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Abstract

In this paper, the behavior of the solutions of a multi-objective optimization problem, whose
the objective functions are perturbed by adding a small linear term, is analyzed. In this
regard, a new notion of Lipschitzian stability, by means of the Aubin property of the solution
set, is defined. Lipschitz stable locally efficient solutions, as generalization of tilt/full stable
solutions, are introduced and characterized by modern variational analysis tools. Applying
the weighted sum method, the relationships between these solutions and full-stable local
optimal solutions of the scalarized problem are investigated. The key tools in deriving our
results come from the first- and second-order variational analysis.

Keywords Variational analysis - Perturbation in optimization - Multi-objective
programming - Aubin stability - Tilt-stability - Full-stability
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1 Introduction

One of the important topics in optimization is analyzing the behavior and the sensitivity of
the solutions of a mathematical programming problem against the data perturbation. There
are various approaches for dealing with and investigating perturbation in optimization, see,
e.g. [1, 3] and the references therein. In recent decades, Lipschitz stability, a well-known
concept in this field, has caught the attention of scholars; see [3, 5, 6, 11, 14, 20, 34] among
others. Surveying many references, Klatte and Kummer [14] and Dontchev and Rockafellar
[5] presented overviews of Lipschitz stability definitions. In the following, we briefly review
some of the works related to our problem.
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To the best of our knowledge, Robinson [33] is the pioneer of studying Lipschitz behavior
of the optimal solutions of single-objective optimization problems. Shapiro and Bonnans
[36] considered parametric optimization problems with cone constraints in Banach spaces
and investigated local behavior of the optimal solutions of these problems. One of the most
important concepts in Lipschitz stability framework is tilt-stability, introduced by Poliquin
and Rockafellar [28]. This notion addresses Lipschitz behavior of locally optimal solutions of
a single-objective unconstrained optimization problem whose extended real-valued objective
function is perturbed by adding small linear terms. Poliquin and Rockafellar applied positive-
definiteness of the Hessian matrix in smooth case and positive-definiteness of the generalized
Hessian/the second-order subdifferential (in the sense of Mordukhovich [18]) in nonsmooth
case, and achieved necessary and sufficient conditions for tilt-stability. After that, especially in
the recent years, characterizing tilt-stability for various classes of optimization problems has
been done in many publications. See, e.g., [7, 8, 16,21-23, 25, 27] and the references therein.
Along the lines of [28], Levy et al. [15] introduced a new Lipschitz stability concept, called
full-stability, as an extension of tilt-stability. This work was done by applying a parametric
objective function and then, creating general parametric perturbations alongside of the tilt
perturbations considered by Poliquin and Rockafellar [28]. Similar to the tilt-stability, many
researchers provided necessary and sufficient conditions to characterize full-stability based
on the variational analysis tools [15, 24, 26]. The interested readers can find interesting results
about tilt and full stability in the aforementioned papers and the references therein.

The main aim of the current paper is to analyze the behavior of the efficient solutions
of a multi-objective optimization problem, with extended real-valued objective functions,
against small perturbations (by adding linear terms to the objective functions). We introduce
a new Lipschitz stability notion in multi-objective programming, invoking Aubin prop-
erty (also called pseudo-Lipschitzian) of the local strictly efficient solution map. This new
notion, called Lipschitz-stable local efficiency, extends tilt-stability in the single-objective
case. We prove that the defined stability concept ensures the Lipschitzian behavior of the
(locally) efficient value mapping when the objective functions are locally Lipschitz. After
that, we establish necessary conditions for Lipschitz-stable locally efficient solutions and tilt-
stable local minimizers utilizing the first-order subdifferentials. On the other hand, we show
that the full-/tilt-stable local optimal/minimum solutions of the scalarized weighted sum
problem are Lipschitz-stable locally efficient for the considered multi-objective program-
ming problem. Furthermore, invoking some modern variational analysis tools, including the
extended second-order subdifferential, the second-order conditions, and partial strong met-
ric regularity of the subdifferential mappings, we obtain various sufficient conditions for
Lipschitz-stable local efficiency. Moreover, we derive a necessary condition in terms of the
local metric regularity of the first-order subdifferential of the objective functions.

The rest of the paper is organized as follows. Section 2 contains the required preliminaries.
In Sect. 3, some basic variational analysis tools applied in the proofs of the main results are
reviewed. Section 4 is devoted to defining Lipschitz-stable local efficient solutions in multi-
objective programming and establishing their properties. Some necessary conditions for
characterizing Lipschitz-stable locally efficient solutions and tilt-stable local minimum points
are derived in this section. In Sect. 5, invoking the weighted sum method, the relationships
between Lipschitz-stable local efficiency and full-stability are investigated. Various sufficient
conditions accompanying a necessary condition in terms of the local metric regularity are
provided.
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2 Preliminaries

In this section, we address some basic notions, necessary conventions and preliminaries.
Given a nonempty set X € R”, we denote the complement, the convex hull, and the convex
conical hull (the generated convex cone) of X by X¢, conv X, and pos X, respectively. We
reserve the notation [y for the indicator function corresponding to X, whose values are equal
to zero on X and +o00 outside of X.

Given two vectors x, y € R”, xT and (x, y) stand for the transpose of x and the inner
product of x, y, respectively. Throughout the paper, we use the Euclidean norm |y| =

(v, y) for each y € R" and the Frobenius norm ||C|| = /220 |cij|? for each real p x n
matrix C = [¢;;] € RP*". Also, we define S, :={y e R" : ||y =1}, B, :=={y e R" :
lyll <1}, and B, = {C € RP*" : ||C|| < 1}. Furthermore, we set B(x; §) := {y € R" :
ly — x|l <d8}and B[x; 8] :={y e R" : ||y — x|| <8} forx € R" and § > 0.

To compare two vectors x, y € R?, we apply the following component-wise orders:

e x S yiffx; <y foreachi =1,2,...,p,
e x <yiffx < yandx #y,
e x <yiffx; <y foreachi =1,2,..., p.

The inequalities =, >, and > are understood analogously. Corresponding to these three
orders, we have three sets R’; ={x e R : x = 0}, ]Rg = {x € R? : x > 0}, and

R? := {x € R” : x > 0}, respectively. Also, we define AL := {x ¢ RZ : Zle xj =1},
AL ={x eRL: YT x;=1)
Consider the following Multi-Objective programming Problem (MOP):

min f(x) := (f1(x), (), ..., fp(x))

s.tt. x € X, M

where f; : R" — R,i = 1,2,..., p, are the objective functions and the nonempty set
X C R”" is the feasible set. In the following, some solution concepts known in the multi-
objective programming literature are recalled. See, e.g., [9] as a reference monograph.

Definition 1 A vector x € X is called

e an efficient solution of (1) if there is no x € X with f(x) < f(x).

e a locally efficient solution of (1) if, for some é > 0, there is no x € X N B[x; §] with
S = f0).

e astrictly efficient solution of (1) if there isno x € X \ {x} with f(x) £ f(X).

e alocal strictly efficient solution of (1) if, for some § > 0, thereisnox € X NB[x; §]\ {x}
with f(x) < f ().

e aproperly efficient solution of (1) (in the sense of Geoffrion [12]) if there is a real number
M > 0 such that for eachi € {1,2,..., p} and x € X satisfying f;(x) < f;j(x) there
exists some j € {1,2, ..., p} such that f;(x) > f;(¥) and % < M.

e alocal properly efficient solution of (1) if there are real numbers 8, M > 0 such that for
eachi € {1,2,..., p}and x € X N B[x; §] satisfying f;(x) < f;(x) there exists some
. - P (X)— fi(x
je{l,2,..., p}suchthat f;(x) > f;(x) and % <M.

In local (strict/proper) efficiency defined above, the scalar § is called a local (strict/proper)
efficiency radius.
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3 Some material from variational analysis

In the current section, some basic concepts in generalized differentiation and variational
analysis, extracted from [18, 19, 26, 34], are briefly reviewed.

Letp : R — R := (=00, 400l and ¥ € domg = {x € R" : p(x) < 4o0}. The
regular subdifferential of ¢ at x, denoted by dp(X), is defined as

do(x) = lv €R" : liminf &)~ X =0 0}.
x—>X lx — x|
This is known as pre-subdifferential and Fréchet (or viscosity) subdifferential as well.

The Mordukhovich subdifferential (known as general, limiting, and basic first-order sub-
differential) of ¢ at x, denoted by d¢(x), is defined as the set of all v € R” such that there are
sequences {x,}, and {v,}, converging to x and v, respectively, with v, € égo(xu) for each v
and p(x,) — @(x).

The horizon subdifferential of ¢ at x, denoted by d®°¢(x), is defined as the set of all
v € R” such that there are sequences {x,}, and {v,}, with v, € égo(xv) such that x, — X,
¢(xy) = @(x), and A, v, — v for some scalar sequence {1, }, with &,, | 0.

Given a nonempty set X € R” and X € X, the regular (resp. basic/limiting) normal cone
to X at x is defined by ﬁ(X; X) = 5IX()E) (resp. N(X; x) := dlx(x)).If X is locally convex
at x,i.e., X NB(x; d) is convex for some § > 0, then

NX;:5)=NX;5)={veR": (v,x —x) <0, Vx € X NB(x; 8)}.

In the rest of the current section, F' : R” = RP? is a set-valued mapping. The graph of F
isgraph F :={(x,y) e R" xR? : y € F(x)}.

The coderivative of F at (X, y) € graph F is aset-valued mapping D*F (x, y) : R? = R”
defined by

D*F(x,y)(u) :={w € R" : (w, —u) € N((x, y); graph F)}, u € R".

If F: R" — RP? is a single-valued mapping and F € C!, then the coderivative of F at ¥ is
a single-valued mapping D* F(x) : R? — R” with D*F(X)(u) = {(VF (%) u}, u € R?.

The set-valued mapping F is called inner semicontinuous at (x, y) € graph F, if for
each sequence {x,}, € R” converging to x with F(x,) # @, v € N, there exists a sequence
{yv}» € RP converging to y with y, € F(x,), v e N.

Definition 2 [19] The set-valued mapping F is called locally Lipschitz-like around (x, y) €
graph F with modulus L > 0, if there are neighborhoods ¢/ of x and V of y such that for
every x, z € U one has

F(x)NV S F(z) + Lllx — z||Bp.

The property addressed in Definition 2 is also known in the literature as the pseudo-
Lipschitzian, Aubin property, and Lipschitz-like property; see, e.g., [17] for more references
and discussions.

Definition 3 [19] Given nonempty subsets U € R"” and V C RP, the set-valued mapping F
is called metrically regular on U relative to V with modulus p > 0 if

d(x; F71(y) < pd(y; F(x)),

forallx € U and y € V satisfying d(y; F(x)) # oo.
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The second-order subdifferential (known also as generalized Hessian) of ¢ at x relative
to a subgradient v € d¢(x) is defined by

920(%, 1) () == (D*39) (%, D) (), u € R".

If ¢ € C? with the Hessian matrix VZ¢(X), then 8%¢(x)(u) = {VZ@(¥)u}, for each
u € R".

Leth : R" x R? — R be an extended real-valued function of two variables (x JA) € R™ x
RP. The partial first-order subdifferential mapping d,h : R” x R? = R" at (x, A) € dom h
is defined by

dh(X, 1) := dhy (%),

where /15 : R" —> Ris defined by h5(-) := h(-, A). Also, the partial inverse of 3/ is defined
by

Sy, v) i={x eR" ;v e dh(x, )}, (A v)eR xR

Furthermore, the extended partial second-order subdifferential of & with respect to x at
(x, ) € dom h relative to some v € dh(x, X) is defined by

2h(x, &, D) () := (D*d,h) (%, &, V) (u), u € R". )
If h € C% with ¥ = V,h(%, 1), then for each u € R”,
IZh (X, M (W) = (VERGE, Mu, VI h(E, Du)). )

Notice that, the second-order subdifferential addressed in (2) is different to the standard
partial second-order subdifferential defined as

O2h(x, %, D)) = (D*:h;)(X, ) (u) = 92h; (X, 0)(w), u € R". (4)

Even in the smooth case (i.e., i € C?), we have 92h(%, A)(u) = {V2,h(%, X)u}. Comparing
this equality with (3) makes the difference of two above-mentioned second-order subdiffer-
entials clear.

Definition4 [26] Let 4 : R* x R? — R. Given (¥,1) € domh and v € 3,h(x, 1), the
partial subdifferential mapping dy/ : R" x R” = R”" is called partial strong metrically
regular at (x, X, 0) if its partial inverse, Sj, admits a Lipschitzian single-valued localization
around this point.

4 Lipschitz-stable locally efficient solutions

In the current section, after discussing some stability concepts addressed in the literature, we
introduce and investigate a new stability notion in multi-objective programming.

A given constrained optimization problem, minimization of ¢y : R — R over the
feasible set X C R”, can be converted to the unconstrained problem, minimization of the
extended real-valued function ¢ over the whole space R", where ¢ = ¢gon X, and ¢ = +00
outside of X. So, we start our analysis with the single-objective unconstrained case.

Given ¢ : R" — R, consider the minimization of ¢ over R”. Poliquin and Rockafellar
[28] considered the following parametric unconstrained optimization problem, derived by a
linear perturbation in ¢:

min @(x) — (v, x).
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Following Robinson [33] and motivated by some numerical algorithms, Poliquin and
Rockafellar [28] investigated the Lipschitz behavior of the local minimizers of ¢ via the
aforementioned perturbed problem and introduced the so-called “tilt stability" notion. Later
on, Levy et al. [15] extended the tilt-stability concept by focusing on a parametric extended
real-valued function / : R* x RP —> R, of two variables (x, 1) € R" x RP instead of 0.
They considered a family of optimization problems, min A (x, 1) s.t. x € R", parameterized
by 1 € R” and chose the problem
P: min h(x, 1),
xeRn

for given A € RP”. After that, by varying A near the associated parameter A and adding a
small linear perturbation term to the objective function, they adopted the two-parametric
unconstrained problem

P, v): min h(x, A) — (v, x),
xeR”?

and introduced “full-stable local optimality" as a new notion related to the Lipschitzian
stability. In P(A, v), the general parametric perturbation created in P by A € R” and the
linear perturbation added to the objective function by v € R” are called the “basic" and “tilt"
perturbations, respectively [15].

Definition 5 [15, 26, 28] Let & € R? and the feasible solution % € I&" to P (i.e., h(¥, A) <
—+00) be given. For § > 0, consider the mappings ms : R? x R” — Rand Ms : R? xR" =
R" defined by

ms(h,v) = inf {h(x,)) —(v,x)}, (A, v) eR? xR"

lx—xl<é

Ms(h,v) = aﬂgm_i‘l‘l 5 {h(x,2) = (v, x)}, (A, v) €eRP x R™.
X—x||=<

The feasible solution x is called

e atilt-stable local minimum of A (X, -), under the fixed parameter A = %, if there exist§ > 0
and neighborhood V of v = 0, such that the mapping v +— Ms(X, v) is single-valued
and Lipschitz on V, with M, ¢ x,0,) = {x}.

e a full-stable local optimal solution of P(X, D) for some ¥ € R" if there exist § > 0 and
neighborhoods A of A and V of © such that the mapping (A, v) +> Mjs(X, v) is single-
valued and Lipschitz on A x V, with Mg, f()_\, v) = {x}, and the function (v, ) —
mg (X, v) is likewise Lipschitz on A x V.

Tilt-stability defined in [28, Definition 1.1] can be derived from the above definition by
setting A (-, 1) := ¢(-) for some A € R”.

In the current paper, motivated by tilt-stability concept, we introduce a new Lipschitz
stability notion for Multi-Objective programming Problems (MOPs). Consider MOP (1). By
using the indicator function /x, this MOP can be reformulated as the unconstrained MOP

min () = (100, L0, ..o, fpx), )
where f : R" —> R” is an extended vector-valued mapping with f; := f; + Iy, i =

1,2, ..., p. Establishing the equivalence of two MOPs (1) and (5) is straightforward. So,
hereafter, we concentrate on the MOP,

){Igl]g}l f(x) = (fl(x)7 fz(x)ﬁ'-'af[)(x)x (6)
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in which f; : R" — Ri=1,2,..., p, are objective functions and
dom f:={x € R": fi(x) < +o0, i =1,2,..., p} #.

Let X € dom f and § > 0. We consider the set-valued mappings Ms r : R”>*" = R"
and ms y : RP*" = RP such that M; ¢(C) is the set of strictly efficient solutions of the
perturbed MOP

(Pcs) : min f(x) — Cx, (7)
lx—x|l<é
and ms r(C) :={f(x) = Cx : x € Ms y(C)}, for C € RP*".
If x € M5, ¢(C), then x is a strictly efficient solution of (Pc s). For x itself, x € Ms ¢(C)
means the local strict efficiency of x with radius § for

;‘relllél f(x) — Cx. (3)

Now, we are ready to introduce Lipschitz-stable local efficiency in multi-objective pro-
gramming. It is defined utilizing local Lipschitz-like property for set-valued mappings,
dealing with sensitivity and perturbation.

Definition 6 A vector x € dom f is called a Lipschitz-stable (briefly, L-stable) locally
efficient solution of (6), if there exists 6 > 0 such that Ms y(-) # ¢ around 0,x,
with X € Ms, r(0,x,), and the set-valued mapping M; s is locally Lipschitz-like around
(Opxn,x) € graph Ms .

L-stability in multi-objective programming, in the sense of Definition 6, analyses the Lip-
schitzian behavior of the solution set of the perturbed problem around the point in question.
Indeed, a local strictly efficient solution x of (6) with radius §, is an L-stable locally effi-
cient solution, if Ms ¢(-) # @ around 0, and furthermore there are scalar L > 0 and
neighborhoods ¢/ of x and V of 0, x, such that

M; s (C)NU € Ms (D) + L||C — D||B,, YC,D e V. )

The last inclusion means for each strictly efficient solution X € U of (Pc s), there exists a
strictly efficient solution x0 of (Pp,s) such that

I —x°| < L|IC - D].

According to the above explanations, in the single-objective case (when p = 1) L-stability

is equivalent to the tilt-stability. In this case, the strict efficiency coincides with the unique

optimality, and M ¢(v) = argmin{ f(x) — (v, x) : [[x — x| < 8} and ms, r(v) = inf{f(x)—
X X

(v, x) : ||x — X|| <48} foreachv e R".

Theorem 1 If x € dom f is an L-stable locally efficient solution of (6) with § > 0 and f;,
i=1,2,..., p, are continuous at X, then X fulfills L-stability for each y € (0, §].

Proof Assume that ¥ is an L-stable locally efficient solution of (6) with 8. Then Mj ¢(-) # ¢
around 0, withx € Mjs (0p,x,) and there are a scalar L > 1 and neighborhoods ¢/ of x
and V of 0, such that (9) holds. Let y € (0, §] be arbitrary and constant hereafter. It is easy
to see that M, (-) # @ around 0,x, and x € M, r(0,x,). Now, we claim that there exists
some € € (0, y) such that M), ((C) N B(x; €) = M5 r(C) NB(x; €) for any C € €Bx,.
The inclusion Ms ;(C) NB(x; €) € M, r(C) NB(x; €) holds trivially (by choosing € less
than y). To prove the converse inclusion, by indirect proof, assume that there are sequences
€y € R, withe, — 0, C, € R?*" with ||C,|| < €,,and x, € M, s(C,) NB(X; €,) such
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that x, ¢ Ms, r(Cy). Then, for any v € N, there exists y, € R" suchthat y < ||y, —X|| <§
and

f) —Coyy £ f(xy) — Cox,.

These imply y, —> y for some y € B(x;§) (by choosing an appropriate subsequence if
necessary) with y # x and f(y) £ f(x). This contradicts x € Ms_r(0,x,) and the claim is
proved.

Now, without loss of generality, consider € € (0, ) such that B(x; €) C U, €B,x, €V,

_ € _ € €
and M, ¢(C)NB(x; 5) = M; s (C)NB(x; 5) forany C € §B,x. Let Co, Dy € E]Bpxn
be arbitrary. Assume £ € M, ¢(Co) N B(x; %). Then, X € Mjs r(Co) NU. Taking Dy €
iB pxn © 'V into account, by (9), there exists some x0e M, (Do) such that
I£ = x°Il < LIICo — Doll.
Furthermore,
0 = %I < 0 = &1+ 1% — £ < LACol + 1Dol) + 5 < LG+ )+ = =€ <.
- - 27 4L 4L 2

This implies x° € B(¥; y), and hence x* € M, ;(Dy).

Hence, by setting Uy := B(x; %) and V) = iﬁpxn, we have

My ¢(Co) NUy S My, (Do) + LIICo — DolIBn, YCo, Do € Vo.
This completes the proof. O

Now, we continue with a discussion about two stability notions existing in the literature.

A stability property for local strictly efficient solutions of MOPs has been defined in [35]:
x € dom f asaid to be a stable locally efficient solution of (6) if there are scalars §,€ > 0
and y, A > O such that x € M5 r(0,x,) and

(i) forany C € €Bx,, there is x € M; ;(C) such that |[x — x|| < y|IC|l;
(ii) forany C, D € €B,x,, there are x € M5 r(C) and y € Ms ¢(D) such that |lx — y| <
ylC — DI;
(iii) forany C, D € €B,x,, x € Ms ¢(C),and y € Ms y(D) with ||x — y|| < y|IC — D,
the inequality || f(x) — f(y)|| < A||C — D] holds.

The authors of [35] have investigated their stability concept under Lipschitzness assumption.
If fi,i =1,2,..., p, are Lipschitz on B[x; §], then condition (iii) automatically holds (for
some A > 0). So, it can be ignored. Therefore, under Lipschitzness assumption, the above
conditions are equivalent to

X € Ms £(C) +yICIIBy, VC € B,
0, € M5 s(C) — Ms (D) +y|C — D|B,, VC,D € €Bpxn.

In the single-objective case (i.e., p = 1), the above conditions imply the classic Lipschitz
property for the single-valued function Ms, r. However, it is not necessarily valid in the
multi-objective case, p > 1, when M;  is set-valued. In other words, the above conditions
do not result in the Lipschitz-like property for Ms r, necessarily, while it is expected from
stability notions. According to the literature, the main idea behind defining stable solutions
is the investigation of the Lipschitzian behavior of these solutions against perturbation.
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A popular method in the literature for dealing with sensitivity and perturbation is robust-
ness. In recent decades, various robustness concepts have been introduced and investigated;
see, e.g., [1, 2, 10] and the references therein. Georgiev et al. [13] and Zamani et al.
[37] defined a robustness notion for linear and nonlinear MOPs, respectively. Rahimi and
Soleimani-damaneh [30, 32] extended it to the vector optimization. In these works, an effi-
cient solution is said a robust efficient solution if it remains efficient under small perturbations
in the objective functions. More precisely, according to [37, Definition 3.1], an efficient solu-
tionx € X of (1)1is called a norm-based robust efficient solution, if there exists a scalarr > 0
such that x is an efficient solution of the following problem for any C € rB,,

min f(x) + Cx

s.t.x € X. (10)

Pourkarimi and Soleimani-damaneh [29, Theorem 3.9] showed that norm-based robust
efficiency in the linear case is equivalent to the strict efficiency. Furthermore, Rahimi and
Soleimani-damaneh [31, Theorem 4.1 and Corollary 4.2] proved the coincidence of norm-
based robust efficiency and isolated efficiency for the non-linear case.! Moreover, it is
evidently seen that x is stable locally efficient in the sense of [35]if f;,i =1,2,..., p, are
locally Lipschitz at x and it is a norm-based robust efficient solution of (1) with X = B[x; §].
The following example shows that norm-based robust efficiency does not necessarily lead in
L-stability.

Example 1 Consider the multi-objective optimization problem
min f(x) = (max{x, 0}, max{—x, 07 s.r. x € [-1,1]. an

According to [32, Example 5.1], x := 0 is a norm-based robust efficient solution of (11).
Hence, x is a stable locally efficient solution in the sense of [35]. We establish that X is
not an L-stable locally efficient solution. By indirect proof, assume that there exist scalars
1>6>¢e>0and L > 1 such that

VC, D € eBoxi 1 Ms s(C)NB(x;€) € Ms (D) + L|IC — D||By. (12)

Consider two matrices C := i(—l, 0)7 and D := 02,;. We get Ms r(D) = {x} and
M;s ¢ (C) = {x : =8 < x < 0}. Therefore, —% € M;, ¢(C) and due to (12),

—S-fl=LIC-D| =% <%
———X — —<-.
2 - 273
This contradiction implies that x is not an L-stable locally efficient solution.

Example 2 shows that L-stable local efficiency does not necessarily imply norm-based
robust efficiency (and proper efficiency) even if the objective functions are convex and the
feasible set is convex and compact.

Example 2 Consider the multi-objective optimization problem
min f(x) := (x,x3)7, st x eR. (13)

LetX :=0,8 :=2,and e := 1. Let C = (c1, ¢2)T € Bay. Then, M; (C) =[-2, %2]. It
is easy to show that M;, s is locally Lipschitz-like around (021, X) with modulus L := V2.

I See [31] for definition of isolated efficiency.

@ Springer



450 Journal of Global Optimization (2023) 85:441-460

Therefore, x := 0 is an L-stable locally efficient solution of (13). According to [37, Theorem
3.1], x = 0 is not a norm-based robust efficient solution of (13).

In the single-objective case, p = 1, if f is lower semicontinuous, then the optimal value
function v — inf{f(x) — (v, x) : ||x —X]|| < 8} is finite and concave on some neighborhood
X
of v = 0. So, it is locally Lipschitz at v = 0. In the following theorem, we show that L-
stability ensures the Lipschitzian behavior of the (locally) efficient value mapping of the
perturbed problem.

Theorem2 [f X € dom f is an L-stable locally efficient solution of (6) and f;, i =
1,2, ..., p, are locally Lipschitz at x, then there exists some § > 0 such that the set-valued
mapping ms, s is locally Lipschitz-like around (Opx,, f(X)) € graphms y.

Proof Assume that x € dom f is an L-stable locally efficient solution of (6). Then, there
exist scalars 6, L > 0 and neighborhoods ¢/ of x and V of 0, «, such that

VC,D eV : Ms ;(C)NUC Ms,s(D) + L||C — D||B,.

Without loss of generality, assume that f; is Lipschitz on B[x; §] with constant K;. We claim
that there exists some € > 0 such that B(x;e) € U, €Bpx, € V,andif f(x) — Cx €
ms, f(C) NB(f(x); €) with C € €Bx, and x € M; ¢(C), thenx € U.

If not, there are sequences {C\,}, € R”*" and {x,}, C B[x; 4] such that C,, — 0, x, €
M;s ¢ (Cy), f(xy) — Cyxy —> f(X), and {x,}, NU = @. Then, f(x,) —> f(x). As
the sequence x, is bounded, without loss of generality, we assume x, —> X for some
X € B[x; 8] with X # x. Therefore, f(x,) —> f(X) and so f(X) = f(x). This contradicts
X € M;s 7(0pxp) and the claim is proved.

Now, suppose that C, D € €B, are arbitrary and constant hereafter. Consider f(x) —
Cx € ms ¢(C) N B(f(x); €). Then, taking the aforementioned claim into account, x €
M;, ¢(C) N U and so, there exists some y € M;s (D) such that |x — y|| < L||C — D].
Hence,

If(x) = Cx = (f(y) = Dy)|
=) = fOI+ 1Dy — Cx|l

p
= Zl [fi(x) = fin+ ID(y — x) + (D — O)x||

p
< 2 Killy =xIl + 1 Dlllly = xIl + |1D = Cllllx|l
i=1

P
< (L Y Ki+elL+38+ ||i||> IC — Dl
i=1
Therefore, by setting L’ := L Zle K; + €L + 8 + || x|, we have
VC,D € €Byxy : ms s (C)NB(f(X); €) S ms (D) + L'||C — D|B,,
and the proof is complete. O

In Theorem 3 below, we provide a necessary condition for L-stability.

Theorem 3 Letx € R". Assume that f;,i = 1,2, ..., p, are finite-valued and convex around
x. If x is an L-stable locally efficient solution of (6), then
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(i) for each v > O there exist scalars 8, o, €, L > 0 such that
o U O N Il =yl \¢
2B, c <c0nv( aﬁ(x)) ( ]E,,) ) (14)
ﬁ xeB(x;v) i=1 L\/ﬁ
foranyy € Ms 5(0pxn) NB(X; €).
(ii) for each v > O there exist scalars 5, € > 0 such that
)4
U pos(UBfi(x)) =R", (15)

xeB(y;v) i=1

foranyy € Ms 5(0pxn) NB(x; €).

Proof Let v > 0 be arbitrary and constant hereafter. Assume that x is an L-stable locally
efficient solution of (6). So, there exists some § > 0 such that x € M; £(0,x,) and there are

) )
scalars L > 1, € € (0, E)’ and o € (0, i) such that

C,De Ol]B%pxn : MS,f(C) NB(x;e) C MS,f(D) + L|IC — D||B,.

Due to Theorem 1, without loss of generality, assume that § < vand f;,i = 1,2, ...

finite-valued and convex on B[x; §].

(16)

, D, are

To prove (i), assume y € M5 r(0px,) NB(x;€) and d € %]B%n are arbitrary. Consider
P

the matrix D € R?*" whose each row is the vector d”. Then, D € oB pxn and so, by (16),

there exists some x0 € M3, (D) such that

ly —x°I < LID| = Lypld|l.
Furthermore,

0_ - 0_ - 8.8 _
lx7 =Xl < lIx” =yl + Iy X||<0lL+€<2+2—5<V~

On the other hand, due to the weighted-sum scalarization method [9], x° € M, ;(D) implies

the existence of a vector A € A’; such that x is an optimal solution of

P
min Y i fi(x) = (d, x) s.t. x € B¥; 1.
i=1

Thus, according to [19, Proposition 1.114] and [4, Theorem 4.10], we get

P
dey xidfi(x%).

i=1

Hence,

de U <conv (LPJ Bﬁ(x)) ﬂ ( “)Ii:/ﬁy”]B%n)c),

xeB(x;v) i=1

and (i) is proved.
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To prove (ii), suppose that y € M5 £(0,x,) NB(x; €) and d € R" are arbitrary. Consider

o
——d" . Therefore, by (16), there
L/pld]

the matrix D € aB,x, whose each row is the vector
exists some x* € Ms (D) with
ly =x*| < L|ID|| =a < v.

Following a manner similar to the last part of the proof of part (i), [|x* — X|| < § < v and
there exists a vector A € Ag such that x* is an optimal solution of

P
min Y " A fi(x) —

i=1

o
——(d, x) s.t. x € B[x; d].
L/pld|

So, we get

P

o
———de ) MIfi(x®),
Lypld| ; ’

whiles implies
P
de U pos (UE)f,(x)),
xeB(y;v) i=1

and the proof is complete. O
Corollary 1 is a direct consequence of Theorem 3.

Corollary 1 Let x € R". Assume that f;, i = 1,2,..., p, are finite-valued, convex, and
continuously differentiable around x. If X is an L-stable locally efficient solution of (6), then

(i) for each v > O there exist scalars §, «, €, L > 0 such that

U (conv (VAW VL@, .. V@] (”’CL\_/;” Bn)c),

xeB(x;v)

2B, c
NI

foranyy € Ms ;(0pxn) NB(x; €).
(ii) for each v > O there exist scalars 8, € > 0 such that

U pos {Vfl(x), V), ..., Vf,,(x)} —R",

xeB(y;v)
forany y € Ms §(0pxn) NB(X; €).
Theorem 4 provides a necessary condition for tilt-stability without convexity assumption.

Theorem4 Let x € R". Assume that p = 1 and f is finite-valued around x. If X is a tilt-
stable local minimum of f, then for each v > 0 there exist scalars o« > 0 and L > 1 such

that ~
oB, < (af<x>ﬂ(llxzx”]gn)c). (17)

xeB(x;v)
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Proof Assume that X is a tilt-stable local minimum of f. Then, there exists some § > 0 such
that Ms r(0,) = {x} and there exist scalar L > 1 and neighborhood V of v = 0,, such that
the mapping M; s is single-valued on V and for each u, v € V,

[ Ms, p(u) = Ms, ()| < Liju —vl|.

Also, without loss of generality, assume that f is finite-valued on B[x; &]. If (17) holds for
some U > 0, then it holds for any v > D. So, consider v € (0, §). There exists sufficiently
small « > O such that «B,, € V and «L < v. Let d € aB, be arbitrary and constant
hereafter. Then, there exists X € B(X; §) such that M; ;(d) = {X} and

IX —x|| < L||d|| < La < v.

£ — x|

Therefore, x € B(x;v) and d ¢ B,. On the other hand, Ms r(d) = {%} and
|IX — x| <dleadind € d f(X), invoking [19, Proposition 1.114]. Hence,

de (af(x)ﬂ(”xL;i”Bn)C),

xeB(x;v)

and the proof is complete. O

The following example shows that in Theorem 4, the tilt-stability assumption cannot be
replaced by unique optimality.

Example 3 Consider the function f : R — R defined by

X3, x<0

3
fo) = {’j x=0

Here, x := 0 is the unique minimizer of f which does not satisfy (17). More precisely, let
v = 1. If (17) holds for some @ > 0 and L > 1, then considering d € (0, min{c, #}),
we have d € aBj,andsod € df(x) = {3x2} for some x € R with |x| < 1. We have
3x% = d < 55 leading in 9x* < %5 and then 3x2 < Bl = E73 This implies d € *75IB,
which contradicts (17).

5 Weighted sum scalarization and L-stable local efficiency

One of the most popular and important approaches for handling and solving the multi-
objective programming problems is the scalarization. There are several scalarization
techniques in the literature. The weighted sum scalarization method is one of the most
operational and interpretable ones [9]. In the current section, we provide a bridge between
L-stability and some corresponding notions defined for the single-objective case, by means
of the weighted sum technique.

Given A € Rg, the single-objective weighted sum problem corresponding to (6) is as
follows:

P

min Zkif,-(x).
i=1

s.t. x e R"
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We define the extended real-valued function / : R" x R? — R by

p
h(x,2) = (A, f)x) = Zkifi(x), (x,2) e R" x R,

i=1
Also, we consider the single-objective optimization problem
P(A,v): min h(x, L) — (v, x) s.t.x € R",

as atwo-parametric unconstrained optimization problem with parameters . € R” andv € R”.

Now, we present some characterizations of L-stable locally efficient solutions, utilizing
the weighted sum problem. In the following, we show that, under appropriate assumptions,
full-stability and tilt-stability for the weighted sum problem imply L-stability for MOP (6).

Theorem5 Let fi, i = 1,2,..., p, be locally convex at x € dom f. Assume that there
exists a unique vector x € AL such that x is a locally optimal solution of P(, 0,). If X is a
Sull-stable local optimal solution of P(A, Op), then X is an L-stable locally efficient solution
of (6).

Proof Assume that X € dom f is a full-stable local opt_imal solution of P (X, 0,,). There exist
scalars § > 0 and K > 0 and neighborhoods A of A and V of 0, such that the mapping
M5 (-, ) is single-valued on A x V with Ms(A, 0,) = {x} and

M52, v) = Ms(u, w|| < K|[(A, v) = (u, w), (18)

forany (%, v), (1, u) € A xV. Without loss of generality, we assume that f;,i = 1,2,..., p,
are convex on B[x; §]. Due to Ms(x,0,) = {x}, the vector ¥ is a unique locally optimal
solution of P(&, 0,) with radius 8. So, thanks to [9, Proposition 3.9], x is a local strictly
efficient solution of (6) with radius §. Hence, x € M £ (0pxn).

We consider y > 0 sufficiently small such that B(x; y) C AN R”. Now, we claim that

there exists € € (0, §) such that eB, C V and for any C € B,x, and any x €

Al + v
M; ¢ (C) N B(x; €), x is a locally optimal solution of P(A, Zf’zl i C;) with radius § for
some A € B(}; y). Hereafter, C; stands for the i-th row of the matrix C.

Proof of the claim: By indirect proof, assume that there are sequences €, — 0, C¥ —>
Opxn,and x, € Ms (CV) NB(X; €,) such that W" NB(x; y) = @ forany v € N, where W"
denotes the set of all A € A‘; that x, is a locally optimal solution of P(A, Z,P: | A C}) with
radius §. The local strict efficiency of the vector x,, on B[x; §] and local convexity assumption
yield WY # @, for each v € N (Due to [9, Proposition 3.10]). Consider A¥ € W", v € N.
Then AY —> A for some X € A’Z’. It is clear that X ¢ B(; y). Let y € B[Xx; 8] be arbitrary.
We get

P P 14 14
DN fix) = D MCxy < Y N fi(0) = D ACly. YweN,
i=1 i=1 i=1 i=1

leading in
P p
DORifi® <Y Rifi),
i=1 i=1
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by v — o0. On the other hand, Y7 A; f;(X) < Y_I__, %i fi(¥), due to the local optimality
of x for P(\, 0,,) with radius 8. Therefore,

PO+ A+ )i
ppans )ﬁ(x)sz( g,

i=1 i=1

X
e A”. This

A+ X
So, x is a locally optimal solution of P(%, 0,,) with radius § and

contradicts the uniqueness of . Hence, the claim is correct.

A~ A € A A
Now, let C, D € WBPX” and X € Ms ¢(C) N B(X; €). Then, there exists A €

B(X; y) such that £ is a locally optimal solution of 73():, Zle 5»1‘ éi) with radius 8. As

p ~ A
pwite
i=1

we have Ms (A, Zle %:C;) = {£}. On the other hand, the problem PO Zle % D;) admits
a locally optimal solution with radius 8. If Z is a locally optimal solution ofP(i, Zf:] i,- ﬁ,-)
with radius §, then similar to what was already proven, M (5», Zf:] ):,' ﬁi) = {z} and so,
ZE€ Mg,f(b). We have

< IAIICH < (1A + )

II/\II +v

P P
1% =21l = M5 Gh ZAC Ms(h. ) hiDy
i=1 i=1
P R P o
<KIY MCi=Y kbl [By(18)]
i=l1 i=1
p A ~ A
= K[> 3i(Ci — D)
i=1
< K|AIIC = DI < K(IAll + )€ — D
Therefore, by setting Uy := B(X; €), Vo := ﬁﬁpxn, and L := K (||A]| +y), we have
Y

Ms ¢ (Co) NUy S Ms, (Do) + L||Co — Dol|IB,, VCo, Dy € V.
So, x is an L-stable locally efficient solution of (6) and the proof is complete. O
The following example shows that the converse of Theorem 5 is not valid necessarily.

Example 4 Consider the multi-objective optimization problem

min f(x) = (fi(x), f2(x)) s.t. x € R,
where

x> —1,

i) = {f’l S hw= {

-1, x>1,
, X< x <1

—x,
Let x := 0, § := 1, and € := 0.5. The objective function of the above problem on B[x; §] is
g(x) := figz.s (¥) = (x, —x). Furthermore, Ms r(0) = B[x; d]. Also, for any C = (cy, ¢2)
with ||C]| < €, we get g(x) +Cx = (1 +cy, c — )x and so M, r(C) = B[x; 8]. Therefore,
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x = 0 is an L-stable locally efficient solution of the above problem. On the other hand, X is
a properly efficient solution of this problem. It is a locally optimal solution of P (i, 0) for
the unique vector A := (0.5, 0.5) € A2>, while it is not the unique locally optimal solution.
In fact, M, (i, 0) = B[x; v] for any v < 8. Thus, X is not a full-stable local optimal solution
for P (X, 0).

The following theorem provides sufficient conditions for L-stability in terms of the
extended second-order subdifferential.
We define the set-valued mapping

S:RPXxRP xR'=ZR"xR" x...x R",

n order
by
P
S(x, A, v) 1= {(vl,vz,...,vn) DY vi=v, v eNdfi(x), i = 1,2,...,17}.
i=1
Theorem 6 Let f;,i = 1,2, ..., p, be convex around x € dom f. Assume that there exists a

unique vector . € AL such that 0, € Zle %id f; (X). Then X is an L-stable locally efficient
solution of (6), if either (a) or (b) holds.

(a)

0p, 32(-, £Y(X, A, 0,)(0, =0,
{( w) € 92, f)(& )(0,) = 1 (19

((w, ) € 32(, f)E, X, 00) (W), u # 0,) => (u, w) > 0.
(b) There exist v; € %;0f;(X), i = 1,2,..., p, with 3.7 ; = Oy, such that S is inner

semicontinuous at (x, A, 0,, V1, V2, . .., Uy). Furthermore, for eachk = 1,2, ..., p, the
constraint qualification

p p
OPh (%, % 50O [ (= [ Y mi]GE A D 5)(00) = {(0,,0,)},  (20)
i=k+1 i=k+1

holds, and the second-order conditions

Ons ) € 371 i (%, 2, 01)(0n) = 1 =0,

((w, ) € Ohi (@, %, 0) @), u # 0,) = (u, w) > 0,
are fulfilled, where hi(x, A) := A; fi (x).

@2y

Proof Assume (a). The convexity assumption ensures the “prox-regularity” and “subdif-
ferential continuity" of (-, f) at (x, A, 0,) (defined in [34, Definitions 13.27 and 13.28,
respectively]). Also, by [19, Corollary 1.81],

9%, fYE, 2) = {(0n,0,)}.
On the other hand,
14 B 14 B B
On €Y Xidfi(¥) =19 (Zx,-ﬁ) (%) = 0 (-, [)(F, 1),
i=1 i=1

So, thz_inks to [26, Theorem 3.2] (or [15, Theorem 2.3]), x is a full-stable local optimal solution
of P(A, 0,). Hence, according to Theorem 5, x is an L-stable locally efficient solution of (6).
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Now, assume (b). Consider vg := 0,. For each k = 1,2,..., p — 1, we define the
set-valued mapping S : R” x R? x R* =% R" x R" by

p
Sk(x, A, v) = {(vl, V)t v € MDSi(x), v € Y MDfix), vi+vr = v}-
i=k+1

It can be shown that the set-valued mappings Sy are inner semicontinuous at (x, X, — Zf (; v,
Uk, Zfzk 41 0i)- Invoking the constraint qualification (20) and the definition of the extended
second-order subdifferential mapping (2), by [19, Theorem 3.10], for each u € R" we get

O3 £)(E, 2, 00) () € 83 (%, 4, vl)(u)+az[2h (F, %, Zv»(u)

i=2

<

32hi (%, &, v) () + 82[ Z (%, A, Zv,)(u)

Il
-

-

Mu

hi (X, &, 0;)(w).

i=1
Letu € R"and (w, u) € 5%(-, i, X, 0,)(u). Then, there exist (w;, ;) € 53/1,‘()?, X, 01) (),
i=1,2,..., p,such that

» » »
(w, ) =Y (wi, i) = (Z wi, ZM:‘) :
i=1 i=1 =l

Now, according to second-order condition (21), if u = w = 0,, u = Zf:] ni = 0, and
u # 0,, then (u, w;) > Oforeachi =1,2,..., pleading in

14
— Y
i=1

Thus, the second-order condition (19) holds and by part (a), x is an L-stable locally efficient
solution of (6). The proof is complete. O

In Definition 5 (extracted from [ 15, 26, 28]), the full stability has been defined for a general
function, while in our setting the function ¢ has a special structure inspired by the weighted
sum scalarization. This leads us to define another stability notion, called A-tilt-stability, which
depends on a given weight vector A € RZ. This concept has a simpler structure in compared
to the general one. -

Definition 7 Consider the function ¢ : R” x RZ — R, of variables (x, 1) € R" x ]R’;,
defined by ¢(x, 1) := (A, f)(x). Given ¥ € R” and A € Rﬁ, we say that ¥ is a A-tilt-stable
locally optimal solution of ¢ (with respect to the variable x), if there are scalars §, L > 0
and neighborhoods A of A and V of 0, such that the mapping

vi—> Ms(\,v)
is single-valued with M (*, 0,) = {¥} and Lipschitz on V with Lipschitz constant L, for any
reANRL
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In Theorem 7 below, the function ¢ : R” x RZ — R, of variables (x, 1) € R" x RZ,
P
is defined by ¢ (x, 1) 1= (A, f)(x) = Z)»ifi(x)-
i=1

Theorem7 Let f;, i = 1,2,..., p, be locally convex at x € dom f. Assume that there
exists the unique vector ). € AL such that X is a locally optimal solution of P(,0,). If X
is a A-tilt-stable locally optimafsolution of ¢ (with respect to the variable x), then X is an
L-stable locally efficient solution of (6).

Proof The proof is similar to that of Theorem 5 and is hence omitted. O

Notice that in Theorem 7, A € R”, while in Theorem 5, » € R”. Indeed, the existence
of A € R? (resp. X e Rg) such that ¥ is a locally optimal solution of P(X, 0,), assumed in
Theorem 5 (resp. Theorem 7), is equivalent with local proper (resp. weak) efficiency of x
for P(x, 0p).

In the following, we present necessary and sufficient conditions for L-stability in terms
of the metric regularity of the subgradient mapping. First, we derive a sufficient condition.

Theorem 8 Let ]_‘i, i =1,2,...,p, be locally convex at x € dom f. If 0, € dch(x, )_\)for
a unique vector A € AL, and 3. h is partial strong metrically regular at (%, k, 0y,), then % is
an L-stable locally efficient solution of (6).

Proof Apply Theorem 5 and [26, Theorem 3.4]. O

We close the paper by a necessary condition for L-stability in terms of the metric regularity.
In this regard, we need to the set-valued mapping ® : R” = R" defined by

p
®(x) := conv (U Bfi(x)), x € R".

i=1
If fi,i =1,2,..., p, are convex, then by [4, Proposition 10.15], we have
o(x) = [ dchix,h),
renl
and
&) = m@:h) () = {x € R": u € d:h(x, 1) for some & € AL},

Theorem 9 Let x € dom f be an L-stable locally efficient solution of (6) with § > 0. If
fi,i =1,2,..., p, are strictly convex on B[x; §], then the mapping ® is local metrically
regular at (x,0,) € graph ®.

Proof The vector x € dom f is an L-stable locally efficient solution of (6). Then, there exist
scalars § > 0 and L > 0 and neighborhoods ¢/ C B[x; 6] of x and V of 0, such that x is
a local strictly efficient solution of (6) with radius é and for any C, D € V,

M; s (C)NU S Ms (D) + L||C — D||B,.

The local strict efficiency of x for (6) and the strict convexity assumption lead in the existence
of some A € A‘; such that x is a unique locally optimal solution of P (4, 0,), due to [9,
Proposition 3.10]. Thus,

p
0, € d( D7 fi) @) = 0:h(E 1) € D),
i=1
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8
due to [4, Proposition 4.12]. Consider € € (0, Z) sufficiently small such that €B ., C V.
Assumethatu, v € LIB%,, andx € @~ (w)Nif are arbitrary and constant hereafter. Consider
4

two matrices C, D € €B,, such that their all rows are uT and vT, respectively. We get
u € dch(x, L) for some A € A’Z’ and so, x is a unique locally optimal solution of P (X, u)
with radius 8. Thus, x € M; (C) NU. Now, since C, D € V, there exists y € M; y(D)
such that

lx = yll = LIC = DIl < L/pllu —vl.

On the other hand, y € Ms y(D) implies that y is the unique locally optimal solution of
P(u, v) with radius § for some p € A’; and so, v € d¢h(y, ). Therefore, y € &~ !(v).

€
Hence, for any u, v € —B,,, we get
N

O 'w) N € @' () + Ly/pllu — v||B,.
So, @ is local metrically regular at (x, 0,) € graph ® due to [19, Theorem 1.49]. O
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