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Abstract

Sparse tensor best rank-1 approximation (BR1Approx), which is a sparsity generaliza-
tion of the dense tensor BR1Approx, and is a higher-order extension of the sparse matrix
BR1Approx, is one of the most important problems in sparse tensor decomposition and
related problems arising from statistics and machine learning. By exploiting the multilin-
earity as well as the sparsity structure of the problem, four polynomial-time approximation
algorithms are proposed, which are easily implemented, of low computational complexity,
and can serve as initial procedures for iterative algorithms. In addition, theoretically guaran-
teed approximation lower bounds are derived for all the algorithms. We provide numerical
experiments on synthetic and real data to illustrate the efficiency and effectiveness of the
proposed algorithms; in particular, serving as initialization procedures, the approximation
algorithms can help in improving the solution quality of iterative algorithms while reducing
the computational time.

Keywords Tensor - Sparse - Rank-1 approximation - Approximation algorithm -
Approximation bound

1 Introduction

In the big data era, people often face intrinsically multi-dimensional, multi-modal and multi-
view data-sets that are too complex to be processed and analyzed by traditional data mining
tools based on vectors or matrices. Higher-order tensors (hypermatrices) naturally can rep-
resent such complex data sets. Tensor decomposition tools, developed for understanding
tensor-based data sets, have shown the power in various fields such as signal processing,
image processing, statistics, and machine learning; see the surveys [4-6, 8, 16, 29].

In high dimensional data-sets, another structure that cannot be ignored is the sparsity.
Sparsity tensor examples come from clustering problems, online advertising, web link anal-
ysis, ranking of authors based on citations [17, 24, 26, 31, 32], and so on. Therefore, recent
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advances incorporate sparsity into tensor decomposition models and tensor-based statistics
and machine learning problems [1, 3, 21, 26, 30, 32, 35, 38]; just to name a few. As pointed
out by Allen [1], introducing sparsity into tensor problems is desirable for feature selection,
for compression, for statistical consistency, and for better visualization and interpretation of
the data analysis results.

In (dense) tensor decomposition and related tensor models and problems, the best rank-1
approximation (BR1Approx) is one of the most important and fundamental problems [10,
28]. Just as the dense counterpart, the sparse tensor BR1Approx serves as a keystone in the
computation of sparse tensor decomposition and related sparse tensor models [1, 26, 30,
32, 35]. Roughly speaking, the sparse tensor BR1Approx is to find a projection of a given
data tensor onto the set of sparse rank-1 tensors in the sense of Euclidean distance. This is
equivalent to maximizing a multilinear function over both unit sphere and £( constraints;
mathematical models will be detailed in Section 2. Such a problem also closely connects to
the sparse tensor spectral norm defined in [30, 32].

For (dense) tensor BR1Approx, several methods have been proposed; e.g., power methods
[10, 18], approximation algorithms [12, 13, 39], and convex relaxations [15, 25, 37]. For
sparse matrix BR1Approx, solution methods have been studied extensively in the context of
sparse PCA and sparse SVD [36, 40]; see, e.g., iterative methods [20, 36], approximation
algorithms [2, 11], and semidefinite relaxation [9]; just to name a few. For sparse tensor
BR1Approx, in the context of sparse tensor decomposition, Allen [1] first studied models
and iterative algorithms based on ¢ regularization in the literature, whereas Sun et al. [32]
developed £(-based models and algorithms, and analyzed their statistical performance. Wang
et al. [35] considered another ¢; regularized model and algorithm, which is different from
[1]. In the study of co-clustering, Papalexakis et al. [26] proposed alternating minimization
methods for nonnegative sparse tensor BR1Approx.

For nonconvex and NP-hard problems, approximation algorithms are nevertheless encour-
aged. However, in the context of sparse tensor BR1Approx problems, little attention was paid
to this type of algorithms. To fill this gap, by fully exploiting the multilinearity and sparsity
of the model, we develop four polynomial-time approximation algorithms, some extending
their matrix or dense tensor counterparts; in particular, the last algorithm, which is the most
efficient one, is even new when reducing to the matrix or dense tensor cases. The proposed
algorithms are easily implemented, and the computational complexity is not high: the most
expensive execution is, if necessary, to only compute the largest singular vector pairs of certain
matrices. Therefore, the algorithms are able to serve as initialization procedures for iterative
algorithms. Moreover, for each algorithm, we derive theoretically guaranteed approxima-
tion lower bounds. Experiments on synthetic as well as real data show the usefulness of the
introduced algorithms.

The rest of this work is organized as follows. Sect. 2 introduces the sparse tensor
BR1Approx model. Approximation algorithms are presented in Sect. 3. Numerical results
are illustrated in Sect. 4. Section 5 draws some conclusions.

2 Sparse tensor best rank-1 approximation

Throughout this work, vectors are written as (X, y, . ..), matrices correspond to (A, B, ...),
and tensors are written as (A, B, ---). R"*"*" denotes the space of n; x --- X ny real
tensors. For two tensors .4, B of the same size, their inner product (A, B) is given by the sum
of entry-wise product. The Frobenius norm of A is defined by ||A| r = (A, A)!/%. o denotes

@ Springer



Journal of Global Optimization (2022) 84:229-253 231

the outer product; in particular, for x; € R"/, j =1,...,d, x| o --- 0 X4 denotes a rank-1
tensor in R™1 ¥ ||x||, represents the number of nonzero entries of a vector x.
Given A € R™"** with d > 3, the tensor BR1Approx consists of finding a set of
vectors Xi, ..., Xg, such that
min IA-x10-oxg —Al% st |x;| =1, 1<j<d, @D
reR,xjeR"  1<j<d
When A is sparse, it may be necessary to also investigate the sparsity of the latent factors x;,
1 < j < d. Assume that the true sparsity level of each latent factors is known a prior, or can
be estimated; then the sparse tensor BR1Approx can be modeled as follows [32]:
min Ih-xi0-oxg —AlF st x| =1, |x;], <rj. 1 <j<d, 22
reR,x;eR" 1< j<d
where 1 < r; < n; are positive integers standing for the sparsity level. Allen [1] and Wang

et al. [35] proposed ¢; regularized models for sparse tensor BR1Approx problems.
Since x;’s are normalized in (2.2), we have

A1 0 o%g — Al = AN} = 24 (A, X1 0+ 0 Xg) + A7 ]_[j:l Ixi1®
= [AlF =24 (A, x10--- 0 xg) + 4%,
minimizing which with respect to A gives A = (A, X] o --- 0 Xy), and so
Ix1 0 xg — AllF = IAIF — (A X1 0+ 0xg)°.

Due to the multilinearity of (A, xj o---0Xg), (4, Xj0--+0 x4)? is maximized if and only

if (A, X1 0 --- 0 Xy) is maximized. Thus (2.2) can be equivalently recast as

maxy; 1<j<d (A X1 0 0xg) st x| =1 |x;|, <rj.1<j<d (2.3)

This is the main model to be focused on. When r; = nj, (2.3) boils down exactly to the
tensor singular value problem [19]. Thus (2.2) can be regarded as a sparse tensor singular
value problem.

When rj = nj, (2.3) is already NP-hard in general [14]; on the other hand, when d = 2
and X; = Xp, it is also NP-hard [22]. Therefore, we may deduce that (2.3) is also NP-hard,
whose NP-hardness comes from two folds: the multilinearity of the objective function, and the
sparsity constraints. In view of this, approximation algorithms for solving (2.3) are necessary.

In the rest of this work, to simplify notations, we denote

Ax) - Xg = (A, X1 0---0Xyg).

In addition, we also use the following notation to denote the partial gradients of Axj - - - X4
with respect to X;:

AX[---Xj,1Xj+1---Xd = VXijl---XdERn-/, 1<j<d.

ny,...,n4 : .
For example, (AX; - -Xg)i, = Zig:l """ ig=1 AitiigX2,iz * * + Xd,iy» Where we write X; :=
(B xj,n/.]T. The partial Hessian of Ax; - - - X4 with respect to x;_; and x4 is denoted

as:
AX| - Xg0 = de,l,dixl S.Xg € Rndlend’

. Nlyeeny nqg—2
with (AX1 -+ Xg-2)ig_rig = 225 21 i et AirigaiaX Ly Xd 2,04
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3 Approximation algorithms and approximation bounds

Four approximation algorithms are proposed in this section, all of which admit theoretical
lower bounds. We first present some preparations used in this section. For any nonzero
acR", 1 <r <n,denote [a]*" € R" as a truncation of a as

[a]i’r . { a;, if |a;| is one of the r largest (in magnitude) entries of a,
V=

0, otherwise.
In particular, if a;,, a;,, aj,, . . . are respectively the r-, (r + 1)-, (r + 2)-, . .. largest entries
(in magnitude) with i1 < i < i3 < ---, and |a;,| = |a;,| = |ai;] = ---, then we set
[a]iﬁ’r = a;, and [a]ilz’r = [a]it’r = ... =0. Thus [a]*" is uniquely defined. We can see that
[a]¥" is a best r-approximation to a [20, Proposition 4.3], i.e.,
b.r
a
[a]'" €arg min ||x—a| < _fal™” carg max a'x. (3.4)
Ixllo=<r | [al¥" || IxlI=1,lIxllo<r

It is not hard to see that the following proposition holds.

Proposition 3.1 Lera € R", a # 0 and let a° = [a]¥" /| [a]Y" || with | < r < n. Then

(a,a% > \/gllall-

Let Amax (+) denote the largest singular value of a given matrix. The following lemma is
important.

Lemma 3.1 Given a nonzero A € R™*", with (y, z) being the normalized singular vector
pair corresponding to Amax (A). Let 20 = [z /1l [z]V" || with 1 < r < n. Then there holds

[42] 2 [ s ).

Proof From the definition of z, we see that |Az|| = Amax(A) and AT Az = )»Iznax(A)z.
Therefore,

Amax(4) | AZ’|| = | AZ°| - | Az
> <Az0, Az)
= )Lmax(A) . <AZO, )’) = )\.2 (A) . <ZO, Z)

max
> 1522,
n

where the last inequality follows from Proposition 3.1, the definition of 2%, and that ||z| = 1.
This completes the proof. O

3.1 The first algorithm

To illustrate the first algorithm, we denote elj:/ eRY,1<ij<nj,j=1,...,d,asstandard

basis vectors in R"/. For example, eé is a vector in R"2 with the first entry being one and the
remaining ones being zero. Denote r := (rq, ..., rg); without loss of generality, we assume
thatry <--- <ry.
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Algorithm (x(l), e xg) = approx_alg(A, r) (A)

. i ivrd
l.Foreachij =1,...,n;,j=1,...,d — 1, compute |:Aelll ---eild_ll] e R,
2.Let (i, ...,ig_1) be a tuple of indices such that
K3 K Ny . .
el .. el vra| max [.Ae” ,,,eld—l]l"d .
1€ T si % j=d 1 [ A ;
id-1 bra
denote X Xd [Ae d:l] and xg = Xg/”ig II.
3. Sequentially update
o B bra—1
<0 _ ' td—2 0 0 _ 30 <0
Xg-1 = [Ael “‘ed_zxd] Xgo1 =X/ ”Xd—]) :

bra—2
0 _ =30 0 0 _z0 50
X4 = [Ae e_3%d- 1Xd] Xgp =%/ defzu’

%0 : [Axg - xd:|¢ e

4. Return (X(l)’ . xg).

It is clear that .Aei1 . e;d i’s are mode-d fibers of A. For the definition of fibers, one

can refer to [16]; following the Matlab notation we have A(iy, ..., ig—1,:) = Ae'i' ej '1
Algorithm A is a straightforward extension of [2, Algorithm 1] for sparse symmetric matrix
PCA to higher-order tensor cases. Intuitively, the first two steps of Algorithm A enumerate
all the mode-d fibers of A, such that the select one admits the largest length with respect to
its largest ry entries (in magnitude). x2 is then given by the normalization of this fiber. Then,
according to (3.4), the remaining x(l) are in fact obtained by sequentially updated as

0 i ;/ 1 0 -
X; € arg max Ae’' - _yx 1 Xy, j=d—1,..., 1L 3.5)
/ Iyl=Llylg<r; ! 1R

We consider the computational complexity of Algorithm A. Computing Ae'i' eldd i

i b
takes O (nq) flops, while it takes O (n4 log(ny)) flops to compute [.Ae'l1 eif i] ' by using

quick-sort. Thus the first two steps take O (n| e ng log(ng) +nqlog(ng)) flops. Computing
x(;, j=1,...,d — 1respectively takes 0(]_[,’(=1 ng - ng + njlog(n;)) flops. Thus the total

complexity can be roughly estimated as 0(]_[‘;?;1 nj-log(ng) + Z‘;:l njlog(n;)).
We first show that Algorithm A is well-defined.

Proposition 3.2 If A # 0 and (X(l), e, xg) is generated by Algorithm A, then X(/J # 0,
I<j=<d '

Proof Since A is a nonzeros tensor there exists at least one fiber that is not identically
zero. Therefore, the definition of X)) , shows that X %9 4 1s not identically zero, and hence x! - We

ldzoldl_ 1,0 _ Qa1
also 0bservethat<./4e1 € 5%y, €50 1>—Ae1 e 1Xd = ||.Ae1 ---e; |l > 0, which
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im;_)lies that Aei‘ eld" 5x9 # 0,and sox)_; # 0.(3.5) shows that Ae"l‘ ej 3x9_ x>
Aej! - eZ’ ixg > 0. Similarly, we can show that xg_z #0,...,x0 #0. O

We next first present the approximation bound when d = 3. The bound extends that of
[2] to higher-order cases.

Theorem 3.1 Denote v°P' as the optimal value of (2.3) when d = 3.
Let (X] , xz, ) be generated by Algorithm A. Then it holds that

opt
Ax?xgxg > .
T2
Proof Denote (x},X3,X3) as a maximizer of (2.3). By noticing that ||X’1k ||0 < ry and
B ni * I kg ). : : e R X T
AXTX3x3 = Z{iI:xT,il#O}xl,h'(Ael x2x3),recalhngthatwewntex] =Xl
we have

ni

p‘:Ax*x*x*—Z xF (Ae xx)
1X2X3 (iag 201 i 1 X2X3

ni 1] % *)2
= \/Z{ilz"fil #0} 1 ll \/Z {i1: Xl; £0) (Ael X)X3
< |xi| - \/ﬁmi?x ‘Ae’]‘ X3X3| = fmax ‘Ae1 X3x5 [,

where the first inequality uses the Cauchy-Schwartz inequality, and the last equality follows
from Hx’l" H = 1. In the same vein, we have

(3.6)

VP < /r1 max ‘Ae’]'xﬁx?‘ < J/rir; max ‘Ae’llelzzxﬁ
1] 11,12

= max;, .Ae'l1 e’fx’g denote

i3
xz:z[ ”12 /HA“’2

(3.4) shows that ‘Ae’ll e’22 x5

Assume that ‘.Ae’ll e’z2 x5 =

By noticing the definition of xg, we then have

1.r3
1 1
[Aell 622]

‘ Ae 11 e’22 %3).

~ l/ r
([4eied]

< max

1 12 *
’“Ael €, X3 na
i1,i2

‘Ae’l1 e’22 X3 =

_ 11 12 0
= Ae|'e;x3.
Finally, recalling the definitions of x1 and xg and combining the above pieces, we arrive at

VPt < rlr.Ae"zx < JrmAe x0x? < /i AxOxdx!,
1€,X3 1 XoX3 = 1X2X3

as desired. ]

In the same spirit of the proof of Theorem 3.1, for general d > 3, one can show that

i d—1 i
vPt </ max;, Aelllxé---xj <. ijlrl max ’Ael . edd llxz;
= Jdd—1
dfl
l_[, j . max .AX?---XS.
j=1" T iy eig
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Theorem 3.2 Denote v°P! as the optimal value of the problem (2.3).
Let (X(l), cees Xg) be generated by Algorithm A for a general d-th order tensor A. Then it
holds that

LOPt

d—1__
\/1_[,':1 Tj

Ak >

3.2 The second algorithm

The second algorithm is presented as follows.

Algorithm (X(l), o xg) = approx_alg(A, r) (B)

1. For each tuple (i1, ...,ig—2), ij =1,..., nj, 1 < j <d — 2, solve the matrix singular value
i id-2

problem max|x,_ =[x, (=1 Aell ey 3 Xd—1X4.

2. Let (i1, ...,ig—>) be the optimal tuple of indices with (X;_1, Xz) being the optimal solution

pair, i.e.,

i

i oo id—2 .
Ael ---ed_zxd_lxd: .Ael ---ed_zxd_lxd,

] ~ max
1<ij<nj,1<j<d=2,|x4_1lI=lxgll=1

denote X := [&q ¥ /Il [Ra] V" 1.
3. Sequentially update xg_l, e X(l) as Step 3 of Algorithm A.

4. Return (X(l), .. .,xg).

The main difference from Algorithm A mainly lies in the first step, where Algorithm
A requires to find the fiber with the largest length with respect to the largest r3 entries (in

magnitude), while the first step of Algorithm B looks for the matrix .,éleil1 e eild_’é € R-1x7d

with the largest spectral radius among all Ae'i' e ej:%. Algorithm B combines the ideas of
both Algorithms 1 and 2 of [2] and extends them to higher-order tensors. When reducing
to the matrix case, our algorithm here is still different from [2], as we find sparse singular
vector pairs, while [2] pursues sparse eigenvectors of a symmetric matrix.

The computational complexity of Algorithm B is as follows. Computing the largest singu-
lar value of.Aeil' cee e;ji_’% takes O(min{nﬁ_lnd, nd_lni}) flops in theory. Computing xg takes
O(nglog(ng)) flops. Thus the first two steps take O (ny ---ng—» min{ng_lnd, nd_lnlzi} +
nglog(ng)) flops. The flops of the third step are the same as those of Algorithm A.
As a result, the total complexity is dominated by O (ny---ng_» min{nﬁflnd, nd,lné} +
Y_i njlog(n))).

Algorithm B is also well-defined as follow.

Proposition3.3 If A # 0 and (x(l), e xg) is generated by Algorithm B, then x(} # 0,
1<j<d

Proof The definition of (i1, ..., ig_>) shows that the matrix Ae’i‘ e eZd_’i # 0, and hence
X4 # 0 and x) # 0. We also observe from step 2 that X; = .Ae'i1 e eff_’%)}d_l/IIAeé1 e

ig_n =
ej_%xd_l I, and so
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<Ae ! eZ’ %xg, Xi— 1) = <Aeil1 ~-~e;"_‘§id_1,x2>
= (%a.x3) e} - - €374 1] > O,
implying that Ae!! - e42x0 # 0, and — el -e2x0]"" % 0. Simil
implying that Ae; ---e;” zxd # 0, and so xd | = | Ael e 05X, # 0. Similar
arguments apply to show that x9 g2 70, ..., x] # 0 then. O
To analyze the approximation bound, we need the following proposition.

Proposition 3.4 Let i1, ..., ig—n and (X4—1,%4) be defined in Algorithm B. Then it holds
that

i id-2= _ i
Ael' el DXy 1Xg = max Ael eyl
i1,id—2, Iyl=lzl=11ylo<ra-1.lzllo<ra

Proof The result holds by noticing the definition of (e’i1 S, eildjé, XJ—1,X4), and the addi-
tional sparsity constraints in the right-hand side of the inequality. O

We first derive the approximation bound with d = 3 as an illustration.

Theorem 3.3 Let v°P' be defined as that in Theorem 3.1 when d = 3, and let (X1 , sz X ) be
generated by Algorithm B. Then it holds that

rar3
AxIx9x) > | =2 yoPt,
i nan3ri

Proof Denote (xj, X3, X3) as a maximizer to (2.3). We have
VP </ max ’.Ael1 X5X5

< Jr
11 HYII*IIZH*1 HYI|0<F2 lzllo=rs

< ﬁAeT X7X3, (3.7)

where the first inequality is the same as (3.6), while Proposition 3.4 gives the last one. Now

.Aea1 yz‘

denote A := Aej' € R"2*"3. Our remaining task is to show that

&TAxd > [ 2557 A%, (3.8)
nonj3

Recalling the definition of (X2, X3), we have Amax (A) = X, T Ax3. Lemma 3.1 tells us that

r3 r3 _ -
1AXY] = /= Amax (A) = | =%, A%s; (3.9)
n3 n3
on the other hand, since

R = [4el ] = [Axd] . <8 =52/ 8

it follows from Proposition 3.1 that
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0 L0 n 0
(g = 2 4]

combining which with (3.9) gives (3.8). Finally, (3.8) together with (3.7) and the definition
of x(l) yields

rar3 T i<
Axlxzxg > .Ae x2x3 = Ax3,x2 ) AX3 = .Ae1 X7X3
nanj3
L [
nanj3ry
as desired. m]

The following approximation bound is presented for general order d > 3.

Theorem 3.4 Let (X(l), ey Xg) be generated by Algorithm B. Then it holds that

rdq—1r
Ax) - xG > _ fd-lfdopt
- d—2
na-1na [ 15217

Proof Similar to (3.7), we have

opt ] * *
vps /rlrr}?X|Ae1X2"'Xd|<"'
) ;
d—2 %
< szl rjmax;, i, 2|Ae ceey 5Xy 1xd|
d—2 i ig—2
< 1_[]‘—1 rj.Ael ey 5Xd—1Xd.

Similar to the proof of (3.8), we can obtain

fqd—2 i ..
vOPt < 1_[]_71 r_,Ae’ll S ey:éxd_lxd

)
ng—ng [1527r; = H
<\ e e XXy
Fd—1rd

d=2
ng—na [1527r 0

<, —"""AX;7---X
— ] d-
rd—1rd

3.3 The third algorithm

We begin with the illustration from third-order tensors. We will employ the Matlab function
reshape to denote tensor folding/unfolding operations. For instance, given A € R X >

d
a = reshape(A, ]_[‘;:1 nj, 1) means the unfolding of A to a vector a in RITi=17  while
A = reshape(a, ny, ..., ng) means the folding of a back to A.
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Algorithm (x(l), xg, xg) = approx_alg(A, r1,r,r3) (CO)

1. Unfold A to A] := reshape(A,ny,nyn3) € R"1*"2"3; golve the matrix singular value
problem

- Ta w
(X1, Wq) € arg max|x||=|w|=1X AIW;

denote x) =[]V / H[;(]]l,n )

2. Let Ay := reshape(A—lrx(l), ny, n3) € R"2>*"3; solve the matrix singular value problem
I T Aow:
(X2, W2) € argmax|jy|=|jw||=1Y A2W;

denote x) 1= [Xp]472 / H &o]v:"2|.

br
3. Compute ig = [Aszg] " x3 —xg/ H OH

4. Return (X?, X(Z), Xg)).

Different from Algorithm B, Algorithm CO is mainly based on a series of computing
leading singular vector pairs of certain matrices. In fact, Algorithm CO generalizes the approx-
imation algorithm for dense tensor BR1Approx [13, Algorithm 1 with DR 2] to our sparse
setting; the main difference lies in the truncation of X; to obtain the sparse solution x%. In
particular, if no sparsity is required, i.e., r; = nj, j = 1, 2, 3, then Algorithm CO boils down
essentially to [13, Algorithm 1 with DR 2]. The next proposition shows that Algorithm CO
is well-defined.

Proposition 3.5 If A # 0 and (x(l), ey xg) is generated by Algorithm CO, then x(; # 0,
1<j<3

Proof Ttis clear that X; # 0, x{ 3 0, and W; # 0 due to that A; # 0. We have (x{, A;w;) =
(x(l), )_(1) JAiwq|| > 0, and so AIFX? # 0, and Ay # 0. Similar argument shows that X(z) #0
and Xg #0. O

Due to the presence of the truncation, deriving the approximation bound is different from
that of [13]. In particular, we need Lemma 3.1 to build bridges in the analysis. The following
relation

Ax1x2x3 = <A1 X7, x3 ® x2> <A2, x2(x3) ) (A;xg, x(3)> (3.10)
is also helpful in the analysis, where @ denotes the Kronecker product [16].

Theorem 3.5 Let v°P' be defined as that in Theorem 3.1 when d = 3, and let (X1 , xz, X ) be
generated by Algorithm CQ. Then it holds that

ryrar3 ryrri3
AN > 2 (A = ot
ninani3ny ninaniny

Proof From the definition of Ay, X1 and w, we see that

Amax (A1) = X4 A1W1 > max Axyz > v°Pt.
IxlI=lyl=llzl=1
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Therefore, to prove the approximation bound, it suffices to show that

rirmr:
Ax{x9x§ > \/I)Lmax(Al)- G.11)
n1non3ng

To this end, recalling Lemma 3.1 and the definition of x? (which is a truncation of the leading
left singular vector of A1), we obtain

r
[aTx¢| = s (A1) (3.12)

Since Ay = reshape(A;rx?, ny, n3),itholds that || Az || p = ||A;rx? || Using again Lemma
3.1 and recalling the definition of xg (which is a truncation of the leading left singular vector

of Aj), we get
Al = [ xmax<A2>>\f||Az||F— |5 |7

where the second inequality follows from the relation between the spectral norm and the
Frobenius norm of a matrix. Finally, Proposition 3.1 and the definition of xg gives that

0,00 /”
AX|X5X3 _< 2X2,X3 HA

where the equality follows from (3.10). Combining the above relation with (3.12) and (3.13)
gives (3.11). This completes the proof. O

(3.13)

(3.14)

When extending to d-th order tensors, the algorithm is presented as follows.

Algorithm (x(l), RN XS) = approx_alg(A, r) ©)

d .
1. Unfold A to A| = reshape(A, ny, ]—[?:2 nj) € R"! XH/ZZ "J solve the matrix singular
value problem

- - T .
(X1, W]) € argmax|x, ||=|\w, =1 X] A1WI;

denote Xl =[xy H (X V"1

2. For j = 2,...,d — 1, denote A; := reshape(A;r_lx?_] nj, ]_[Z:j_‘_l ng) €
S A
R"J [ie=js1 "k solve the matrix singular value problem

- - T .
() Wj) € Ay | =1 % A7V

denotex i'//H i’]

1.,
3. Compute X Xd = [Adflxg,l} ‘. X2 = 5‘2/ HXS H

4. Return (X?, .. .,xg)‘

@ Springer



240 Journal of Global Optimization (2022) 84:229-253

Remark 3.1 1In step 2, by noticing the recursive definition of A ;, one can check that A is in

T 0 0
njs [Tz jpn 7005 whereAx1 --+X;_, isregarded as

j—1

. . . O 0 N\
atensorofsmen]><~~><ndw1th(.Ax1~ X;_ 1)1 o Z]_l 1,1 LA i i Dy
J

fact the same as reshape(Ax? e x(/?_] ,

0
o (Xjfl)ij_p

The computational complexity of the first step is O(n%nz ---nq + nylog(ny)), where

0(n2n2 -ngq) comes from solving the singular value problem of an n; x H?:z nj matrix.
0

j—1
puting the singular value problem requires O(n Mjtle e ng) flops; thus the complexity is

In the second step, for each j, computing A 1x requires O(n—1 ---ng) flops; com-

Omj_1---ng+ n%njH ---nqg +njlog(n;)). The third step is O (ng—1nq + nglog(ng)).

Thus the total complexity is dominated by O (n; [14_; nj + Y9_, n; log(n;)). which is the
same as Algorithm B in theory.

Similar to Proposition 3.5, we can show that Algorithm C is well-defined, i.e., if A # 0,
then x(} # 0,1 < j < d. The proof is omitted.

Concerning the approximation bound, similar to (3.14), one has

0 0 0 0 0 T 0 0 d \ , T _0
Ax) - oxg = (AX] - oxg LX) = (A Xy, Xg) = N ,T”Ad—lxd—l Il
d

where the second equality comes from Remark 3.1 that Ax(l) .- ~x272 = Ag_; (up to a
reshaping) and the inequality is due to Proposition 3.1. Analogous to (3.13), one can prove
the following relation:

T o Tj
DEIENFI DR

Based on the above relations and (3.12), for order d > 3, we present the approximation
bound without proof.

,2<j<d-—1.

Theorem 3.6 Let (X(l), R Xg) be generated by Algorithm C. Then it holds that

d d
H, 1) Amax(A7) H, 1rj Pt

d-1, , d—1_
[Mj=in) VIlj=2nj i) [T520n;

Ax?---xgz

3.4 The fourth algorithm

Algorithm C computes X; from A; via solving singular value problems. When the size of
the tensor is huge, this might be time-consuming. To further accelerate the algorithm, we
propose the following algorithm, which is similar to Algorithm C, while it obtains X; without
solving singular value problems. Denote A as the k-th row of a matrix A. The algorithm is
presented as follows:
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Algorithm (x(l), A xg) = approx_alg(A, r) (D)

1. Unfold A to A] = reshape(A,ny, ]_[‘;:2 nj); let A’]z be the row of A; with the largest

magnitude, i.e., HAIfH = max|<f<p, ‘ Alf HF Denote wy := (Alf)T/H(Alf)T || and let

X] = A1wp;

denote x? =[x VY H[il]l‘rl

2.Forj=2,...,d—1,denote AJ- = reshape(A;.r_lx?_l,nj, szjﬂ ng); letA}]‘. be the row

of A with the largest magnitude. Denote w; := (A’;)T/H (A‘Ii)T || and let
Xj=Ajw;j;

denote x? = [i_/]iyrj / H [i.i]iqrj

_ l.rq - -
3. Compute xg = [A;!llngl} ’X?i = xg/ ng H

4. Return (X?, .. .,xg).

It is clear from the above algorithm that computing X; only requires some matrix-vector
productions, which has lower computational complexity than computing singular vectors.
Numerical results presented in the next section will show the efficiency and effectiveness of
this simple modification.

In Algorithm D, the first step needs O (ny - - - ng + nylog(n1)) flops; in the second step,
for each j, the complexity is O(nj_1---ng + njlog(n;)); the third step is O (ng—1nq +
nglog(ng)). Thus the total complexity is dominated by O(ng ---ng + Z‘;:] njlog(n;)),
which is lower than that of Algorithm C, due to the SVD-free computation of X;’s.

Reducing to the dense tensor setting, i.e., r; = n; for each j, Algorithm D is even new
for dense tensor BR1Approx problems; when d = 2, similar ideas have not been applied to
approximation algorithms for sparse matrix PCA/SVD yet.

The next proposition shows that Algorithm D is well-defined, whose proof is quite similar
to that of Proposition 3.5 and is omitted.

Proposition 3.6 If A # 0 and (x(l), cees xg) is generated by Algorithm D, then X(j] # 0,
1<j=<d

The approximation bound analysis essentially relies on the following lemma.

Lemma3.2 Given A € R™*" with Ak being the row of A having the largest magnitude. Let
w = (AT /IIADT], x = Aw, and x° = [x]V7 /|| X1V || with 1 < r < m. Then there

holds
HATxﬂ\z,chgnAnF.

HATXOH = maXx|z|=1 <ATX0, z>

<ATXO, W> = <x, x())

-
= e 2P
m

Proof We have

v
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Table 1 Comparisons of the proposed approximation algorithms on the approximation bound and computa-
tional complexity

Algorithm Approximation bound Computational complexity
Algorithm A L;,jipil 0 (n?1log(n) + dnlog(n))
Algorithm B r’l—; f% O(ndJrl + dnlog(n))
Algorithm C Aj‘“ﬂ) 0nd*! 1 dnlog(n))
Algorithm D :TL; % Ond + dnlog(n))

where the second inequality follows from that w is normalized, and the last one comes from
Proposition 3.1. We also have from the definition of x that

x> = " (akw)? = (afw)?

k=1
2
. k -
- (a2 ) = 1T
AR

1
> — A% ,
= IAlE

where the last inequality comes from the definition of AF. Combining the above analysis
gives the desired result. O

Theorem 3.7 Let (x(l), ey xg) be generated by Algorithm D. Then it holds that

d d
) [1rj 1Al oy wort
! P = d . [md=1,
Hj:]"} Hj:l”j Hj:]"] Hj:l”j
Proof As the discussions above Theorem 3.6 we get Ax? . / ;Z || Al d— 1x d—1 | Using

Lemma 3.2, for2 < j <d — 1, we have

Ja7xt| an I, - fu/«_lx,l

4 ||A1||F = ;—‘% | All 7. It is clear

In particular, from step 1 of the algorithm,

x}
that | Al p > Amax (A1) > v°P'. Combining the analysis glves the desired results. O

Before ending this section, we summarize the approximation ratio and computational
complexity of the proposed algorithms in Table 1. For convenience we setr; = - - - = rz and
nl = e s = nd'

Concerning the approximation ratio Ax? e xg Jv°P', we see that if r is a constant, then
the ratio of Algorithm A is also a constant, while those of other algorithms rely on n. This
is the advantage of Algorithm A, compared with other algorithms. When d = 2, the ratios
of Algorithms A and B are respectively 1/4/r and r/n, which coincide with their matrix
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counterparts; see, [2, Algorithms 1 and 2]. We also observe that Algorithm B generalizes the
approximation algorithm and bound for dense tensor BR1Approx in [39, Theorem 5.1]: If
sparsity is not required, i.e., ¥ = n, the bound of Algorithm B boils down to those of [39,
Theorem 5.1]. For Algorithm C, when r = n, or r is proportional to n up to a constant, the
ratio reduces to O (1/+/n9=2), which recovers that of [ 13, Algorithm 1]. Although the ratio of
Algorithm D is worse than that of Algorithm C with an additional factor 1/./n, we shall also
observe that the numerator of the bound of Algorithm Dis || A|| r, while that of Algorithm C is
Amax (A1) (see Algorithm C for the definition of A1), where the latter is usually much smaller
than the former. Note that two randomized approximation algorithms as initializations were
proposed in [32, Algorithms 3 and 4] (see its arXiv version), where the performance analysis
was considered on structured tensors. It would be also interesting to study their approximation
bound for general tensors. Concerning the computational complexity, we see that Algorithm
D admits the lowest one in theory. This is also confirmed by our numerical observations that
will be presented in the next section. Note that if the involved singular value problems in
Algorithm C are solved by the Lanczos algorithm at k steps [7] where k is a user-defined
parameter, then the computational complexity is O(kn? + dn log(n)).

Finally, We discuss that whether the approximation bounds are achieved. We only consider
the cases that r; < n;. We first consider Algorithm C and take d = 3 as an example. In

(3.13), achieving Amax (A2) = % requires that rank(A2) = ny (assuming that ny < n3)
and all the singular values are the same. If these are true, then ||A;r Xg | > /%kmax (Ap).!
Thus the bound of Algorithm C may not be tight. The approximation ratio of Algorithm
D relies on Lemma 3.2. However, there do not exist matrices achieving the approximation

ratio /# in Lemma 3.2, implying that the bound of Algorithm D may not be tight. For

Algorithm A, if step 3 is not executed (use e'i' e eif_’i, x2 obtained in step 2 as the output),

then the bound is tight: Consider A € R"1*™2*"3 with ny = ny = n3 = n as an all-one

3 . .
tensor and let 1 < r; = rp = r3 = r < n; then v°?' = r2. The generated feasible point

is x(} = e}, j=1,2,and xg is the vector whose first r entries are % and the remaining

ones are zero. Then Ax?xgxg JvoPt = } achieving the bound. For Algorithm B, in case

that d = 3 and if X(l) is not updated by step 3 (use e’i‘ obtained in step 2 as the output),

0101
then the bound can be tight: Consider A € R¥*4x4  with A, ) = A = |:(1)(1](1)(1):|,

1010
i=1,....4 andletr; = rp = r3 = 2. Then voPt = 2./2.2 Applying Algorithm B to A
yields iy = 1, withx3 = [1 11 1]7/2; thenx} = [1 1 00]7/+/2, and xJ = xJ. Finally,

2
Aeixgxg JvoPt = ﬁ = anr In summary, the reason that why the bounds cannot be

achieved is that although we derive the worst-case inequalities in every step of the analysis,
after putting them together, the final approximation bounds might not be tight. How to improve
them still need further research.

' Otherwise, from the analysis of Lemma 3.1, HAsz(z)H = /’%Amax(Az) if and only if 1) AZTXQ = aA;xg
for some @ € R, and 2) <)’(2, x(2)> = % 2) holds if and only if every entry of X, takes the same value, which

together with rp < nj implies that X, — axg # 0; however, this and 1) lead to rank(A;) < np, deducing a
contradiction.

2 Due to the structure of A, AX|XpX3 = (e,xl)-x;A)g withe =[111 l]T.Itisclearthatx’f = \%[1 100]T.
Denote x%‘ = x’f, and x§ = \%[0 101]7. Since (xé)TAxg‘ = Amax(A) = 2, (x%‘, x§) is a maximizer to

max|x; ||=1, |x; o <2,i=2,3 szAx_g, and so (x}, X5, x3) is a maximizer to (2.3), with Ax}x3x} = 24/2.
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4 Numerical experiments

We evaluate the proposed algorithms in this section on synthetic and real data. All the com-
putations are conducted on an Intel i7 CPU desktop computer with 16 GB of RAM. The
supporting software is Matlab R2019a. Tensorlab [33] is employed for basic tensor opera-
tions.

Performance of approximation algorithms We first compare Algorithms A, B, C, and D
on solving (2.3). The tensor is given by

R
A:Zizlxlyio---oxdi € RM>Xna (4.15)
where x;; e R",i =1,...,R, j =1,...,d, and we let R = 10. Here the vectors are
first randomly drawn from the normal distribution, and then sr = 70% of the entries are
randomly set to be zero. We setd = 3,4, and let n; = - -- = ng = n with n varying from

5 to 100. For each case, we randomly generated 50 instances, and the averaged results are
presented. r; = | (1 — sr)n; | for each j in (2.3). As a baseline, we also randomly generate
feasible points (Xﬁandom, A x:f‘“d"m) and evaluate its performance. On the other hand, we
easily see that

" = min{Amax (A1), - - » Amax(Aa))} (4.16)

is an upper bound for problem (2.3), where A(;) = reshape(A4, nj, HZ;&]' ny) denotes

the j-mode unfolding of .A. Thus we also evaluate v"P. The results are depicted in Fig. 1,
where the left panels show the curves of the objective values Ax? e X2 versus n of different
algorithms, whose colors are respectively cyan (Algorithm A), magenta (Algorithm B), blue
(Algorithm C), and red (Algorithm D); the curves of the random value Axtandom -xff“dom
is in black with hexagram markers, while the curve of the upper bounds v"° is in black with
diamond markers. The right ones plot the curve of CPU time versus n.

From the left panels, we observe that the objective values generated by Algorithms A, B,
C, and D are similar, where Algorithm C performs better; Algorithm D performs the second
whend = 4, and itis comparable with Algorithm B whend = 3; Algorithm A gives the worst
results, which may be that Algorithm A does not explore the structure of the problem as much
as possible. We also observe that the objective values of all the algorithms are quite close
to the upper bound (4.16), which demonstrates the effectiveness of the proposed algorithms.
In fact, the ratio of Ax;fu-;xf} is in (0.7, 1), which is far better than the approximation ratios
presented in Sect. 3. This implies that at least for this kind of tensors, the approximation ratios
might be independent of the size of the tensor. The value Axrla“d"m e xtrfndom is close to zero
(the curve almost coincides with the x-axis). Concerning the computational time, Algorithms
D is the most efficient one, confirming the theoretical results in Table 1. Algorithm C is the
second efficient one. Algorithms A and B do not perform well compared with Algorithms
C and D, although their computational complexity is similar in theory. The reason may be
because the first two algorithms require for-loop operations, which is time-consuming in
Matlab.

We then consider fix n = 100 and vary the sparsity ratio s from 10 to 90% of A in
(4.15), and compare the performance of the four proposed algorithms. r; in (2.3) is set to
(1 — sr)n;| correspondingly. The results of the objective values Ax(l) .- ~x2 together with
the upper bound are depicted in the left panels of Fig. 2, from which we still observe that all
the algorithms are close to the upper bound (4.16); among them, Algorithm C is still slightly
better than the other three, followed by Algorithms B and D. The CPU time is plotted in the
right panels of Fig. 2, which still shows that Algorithm D is the most efficient one. In fact,
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(b) Objective value and CPU time whend = 4.

Fig. 1 Comparisons of Algorithms A, B, C, and D for solving (2.3) where A is given by (4.15). n varies from
5 to 100. Left panels: objective value .Ax? .- ~x2 versus #n; right panels: CPU time

in average, Algorithm D is 5 times faster than Algorithm C, which ranks the second, and is
about 80 times faster than Algorithm B, which is the slowest one.

Overall, comparing with Algorithms A and B that find the solutions fiber by fiber, or
slide by slide, Algorithm C admits hierarchical structures that take the whole tensor into
account, and so it can explore the structure of the data tensor better. This may be the reason
why Algorithm C is better than Algorithms A and B in terms of the effectiveness. When
compared with Algorithm D, Algorithm C computes each X(/J “optimally” via SVD, while

113

Algorithm D computes x ¥ sub-optimally” but more efficiently; this explains why Algorithms
C performs better than Algorithm D. Concerning the efficiency, Algorithms A and B require
for-loop operations, which is known to be slow in Matlab. This leads to that although the
algorithms have similar computational complexity in theory (Algorithms B and C), after
implementation, their performances are quite different.

Performance of approximation plus iterative algorithms In this part, we first use approx-
imation algorithms to generate (x(l), cee xg), and then use it as an initializer for iterative
algorithms. The goal is to see if approximation algorithms can help in improving the solu-
tion quality of iterative algorithms. The iterative algorithm used for solving problem (2.3) is
simply an alternating maximization method (termed AM in the sequel) with the scheme

k1 K+l okl k k
(AM) X" e argmax Ax; T xSTxgxG L xg s x| =1,

ol Xillo <7
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Fig. 2 Comparisons of Algorithms A, B, C, and D for solving (2.3) with fixed n and sparsity ratio varying
from 10 to 90%. Figure 2a: A € R100x100x100. Ejg o1 4 g R100x100x100x100 1 eft panels: the objective
values Ax(l) . ~x2 versus sparsity ratio; right panels: CPU time

forj=1,...,dandk =1, 2, .... The stopping criterion used for AM is maxj{Hxlfrl — xl]? H}

< 1072, ork > 2000. We employ Algorithms C and D in this part, and denote the approxima-
tion plus iterative algorithms as Algorithm C + AM and D + AM in the sequel. As a baseline,
we also evaluate AM initialized by randomly generated feasible point (xrla“d"m, cees xfla"dom),
which is generated the same as the previous part. This algorithm is denoted as Random +
AM. The data tensors are also (4.15), where 50 instances are randomly generated for each n.
rj = 10.3n;]. The objective values Ax{"" - - - x3"" and CPU time for third- and fourth-order
tensors with n varying from 10 to 100 are plotted in Fig. 3a, b, where (X‘l’“t, o, xg‘“) is the
output of AM. Here the CPU time counts both that of approximation algorithms and AM.
Figure 3c depicts the number of iterations of AM initialized by different strategies. Algorithm
C + AM is in blue, D + AM is in red, and Random + AM is in black.

In terms of objective value, we see from Fig. 3a, b that Algorithm C + AM performs the
best, while Algorithm D + AM is slightly worse. Both of them are better than Random +
AM, demonstrating that approximation algorithms can indeed help in improving the solution
quality of iterative algorithms. Considering the efficiency, Algorithm D + AM is the best
among the three, followed by Random + AM. This further demonstrates the advantage of
approximation algorithms. In fact, from Fig. 3c, we can see that both Algorithm C and D
can help in reducing the number of iterations of AM. However, as we have observed in
the previous part, Algorithm C is more time-consuming than Algorithm D, leading to that
Algorithm C + AM is the slowest one.
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Fig. 3 Performances of Algorithm C + AM, Algorithm D + AM and Random + AM for solving (2.3) where
A is given by (4.15). n varies from 10 to 100. The CPU time counts both that of approximation algorithms
and AM

We also try to use Algorithms C and D to initialize AM for ¢ regularized model [1]:
d .
max (Axjo-0x) =)0 okl st Xl <1 1<) <d @&1D)

where p; = 0.2 is set in the experiment. The algorithms are denoted as Algorithm C +
AM (£1), Algorithm D + AM (¢1) and Random + AM (¢;). The results are plotted in Fig.
4, from which we observe similar results as those of Fig. 3; in particular, the efficiency of
approximation algorithms plus AM (¢;) is significantly better than Random + AM (¢;), and
their number of iterations is much more stable.

Overall, based on the observations of this part, compared with random initializations,
iterative algorithms initialized by approximation solutions generated by approximation algo-
rithms is superior both in terms of the solution quality and the running time.
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Fig.4 Performances of Algorithm C + AM (¢1), Algorithm D + AM (¢1) and Random + AM (¢ ) for solving
(4.17) where A is given by (4.15). n varies from 10 to 100

Sparse tensor clustering Tensor clustering aims to cluster matrix or tensor samples into
their underlying groups: for N samples A; € R™ > *% j =1, ... N withd > 2 and given
clusters K > 2, a clustering ¥ (-) is defined as a mapping  : R" X" — ([, ... K}.
Several tensor methods have been proposed for tensor clustering; see, e.g., [26, 31, 32].
Usually, one can first perform a dimension reduction to the samples by means of (sparse)
tensor decomposition, and then use classic methods such as K-means to the reduced sam-
ples for clustering. Here, we use a deflation method for tensor decomposition, including the
proposed approximation algorithms as initialization procedures for AM as subroutines. The
whole method for tensor clustering is presented in Algorithm STC, which has some simi-
larities to [31, Algorithm 2]. We respectively use STC (A), STC (B), STC (C), STC (D) to
distinguish AM involved in STC initialized by different approximation algorithms. We also
denote STC (Random) as AM involved in STC with random initializations.
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Algorithm (Y (A1), ..., ¥ (Ay)) = sparse_clustering( Ay, ..., Ay) (STC)
1. Define 7 € R 1> N with T, ..., i) = A i=1,.
2. Apply a deflation method with rank- R to 7, Wthh employs Algorlthm A, B, C, or D)+ AM to the
residual tensors 7, .. ., 7T — Zl 1 oqx1 ‘o Xd+1, ..., with resulting rank-1 terms X1 00 Xd+1
and weights oy, = (7 — )]0 lloqxl1 xfj+1)x’f‘ X m=1,..., R Write X 1= [x},...,xf],
j=1..., d+landa :=[af,..., aR]T.
3. Denote X441 = [“1X¢Ii+l’ .. ‘,ath’fH] € RNXR; here the i-th row of X441, denoted as a;, is
regarded as the reduced sample of A;. Apply K-means to clustering {Qy, ..., 0y} — ¥ (4;),j =
1,..., N.
4. Return the cluster assignment of {Ay, ..., Ay} (W (A, ..., v (Ayx)) = (Y @y), ..., ¥@y)).

Denote g as the true clustering mapping and let |S| represent the cardinality of a set S.
The following metric is commonly used to measure clustering performance [34]:

cluster err. := (¥) {7, J) 1 (W (AD) = ¥ (A7) # oA = Yo(A).i < jl.

Synthetic data This experiment is similar to [31, Sect. 5.2]. Consider N sparse matrix

samples {A; € R""*"2 j =1, ..., N} with n] = ny = 20 as follows:
> >
Al::A% :M3' -y ’A%-H:“.:A% :[L3- b
0 0
) )
A%+1:"‘:A3TNIIL3- 20 ’A3TN+]:"':AN:/L3' _20 ,

where & = vv' € R¥*withv = [1, —1,0.5, —0.5] ", and 0 is a zero matrix of size 12 x 12.
We stack these samples into a third order tensor 7 € RUxmxN with 7, :,0) = A;.
We apply STC (A), STC (B), STC (C), STC (D), and the vanilla K-means to the tensor
T = ﬁ + aﬁ where £ is a noisy tensor and o is the noise level. Here vanilla
K -means stands for directly applying K-means to the vectorizations of A;’s without tensor
methods. We vary the sample number N = {20, 40} and noise level o = {0.1, 0.5, 0.9}, and
set u = 0.5. To select parameters, we apply a similar Bayesian Information Criterion as [1]:
For a set of parameter combinations defined as the cartesian product of the set R of given
ranks and the sets t of tuning parameters, namely, R x v = {(R, r)|R € R, r € t}, we select
(R*, r*) = argming « BIC(R, r) with

R I )
— 22— uxj o oXg iy log(l_[] 17jN) Zdﬂ “X o
ny...ngN =1 ’

BIC(R,r) :=log ( I
]_[d 1njN
(4.18)
where «; and Xl] are computed by Algorithm STC.

For tuning procedure, we set R = {4, 6} and v = {(7, 7, N), (8, 8, N)}. For the number K
of clusters, we employ the widely used evalclusters function in Matlab which evaluate
each proposed number of clusters in a set {K, - -+ , K, } and select the smallest number of
clusters satisfying Gap(K) > Gap(K+1)—SE(K +1), where Gap(K) is the gap value for
the clustering solution with K clusters, and SE (K + 1) is the standard error of the clustering
solution with K + 1 clusters. The results are reported in Table 2 averaged over 50 instances
in each case, where bold means that the cluster error is the lowest among all the methods.
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Table3 Sparse tensor clustering via STC (D), STC (Random) and vanilla K -means on COIL-20 with different
K

K STC (D) STC (Random) vanilla K-means
Cluster err. Time Cluster err. Time. Cluster err. Time

5 1.36E—01 1.62E+02 1.37E—01 1.70E+02 1.46E—01 2.21E—-01
6 1.45E—-01 1.90E+02 1.50E—01 2.02E+02 1.51E—-01 2.79E—01
7 1.47E—-01 2.23E+02 1.49E—01 2.46E+02 1.56E—01 3.53E—01
8 1.48E—01 2.63E+02 1.49E—01 2.84E+02 1.55E-01 3.91E-01
9 1.48E—01 2.93E+02 1.49E—01 2.97E+02 1.57E-01 4.40E—01
10 1.13E-01 3.09E+02 1.11E-01 3.43E+02 1.24E-01 5.39E—01

Table 2 shows that the cluster error of STC with any approximation algorithm is smaller
than that of the vanilla K -means in all cases and is even zero in some case when the noise level
is not high, where the best one is STC (C), followed by STC (D). This shows the accuracy
and robustness of our method. Considering the CPU time, among the four tensor methods,
STC (D) is the most efficient one, followed by STC (C), while STC (B) needs more time than
the other three. However, the computational time of tensor methods is not as good as that of
the vectorized K -means, which is because of the increasing cost of the tuning procedure via
(4.18) with a pre-specified set of parameter combinations.

Real data We test the clustering performance of STC (D), STC (Random), and the vanilla
K-means on Columbia Object Image Library COIL-20 [23] for image clustering. The data
contains 20 objects viewed from varying angles and each image is of size 128 x 128. The
images are in grayscale, and the background of the objects is black, resulting in that the images
can be seen as sparse matrices. In this experiment, we consider K = {5, 6, 7, 8, 9, 10} objects
and pick up 36 images from each object for clustering, giving 7 € RIZ8x128x36K we till
tune parameters of Algorithm STC via (4.18) and the evalclusters function in Matlab,
and set R = {40, 45} and v = {(75, 75, 36K), (80, 80, 36K)}. The experiment has been
repeated 20 times for each K, and the averaged results are shown in Table 3.

Table 3 shows that the cluster error of tensor methods is still better than that of the
vanilla K-means, while STC (D) is slightly better than STC (Random). On the other hand,
the computational time of STC (D) is less than that of STC (Random). However, it still
needs more time than that of the vanilla K-means. There are two possible reasons for this
phenomenon: first, it takes more time to tune parameters via (4.18); and second, our approach
deals directly with data tensors instead of reshaping them into vectors, which preserves their
intrinsic structures but naturally increases the computational complexity at the same time.

Overall, tensor methods armed with an approximation algorithm to generate good initial-
izers show its ability to better exploring the data structure for clustering, and it would be
interesting to further improve the efficiency.

5 Conclusions

Sparse tensor BR1Approx problem can be seen as a sparse generalization of the dense tensor
BR1Approx problem and a higher-order extension of the matrix BR1Approx problem. In the
literature, little attention was paid to approximation algorithms for sparse tensor BR1Approx.
To fill this gap, four approximation algorithms were developed in this work, which are of
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low computational complexity, easily implemented, and all admit theoretical guaranteed
approximation bounds. Some of the proposed algorithms and the associated aproximation
bounds generalize their matrix or dense tensor counterparts, while Algorithm D, which is the
most efficient one, is even new when reducing to the matrix or dense tensor cases. Numerical
experiments on synthetic as well as real data showed the effectiveness and efficiency of the
developed algorithms; in particular, we observed that compared with random initializations,
our algorithms can improve the performance of iterative algorithms for solving the problem
in question. Possible future work is to design algorithms with better approximation ratio;

following [12, Theorem 4.3], we conjecture that the best ratio might be O ( /]_[d L.

j=ln;
]_[;1:% h:lnf ). On the other hand, Qi defined and studied the best rank-1 approximation ratio
- J
of a tensor space [27]; it would be interesting to extend this notion to the sparse best rank-1
approximation setting and study its bounds.
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