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Abstract

We propose an indefinite proximal subgradient-based algorithm (IPSB) for solving nons-
mooth composite optimization problems. IPSB is a generalization of the Nesterov’s dual
algorithm, where an indefinite proximal term is added to the subproblems, which can make
the subproblem easier and the algorithm efficient when an appropriate proximal operator is
judiciously setting down. Under mild assumptions, we establish sublinear convergence of
IPSB to a region of the optimal value. We also report some numerical results, demonstrating
the efficiency of IPSB in comparing with the classical dual averaging-type algorithms.

Keywords Nonsmooth optimization - Composite convex optimization - Nesterov’s dual
averaging - Subgradient

1 Introduction

Consider the nonsmooth composite convex optimization problem
min {F(x) := f(x) +h(0)}, (1.1)
xeQ

where O € R” is a simple closed convex set, f,h : R — R U {400} are convex (not
necessarily smooth) and F : R” — R U {400} is nonsmooth. Moreover, % is assumed to
be the summation of a quadratic convex and a convex function (SQCC). Problem (1.1) has
received much attention due to its broad applications in several different areas such as signal
processing, system identification, machine learning and image processing; see, for instance,
[6, 7, 10] and references therein.

Among the numerical algorithms for solving nonsmooth optimization problems (1.1)
such as splitting algorithms [9], cutting plane methods [21], ellipsoid methods [11], bun-
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dle methods [17], gradient sampling methods [4] and smoothing methods [19], subgradient
methods [25] are fundamental, which have been extensively studied due to their applicability
to a wide variety of problems and low requirement on memory [3, 8, 22, 23]. The itera-
tion complexity for applying a subgradient method to solve the general nonsmooth convex
minimization problem is O (1 /62), i.e., after O(1 /62) iterations, the difference between the
objective function value and the optimum is about €; see [21]. For problems equipped with
additional structure, various approaches are proposed such as smoothing schemes [19], fast
iterative shrinkage-thresholding algorithm [1], bundle method [17], to improve the iteration
complexity to O (1/e).

Note that for the nonsmooth optimization problems, it is usually not the case that
the subgradient vanishes at the solution point, and as a consequence, the stepsize in the
subgradient-based method should be approaching zero. Such a vanishing property of the
stepsize slows down the convergence rate of the subgradient method [20]. To deal with
this undesirable phenomenon, Nesterov proposed a dual averaging (DA) scheme [20]. Each
iteration of DA scheme takes the form

k
Xg+1 = argmin {Z(MDI',X — X0) +ﬂk+1r(x)} , D € 0F (x¢), Yk >0, (1.2)
€0 Li=o

where Ai, Vk > 0 are stepsizes, {Bi}i, is a positive nondecreasing sequence and r(-)
is an auxiliary strongly convex function. Following the DA scheme, Xiao [26] proposed
a regularized dual averaging (RDA) scheme, which generates the iterate by minimizing a
problem that involves all the past subgradients of f and the whole function #,

k

Xj4+1 = argmin {Z (8isx — x0) + (k+ Dh(x) + ﬂk+1r(X)} , & €0f(x;i), Vk =0,
xeQ i=0

(1.3)

where xp is the minimizer of z over Q. Setting the auxiliary function r(-) as % |- =xo0ll? in the

above RDA scheme (1.3) becomes the so-called proximal subgradient-based (PSB) method

k
, it 1
Xk41 = argmin {Z (8i,x — x0) + (k + Dh(x) + ﬂ; llx —x0||2] . 8i €0f(xi), Vk = 0.
xeQ i—0

(1.4)
The regularization function r(-) is crucial in RDA and PSB, which plays a similar role as
the proximal term in the classical proximal point algorithm (PPA) [5, 18, 24]. On one hand,
it ensures the existence and uniqueness of the solution of the subproblems, and makes the
subproblems stable. On the other hand, it also influences the efficiency of the algorithms.
Recently, much attention was paid on relaxing the strong convexity requirements on the
proximal term in PPA [13] and related algorithms such as augmented Lagrangian method
[12] and alternating direction method of multipliers [14, 16], and such a strategy achieves
great success in numerical experiments. In this paper, we relax r(-) in (1.3) to an indefinite
one, yielding the following dynamic regularized dual averaging (DRDA) scheme

k
X1 = argmin 4 > " (gi, x — x0) + (k + Dh(x) + ,BkHrk(x)} , g €0f(xi), Yk =0,
€@ =0
(1.5)
where (k + 1)h(-) 4+ Br+17x(+) is strongly convex for each k. Note that under this require-
ment, even if the function A (-) is convex, r¢(-) could be carefully chosen to be nonconvex.
Specially, we introduce an appropriate indefinite item in (1.4) and then propose the indefinite
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proximal subgradient-based (IPSB) algorithm. Convergence rate is established under mild
assumptions. We do numerical experiments on the regularized least squares problem and
elastic net regression. Numerical results demonstrate the efficiency of IPSB in comparing
with the existing algorithms SDA and PSB.

The rest of this paper is organized as follows. In the following subsection, we introduce
some notations and preliminaries. Section 2 reviews the simple dual averaging algorithm, the
proximal subgradient-based algorithm and gives our new extensions. Section 3 presents the
convergence analysis. Numerical experiments are performed in Sect. 4. We make conclusions
in Sect. 5.

1.1 Notations and preliminaries

In this subsection, we present some definitions and preliminary results that will be used in
our analysis later. Let Q be a closed convex set in R”. We use (s, x) and s” x to denote the
inner product of s and x, two real vectors with the same dimension. Let S" denote the set
of symmetric matrices of order n, and I denote the identity matrix whose dimension is clear
from the context. The Euclidean norm defined by /(-, -) is denoted by || - ||. Let [m] denote
the set {1, 2, ..., m}. The ball with center x and radius r reads as

B(x)={yeR": |y —x| =r}
The subdifferential of a convex function f at point x € dom f is given by
If(x):={g eR": f(y) = f(x) + (g, y —x),Vy e R"},

and any element in d f (x) is called a subgradient of f at x, where dom f is the domain of f,
i.e., the set of x € R” such that f(x) is finite.

A function f : R" — RU {400} is called strongly convex if there exists a constant ¥k > 0
such that

FO) = fO) + (g x —y) + gux — Y% Vx,y € R, Vg € df(y),

where the constant « is called the strong convexity parameter.
For M € R™", we use the notation ||x||12v1 to denote x” Mx even if M is not positive
semidefinite. Denote by tr (M) the trace of the matrix M.

Definition 1.1 (SQCC) A function z : R” — R U {oo} is called the summation of quadratic

convex and convex functions (SQCC) if there exists a (nonlinear) quadratic convex function
q : R" - R U {oo} and a convex function / : R” — R U {oo} such that

h(x) = q(x) + h(x), Vx € R".

Since % is SQCC, there exists a non-zero positive semidefinite matrix X, € S” such that
forall x, y € R",

1
h(y) = h(x) + (u, y — x) + Elly —x|3,. Yu € 0h(x), (1.6)
or equivalently,

(x = you—v) = lIx = yllg,, Yu € 9hx), v € Ih(y).
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2 A new proximal subgradient algorithm

In the first subsection, we briefly review two existing algorithms SDA and PSB. Then in the
second subsection, we describe the indefinite proximal subgradient-based (IPSB) algorithm.

2.1 SDA and PSB
We start from the classical subgradient algorithm [3] for minimizing the problem (1.1)
Xkt1 = Po(xx — Aidy), k e N, 2.1)

where Py denotes the projection onto Q, dy is either a subgradient Dy € 9 F(x;) or the
normalized subgradient Dy /|| D[, and the sequence of the stepsizes {Ar};2,, satisfies the
divergent-series rule:

o0
e >0, A — 0, Zkk:oo.
i=0

In order to avoid taking decreasing stepsizes (i.e., Ay — 0) as in the classical subgradient
algorithm, Nesterov [20] proposed the SDA algorithm,

k
Gt = argmin 1 3°0:01,x —x0) + P e ol D € 0F (), VE 20, (22)

v€Q  i=o

where {Br1}72, is a positive nondecreasing sequence and x( denotes the initial point. There
are two simple strategies for choosing {1;}{2, either A; = 1 or A; = 1/||d;||. SDA can solve
the generalized nonsmooth convex optimization problem and it has been proved to be optimal
from the view point of worst-case black-box lower complexity bounds [20]. By considering
problems with additive structure as in (1.1), Xiao [26] proposed the RDA scheme. A detailed
algorithm under the RDA scheme is PSB, which is as follows

k
. k+1
X1 = argmin Y ((gi,x = x0) +h(x) + Bt — 2
xeQ 2

i=0
: Br
= argmin Z(gi, x —x0) + (k+ Dh(x) + —+l||x —xl?t, (2.3)
€@ =0 2
where g; € 0 f(x;), Yi > 0, the stepsize A; = 1, {Br41}52, is nondecreasing, and xo €

argmin ycph(x). The above iteration (2.3) reduces to (2.2) when i = 0.

2.2 Algorithm IPSB

Motivated by indefinite approaches, we extend RDA to the following dynamic regularized
dual averaging (DRDA) scheme

k
X+t = arg min Y (g x — x0) + (k + Dh(x) + ﬂkwk(x)} : 2.4)
re i=0
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We only assume that the sum (k + 1) (x) + Bry17x(x) is strongly convex. A simple choice
of rr(x) is

1 2
() = Zlx = xollg,,,»

where Gy41 = I — (k + 1)), /Bi+1. Algorithm 1 describes the algorithm in detail.

Algorithm 1: Indefinite proximal subgradient-based (IPSB) algorithm

Initialization: Setsy =0, y > 0 and {I§k+ 1 }]‘:io. Initialize k = 0 and choose

X0 € argmin h(x);
xeQ

Output: Xy = k%rl Z;‘:o Xis

1: Stop if a termination criterion is met. Otherwise, compute g; € 9 f (xz);
2: Set g1 = Sk + 8k

3: Choose fr4+1 = yﬁk+1, and set Gy =1 — ngrTIIEh;

4: Solve

. Br+1
T = argmin {s1.x = xo) + (k+ DG + =2 = 3ollg
xeQ

5: Letk =k 4 1 and go to step 1.

In Algorithm 1, the choice of the indefinite matrix Gy in step 3 guarantees the strong
convexity of the subproblem minimized in step 4. In some specially structured problems, the
introduction of G4 can make the subproblem in step 4 much easier to solve.

Remark 2.1 Note that as the progressing of the iteration, the influence of the initial point
xo should be vanishing. In other words, the auxiliary quadratic term should be as small as
possible. By comparing the auxiliary functions in the k-th step of the algorithms PSB and
IPSB, we can obtain

1 2 1 2
Ellx —xollG,,, = Ellx =Xl -1y 50/ B

1 k+1

= Sl = xoll? = —— Il = x0ll3, /5.,
1 2

< —=|lx —x s
S I = ol

which indicates that the indefinite term can reduce the impact of x( on the k-th subproblem
as k increases.

Remark 2.2 The following choice of the sequence {Ek+1}1fio initialized in Algorithm 1 is
due to Nesterov [20]:

~ A~ ~ 1
Bt =2x, Br+1 =Bk + ,BT k eN, (2.5)
8

where A > 0 is an initial parameter.

For the sequence {B 11 }e=o» We have the following estimation, which corrected the previous
estimation in [20, Lemma 3].
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Lemma 2.1 Based on (2.5), we have
~ ~ ~ 1 ~
VAZH2k —2<Bi <A+ x+VAZ+2k—4, Yk > 1. (2.6)

Proof According to (2.5), we can obtain 51 =} and B,f = ,5,%_1 + /§k__21 + 2. Consequently,

>

Bt = Bi+2= B +2k—1) =22 +2(k— 1), Vk = 2,
which implies the left-hand side of estimation (2.6). Conversely, we can derive that

k—

[\

. 1 .
Bk = Pr—1+ =— < Pr—1+

1 ~
e <htY
Br-1 /32 +2(k — 2) —o VA2 + 2t

k=2 1
ey L (2.7)
—0 VA2 + 21
From
1 2 3 A
N —Ji2r a2 ae -,
V24 T a2 20—
we have
k=2 k=2
LI i S N Y P ST
SVizra ATV A

Finally, the right-hand side of the estimation (2.6) follows from substituting (2.8) into (2.7).
O

3 Convergence analysis

Similar to Nesterov’s analysis [20], the convergence of the algorithm IPSB is established.
First let us define two auxiliary functions as follows

Ui (s) := max {(s, x — xo) — kh(x)}, 3.D
xeFp

Vi(s) := max {(s, x —xg) —kh(x) — &Hx - x0||2Gk} , 3.2)
xeQ 2

where Fp = {x € O : %llx — x> <D}, D>0and Gy = I — kZp/Br, Yk = 1. Let
Xo € arg mianQ h(x). Since s9 = 0, we have

Vi(=s0) = max {—h(x) - %nx - xollg, } = max {—h(x) - %nx —xol3,/_5, } ,
(3.3)
Notice that (3.3) is a concave maximization problem and then it has a unique optimal solution
in the closed convex set Q. According to Danskin’s theorem [2, Proposition B.25], we obtain
that both Vi (—sp) and VV|(—s¢) are well defined. Let

T := Vi(=s0) + (=80, VVi(=s0)) + h(x1). (3.4
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In the following, the first lemma studies the relation between U (s) and Vi (s), and the
second lemma studies the smoothness of function Vj(s).

Lemma 3.1 Foranys € R" and k € N, we have
Uk(s) < B D + Vi(s) (3.5

Proof According to the definitions (3.1), (3.2) and Fp = {x € Q : %Hx —xo0ll? < D}, we
have

Ui (s) = max {(s, x — xgo) — kh(x)}

xeFp

. 1 2
< %’2‘83125 {(s,x — xo) — kh(x) — ﬂ(illx —xoll” — D)}

< max {(s, x —x0) — kh(x) — ﬂk(lﬂx ] - D)]
xeQ 2

k
< max {<s,x — x0) — kh(x) — %nx = x0lI” + BeD + 5 |lx —xonéh}
= BiD + Vi (s),

where the first inequality corresponds to the partial Lagrangian relaxation, and the last
inequality holds as X > 0. O

Lemma 3.2 The well-defined function Vi (s) is convex and continuously differentiable. Then
we have
VVi(s) = xk(s) — xo, Yk > 1, (3.6)

where xi (s) is the minimizer of the function Vi (s). In addition, V V. (s) is 1/By-Lipschitz
continuous, i.e., there exists a constant 1 /By > 0 such that

1
VVi(s) = VVi@)ll < F"s —tll, Vs, t € R".
3

Proof Since the objective function of problem (3.2) is S; —strongly concave with respect to
X, X (s) is the unique maximizer of Vi (s). Then (3.6) follows from Danskin’s theorem [2,
Proposition B.25].

For any /(x) € dh(x), s1, 52 € R", according to the first-order optimality conditions, we
have

(=s1+ kl(xk(s1)) + BrGr (xi(s1) — X0), Xk (s2) — xx(s1)) = 0,
(=52 + kl(xi(52)) + Be G (xk(s2) — x0), Xk (s1) — Xk (52)) = 0.
Adding these two inequalities together, we can get
(s2 = s1, xk (1) — Xk (52)) < k{l(xx(52)) — L(x(51)), Xp(s1) — xxc(52))
+ (B Gr(xk (s2) — x(51)), Xk (s1) — Xk (52))
— kllxe(s1) = xx ()15, — Bellxe(s1) — xx(s2)[1g,
< — Bellxk(s) = xe(s2) 1%, Yk = 1,

IA

A
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where last inequality follows from Gy = I — % ¥,. Thus, we have

A

1
lxk (s1) — xx (s2) |1 < —ﬁ(Sz — 51, Xk (51) — xk(s52))

1
—|Is2 = stllllxk(s1) — xx(s2) I, Vk > 1,

Br

IA

which is equivalent to
1
IVVi(s1) = VVi(s2)ll = EIISz —sill, Ve = 1.
[}

Let F}; = minyer, F(x). According to the convexity of the objective function, we have

F(8k41) — Z[f(x,)+h<x,> = min [£(0) + h(o)]

F¥
D—k+1

1 A hix:) — h
= r ng;l__x Z[f(xz)—f(x)-i- (xi) — h(x)]

- k—i-lxe]-'D Z[ 8is Xi — X) + h(xi) = h(x)]. (3.7)

Consequently, we define the gap function as

k
Ber1 i= max Y [{gi, i —x) +h(xi) — h(x)].
Pi=0

It follows from the inequality (3.5) that

k
Skt = Y {80, Xi — X0) + h(ei)] + Uk1 (—skt1) (3.8)
i=0
< Z 82 Xi — X0) + h()]+ Bes1 D + Vi1 (—se41)
= Ak+1. 3.9

Remark 3.1 For any fixed k, there exists a constant P that satisfies max; ] % [[x; —x0 ||2 < P.

Thus we have .

1
5 2 st = X013, < AmarkP, (3.10)
i=1

where A4y is the maximum eigenvalue of Xj,.
Now we present the upper bounds as follows.

Theorem 3.1 Let the sequence {x,-}i-‘:O C Qand {g,-}f:0 C R" be generated by Algorithm 1.
Let sequence {ﬂ,'}fzo satisfies B = v Br, where {B','}i.‘:l is defined in (2.5), fo = B1 and
y > 0. Then
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1. Forany k € N, we have
k—1
1 1
S <Ak <BD+T+ 5 Z—nglu + Aax (k — D) P. 3.11)

2. Assume that

(1) the sequence {gi}k>0 is bounded, which means that

AL > 0, such that ||gr|| < L, Yk >0, (3.12)
(2) there exists a solution x* satisfying

(g, x —x") >0, g€ df(x), Vx € Q. (3.13)

Then it holds that

2T +2A k—1)P
”xk _ x*”2 < m/;z],:( ) + ||)C* . x0||2Gk + Lz. (314)

3. Let x* be an interior solution, i.e., there exist v, D > 0 satisfying B, (x*) C Fp. Assume
there is a I'y, > 0 such that

max - ||z]| < T'p.

zedh(y)
YEB(x*)
Then we have
_ 1
i1l < —mgy | A DT+ 5 Z—ng,n + Amaxk P | + T, (3.15)

< 1 k
where k41 = 57 D _i—o 8k-

Proof 1. According to the definitions of Vi (s) and Gy, for any integer k > 1, we have
Bk—1
Vet (=) = max § (=si. ¥ = x0) = (k = DAG) = ZH e = xollg,

k—1
> (—sk. xk — x0) — (k — Dh(xp) — ﬂT lxe — xoll,_,

= V50 + ) + 2ol — xolly, — P e~ ol
> Vel=s) + h(xo) + i PPt — ol = S = ol
= Vi) + hn) — 5 Ik = vl
According to Lemma 3.2, we have
Vi(s + o) < Vi(s) + (0, VVi(s)) + ﬁlla”z, Vs, o € R™. (3.16)
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Substituting s into (3.16) yields that
1
Vie(=si) + hxe) = 5l = xol13,
< Vic1(=si) = Vi1 (=sg—1 — gk—1)

1
< Vi1 (=sk—1) + (—8gk—1, VVi—1(—Sk— 1))+7||g1< 117

2B
1
= Vi—1(=sk=1) + (—8k—1, Xk—1 — Xo) + 27”81{—1”27 Vk > 1,
Br—1
which further implies that
(8k—1, Xk—1 — x0) + h(xg)
< Vi—1(=sg—1) — Vk(=si) + 7”8/( 12 +*||x1< xoll§,. Vk> 1.

2Bi—1

By summing the above inequality from 1 to k, we obtain

[{(gi,xi —x0) + h(xiy1)]

-

1
k

< Vi(=s1) = Vip1 (=se41) + 5 3 [éllgill2 + [lxi41 — XOlléh] :
i=1

which is equivalent to

k

> g xi — x0) + hGi)] + Vir1 (=se1) < Vi(=s1) + h(xo) + h(x1) — h(xepr)
i=0
k

Z [—ngl I + llxi g1 — xonéh} : (3.17)

By combining with (3.16) and s1 = 59 + go, we have

Vi(=s1) = Vi(=s0 — go) < Vi(—=s0) + (—go, VVi(=s0)) + ﬁllgoll

=T —h(x)+ 7llgoll

where the equality follows from (3.4) and By = B1. By noting that xo = arg min,¢p h(x),
we can obtain that

h(xo) < h(xgs1).

Finally, combining (3.9), (3.17) and the above inequalities, we conclude that
k
Ayt B D+ T + 5 Z —||g, & Z Ixit1 — xoll%, -
i=l

2. Notice that xx = argmin,¢ {(sk, x — xo) +kh(x) + %" lx — xollsz. By the convexity of
the objective function, we have

(sk + kli + B G (xg — x0), x — x¢) = 0, Vx € Q. (3.18)
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Notice that Gy = I — kX /Bk. Then we can define the following B —strongly convex
function

B
Pu(x) = kh(x) + 7 x = xollg,. k€ N,
which implies that
B0 2 Bue) + K+ BGiCk — 300 x —xi) + B a2 G19)

By taking ¢ (xx) from the right-hand side of the inequality (3.19) to the left-hand side,
we can get

k
(Kl + PGt = x0), ¥ = i) + D — P

Bk B
< kUh(0) = ho] + -l = Zollg, = -l = x1G,
Combining with (3.18) yields that
k k k
%nxk — x|* < kh(x) — kh(x) + %nx —xo0llg, — %nxk - x0llg,
+ (klx + BrGi (xk — x0), Xk — Xx)

B Bk
< kh(x) = kh(u) + -1 = xollg, — 7 Il — xollg, — (sk, 26 — x)

k
= Ve + khC) + D e — ol + fsx,x — x0)

k—1 k—1
= Vi(s1) + ) (gir xi —x0) + Y _ h(x)
i=0 i=0
ﬂk k—1 k—1
+ 5l = xolG + Y {gix =) +khG) = Y hGa). (3:20)
i=0 i=0

Furthermore, we notice that (3.17) is taken into the following form

k k
1
Viert(=se)+ Y [gi xi —x0) +h(xi)] < T+ Z—ng,u 5 2 i1 = xol15,.
i=0 i=1
3.21)
By substituting (3.20) into (3.21), we can get
,3 k 1 k 1
—||xk—x|| <T += Z—ng,n + = anm xoll%,
Bk A
+5 I = xollg, + {Z [f )+ h()] = [f(xi) +h<xi>]}.
0

Finally, we set x = x™* := arg minxe]_-D f(x) 4+ h(x). Then it holds that

=
Br 2 2 Bk
e — 1 &i i+1 — D) e - G
||xk x*|° < T+ ||g -+ [l xo0l13 . T IIX xolI? -
i=1

According to the conditions (2.5) and (3.12), we obtain the inequality (3.14).
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3. Based on (3.8), we can obtain

k
Bt = D L{gisxi =) + 0]+ max ({seer, 37— x) = (6 + Dh(x)
i=0
k
= [gi X — x*) + h(xi) — h(x*)] + max {{sier, 3" = x) & (k + Dh()
i=0
— (k+ Dh(x)}

k
> g{f(xi) ) = f() = h(x")) + max {{st1, % = x) + (k + Dh(x")
— (k4 Dh(x)}

> max {lseer, " = x) o (k4 DRGD = (k+ DACO)

Notice that

- *
X =arg max (Sg41,X —X).
xEB,(x*)< )

Then we have ||x* — X|| = r and
{swer, x* = %) = sk ™ = X = rllsgeall-
Thus, it holds that
Skr1 = xerg%*){(sHl X —x) + (k+ Dh(x*) — (k + Dh(x)}

> (sk41, X5 = X) 4 (k + Dh(x*) = (k + DA(X)
> rllskall 4+ (e + D), x* — )

> rllsestll = (k4 DG [x* — X

= rllse+1ll — Gk + DrlilGoOll,

which implies

1 1 1
— —4 X)) < ——=6 Iy.
k+1” sk+1l < FEE D) k1 F IO = Sk D) k+1+h

Then (3.15) follows from (3.11). O

As a main result, we can now estimate the upper bound on the complexity of IPSB in the
following.

Theorem 3.2 Assume there exists a constant L > 0 such that || g || < L, Yk > 0. Denote by
{x; }LO the sequence generated by Algorithm 1. Let F}, = minyer,, F(x). Then we have

N ,ngrl L2 T — )LmaxP
F — F} — Apax P < D+ — _ 3.22
(xk+l) D max ™ = k+1 yD + 2]/ + k+1 ( )
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Proof By combining (2.5) with the inequalities (3.7) and (3.11), we have

i) = Fp < (D) < [ﬂk+1D+T+ anznzﬂmaxkp}

Br+ L\ T —hmax P
< D4+ — —_— + A P,
S kr1 yD + 2]/ + kTl + Amax

which finishes the proof of the inequality (3.22). O

Remark 3.2 According to Lemma 2.1, we know that the sequence { Bk},‘zio can be used for
balancing the terms appearing in the right-hand side of inequality (3.11). It follows from
Theorem 3.2 that IPSB converges to the region of the optimal value with rate O (1/vk).

4 Numerical experiments

In this section, we perform numerical experiments to compare the algorithms IPSB, SDA
and PSB on two kinds of test problems. All experiments were implemented in MTALAB
2018b and run on a laptop with a dual core (1.6 4+ 1.8 GHz) processor and 8 GB RAM.

4.1 Regularized least squares problem

In this subsection, we test the regularized least squares problem
min {||Ax—b||2+,5max ﬁ(x)}, 4.1)
xeR” i€[m]

where A € R"*™2_h € R™ and f;(x), i € [m] are all positive and strongly convex. Notice
that (4.1) is a special case of (1.1) with f(x) = ||[Ax — b|l2 and h(x) = p max;c[n] f; (x).

In our first test, we setm = 2, fi(x) = ||x||% and f>(x) = [|lx — c||%, where B € R"2>X"2
and ¢ € R"2. We set B # 0 to be positive semidefinite but singular so that the function % is
SQCC. In fact, we have X;, = 2B. Applying Algorithm 1 to solve (4.1) reduces to

Sk+1 = Sk + 8k

Br+1 2 }

xkﬂ=argngn{<sk+1,x>+(k+1)max{||x||%,||x elf) + =5 e —xol}_suen
Br+1

where gr € 0 f(xx) and

M if Ax—b #0
afx)=1 lAx—b| ° ’

(ATx eR" : x| < 1}, if Ax —b =0.
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The three different algorithms in comparison for solving (4.1) are explicitly reformulated as
|k
SDA : Xk41 = X0 — 72 (g +1),

B+
@k + DB + Bt D™ (Bes1xo — sk+1), if [x% > lx —clly.
PSB :xpy1 =4 Qk+ 1B +5k+11)_11(ﬂ/<+1m = Sk+1), it xl3 < llx —cll3,
(2 + DB + Bi+1G)  (Br+1X0 — Skt1 + p1Bo) otherwise,
1 .
X0 — ﬂTﬂ(z(k + 1)Bxo + st41). it [xlI3 > [lx —cll3.
IPSB : xp41 = xo—B;ﬂﬂk+UBm+wH¢—ﬂk+DBo,ﬁ”ﬂ@<”x—ﬂ§
+
1
X0 — 137(2(/( + 1)Bxo + sk+1 + 2p Bc), otherwise ,
k+1

where expression for 51, p; and G is as follows

(k4 DT (Be + spe1 — Braixo)

f1 T he :
_ 1 T T T
7= g (Besie” Be = x0) +2¢" Bsgy + 4k + e’ B - Bxo)
_ Be-cl
G=1-"C

¢! Be

In addition, I € dh(xy) and
oh(x) ={l e R"™*" : | =2Bx +2aBc, a € [0, 1]}.

In our experiments, we choose p = 1 and n1 x ny € {400 x 900, 800 x 2000, 1500 x 3000}.
In Algorithm 1, we set y = 20, A = le — 3 and the termination criterion is set as either
|F(x%) — F(x¥1)| < 1073 or the number of iterations reaches 300. Starting from a fixed
seed, we independently randomly generate x* = (10, ..., 10) € R"2, ¢ € R from standard
normal distribution N (0, 0.25) and then generate each elment of A from N (0, 202). We set
b € R™ as follows

ny
b,’ = ZA,-jx*, i €[nt].

j=1
The matrix B is constructed by randomly generating eigenvalues and eigenvectors. The first
ten eigenvalues of B are random positive numbers and the rest are zero. We construct the
eigenvecters by randomly generating orthogonal matrix with uniformly distributed random
elements. When n; = 400, np = 900, MATLAB code to generate the above data is as
follows. The others are similar.

n_1=400; n2=900;

randn( ‘seed’,0)

A = 20%randn(nl,n2); x_op = randn(n2,1);

b = Axx_op;

rand( ‘seed’,0)

y = 5e2«rand(10,1); x = [y; zeros(n2—10,1)];
X = diag(x); U = orth(rand(n2,n2));

B=U *xXxU;

¢ = 0.5%randn(n2,1);
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Fig.2 Numerical comparison between algorithms PSB and IPSB

where x_op corresponds to the variable x*.

We plot the variants of log(log F (X)) versus the iterations number k and CPU runtime
in Figs. 1 and 2, respectively.

As shown in Fig. 1, IPSB would have a better function value than SDA in the iteration

process. By zooming in on the details of the figures, it can be seen that the value generated
by IPSB is decreasing rather than constant.

PSB runs much slower than IPSB because of the heavy computation cost of matrix inver-
sion. It is shown in Fig. 2 that IPSB is much more efficient than PSB.

4.2 Elastic net regression

The elastic net is a regularized regression model [27] by linearly combining LASSO and
ridge regression. It is formulated as

min [ly — X3 + nillwl + nlol3, 4.2)
weR"

where p is the number of samples, 7 is the number of features, y € R? is the response vector,
X € RP*" is the design matrix, and 11, 7o > 0 are regularization parameters. It corresponds

to setting f(w) = n1||lw|1 and h(w) = ||y — Xa)||% + n2||w||% in (1.1). The iteration schemes
of three different algorithms in comparison for solving (4.2) are reformulated as
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Table 1 Computational cost in each iteration

Algorithm SDA PSB IPSB

Complexity per iteration O(kpn) O3 + pn? +kn) O(kn + pn)

k

1

SDA : wgy1 = wo + /37 Z (ZXT(Xa)i —y) +nisgn(w;) + anwi) R
k+1 4

i=0

k
PSB:wH4=<w4—D@XTX+2m1y+m+ur*<m+mm+2XTy—n1§:mnmw),
i=0

k
1
IPSB : wit1 = wo — K ((k + 1)(2XT(Xa)o —y) + 2n2wo) + N1 E sgn(a),)) ,
+ i=0

where the initial point wp is given by (X7 X + noI)~! Xy = arg mingepn h(w), sgn(-) is
the sign function, and the sequence {Bx}r>0 utilizes the form (2.5). We list in Table 1 the
computational complexity in each iteration. It demonstrates that in each iteration PSB has
the highest computational cost when n is much larger than k, and SDA takes the highest cost
when k is much larger than p and n.

We set the termination criterion as

|f(@) — fl
f
where f is an approximation of the optimal value obtained by running 500 iterations of SDA
in advance, ® = Zle w; /n and t is the realistic number of iterations until termination.
We conduct the experiments with the following synthetic data and real data, respectively.
Synthetic data: Starting a fixed seed, we independently and randomly generate X;; ~
N(0,0.01), w* ~ N(0, 1), ¢ ~ N(0,0.04), and then set y; = Z?:l Xijo* +€,i € [pl
Jj € [n]. We choose p x n € {300 x 1000, 500 x 2000, 700 x 3000, 1000 x 5000}. The
hyperparameters used for the synthetic data are set as

y =102, Bo=3x 1072, & =107,

< 6rel

’

When p = 300, n = 1000, the MATLAB code to generate the data is as follows. The
others are similar.

p=300; n=1000;
randn(’seed’,0);
X=0.1.xrandn(p,n);
x_op=randn(n,1);
ep=0.2.xrandn(p,1);
y=XkX_op+ep;

where x_op and ep correspond to the variables ™ and € respectively.

MNIST data [15]: There are 70, 000 samples from the images of 10 digits in the MNIST
data set, each with a 28 x 28 gray-scale pixel-map, for a total of 784 features. We take the
digits 8 and 9. Thus we have p = 13783 and n = 784. Moveover, let y € {+1, —1}" be the
binary label. The hyperparameters used for MNIST data are as follows

=103, By =1073, €' =1072.
12
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Table 2 Numerical results for synthetic data

P n SDA PSB IPSB

Iter. Time Accu. Iter. Time Accu. Iter. Time Accu.

300 1000 178 0.5548  0.9007 121 10.2557 0.9009 120  0.0575  0.9009
500 2000 121 1.3441  0.9005 84  50.9602 0.9012 83 02241 0.9011
700 3000 98 1.9449  0.9009 71 146.9056  0.9007 70  0.4141  0.9002
1000 5000 76 3.0670  0.9001 63  629.0511  0.9004 66 1.0915  0.9001

Bold values indicate the result of running the algorithm proposed in this article, which have certain advantages
in comparison

Table 3 Numerical results for MNIST data

P n SDA PSB IPSB
Iter. Time Accu. Tter. Time Accu. Iter. Time Accu.
13783 784 29 2.57 0.9902 31 2.14 0.9901 32 0.62 0.9901

Bold values indicate the result of running the algorithm proposed in this article, which have certain advantages
in comparison

Tables 2 and 3 represent the experimental results for synthetic data and MNIST data,
respectively. In both Tables, we report the results of the numbers of iterations (Iter.), running
time in seconds and the accuracy (Accu.) defined as 1 — | f (@) — fI/f.

In synthetic data, SDA takes the largest number of iterations among the three, IPSB runs in
less CPU time than the other two algorithms, and PSB is the most inefficient one. In MNIST
data, the three algorithms take almost the same number of iterations so that [PSB takes the
least CPU time.

5 Conclusions

Nesterov’s dual averaging scheme succeeds in avoiding that stepsizes decrease as in the
subgradient methods for nonsmooth convex minimizing problem. It is then extended to solve
problems with an additional regularization, denoted by (RDA).

In this paper, we propose the dynamic regularized dual averaging scheme by relaxing the
positive definite regularization term in RDA, which can not only reduce the impact of the
initial point on the subproblems in later iterations but also make the new subproblem in each
iteration easy to solve. Under this new scheme, we proposed indefinite proximal subgradient-
based (IPSB) algorithm. We analyze the convergence rate of IPSB, which is O (1/+/k), where
k is the number of iterations. And IPSB converges to a region of the optimal value. Numerical
experiments on regularized least squares problem and elastic net regression show that IPSB
is more efficient than the existing algorithms SDA and PSB. Future works include more
real applications of IPSB and further improvement of IPSB by, for example, relaxing the
condition on the initial point.
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