The interpolation error estimate in combination with diam(Ty) — 0 yields

¢(B) < f(B. 3. @) < Hminf f(Be. yi. ue) < Timsup £ (B, ye. ur) < lim sup 7, (B)

k— 00
c i A (10)
< lim sup (‘P(/sk) + diam(Tk)2> =¢(p).
k— 00 2

Note that we have used the sequential weak lower semicontinuity of f which follows from
convexity and continuity in Assumption 2.1(e). Thus, (10) yields feasibility of (/§ , ¥, i) for
(OVR). Similarly, F is sequentially weakly lower semicontinuous. Therefore, we can pass
to the limit k — oo in (9) and obtain

F(B,3,a) <liminf F(By, yx, ux) < F(B, 3, it). (11)
k—o00

This shows that (8, 9, ii) is a global solution for (OVR).

Next, we prove the strong convergence of y; and uy. Strong convergence of the control
up can be obtained by exploiting the quadratic growth condition from Lemma 2.2: Note
that yr = S(ux) by feasibility of (B, y, ur) for (OVR(E, T;)). Thus, Lemma 2.2 and the
Lipschitz continuity of fé (/§, -, ) from Assumption 2.1(f) yield

F By ur) = £ B yi ) + (f5B. e wi). B — B)
> £ B, vk ur) = I F5(B, i ) o 1 Bx — Bllen
> f(B. ye. ur)
— (5B, 3, s + Laally = Sy + Larllug = illy ) 18 — Bllzs
= f(B.5.i) + S lug = il = Cllpx — Pl (12)

Since (10) implies f (B, vk, ux) — f(,é, v, i) and since By — ,é, this inequality yields the
strong convergence u; — i in U. The continuity of the solution operator S now implies
strong convergence of the states.

If the solution to (OVR) is unique, the convergence of the entire sequence follows from a
usual subsequence-subsequence argument. O

An important ingredient of Algorithm 1 is the refinement of the simplices in (S3) such
that the property diam(7) < ¢ diam(7T}) is obtained. In the two-dimensional case O C R2
this can be done by splitting the triangle T} into 4 similar triangles by using the midpoints of
the edges. However, already in three dimensions this is not straightforward since a general
tetrahedron cannot be divided into similar tetrahedrons. In particular, a regular tetrahedron
cannot be split into smaller regular tetrahedra. One, however, can use hypercubes to construct
a method of refinement that ensures that the diameter decreases sufficiently.

Lemma 3.3 For every (finite) subdivision 11, there exists a constant g € (0, 1) such that the
refinement in (S3) of Algorithm 1 is always possible.
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Proof We first describe the splitting of reference simplices and then use a linear transforma-
tion to apply the procedure to an arbitrary simplex.

Let S,, denotes the permutations of {1, 2, ..., n}. We consider the hypercube [0, 1]" and
a permutation 7 € S,. Then T;:={x € R" |0 < Xz) < -+ < Xpm =< 1} describes a
simplex. For each point x in the hypercube there exists at least one permutation 7 for which
the definition of 77 is consistent with the “<”-ordering of the components of x, i.e., x € Tj.
Therefore Unes,, T, = [0, 1]". If we consider a point x € [0, 1]* with x; # x; for all
i # j, then there exists only one permutation 7 such that x € 7, since the components
of x have a uniquely determined order. Furthermore, those points are dense in [0, 1]” and
this implies that two simplices constructed with two different permutations cannot have a n-
dimensional intersection. Moreover, different simplices 7;; can be matched by a permutation
of the coordinates.

The hypercube can be split into 2" smaller cubes. By dividing these smaller cubes again
into simplices, we arrive at

Tl:={x € R”|0 < Xp) —lr) < 0 S Xpy — try < 0.5} C 1 +[0,0.5]",  (13)

where we consider all possible ¢ € {0, 0.5} and & € S,,. We observe that these simplices
are the translated and scaled versions of T . In particular, we have 7)) = lTn + 1.

We argue that forall 7 € S, and ¢t € {0, 0.5}", there exists 7 € S,, with T; C T;. Indeed,
for x € T;, the coordinates x; with #; = 0 are smaller (or equal) than the coordinates x;
with #; = 0.5. Further, we have xz(;,) < Xz() if tz() = tz() and iy < iz. Thus, we can
construct 77 by first taking the indices 7 (i) with #;;, = 0 and afterwards the indices 7 ()
with #;(;) = 0.5. This implies that every T can be divided into 2" smaller simplices T;((',))
withi =1,...,2". _

Each vertex of T} is a vertex of the original hypercube [0, 1]* and each vertex of T; ((I,: is
a vertex of the smaller cube @ + [0, 0.5]". Since these two cubes share exactly one vertex,
at most one vertex of the divided simplex T; ((',.)) is a vertex of Ty .

Finally, we map each simplex T € 77 to T,; for some fixed 7 € S, by an (invertible)
affine transformation ar : T — T. The first part of the proof shows that 7}, can be divided
into smaller simplices. By applying the inverse transformation a, ! we get a subdivision
{T; |i =1,...,2"} of T. For the children of T, we reuse the transformation a7. Thus, only
finitely many shapes appear for all the descendants of 7. Since the diameter of a simplex is
only attained at pairs of vertices and since each child 7; shares at most one vertex with 7 we
find g7 € (0, 1) with diam(7;) < gr diam(T) foralli = 1, ..., 2". In subsequent iterations
the affine transformations applied to the simplices of the initial subdivision can be reused for
the respective children. The number of affine transformations and reference shapes is finite.
Thus, the procedure introduces at most k = 2"*|7;| pairings of shapes and corresponding
transformations, with their own scaling factors gx € (0, 1). We cansetg = maxx(qx) € (0, 1)
and the described refinement strategy complies with step (S3) of Algorithm 1. O

Remark 3.4 The refinement technique of Lemma 3.3 always generates hanging nodes. The
presented method is consistent with splitting a triangle into 4 similar parts using the midpoints
of the edges. As a side effect the method from Lemma 3.3 also provides a lower bound on
the aspect ratio and maintains some shape regularity of the initial subdivision. In higher
dimensions there might exist more advanced methods of refinement.

After we have proven the convergence of Algorithm 1, we want to get an estimate on the
convergence speed. We establish a preliminary result on the error in the upper-level objective
induced by the approximation &7 of ¢.
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Lemma3.5 Let T be a subdivision of Q. For T € T and any feasible point (B, y, u) of
(OVR(&, T)) we have

C
|F(B,y,u) = F(B, yg, ug)| < Lyy(1+ IISII)‘/ﬁ diam(7’), (14)

where (yg, ug) is the solution of the lower-level problem associated with the parameter B,
see Definition 2.3, and C, is the Lipschitz constant of ¢', see Corollary 2.1. Moreover; the
constant M > 0 (defined in the proof) is large enough, such that the norms of B, y, u, yg
and ug are bounded by M.

Proof We use the quadratic growth condition from Lemma 2.2 to obtain

w 7
Er(B) = f(B,y,w) = f(B,yp up) + S llu —ugllyy = 9(B) + = Iu — uglly.

Next, we apply the interpolation estimate Lemma 3.1 to get

C, diam(7)?

Lm(). (15)
"

In order to apply the Lipschitz assumption from Assumption 2.1, we define M := My +
max{1, [|S]|},/Cy/un diam(Q) where My is given in Corollary 2.5. Due to (15), all quantities
are bounded by M. Thus,

[F(B,y,u) — F(B, yp. up)| < Ly ([|Su — Suglly + llu —uglly)
< Ly (I +[ISIDIe — uglly

< Lu(+ ||S||>,/% diam(T).

Theorem 3.6 Let T be a subdivision of Q and suppose that the upper-level objective func-
tional satisfies a quadratic growth condition for a solution (B, y, u) of (OVR) in the sense
that

2
llu —uplly <

m}

F(B.yg.up) = F(B.5.1) + GIIB — Bl VB € Q (16)
holds for some constant G > 0. Let T € T be an element satisfying the condition
G _
diam(7T) < dist(T, B)>. (17)

C,
L1+ 1151y
Then, for any feasible point (B, y, u) of the relaxed problem (OVR(&, T')) we have
F(B,y,u) > F(B, 3, ).

The constants appearing in (17) have the same meaning as in Lemma 3.5.

Proof Let T € 7 satisfy (17) and let (B, y, u) be feasible to (OVR(&, T)). By using the
quadratic growth condition (16) and Lemma 3.5 we obtain

F(ﬂ’y$u)_F(/§7.)_}’l’_l):F(ﬂ’yﬂvuﬂ)_F(Bsy’l’_‘)"f_F(ﬂvy’u)_F(ﬂvyﬂauﬂ)

> Gl - BlEs — Lu(1 + ||S||>,/%diam<T> (18)

> G||B — Bk — Gdist(T, B)* > 0.

This shows the claim. O
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Remark 3.7 We give some interpretation of Theorem 3.6. Let (8, ¥, it) be a solution to (OVR)
satisfying the growth condition (16). Let T € 7 satisfy (17) and let (8, y, u) be a feasible
point of (OVR(&, T)). Further, let T € Thbea simplex with 8 € T. Then, a solution
(B7, y7,ufs) of (OVR(§, T)) satisfies

F(B,y,u) > F(B,y,it) = F(B7, yf, ug).

Hence, Algorithm 1 will never refine the simplex 7' and, consequently, this simplex will be
ignored in the subsequent iterations of the algorithm.

Theorem 3.6 also has a quantitative implication. We consider a subdivision of Q into
simplices of diameter 4. According to (17), the minimizer B cannot occur in simplices T
with & > Cdist(T, B)z, with some constant C > 0. That is, we only have to consider
simplices with dist(T, 8) < /h/C. The number of simplices satisfying this condition is
roughly of the order h"/>~" = h="/2,

If we are able to improve (17) to diam(7) < C dist(T', 8)* for some « € [1, 2), see the
discussion below, this number of simplices improves to 2"~/ 1In particular, in the case
o = 1, we expect a constant number of simplices.

Remark 3.8 There are two possibilities to improve condition (17). First, if one has a stronger
growth condition for the upper-level objective functional, i.e.,

F(B,yp,up) > F(B.y.i) +G|B—BlE. VBeQ (19)

for some « € [1, 2), then we can use dist(T, B)¥ instead of dist(T, B)? in (17), cf. (18). In
particular, @ = 1 might be possible if B is located on the boundary of Q or if the reduced
objective is non-smooth at 3.

Second, we can improve Theorem 3.6 if F' (B, ¥, i) = 0. For simplicity, we discuss the
case that F is quadratic, i.e.,

F(B,y,u) = F (B, yp, up) + F'(B, yg, up) (B, y, u) — (B. yp. up))

L, ) (20)

In particular, the second derivative is constant. Together with the Lipschitz continuity of F’
and W (see Corollary 2.5), we readily obtain

IF' (B, g, up)llgnsyxve = 1 F' (B yp. up) — F'(B. 3. i) g ysxu+ < CIIB — Blign-
Using this estimate and (15) in (20), we find

|F(B.y,u) — F(B, yg.up)| < C||B — Bligs diam(T) + C diam(T)*
< Cdist(T, B) diam(T) + C diam(T)>.

By using this estimate in (18), we see that (17) can be replaced by diam(7") < c dist(7, B) for
some ¢ > 0. Note that F' (8, ¥, it) = 0 is highly restrictive. However, the positive influence
on the convergence speed can already be expected if the first derivative of F is close to
zero in the solution. The approach can be applied to non-quadratic objective functionals F
by replacing (20) by a Taylor expansion and requiring that || F”|| is bounded on bounded
subsets.
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Algorithm 1 can still be sped up substantially without additional restrictions. In (S3), we
have to evaluate ¢ (B ), and for this purpose we calculate the lower-level solutions (yg, , ug, ).
Therefore (B, yg,, upg,) is a feasible point of (OVR) and, thus, F'(B, yg,, ug,) is an upper
bound for the minimal objective value of (OVR). On the other hand, the computed values
F(Br,yr,ur) for T € 7T are lower bounds for the possible objective value of (OVR)
restricted to 7. Hence, all elements T € 7 with F(B7, yr,ur) > F(Bk, yg,» upg,) cannot
contain a solution of (OVR) and can be ignored in later iterations. Furthermore, the simplices
can be sorted by F(Br, yr,ur) and multiple simplices may be refined in each iteration.
This results in a larger number of auxiliary problems which have to be solved in the next
iteration (recall that (OVR(§)) has to be solved on refined elements only). These problems
are independent of each other and can be solved in parallel.

Finally, we demonstrate that in most cases, the value-function constraint in (OVR(§)) will
be satisfied with equality. To study the issue we introduce the problem

min  F(B, y, u)
B.y.u
st. Ay — Bu =0, 2D
:3 € Qv ue Uad~

This problem is a relaxation of (OVR), since we neglected the optimality of (y, u) for the
lower level. We expect that this problem has a smaller optimal value than (OVR).

Lemma 3.9 Suppose that the infimal value of (21) is smaller than the infimal value of (OVR).
Let (B, yk, ux) be defined as in Algorithm 1(S2). Then, the constraint f(Bk, yk, ux) <
ka (Br) is satisfied with equality whenever k is sufficiently large and &7, is continuous at .

Proof Let (B , ¥, it) be a global solution for (21). Note that global solutions (8, , i) to (OVR)
are not globally optimal for (21). The construction of the sequence (B, y, ux) according to
Algorithm 1 yields a monotomcally increasing sequence F' (B, yk, ux). By Theorem 3.2 one
gets F(Br, yk, ur) — F(,B v, i) = F(,B y, u). Due to F(ﬂ y, i) < F(,B y, u), we have
F(ﬂ, v, u) < F(Bx, yk, ux) for sufficiently large k.

We argue by contradiction and assume that f (B, yi, ux) < “g‘fk (Br) for some large k
for which &7; is continuous at B;. We consider a convex combination (1 — s)(Bx, yk, uk) +
s(,f?, y, i), s € (0, 1), and check that it is a feasible point of (OVR(£7;)) for s small enough.
The constraint Ay = Bu is linear and the admissible sets Q and U,q are convex. Moreover,
since f is continuous (see Assumption 2.1) and since £7; is continuous by assumption, we
have

£ =$)Be, yie, u) +5(B, 5, @) < 7 (1 — )P +sB) Vs € (0, ¢]

for some ¢ > 0. Now the convexity of the upper-level objective functional F (see Assump-
tion 2.1(e)) implies

F((1 = 5)(Bi yis w) + s (B, 3, @) < (1 = $)F (B, yi, w) + s F(B, 3, @) < F(By, yi, ux)
for all s € (0, €]. This contradicts the optimality of (Bk, yx, ux) from Algorithm 1 (S2). O
Note that the piecewise linear function £7; is continuous if the triangulation 7; does not

possess hanging nodes. Otherwise, it might be discontinuous at all facets containing hanging
nodes.

@ Springer



1040 Journal of Global Optimization (2023) 86:1025-1061

Algorithm 2 Computation of global solutions to (UL) with penalty approach
(S1) Let 7] be asubdivision of Q and select a parameter g € (0, 1) and a non-decreasing function P: R — R
with P(0) = 0. Further, set k := 1.
(S2) For every simplex T € 7y, choose yx 7 > 0 and compute a global solution (B 7, yk, 1. uk,7) of the
optimization problem

Enyirz FB,y,u) + v, P(f(B,y,u) —&7(B))

st. BeT, (OVRP(T, yk.1))
0 = Ay — Bu,
u € Uy.

Select

Ty € argming 7, {FBe,7. ve.7 uk,7) + Vi, 7 P(f Bie, 72 v, ke, ) — E7 Br, 1))}

and set (B, i, k) = By 7> Vi 7o Ui 7))+

(S3) Compute ¢ (By). If f (B, vk, ur) = ¢(Bx), then (Bk, yi, ux) is a global solution of (OVR) (and, thus,
of (UL)) and the algorithm terminates. Otherwise, we construct 7| from 7 by a refinement of Ty
such that diam(7) < ¢ - diam(7) for all T € Ty \ Zx. Setk := k + 1 and go to (S2).

4 Penalty approach

The subproblems (OVR (&, T')) presented in Algorithm 1 are already subject to convex con-
straints, however, the nonlinear inequality constraint f (8, y, u) < &(B) still may introduce
difficulties when implementing the solution algorithm. In particular, this constraint is of a
rather unusual form in an optimal control context, see Sect.5. Using a penalty method for
this complicated constraint the treatment of the subproblems (OVR(&, 7)) can be simplified
since this inequality constraint is incorporated into the objective functional. Any additional
error that is introduced by the penalty approach has to be compared to the error induced by
the relaxation of the problem with the affine interpolation of the optimal-value function.

By replacing the subproblems in Algorithm 1 with a penalty approach, we arrive at Algo-
rithm 2 for which we now provide some further comments. In a classical penalty method
the penalty parameter depends only on the iteration counter k. In Algorithm 2, we allow an
additional dependence on the simplex 7. Indeed, if yx 7 is independent of k, it is sufficient
to solve the auxiliary problems (OVRP(T, yx 7)) only on the new cells T € 7y1\7Zk. Oth-
erwise, we would need to solve these problems on all cells in each iteration. The stopping
criterion in (S3) is justified in the first part of the proof of the upcoming Theorem 4.2.

Lemma 4.1 Let the penalty function P: R — R be non-constant, non-decreasing and con-
vex. Then, for every simplex T C Q and yx, 7t > 0, the problem (OVRP(T , yk.1)) possesses
a solution.

Proof From the monotonicity and convexity of P, we get P(s) — oo for s — o0.
For a minimizing sequence (B, yk, uk), the boundedness of B follows from By € T.
Since F is bounded from below by Assumption 2.1(e) and since yx,7 > O, the expres-
sion P(f(Bk, Yk, ux) — &7 (Br)) is bounded from above. Due to the properties of P, the
sequence f(Bk, Yk, ux) is bounded from above. Thus, the boundedness of (yi, ui) follows
from Assumption 2.1(g). Now, the remaining part of the proof is clear since the objective is
continuous and convex, hence, weakly sequentially lower semicontinuous. O
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4.1 Standard penalization

We first prove the convergence of Algorithm 2 for a typical penalty function P.

Theorem 4.2 Let the penalty function P: R — R be monotone and convex, such that P (s) =
0foralls < 0and P(s) > 0 foralls > 0.Ify, j — o0, Algorithm 2 either stops at a global
optimal solution of (OVR) or the computed sequence (Bi, Yk, ux) is bounded and contains
a weakly convergent subsequence in R" x Y x U to a global optimal solution of (OVR).
Every weakly convergent subsequence of (Bk, Yk, ur) converges strongly. If (OVR) has a
unique global solution (B, 3, it), then the entire sequence (Bx, Vi, ux) converges strongly to
B,y u).

Proof A global solution (B , ¥, u) to (OVR) is feasible for (OVRP(T, yx 7)) if 5 e T.By
definition of (B, yk, ux) and the assumed properties for the penalty function P one obtains
the estimate

F(Br, vk ur) < F(Br, v ur) + vy 7, P (f Bies yi» uk) — &5, (Br))
< FBir. vk ukr) + ver P(f Bt v ukr) — Er(Br))  (22)
< F(B.y.0).

If Algorithm 2 terminates in (S3), then the condition f (Bk, yk, ux) = ¢(Bx) implies feasibility
of (Bk, yk, ux) for (OVR) while (22) ensures global optimality.

It remains to check the case that Algorithm 2 does not terminate. From (22) and Assump-
tion 2.1(e) we get a constant C > 0 such that

F(B.5.@) = F(Be. ye w) _ C
yk,fk B yk,fk

P(f Br yk» w) — &5, (Br)) <

— 0. (23)

Using that P is non-decreasing and that ETk (Br) is bounded from below (since ¢ is bounded
from below on Q), we get that f(Bk, yk, ux) is bounded from above. From Lemma 2.2 we
get

"
S By ) = f B v up) + 5 luw — ug, 7.

Since f is bounded from below and since ug, is bounded by Corollary 2.5, we obtain the
boundedness of u; in U. The boundedness of the solution operator S then implies bound-
edness of the state yy = Suy in Y. Thus, the sequence (Bx, yk, ux) is bounded and contains
a weakly convergent subsequence (without relabeling), (Bk, vk, uk)—\(B , ¥, it). The param-
eter B converges strongly because § € Q C R” is finite dimensional. It remains to check
optimality of the weak limit (ﬁ, 9, 1) and the strong convergence.

From (23) we obtain lim sup;_, o, ' (Bk, Yk, uk) — ETk (Br) <0.

Arguing as in Theorem 3.2, we have diam(7}) — 0 and together with the interpolation
error estimate Lemma 3.1 we get

0< likrgioléf (f Bres yi» ur) — 9(Br)) < limsup (£ Bk Yk uk) — ©(Br))

k— 00

C _
< limsup (£ (Be. ye. 16) = &5, (B) + = diam(T})?) = 0.

k— 00

In particular, we have f(Bk, yk, ux) — @(Br) — 0. This implies
0= f(B. 5 &) =) = lim (f(Be v we) = ¢(Be) = 0.
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Therefore, (B, 9, ii) is feasible for (OVR) and f (B, yk, ux) — f (B, ¥,i) holds. Then
we can argue as in (12) and obtain strong convergence for the control u. Since the solu-
tion operator S is continuous, this proves the strong convergence of the subsequence
(Br, vk, ux) — (B, 9, ii). Finally, due to

F(B.3.0) = Jim F(Be. ye. u) < F(B. 3. )

we know that (B, v, 1) is a global minimizer of (OVR).
Analogous to Theorem 3.2, the usual subsequence-subsequence argument can be used to
obtain strong convergence of the entire sequence if the solution to (OVR) is unique. O

Remark 4.3 We observe from Theorem 4.2 that it is sufficient to have the penalty parameter
vk, 1 being solely dependent on the simplex 7. A possibility is the choice yx, 7 = v(diam(7"))
with a function v satisfying v(t) — oo for + — 0. A direct benefit is that the solution of
the subproblem on a fixed simplex is now independent of the iteration and only needs to be
carried out once, as in Algorithm 1. In analogy to Algorithm 1 a refinement strategy that
ensures the validity of step (S3) in Algorithm 2 is given in Lemma 3.3.

4.2 Direct penalization

The problem (OVRP(T', yx, 7)) can be simplified by introducing a direct penalization P = Id.
For a general optimization problem this could lead to the objective being unbounded from
below. Our constraint f (8, y, u) — &7 (B) cannot be arbitrarily negative, as we already have a
lower bound for f (B, y, u) by Assumption 2.1(e) and an upper bound for £7 () by the largest
value of ¢(B) on the bounded set Q. However, using a direct penalization has implications
on the choice of the penalty parameter. The difference between the lower-level objective
functional and the interpolation of the optimal-value function f (8, y,u) — &r(B) can be
negative. Thus, arbitrarily increasing the penalty parameter does not work. If the choice of
penalty parameter is too large it simply encourages choosing a point, where the approximation
quality of &7 is close to worst. The penalty parameter y needs to be set specifically for each
simplex.

Corollary 4.4 We consider Algorithm 2 with P = 1d and we assume that the penalty param-
eters satisfy

vi, = 00, yj, diam(T3)> — 0
as k — oo. Then, (Bk, yk, ux) contains a strongly convergent subsequence and all accumu-

lation points are globally optimal for (OVR). If (OVR) admits a unique global minimizer
(B, y, i) then the entire sequence (B, Yk, ur) converges strongly towards this minimizer.

Proof The argumentation follows the lines of the proof of Theorem 4.2. Therefore, we just
comment on the differences. The interpolation error estimate Lemma 3.1 allows for a lower
bound for the violation of the constraint, i.e.

Cy .. -
S B, yier ur) = &5, (Br) = ¢(Br) — &7, (Br) = —%} diam(7;)*. (24)
When using P = Id, an upper bound follows as in (23) and we have

F(B.5.a) — F(Br. ye. u) _ Cr
Vi Rz

S Bres Y ur) — &7, (Br) = (25)
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We can now argue as in Theorem 4.2 and obtain (Bg, vk, ux) — (,é, v, i) along a sub-
sequence, where (8, 3, i) is a feasible point of (OVR). In order to achieve optimality of
(B, y, ), we combine (24) and (25) and obtain

F(Be ye ) < F(B, 5, @) + —F yg diam(To)* > F(B, 5, i) +0,

which implies F (B, §, &) = limg— 0o F(Br, &, uk) < F(B, ¥, it). The remaining part of the
proof follows the proof of Theorem 4.2. O

The next lemma addresses the continuous dependence of the solution on the penalty
parameter.

Lemma 4.5 We suppose that F (-, S(u), u) is strongly convex (w.r.t. B) with constant j1g >
0, independent of the control u. Then, (OVRP(T, y)) with P = 1d has a unique solution
(By, yy,uy) forall y > 0. Further, let 0 < y, < yr < oo and yq < y. Then,

1Byr = Bypllre + lluyy —uplly < Cugyuyrlyr — 71

Proof The existence of a solution to (OVRP(T, y)) follows from Lemma 4.1. For y, < y,
the strong convexity of f implies that the reduced objective of (OVRP(T, y)) is strongly
convex w.r.t. u with constant y,u on the feasible set. This gives uniqueness of the state
vy = S(uy,) and of the control u,, . With the additional assumption on F', we get the uniqueness

of B,.
Next, we want to apply Lemma 2.4 to the state reduced variant of (OVRP(T, y)), i.e., we
apply the setting

x=Bu), C=TxUg, p=y, 0=Iya ),

J@x, p)=J((B,w),y) :=F(B,Sw),u)+y(f(B,Sw),u) —&r(p)).
Assumption 2.1 ensures that the assumptions of Lemma 2.4 are satisfied. Thus, Lemma 2.4
implies
185 = Byrllier + 1ty =ty Iy < Cugru 1By ), 9) = T By ), v s
Now, the derivative J}((8, u), y) contains the two components

Fu(B, S(u), u) + S*Fy(B, S), u) + y (f,(B, S(w), u) + S* (B, S), u)).

Thus, the above estimate implies

1By = Byrllgn + lup =yl < Cuyyal? = vrl (Croyr + Cay) s

with
ClvVT = ”f/f;(ﬂVT’ S(MJ/T)’ M)/T) - S}(ﬂ)/T)“R"a
Coyr = I fuByrs SCyp) s ttyr) + S* 1 By SCttyy), typ) lys-
This shows the claim. O

The problem (OVRP(T, y7)) is a relaxation of (OVR(&, T')) and consequently the objec-
tive functional attains a smaller minimal value and represents a lower bound to the minimal
objective value of (OVR (&, T)). Since this lower bound depends on the chosen penalty param-
eter yr, we try to adjust this parameter to obtain the largest possible lower bound. We will now
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show that it is reasonable to aim for a choice of the penalty parameter such that the equality
fByrs Yyr» tyr) = &(By;) holds for the solution (B, , yy;, ;) of (OVRP(T, yr)). In the
expected case where no solution to (21) is feasible for (OVR), this specific penalty parameter
results in the largest possible minimal objective value for (OVRP(T, y7)).

Lemma 4.6 Let the state reduced functional F be strongly convex with respect to B with
constant g independent of the control u. Let a simplex T be given and, again, P = 1d.
Further, we assume the existence of B € T with ¢(B) < &r(B). For y > 0, we denote a
solution to (OVRP(T , y)) by (By, yy . uy).

(a) If f(B, ¥, i) < &r(B) for one global solution (B, ¥, it) to (OVRP(T , 0)) then the choice
yr = 0 yields the largest minimal objective value for (OVRP(T, yr)).

(b) If (B, 3, 01) > &r(B) for all global solutions (B, ¥, it) to (OVRP(T , 0)) then there exists
yr > Osuchthat f(Byr, Yy, yr) = E7(By;) and this choice of yr results in the largest
minimal objective value for (OVRP(T, yr)).

The existence of 8 € T with ¢(8) < &r(B) is equivalent to ¢ being not affine on 7. Thus,
this assumption is not very restrictive.

Proof

(a) For any y > 0 we have

F(By, Yy uy) +y(f(By, vy, uy) —&r(B) < F(B,3,0) +y(f (B, 5, &) — Er(B))
< F(B, 7, ).

Hence, the infimal value of (OVRP(T, y7)) is maximized for yr = 0.

(b) We prove the existence of yr > 0 with f(B,,, yyr, tty;) — &7 (By;) = 0 by the interme-
diate value theorem. Therefore, we have to provide penalty parameters y 7, yr > 0 with
FByreyyruiyr) —Er(Byr) = 0and f(By, . vz uz) — Er(By;) < 0. The required
continuous dependence w.r.t. y > 0 follows from Lemma 4.5.

We first construct y7. By assumption F is bounded from below by a constant C € R
and there exists a 8 € T, such that 9(8) = f (B, yg, ug) < &r(B). Thus, we can choose
yr > 0 such that

F(B,yg,up) +yr(f(B,yp.ug) —ér(B)) < C. (26)

It follows that f(By,, Yy, up;) — 7 (By;) < 0.
The existence of yr is proven by contradiction. Assume that there is no y > 0 with

F By, yysuy) —&r(By) = 0. For y N\ 0, the bound f(By, yy,uy) < ér(By) and
the quadratic growth condition from Lemma 2.2 imply boundedness of the control u,,
whereas the continuity of the solution operator yields boundedness of the state y, =
Su, . The parameter B8, € T is bounded as well. Thus, one obtains the existence of
a weak accumulation point (B, y, i) for y N\ 0. It is clear that (8, ¥, it) is feasible for
(OVRP(T, 0)) and we show that it is even a solution. By optimality, we get the inequality

FBy. vy uy) +v(f(By, vy, uy) —Er(By) < F(B, 5, i) + vy (f (B, 3. ii) — Er(B))

and

lim y (f (By. vy uy) = &1 (By) = lim y(f(B, 5, @) —&r(B) =0
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follows by boundedness of f(B,, yy, u,). Thus,
F(B,y, i) < li;n\i‘gf F(By, vy, uy) < F(B, 3, 1),

where we take the limes inferior along the weakly convergent subsequence. Thus,
(B, y,i) is a solution to (OVRP(T,0)). Similarly, passing to the limit inferior in
F By, vy, uy) — Er(By) < 0 yields f(B,3,i) — & (B) < 0. This contradicts the
assumption and yields the existence of y 7.

By the intermediate value theorem, we conclude the existence of yr > 0 with
f(ﬂ}/]‘s Yyr» M)/]‘) - ST (;3)/]') =0.

It remains to prove that this choice of yr results in the largest infimal objective value for
(OVRP(T, yr)). Itis clear that f(B), y,, u,) —&r(B,) is non-increasing w.r.t. y. Thus,
it follows with Lemma 4.5 that

{YT € [0, OO)‘f(ﬂyrﬂ Yyrs u)/T) - ET(ﬂyT) = 0} = [J/m J/b] C R+'

For yp < y1 < y2, we have f(B),, yy,, uy,) — &7 (By,) < 0 and, thus, the optimality of
(Bya» Yy s tyy) Tor (OVRP(T, y)) implies

F(ﬂ}q s Yy u}/]) + Y1 (f(/gw s Yy uyl) - ET(ﬂyl))
> F(ﬁ)/] s Yyrs MJ/1) + VZ(f(IB)/l s Yy u}/l) - ST(ﬂyl))
2 F(ﬁ)/zs y)/zv u)/z) + )’2(f(5y27 y}’z: uyz) - ST(ﬂyz))'

It follows that the objective value of (OVRP(T, y)) is monotonically decreasing for
y > yp and, similarly, one can show that it is monotonically increasing for y < y, and
constant on [y,, y»]. Thus, all yr € [y4, y»] maximize the minimal objective value of
(OVRP(T, yr)). O

In general it is not possible to check which case of Lemma 4.6 applies. However, the
proof suggests that after solving (OVRP(T, y)) the value f(B,, y,,uy,) — &ér(B,) can be
checked to infer whether the choice of the penalty parameter y was adequate, too small or too
large. Furthermore, when splitting the simplices in Algorithm 2, the approximation &7 of the
optimal-value function ¢ cannot increase in any point § € Q. Together with the feasibility
of the solution to the refined problems for the problem on the original simplex 7', this yields
that the minimal objective value may only remain constant or increase if the same penalty
parameter yr is used for a subproblem. We therefore suggest starting with y = 0 and then
using a heuristic to find a yr. The refined problems can inherit the parameter yr as a starting
point instead of zero. This approach covers both cases of Lemma 4.6 without the need to
calculate all solutions of (21). Once a yr is found such that f(B,, y,, uy) —&r(By;) > 0
one can be sure that all subproblems are of case Lemma 4.6(b), because £ is decreasing with
further refinement of the simplices.

Lemma 4.7 Let the state reduced functional F be strongly convex with respect to B with
constant jug independent of the control u. Let a simplex T be given and, again, P = 1d.
Further, we assume the existence of B € T with ¢(B) < &r(B). For y > 0, we denote
a solution of (OVRP(T,y)) by (By, yy,uy). Let the penalty parameter yr be chosen as
described in Lemma 4.6, i.e., we have one of the following cases:

(a) yr =0and f(B, 3, 0) < &r(B) for one global solution (B, ¥, it) of (OVRP(T , 0)),
(b) yr > 0and f(Byr, Yyr, tyr) = Er(Byp).

@ Springer



1046 Journal of Global Optimization (2023) 86:1025-1061

Then, the point (B, ¥, i) or (Byrs Yyr» Uyp), respectively, is a solution of (OVR(&, T)) and yr
is a multiplier corresponding to the constraint f (B, y, u) < &r(B) in the optimality system
for (OVR(§, T)).

Proof First, we consider the case yr > 0. Note that (Byrs Yyr» uy) is feasible for
(OVR(&, T)). We denote by (87, yr, ur) a solution of (OVR(&, T)). Then, the optimal-
ity of both points, f (B, yr,ur) < &(Br) and f(Byy, Yyr, ttyy) = E(Byy) yield

F(Byrs yyrsuyy) = F(Br, yr.ur) = F(Br, yr,ur) + yr(f(Br, yr,ur) —&(Br))
2 F(ﬁ]/]‘i y}/T7 u}/T) + )/T(f(IByT’ y]/Ta MJ/T) - g(ﬂ}/T))
= F(Byrs Yyr» tyr)-

This shows f(Br, yr,ur) = §(Br) and F(By;, yyr, uy;) = F(Br, yr,ur). Hence, the
triple (Br, yr, ut) solves (OVRP(T, yr)) and, by the uniqueness of the solution, the solution
is (Br, yr,ur) = (ﬂ}/rv Yyrs u}/T)~

Thus, (By;, yyr,uy;) is globally optimal for (OVR(&, T')). The optimality system of
(OVRP(T, yr)) can be interpreted as the KKT system of (OVR(, T')) and the parameter y7
in (OVRP(T, yr)) becomes a Lagrange multiplier in the KKT system of (OVR(&, T')). Note
that Lagrange multipliers for (OVRP(T, yr)) exist since the CQ by [27, 30] is satisfied.

Finally, we consider the case yr = 0. Due to f (B, 7, i) < &r(B), the point (B, 7, ii) is
feasible for (OVR (&, T)). Since (OVRP(T, 0)) is arelaxation of (OVR (&, T')), this shows that
(B , ¥, i) is a solution of (OVR(&, T')). The interpretation of y7 as a multiplier is analogous
to the case yr > 0. O

This lemma shows that the problem (OVR(&, T)) is equivalent (in some sense) to
(OVRP(T, yr)) for the “optimal” value of y7, cf. Lemma 4.6. In the application we have
in mind, the structure of (OVRP(T', yr)) is much nicer, since the “complicated” function f
appears in the objective and not in the constraints.

5 Parameter identification in an optimal control problem

In the previous section we discussed how a global optimal solution for (OVR) can be found
using Algorithm 2. However, so far we did not introduce a solution scheme for the sub-
problems (OVRP(T, yk r)). In this section we will show that for a special problem class the
advantage of the direct penalization (see Sect.4.2) is that the semismooth Newton method
can be used to solve the subproblems.

5.1 Problem formulation and properties

We consider the bilevel optimization problem with the lower-level problem

n

. 2 2%} 2 o] 2
min Slo,y,uy:=) —ICiy —ya.ill + = llull
o

st. Ay—Bu=0,
u € Uy,

and upper-level problem
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min B,y 0=y = ynlZaggy + 2l — 2 gy + 2l
aeR?, yeHl (Q), uel2(Q) 2 2 2
s.t. a € Q,
(y, u) solves (LL(x)).

(UL)
As an underlying assumption let oy, 07, 6o > 0, Y, Ya.i, Um, € L3(2), where Q C R is an
open and bounded set. Moreover, let Qy := [ay, b1] X - - - X [a,, b,] constitute a box con-
straint on o, where a;, b; € Rsatisfies0 < a; < b; foralli € {1, ..., n}. We also require that

the admissible set Uyg has the structure U,g = {v € L3(Q) | ug < v <up ae.in Q}, where
ug, up € L?(S2) are functions such that Uyq is nonempty. Further, let A : Hj (Q) — H~1(Q),
B:LYQ) — HY(Q),C : HO1 () = L%(Q) be bounded linear operators such that A is
bijective.

We also assume that B can be extended to an operator B € L[LY(2), H “L)] for
some ¢ € (1,2). Additionally, we require u,,, ug, up € L"/(Q), where ¢’ > 2 satisfies
l/g+1/q =1.

We observe that the lower-level objective functional f is not convex with respect to all
variables. In particular, Assumption 2.1(e) is not satisfied. Additionally, the corresponding
optimal-value function is usually not convex either. As Algorithm 1 depends on convexity of
the optimal-value function one has to first transform the problem in such a way that the new
lower-level objective functional is convex. For this purpose, we consider the simple substi-
tution B; = 1/a;. We also define o5 := oy. For the upper-level objective this substitution
results in

1 2 Ou 2 o\~ (1 ?
F(ﬂ,y,u).=5||y—ym||Lz(Q)+7||u—um||Lz(Q)+7; 5)

The constraint « € Q4 has to be transformed to 8 € Q := [bl_l,al_]] X - X [b;l, an’l].
Observe that Q is a compact subset of (0, 0c0)” because Q is a compact subset of (0, co)”.

One can check that F' is convex on Q X HO1 () x L%(R) due to B > 0for B € Q. The
transformed lower-level objective is

n

1 o]
FByui=Y 251G - vaillzag + 75 1l g2 ) 27)
i=1

We check that this f is indeed convex on Q X HO1 (§2) x L3(). Here we use that for a
Banach space Y, the functiong : ¥ — R, y — %H y||§ is convex and for A > 0 the so-called
perspective of g is given by

1
Y x(0,00) 3 (v, 4) = Ag(y/A) = allyll? (28)

It is known that the perspective of a convex function is convex (e.g. one can simply generalize
the proof of [31, Lemma 2] to Banach spaces). Now convexity is preserved under composition
with an affine function y + Cy — y4. Thus, the function (8;, y) +—> ﬁ ICiy — ya.i ||i2(9)
is convex. The convexity of f follows.

With the above setting and observations, one can show that the transformed problem
satisfies Assumption 2.1.
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5.2 Stationarity system for the direct penalization

Classic choices of the penalty function for (OVRP(T, yk 7)), e.g., P = max(0, 92, will
result in subproblems that are difficult to handle. In particular, the optimality system cannot
be reformulated as a simple projection formula. We will see that the direct penalization
P = Id results in an easy to implement solution algorithm for (OVRP(T', y%,r)). Computing
the solution of (OVRP(T', yx 7)) requires the construction of & and thereby the evaluation of
¢(B) at certain points. This equates to solving single-level optimal control problems.

In order to state the stationarity conditions, we first reformulate the condition g € T.
Recall that T is a (non-degenerate) simplex. Thus, 7' can be written as the intersection of
n + 1 half-spaces, T = {8 € R”|K7ﬂ < br}, where K7 € R@+Dxn ¢ 4 guitable matrix.
Clearly, at most n of these constraints may simultaneously hold with equality and all those
constraints that are satisfied with equality are linearly independent. Thus, (OVRP(T', vk 7))
with P = Id takes the form

min  F(B,y,u) + yer (f(B,y, u) — &r(B))

B.y.u
st. KrB—br <0,
Ay — Bu =0,
U € Uyg.

The KKT system for (OVRP(T, yx 7)) with direct penalization (P = Id) is given by

0=Fy(B.y.u) + wr(f4(B.y.u) —arp) + K}z, (29a)
0= Fy(B,y,u) + v fy(B,y,u) + A*p, (29b)
0=F,(B.y,u) + w1 fi(B,y,u) — B*p+v, (29¢)
0= Ay — Bu, (29d)
2>0AKrB—br <OAZ (Krp —br) =0, (29%)
veNy W), ueUy, (29f)

where p € HO1 (), z e R"! and v € L%(Q) are the Lagrange multipliers. The vector ar
refers to the derivative of the affine function £7 on the simplex 7.

Lemma 5.1 The feasible point (B, y, u) is a local/global solution to (OVRP(T , yi. 1)) if and
only if there exist multipliers p € HO1 (Q), z e R and v € L*(Q) such that (29) holds.
The solution and the corresponding multipliers are unique.

Proof “=": We check that the Robinson regularity condition for the reformulated problem
is satisfied. This condition reads

1
T BRI A ) _(H'@
0 0 Kr o cone(®"! — (KrB— b)) — \ R )¢

The two lines of the equation are independent of each other. By assumption, A is bijec-
tive, i.e., A(HOl (€)) = H™(Q). For the second line we recall that the Robinson regularity
condition is equivalent to the Mangasarian—Fromovitz condition for standard nonlinear opti-
mization problems, see [28, p. 71]. Thus, the second line is satisfied since we have assumed
that the simplex T is non-degenerate, i.e., we even have the linear-independence constraint
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qualification for the system K78 < br. This shows the existence of multipliers, see [28,
Theorem 3.9].

“4«=": This is clear since (OVRP(T, y, r)) is a convex problem.

It remains to address the uniqueness. The uniqueness of the solution follows from the
strict convexity of the objective. The second line of the KKT system gives uniqueness of
the adjoint p, since A is an isomorphism. Similarly one gets uniqueness of v from the third
line. Regarding uniqueness of z we observe that the matrix K7 describing a non-degenerate
simplex has rank n, even after removing an arbitrary line. Additionally, there exists at least
one inactive constraint, such that z is equal zero in this component. After removing the
corresponding component from z and the respective column from K ;I’ in the first line of (29),
7 is obtained by inverting a square matrix of full rank. Thus, z is unique. O

We introduce two auxiliary functions #, e (0, c0)" x H(} () > Ryvia

n

A8 vy 2 L 12
B =511y = ymllj2) + Vi Zz—ﬂin iy = vailjag —ErB) |

i=1

. " 1\?
W =hp )+ LY (E) .
i=1 Nt

Note that & represents the part of the objective function of (OVRP(T', y% 7)) that does not
depend on u.

Recall that K7 € RFD>" A+ HI(Q) — H~'(Q), B : L>(Q) — H~'() arebounded
linear operators and that A is invertible. We define the function
W : (0, 00)" x Hy () x L2 Q) xR x H} (Q) — R"x H N (Q)x L>(Q)xR" T x H~1(Q)
via

(30)

Hy(B.y) + Kz
H,(B.y) + A*p

W(B.y. u,z. p):=| u — min(max((B*p + oyttn)/5, ta), tp) €2))
max (K7 — br, —2)
Ay — Bu

with 6:=0y, + v, r0;. Now we discuss the relation between the roots of W and the optimality
system.

Lemma5.2 LetB e T,y € HO1 (), u € L*(Q) be given. Then (B, y, u) is the solution of
(OVRP(T, yk,1))ifand only ifthere exist z € R p e HO1 () suchthatW(B, y,u,z, p) =
0 with h as defined in (30).

Proof Inview of Lemma 5.1, we have to check that (29) is equivalentto W (8, y, u, z, p) = 0.
It is clear that (29a), (29b) and (29d) are equivalent to lines 1, 2 and 5 in (31). The
complementarity conditions (29¢) on z and by — K7 8 can be reformulated via

220, by —Krp =0, z'(by —Krp) =0
<— O0=min(z,br — K7rB) <= O0=max(—z,KrB —br).

A similar reformulation is standard for treating the gradient equation (29¢) in combination
with the inclusion (29f), see [7, Theorem 2.28]. These two equations are equivalent to the
projection formula

u = Projy, ((B*p + Uuum)/&) = min(max((B*p + o) /0, ug), ub),
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i.e., line 3 in (31). Note that v does not appear in (31), but it is uniquely determined by (29c).
This shows that the KKT system is equivalent to W (8, y, u, z, p) = 0. This finishes the
proof. O

5.3 Semismooth Newton method for the subproblems

We have shown in Lemma 5.2 that we can characterize the solution of the subproblem
(OVRP(T, yx, 1)) with the nonlinear operator W. An established way to solve problems with
this structure is the semismooth Newton method, cf. [32]. To this end, we verify the Newton
differentiability of W and the invertibility of the Newton matrix. In order to state the Newton
derivative of W, we need to define some index sets and corresponding operators. We define

Ai(B,2) =i e {l,....n+ 1}|(KrB — br)i = —z),
As(B,2) = (i € {1,...,n+ 1)|(KrB — br)i < -z},
As3(p) = {ug < (B*p + ouutm)/6 < up} C Q
and for i € {1, 2} we write x 4;(,7) € RO+D*@+D for the diagonal matrix where the k-th
diagonal entry is 1 if kK € A; (B, z) and O otherwise. Similarly, we write x 4;(p) : L2(Q) —

L?(2) for the multiplication operator corresponding to the characteristic function of A3 (p)
on the space L2(Q).

Lemma 5.3 The mapping W is Newton differentiable and a Newton derivative of W at a
point (B, y, u, z, p) is given by the block operator

hgg(B.y)  hg,(B.y) 0 K] 0

/ hig(B.y)  hy,(B.y) O 0 A*
W'(B,y,u,z,p) = 0 0 Id 0 —6 " Ay B*

XA 8.2 KT 0 0 XA 0

0 A —-B 0 0

Proof To show Newton differentiability of W, one has to pay attention only to the third and
fourth line as the others are Fréchet differentiable. For the fourth line one can use that in finite
dimensions the composition of Newton differentiable functions is Newton differentiable cf.
[33, Proposition 2.9] and combine this with the fact that max(-, -) is Newton differentiable
(see [33, Proposition 2.26]). Furthermore, [33, Theorem 3.49] can be used to show the
Newton differentiability of the third line: If we use m = 3, ¥ (s) = min(max(sy, $2), 53),
r=r; =2,G(p) = (B*p + oyuw)/0, us, up) in the setting of [33, Section 3.3], then
the required [33, Assumption 3.32] is satisfied with ¢; = ¢’ > 2, by the higher regularity
B* € L[HJ (), L1 (Q)].

Consequently, the function HO1 (R) > p > min(max((B*p + oyuty) /0, ug), up) is New-
ton differentiable.

Now a Newton derivative can be obtained using direct calculations and utilizing the index
sets that are introduced above. m}

The proof required a norm gap, which was ensured by the higher regularity B* €
L[Hol (2), L‘I/(Q)] with ¢’ > 2, which is intrinsic to our problem setting. This allowed
us to prove the Newton differentiability of W in the spaces where W is defined. In particular
when adapting the Algorithm from [33, Algorithm 3.10], see Algorithm 3, this allows for the
smoothing step to be skipped. This smoothing step is designed to treat the more general case
when Newton differentiability can only be shown by artificially introducing a norm gap while
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the boundedness of the inverse of the derivative can only be shown in the original setting (cf.
[33, Introduction to section 3]). Note that (S3) is well defined as long as g; is positive, since
the function W is only defined for positive 8. This, however, does not influence the local
convergence of Algorithm 3.

Algorithm 3 Semismooth Newton method for (OVRP(T', yx.7))

oose an 1nitial point (5q, yo, 1o, 20, po) € (0, 00)" X X X X and set

(S1) Ch initial point (B ) € (0,00)" x H} (@) x L2(Q) x R"! x H} () and
i=0

(S2) If W(B;, yi, ui, zi, pi) = 0, then STOP

(S3) Compute s; from

W (Biv i, uizin pi)si = —W(Bi, Yi. i, Zis pi)
(S4) Set (Bi+1, Vi+1, Ui+1> Zi+1s Pi+1) = (Bi, Yis Ui» Zi» pi) + S;, increment i by one, and go to step (S2)

To prove fast convergence of the semismooth Newton method, the uniform invertibility of
the Newton derivative W' (B, v, u, z, p) is needed. For this purpose, we convert the Newton
derivative W(B, y, u, z, p) into a self-adjoint operator, since the latter type of operator is
easier to handle. For that purpose we fix a point (8, y, u, z, p). We use the notation I €
ROHD*N [y ¢ ROFDX0H=I) 3 12(A5(p)) — LAQ), Ia - L2(Q\A3(p) — LA(Q),
to refer to the canonical embedding operators that correspond to the index sets A1 (B, z),
Ax(B, 2), A3(p),  \ Az(p). Here [ denotes the cardinality of A; (B, z). We mention that
1 lT , 12T , 13, I} are the corresponding restriction operators and, consequently,

Xanpo = N1, Xarpo = D1y, XAs(p) = 1313,
Idgert = LI + LI, 1dj2q) = LI+ L.

We define the linear operator W’ from R” x HJ () x L*(A3(p)) x RY x H} () to R" x
H Q) x L2(A3(p)) x R x H™Y(Q) via

hg(B.y) Ry (B.y) 0 Kpl 0
hig(B.y)  h5,(B.y) 0 0 A*

= 0 0 61d 0 —(BhL)*
AN 0 0 0 0
0 A —BI; 0 0

It can be seen that W’ is self-adjoint. Note that the spaces on which W’ operates depend on
B, z, p. The next lemma gives us a relation between W' and W/(8, y, u, z, p).

Lemma5.4 Let (B,y,u,z,p) € (0,00)" x H}(RQ) x L*(Q) x R"™ x H}(Q) be fixed.
Furthermore, let two points (B1, y1, u1, 21, p1) € R* x HO1 (Q) x L2(Q) x R+ x HO1 (RQ)
and (Ba, y2, U2, 20, p2) € R" x H=1(Q) x L*(Q) x R x H=1(Q) be given. Then

B B
yi »
W B yuz,p)lu | =|u (32)
21 22
pi P2
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holds if and only if
B B> — K} L1, 25
~ V1 2 Luy = 1jus,
W uy | = 61uy , : * (33)
¥ 7 —L =1
1121 11Z2 2 %1 =1y 22
P1 p2 + Blyljus
hold.

Proof The proof can be carrieq out by direct calculation. We first assume (32) to be valid.
Computing the application of W' yields

Bi hg (B B+ R (B, )y + K I 21
o 15 (B, B+ 1, (B, Y)y1 + A*py
Wi Bu | = I3 (Guy — B*p1)

A T

121 I, K181

P1 Ayl — BI3I3*M1

We use the definition of the index sets and receive the equivalent expression

pi (B )Py + Wy, (B. )1 + K21 — K DI 21
. Y1 Vv
w’ 13;141 = T613"(141 _&_IX.Ag(p)B*pl) 7 (34)
Iy z I (XA,8.2)KTB1 — XAy8.2)21)
p1 Ayy — Buy + Blslju,

where we used 111, = Idgust —h L), IF = I x50 It = I} x4, B.20 1} XAy = O,
and 1313T = 1d;2(q) —141;. Using the description of W'(B, y,u, z, p) yields

Bi B2 — K] LI z)
R »
w’ Lu | = &I;uz . (35)
1’ 1
1 <1 122
)4 p2 + Blylju,

Note that the claimed relations /;u; = Iju> and —12T 7] = 12T 77 follow from the equations
Idu; + &_IXAg(p)BG*Pl = up and X.Al(ﬁ,z)KT,BI — XA21 =22 (which are part of (32)).
With these relations, we directly get (33) from (35).

For the other direction, we first get (35) directly from (33). Then, a comparison
with (34) yields the equations for B2, y2, pa, and Ifu1 + 6 ' x a3 BG*p1 = Lfuo,
Il—r (xa,8.0KTB1 — xA421) = Iszg. The final expression (32) follows by utilizing
Ijuy = Ijuy and —Iszl = 12TZ2 again. O

In order to ensure the uniform invertibility of the operators W', we state an auxiliary
lemma.

Lemma5.5 Let X, Y be Hilbert spaces andAA : X — X* B : X — Y* be bounded linear
operators. Let the bounded linear operator D: X x Y — X* x Y* be defined via

p=|4 B
B 0
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Suppose that Bis surjective and that A is coercive onker B, i.e. there exists a constant 7 >0
such that (Ax, x) > Pllxllg(for all x € ker B.

~

Then D is continuously invertible. Moreover, the estimate
1D < 4c

holds, where ¢ *= max(1, 7=, a, ||A||), o > 0is a constant such that B, (0) é(B‘;’((O)),
and y > 0 is the coercivity constant from above.

Proof This result follows from [34, Proposition II.1.3]. Note that we have E(X ) = Y* and
ker B* = {0}. O

Lemma5.6 Let (B, y,u,z, p) € (0,00)" x HH(Q) x L*(Q) x R x H}(Q) be fixed.
Suppose that 1 lT K7 € RU%" s surjective, i.e. that the rows of Kt which correspond to the
index set A1 (B, z) are linearly independent. Then, the operator W' (B, y, u, z, p) is continu-
ously invertible. Moreover, we have |W'(B, vy, u, z, p)_1 || < C fora constant C > 0, which
does not depend on B, y, u, z, p but can depend on an upper bound of ||y |, on the upper and
lower bounds of B, and on Kt, A, B, h, G, 0.

Proof We start with showing that W is continuously invertible, which we will do using
Lemma 5.5. We notice that the operator W’ has the required block structure if we set

Chye(B.y) hy(B.y) O

A=,y W8y 0|,
.0 0 6l
AR x Hy (@) x L2 (A3(p)) = B" x H™'(Q) x L*(A3(p)),

>

[1'kKr 0 0
0 A -BL|’

B:R" x HJ(Q) x L*(A3(p)) — R' x H-\(Q).

Since A is invertible and / lT K7 is surjective by assumption, it follows that B is surjective.

In order to show that W’ is continuously invertible, it remains to show that A is coercive on
ker B.
Let (B, ¥, it) € ker B be given. Then

||()A” 12)||HO1(Q)><L2(A3(F)) = ||(A_IBI312» ﬁ)”[-](}(Q)XLz(_A3(p)) <1+ ||A_IB||)||’2||L2(A3(I;))

~ 2 ~
holds. Recall from (30) that (8, y) = h(B, y) + %’5 > (é) and that & is convex, and

2
that for %’5 > (%) we can directly calculate the second derivative, which is a diagonal

matrix with strictly positive entries, if 8; > 0. Therefore, there exists a constant o, > 0 for
which

(" BB H) B3 = 0BT (36)
holds, where o, depends on the upper bound of §;. This implies
(AB. 9, @), (B, 3, ) = 0 1BlIfn + S 121720 4,
> 0l|Blgs + 61+ AT B 2IG. D)3

H}(Q)x L2(A3(p))

Ny RN
ZV||(,37yv”)”Rand(Q)XLz(AS(p))a
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where 7 > 0 is a suitable constant. Thus A is coercive on ker B. It follows from Lemma 5.5
that W' is continuously invertible. Because Bis surjective, there exists a constant > 0 such
that BI(O) CcB (B*(0)). Since there are only finitely many possibilities for I} and I3 is not
needed for surjectivity, the constant « can be chosen such that it is independent of /1 and /3.
For ||A|| we note that it can be bounded by a constant which can depend on an upper bound
on ||y||H0|(Q) and a lower bound on ;.

It follows from Lemma 5.5 that the estimate || w1 || < 4¢3 holds for a suitable constant
¢ > 0 which does not depend on 8, y, u, z, p but can depend on an upper bound of || y|| HL(@)

the lower bound of 8; and on K7, A, B, h, &, 0;.

Next, we combine this result with Lemma 5.4 to show the invertibility of W/ (B, y, u, z, p).
Let (B2, y2, u2, z2, p2) be aright-hand side as in (32). Since W' is invertible, by Lemma 5.4
there exists a unique solution (81, yi, u1, z1, p1) of (32). Using the estimate || w1 | <4
and (33), one gets an estimate of the form [|(B1, y1, u1, 21, p1)|l < C(B2, y2, U2, 22, p2)|l,
where C > 0 is a suitable constant that can depend on ¢, &, K7, B, the upper bound of
Iyl HL(@) and the bounds of 8. The constant C however, does not depend on (8, y, u, z, p)
or any of the embedding operators Iy, I, I3, I4. Since we can estimate the norm of the
unique solution in (32) by the norm of the right-hand side, the claimed invertibility and
estimate || W' (8, y, u, z, p)~'|| < C follow. ]

Lemma5.7 Let (B, y,u,z, p) € Q x Hj (Q) x L*(Q) x R"™! x HJ (Q) be a point such that
W (B, y,u, z, p) = 0. Then the Newton derivative W' is uniformly continuously invertible in
a neighborhood of (B, y, u, z, p).

Proof We want to apply Lemma 5.6. We need to verify that 7 ]T K7 (which can depend on 8
and z) is surjective in a neighborhood.

From the definition of W, we get z > 0, K78 — by < 0 and zT(KT,B —br) =0.1In
particular, B € T. Recall that T is a non-degenerate simplex. Thus, at most n constraints
in the system K7 < br are active, and these active constraints are linearly independent.
Furthermore, ifi € {1, ..., n+ 1} is an index of an inactive constraint, we have z; = 0 due to
the complementarity condition, and therefore i € A>(B, z) andi ¢ A;(8, z). Thus, A; (B, 2)
contains at most n elements. Therefore, the rows of K7 which correspond to the index set
A1 (B, z) are linearly independent, which yields that I IT K is surjective for this particular 3,
zZ.

Ifi € Ay(B, z),theni € Ay(B, 2) holds also for (B, 2) that are sufficiently close to (8, z).
Thus, A; (B, z) cannot get larger in a neighborhood of (B, z). Hence, the rows of K7 that
correspond to Aj (B, z) stay linearly independent in a neighborhood, i.e. I IT K7 is surjective
in a neighborhood of (8, z).

Now to apply Lemma 5.6 we restrict the neighborhood such that §; > 217, if necessary.
This guarantees the lower bound 8; > 2171 The upper bound of ||y || L@ is obtained from the
coercivity of f with constant y 7 (cf. Assumption 2.1(g)). Hence, with Lemma 5.6 there
exists aconstant C > 0, suchthat |W’(8, y, u, z, p)~'|| < C inthe considered neighborhood
of (B, y,u,z, p). ]

Now we are ready to give our final theorem, which states that Algorithm 3 converges
superlinearly.

Theorem 5.8 Let the function W be given as in (31). Further, we denote by (Bi.T, Yk.T, Uk, T)
the unique global solution of (OVRP(T , vk 1)) and by zi T, pk, T the corresponding multipli-
ersthat satisfy (29). Then there exists aneighborhood of the point (B, 1, Yk, T, Uk, T Zk.T» Pk,T)
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such that for all initial values (Bo, yo, 1o, po, z0) from this neighborhood, the semismooth
Newton method from Algorithm 3 either terminates in the i-th step with (B;, yi, ui, zZi, pi) =
(Bk.T» Yk, T Uk, T Zk,T> Pk,T) OF generates a sequence that converges q-superlinearly to
(Be.T. Y1+ Uk, T, 2k,T» Pr,T) in R" x HJ () x L2(Q) x R"™ ! x HJ ().

Proof We already established that the function W is semismooth in the solution to
(OVRP(T, vk, 1)) (see Lemma 5.3). We have proven in Lemma 5.7 that the derivative from
Lemma 5.3 is invertible and the norm of the inverse is bounded on a neighborhood of a
solution. The result is now a direct application of [33, Theorem 3.13]. In particular, we do
not need a smoothing step, since the spaces in which W is Newton differentiable coincide
with the spaces in which the Newton derivative is uniformly invertible, see Lemmas 5.3 and
5.6. O

6 Numerical experiments

In this section we present an example for Algorithm 2 to illustrate the convergence behavior
towards a global minimizer. To this end, we consider the parameter identification problem

: 1 2 Ou 2 op 2 .
én’)lg E”y - )’m”Lz(Q) + 7”” - um”LZ(Q) + 7”/3 - ,Bm”Rn:-F] (ﬂa Y, I/l)

2
st. BeQ,
(v, u) € ¥(B),

where W : R? — HJ}(Q) x L?(2) denotes the solution mapping of the parameter f to the
unique solution of the lower-level problem

(37

min zlﬁny —Yallj2 g + 5" Ya2liag) + %nuniz(m::ﬂﬂ, y.u)
st. 0=—-Ay—u in€, (38)
0=y on 0€2,
u € Uy.

Let us define the data present in this bilevel optimization problem. We use the sets
0:=[0.1,1]% and Q = (—1, 1)? (discretized with a meshsize of 0.2). and the two possi-
ble desired states

Yaa: R —> R, ygz1(x) = sin(wxy) sin(wxz),

a2 =R, ygo(x)=(x1+ D1 — D2+ Dxz — D).
The regularization parameter for the lower level is o; = 0.03. Additionally, we introduce
box constraints for the control via

u € Upa:={u € L*(Q) | ug < u < up a.e. on 2},
Uy (x):=0, up(x):=3.

It turns out that these constraints are active on parts of the domain for the choice of the
parameter 8 = (0.6, 0.3)T. For the upper level we fix the parameters ¢, = 0.05 and op =
107, We also choose B,:=(0.6,0.3)T and (y,,, u,):=¥((0.6,0.3)7), i.e. the objective

value of Fj is zero for the solution to the lower-level problem with 8 = B,,. We call this
setting “fully reachable target state”. We mention that when this setting is implemented, the
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functions y,,, u,, are not the analytical solutions, but are calculated directly using the finite
element solutions for the lower level.

For the setting of this section, Assumption 2.1 is valid. Additionally, for the chosen
functionals and parameters we can apply the semismooth Newton method from Sect.5.3 to
solve the subproblems (OVRP(T', yk 7)). In order to illustrate some fundamental properties
of the proposed solution algorithm, we consider two additional problems that only differ in
the choice of the objective functional, i.e. the functions

Fa(B. yo 0=y = yml2arens + 2t = 2 +"—ﬁ||ﬂ||2
206, Y, U _2 Yy Ym L2(Q) ) u Um L2(Q) R”>

1 o
F3(Boy =51y = Sl 2 + S = it 20 + ’SZ—

are used instead of Fi. In the second objective functional F>, the 8 term is only introduced
as a regularization. This will be called “reachable target state”. The functional F3 is set up
with desired states y,, and ii,, that are given by

m: Q= R, I, = (1 — Dy + 1) sin(rx),
U Q2 —> R, Um(x) =0.

This state and control have the property that they do not arise as a solution of the lower-level
problem. This setting is named “unreachable target state”. We expect a noticeable difference
in the convergence speed for the introduced settings, see Remark 3.8.

The refinement of the subdivision will be implemented by splitting the triangles at the
midpoint of the edges. This refinement procedure is the application of Lemma 3.3 to the
two-dimensional case. However, in this special case we can even guarantee that the diameter
of the simplices is halved in each refinement. We initialize Algorithm 2 with the domain Q
split into two triangles.

We use an implementation with the suggested improvements mentioned at the end of
Sect. 3. In each iteration we get a lower bound on the optimal objective value from the element
with the lowest objective value for the solution to (OVRP(T', yk,7)). We obtain an upper bound
from the vertex with the lowest objective value. Hence every element whose relaxed optimal
objective value is above the upper bound can be dismissed, since the relaxed optimal objective
value is smaller than or equal to the objective value of the original subproblem. Further, in
each iteration we refine the best 15% of the active triangles with respect to the objective
value for the solution to (OVRP(T', yx 7)), but at most 200. This is done to effectively utilize
parallelization. Additionally, we refine elements that are a certain amount of generations
behind to achieve a “clean up of old triangles”. Otherwise, for some triangles that are quite
far from the actual solution but for which (by chance) the objective value comes really close,
the algorithm might take a long time to refine this element. This only has a noticable impact
if we are in a case where the amount of active elements steadily increases, i.e. the case of F3
and was not used for the other cases. Lastly, the algorithm runs until a set amount of elements
(4-10°) is reached or the difference between lower and upper bound is sufficiently small. We
chose a target bound difference of 10~1%. For the case of F3 the element limit was reached.

We now visualize the convergence of Algorithm 2 in Figs. 1, 2, 3 and 4. These graphics
indicate the convergence fx — B as predicted in Theorem 4.2, see in particular Fig.2. In
Fig. 1 we show the difference of lower and upper bound compared for all mentioned settings.

We have a stark difference of convergence speed for the different settings introduced in
this section. Additionally there is a noticeable difference between looking at the vertex that
provides the upper bound and the furthest active vertex. Note that only for the latter the
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number of subproblems

number of subproblems

number of subproblems

Fig.1 Upper bound (blue) and lower bound (red) for the setting of F, > and F3 w.r.t. the number of solved
subproblems. (Color figure online)

Convergence to f; F}

Convergence to j3; Fy

Convergence to j3; Fj

10° T T 10° T T T T

100 - |
oY [Sa) [Na}
8 8 2
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7 7 7
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10-6 | | a 106 | | : 10~ | | h

10! 10% 10° 10! 10° 10° 10! 103 10°

number of subproblems

number of subproblems

number of subproblems

Fig. 2 Distance between the calculated solution 8 and the best known vertex (blue) and the furthest active
vertex (red) respectively for each iteration. (Color figure online)

Bound difference

107 )
£ 1073} 1
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2 1077 )
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5 1077 h
B
-
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s 10~11 - —Fy 18112 R -
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F; |1BII3n
10-13 | — F3; Zz 1//7712 -
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10° 10! 10? 10° 10* 10°

number of subproblems

Fig. 3 Difference of upper and lower bound for the settings of F1, F> and F3 w.r.t. the number of solved
subproblems. For the setting of F3 the results for two different regularization terms are displayed

distance to B is guaranteed to be nonincreasing, while the vertex providing the upper bound
might be more interesting from a heuristic point of view if one considers a depth-search. The
splitting of the domain can be seen in Fig. 4. For the purpose of better visualization in the
setting of F] and F>, the algorithm was continued for Fig.4 until every element either had
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Fig.4 From left to right: Progression of the splitting of the domain Q for (OVRP(&7)) for the settings of Fi,
F> and F3. Simplices are differentiate by the color of their outline: Dismissed (blue), relevant (red), split in
the last iteration (yellow), difference of lower and upper bound for the element is within 1079 (green). The
element with the current best objective value is marked with a pink dot. (Color figure online)

a vertex for which the corresponding upper level objective was close (1071) to the upper
bound or was dismissed. We show the difference of lower and upper bound for all the cases
discussed in Fig. 3.

We want to comment on the relation between the number of subproblems and the difference
of upper and lower bound. As discussed in Remark 3.7, a growth condition for the upper-level
objective functional for a solution w.r.t. 8 has positive effects and we can expect at least an
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Table 1 Computational times for the evaluation of the value function and the solution of the relaxed penalty
problems to reach a difference of upper and lower bound of at most 10~ 10 or exceed 4 - 10° total subproblems
in the next iteration

ul. objective #o(B) Time ¢(8) #OVRP Time OVRP (p) Time OVRP (s)
Fi5 1B = Bmllzm 580 7.58-100 s 4292 2.18- 101 s 1.24-10%s
P 1Blm 3103 4.00-10' s 12,183 7.38-10' s 3.95-10%s
F3; 1B13m 25,498 3.33-10%s 74,328 6.72-10% s 5.92-10% s
F3: Y 1/B? 25,585 3.34-10%s 75,001 7.06- 102 s 6.04-103 s

The Problems (OVRP(T', yj 1)) were distributed to 10 workers. Their individual times were added to get the
“serial” time. Over 99% of the total time was used on solving (OVRP(T', yi 7)) and ¢(8)

inverse proportional relation. This is exactly the setting of F;. For F> we have the second
case from Remark 3.8, where the derivative of F> is close to zero in the solution. This is
because the term || 8 ||§,, only comes up as a regularization with a small parameter for the
upper-level objective functional. The solution of the parameter estimation problem is still
close to (y, um). In Fig. 3 the cases for F; and F;, show a behaviour that is a little bit better
then the prediction.

For F3, we no longer have a setting where the number of subproblems, which is required to
reach a certain accuracy, follows a nice relation. Especially, the number of active subproblems
might heavily increase during the runtime of Algorithm 2. This can be seen well in Fig. 4.
Finally Fig. 3 indicates, that the important property in the setting of F3 is that the solution is
no longer close to (9, i), i.e. that the target state is “unreachable” and that the choice of
regularization term %ﬁ 1B ”@ZR" or %ﬂ Zizzl é is of minor importance regarding convergence

i

speed for this case. As a final comment we emphasize, that if Remark 3.7 or Remark 3.8
apply, both are indicative regarding the general behaviour of the algorithm. These remarks
allow for a prediction of the relation between the number of subproblems and the difference
of the bounds that is at least inversely proportional. Ultimately Remarks 3.7 and 3.8 give
some information about the speed of the algorithm.

Observe that a significant amount of solved subproblems has to be solved. Hence, the
computational times needed to evaluate the value function ¢(8) (which amounts to the
solution of (LL(f))) and to solve the subproblem (OVRP(T, yx 7)) are critical. Thus, we
report on the computational times of the used algorithm! in Table 1.
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! Implemented in MATLAB/R2021a on Ubuntu with Intel(R) Core(TM) i9-10900 CPU, 2.80GHz and 32GB
RAM. Subproblems solved in parallel with 10 cores.
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