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Abstract

This paper discusses second-order cone tensor eigenvalue complementarity problem. We
reformulate second-order cone tensor eigenvalue complementarity problem as two con-
strained polynomial optimizations. For these two reformulated optimizations, Lasserre-type
semidefinite relaxation methods are proposed to compute all second-order cone tensor com-
plementarity eigenpairs. The proposed algorithms terminate when there are finitely many
second-order cone complementarity eigenvalues. Numerical examples are reported to show
the efficiency of the proposed algorithms.

Keywords Second-order cone - Tensor eigenvalue complementarity - Semidefinite
relaxation
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1 Introduction

For positive integers m and ny, ny, .. ., n,,, an mth order and (n1, n, . .., n,,)-dimensional
real tensor can be viewed as an array in the space R1*"2%*"m _Sych a tensor .A can be
indexed as

A= (A.i,), 1<ij<n;, j=1...,m.

Whenn; = --- = n, = n, Aiscalled an mth order n-dimensional square tensor. In such case,
the tensor space R > > js denoted as T™ (R™). A tensor in T (R") is said to be symmetric
if its entries are invariant under permutations of indices. That is, A;, ;, = A}, .j, for any
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permutation (jy, ..., j,) of index (if, ..., iy). For A € T"(R") and x := (xy, ..., x)! e
R”", we use the notation
Ax™ = Y Ajiein Xig Xiy - - - Xiy s
1<iy,..., im<n
—1._
Ax™ = Z -Ajiz‘..imxiz NN x,-m) .
1<ia,..., im=<n J=l n

Clearly, Ax™=1 ¢ R" is an n-dimensional vector.

In this paper, we consider the second-order cone tensor eigenvalue complementarity prob-
lem (SOCTEICP): for two given tensors A, B € T (R"*t1), SOCTEICP is to find a nonzero
vector x with a real number A such that

Ksx LA™ —aBx™ Y e k¥, (1.1)

where K is the second-order cone (or Lorentz cone, ice-cream cone in the literature) defined by
K:={x = (z,1) € R"! : ||z|l2 < 1}, and here K* is the dual cone of K, defined by K* :=
{yl xTy = 0,Vx € K}. For (1, x) satisfying (1.1), A is called an SOC-complementarity
eigenvalue and x is called an SOC-complementarity eigenvector of (A, B), respectively.
Furthermore, we call such (4, x) an SOC-complementarity eigenpair of (A, B).

For a general closed and convex cone, problem (1.1) is called the tensor generalized
eigenvalue complementarity problem (TGEiCP), introduced and studied in [20]. When the
cone is specified as the nonnegative orthant cone R’} := {x € R":x > 0}, the problem
is called the tensor eigenvalue complementarity problem (TEiCP) in [9,20]. For such cone,
the pair (A, x) is called a Pareto-eigenpair of (A, B). Theoretical and numerical results
are presented in [2,3,8,9,20,27,28]. When the cone is a general second-order cone, that is,
K=K" x K" x ... x K", where K" is a second-order cone. Then problem (1.1) is the
second-order cone tensor eigenvalue complementarity problem discussed in [13]. Clearly,
our considered problem is a special case of the considered problem in [13].

Numerical methods have been discussed for the second-order cone tensor eigenvalue com-
plementarity problem. A scaling-and-projection algorithm (SPA) was proposed in [20] and
applied to solve SOCTEICP in [13], which converges to an SOC-complementarity eigenpair.
In general, the extreme SOC-complementarity eigenvalue is the most important one among
all SOC-complementarity eigenvalues. For example, the nonnegativity of the smallest SOC-
complementarity eigenvalue of matrix pair (A, I') asserts the SOC-copositivity of symmetric
matrix A, here / is an identity matrix and m = 2. However, it is hard to get the extreme
SOC-complementarity eigenvalue by SPA. On the other hand, existing algorithms can not
check whether if there are no SOC-complementarity eigenpairs of (A, B).

In recent years, SDP relaxation methods have become an efficient numerical method for
solving tensor optimization problems. Specifically, all tensor eigenvalues can be computed
by solving a finite hierarchy of semidefinite relaxations [4,24] when they are finite. Tensor
complementarity problem and tensor eigenvalue complementarity problems can be solved
efficiently by SDP relaxation methods [8,9,29]. Furthermore, the SDP relaxation methods
present numerical certificates when there are no solutions to the tensor complementarity
problem and the tensor eigenvalue complementarity problem. Motivated by these, we consider
how to apply SDP relaxation methods to get all SOC-complementarity eigenpairs when they
are finite.

The main contribution of this paper is to compute all real SOC-complementarity eigenpairs
when there are finitely many ones. For convenience, we denote bdS and intS as its sets of
boundary SOC-complementarity eigenpairs and interior SOC-complementarity eigenpairs.
Both boundary SOC-complementarity eigenpairs and interior SOC-complementarity eigen-
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pairs can be reformulated as feasible solutions of polynomial optimization problems. Based
on these reformulations, all SOC-complementarity eigenpairs can be computed by solving a
finite hierarchy of semidefinite relaxations.

Contributions: In this paper, we study the second-order cone tensor eigenvalue com-
plementarity problem. First, we show that the solution set of SOCTEICPs is two real
polynomial systems. Based on this equivalence, an upper bound on the number of the SOC-
complementarity eigenvalues is established. Then we reformulate the SOCTEiCP as two
polynomial optimization problems. By solving a hierarchy of Lasserre-type semidefinite
programming (SDP) relaxations, all SOC-complementarity eigenpairs of (A, 1) can be com-
puted if they are finite.

The paper is organized as follows. Section 2 presents preliminaries in polynomial
optimization. Section 3 reformulates SOCTEiICPs as polynomial optimization problems.
Section 4 proposes Lasserre-type semidefinite relaxations for computing all boundary SOC-
complementarity eigenpairs of SOCTEICPs if there are finitely many ones. Section 5
proposes Lasserre-type semidefinite relaxation methods for computing all interior SOC-
complementarity eigenpairs of SOCTEICPs if there are finitely many ones. In Sect. 6, we
report numerical results to show the efficiency of the proposed algorithms of this paper.

2 Preliminaries

In this paper, [n] = {1, 2, ..., n}. We use lowercase letters, e.g. x, y, to denote vectors.
Higher-order tensors are denoted as A, B, C, .... Forany i <n, xj;] := (x1, ..., x)T e R,
(x1,x2) € R* x Ris simplified as (x1, x2) € R"+!. Fora given tensor A € T (R") and any
i €[n], A; € " L(R") and Apip € RV with its entries

(A jpejm = Aijpecjmr CAiDj1jaeccin = Ajrjaeccims J1 S 1

In the following, we review some basics in polynomial optimization. We refer to [17,18]
for surveys in polynomial optimization.

In the space R”, the symbol || - |2 denotes the standard Euclidean norm. Let R[x] be the
ring of polynomials with real coefficients and in variables x := (xi, ..., x,)T, and let R[x]y
be the set of real polynomials in x whose degrees are at most d.

For a polynomial tuple & = (hy, ha, ..., hy), the ideal generated by £ is the set

I(h) :==hy -Rlx]+hy - R[x]+ -+ hs - R[x].
The kth truncation of (k) is the set
I (h) :=hy - Rix)k—degny) + - -+ + hs - Rlxli—degny) -
The complex and real algebraic varieties of / are respectively defined as
Ve(h) :={x € C" | h(x) =0}, Vgr(h) :=Vc(h)NR".

A polynomial p is said to be sum of squares (SOS) if there exist p1, p2, ... pr € R[x] such
that p = p% + p% 4+ pf. The set of all SOS polynomials is denoted as X[x]. For a given
degree m, denote

Yxlm = Zx] N Rx]m.
The quadratic module generated by a polynomial tuple g = (g1, ..., g) is the set
0(g) == X[x]+ g1 - Zlx]+ -+ g - Z[x].
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The kth truncation of the quadratic module Q(g) is the set
Ok(g) = Zlxlok + &1 - ZlxIok—deg(g) + -+ + & - Zlx]ok—deg(g))-

Note that if g = @ is an empty tuple, then Q(g) = X[x] and Q(g) = Z[x]%-
Let N be the set of nonnegative integers. We refer to [5,11,16—19] for details about poly-

nomial optimization. For x := (x, ..., x)T, o= (o1,...,0,) and a degree d, denote
x=aftx ol i=o 4o, Nji={ae N ja| <d).

Denote by RNG the space of all real vectors y that are indexed by o € NJj. For y € RN, we
can write it as

y=(), aeNj

For f = ZaeNg fax® e R[x]gand y € RN¢, we define the operation

(f.3) ==Y faa- @.1)
aeNy)
For an integer t <d and y € RN¢, denote the rth truncation of y as
Ve = Ya)aens- (2.2)

Let ¢ € R[x] with deg(¢) < 2k. For each y € RN, (gp?, y) is a quadratic form in
vec(p), the coefficient vector of the polynomial p with deg(gp®) < 2k. Let L,(Ik) (y) be the
symmetric matrix such that

(ap?, ) = vee(n)" (LP (1 Jvee(p). 23)

The matrix Lfik)(y) is called the kth localizing matrix of ¢ generated by y. It is linear in y.
For instance, whenn = 2, k = 2 and ¢ = 5x1 + 4x1x3 — 6x%,

o Sy10 +4y11 — 6y02 Sy20 +4y21 — 6y12 Sy11 +4y12 — 6yo3
L5xl+4mx2_6x%(y) = | 5y20 +4y21 — 6y12 Sy30 +4y31 — 6y22 5y21 +4y20 — 613
Sy +4y12 — 6y03 Sy21 + 4y — 6y13 Sy12 +4y13 — 6y04

If g = (q1, ..., qr) is a tuple of polynomials, we then define
LE ) = Diag (L), ... LP»)). 2.4)

When g = 1 (the constant 1 polynomial), Lgk) (y) is called the kth moment matrix generated
by y, and we denote

Mi(y) = L (). 2.5)
For instance, whenn = 2 and k = 2,

Y00 Y10 Y01 Y20 Y11 Y02
Y10 Y20 Y11 Y30 Y21 Y12
Mo(y) = | Y01 Y11 Yo2 321 vi2 Yo3
Y20 Y30 Y21 Y40 Y31 Y22
Y1 Y21 Y12 Y31 Y22 V13
Y02 Y12 Y03 Y22 Y13 Yo4
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For a degree d, denote the monomial vector

T
[x]q := [l,xl, ...,xn,xlz, X1X2, ..., X2 ...,xf, ...,xd] . (2.6)

3 Reformulation and properties of the SOCTEiICP

For given tensors A, B € T"(R*t1), x € R"*! is an SOC-complementarity eigenvector
of (A, B) associated with SOC-complementarity eigenvalue A if and only if ax (Vo > 0)
is an SOC-complementarity eigenvector of (A, B) associated with SOC-complementarity
eigenvalue A. Moreover, x is an SOC-complementarity eigenvector means that x # 0, and
hence x,+; > O from x € K. Motivated by this fact, it is asserted that there exists an
SOC-complementarity eigenvector (z, 1) € K with z € R" for an SOC-complementarity
eigenvalue. It suffices to consider the set of SOC-complementarity eigenpairs of (A4, B) as

S, B):i={(h,x): K3x L (A" —aBx" 1) e K*, x = (z, 1) e R*1}.
Let

bdS :={(A,x):x €ebd, (A, x) €S(A, B)},
intS:={(A,x):xeintk, (A, x) € S(A, B)},

where bd K := {x = (z,1) € R"! | 'z = 1} and int K := {x = (z,1) € R*" |
zTz < 1}. For convenience, we call (A, x) € bdS (intS) the boundary (interior) SOC-
complementarity eigenpair. The corresponding A and x are called the boundary (interior)
SOC-complementarity eigenvalue and eigenvector, respectively.

In order to compute all the SOC-complementarity eigenpairs by SDP relaxation methods,
we reformulate the second-order cone tensor eigenvalue complementarity problem as poly-
nomial optimization problems. Before proceeding, we recall some related definitions and
properties, which are necessary for the reformulation.

We first recall the definition of Jordan product.

Definition 3.1 [10] For any x = (x1, x2) € Ry = (y1, y2) € R"T! with x5, y, € R,
their Jordan product is defined as

xoy ="y, xayi + y2x1).
Based on Jordan product, we have the following result.
Lemma 3.2 [10, Proposition 2.1] For any x, y € R**!, we have
xTy:0,xelC, yeK<=xo0y=0,xek, yek.

The next lemma, which can be checked by Sect. 1 and Proposition 1.1.3 in [7], describes
the interior solution case of the complementarity problem (C P(K, F)) when K is a cone
and F : £ — R”" is a general mapping. Here C P(K, F) is to find a vector x such that
K>x L F(x) e K%

Lemma 3.3 Let K be a cone in R". Suppose that a vector x € int K solves the C P (K, F).
Then F(x) = 0.

Based on Lemmas 3.2 and 3.3, we have the following result.

Theorem3.4 Let A, B € T"(R"Y) and x = (z, 1) € R*HL.
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(1) (A, x) €intSifandonlyif (\,z) € Q, where
Q= [(x, D] A A =0, Tz < 1] . 3.1)

(2) (A, x) €bdSifandonlyif (A, z) € Q, where
(Ax™ =t — ABx™ =Ny + (A — ABx™ 1) 1)z = 0,
(Ax" =1 —aBx™ Y41y >0, zlz=1
Proof (1)“=" (A, x) € int S means that
xeintk, Ax™ ' —aBxm et xTAxmT —aBxmh = 0.

Let F(x) = Ax"~! — ABx™~1. Then x € int K solves CP(K, F). From Lemma 3.3, we
have that Ax"~! — ABx"~! = 0. Together with x € int K, we have (A, z) € Q.

“e" (hz) € Qleads to x = (z,1) € int K, Ax" ! —aBx™"! = 0 € K and
xT (Ax™=1 — ABx™~1) = 0. Hence (&, x) € int S is asserted.

(2) “=” From Lemma 3.2 and (X, x) € bd S, it follows that

xo (A N —ABx" 1Y =0, x ebd K, (Ax" ! — ABx"™ ) e K.

x o (Ax™™1 — ABx™l) = 0 implies that (Ax"~! — ABx" D), + (A1 —
ABx™ 1), 41z = 0. From x € bdK, it is clear that (1, z) € Q.
“<"” From (1, z) € 2, we have

(Ax™ 1 = ABx™ Ny 4 (A = B Y iz = 0, (AX™ T — ABx" )41y = 0.

A= {(x,z)‘ } (3.2)

By direct computation,
(A" = ABx" " Dpylla = (Ax™ ! = ABx" sy,
and hence
(Ax™ ! —aBx™ Y e bd K C K.
Together with zI'z =1, it holds

XA = aBx™ ) = (At = ABx ]z (AT = ABx ) iy -
= — (A" =B Dz + (A" = ABx" 1) = 0.

Hence, we can assert that (A, x) € bd S. |

Based on Theorem 3.4, we now discuss the upper bound for the number of SOC-
complementarity eigenvalues. Before proceeding, we need the following definition. Let
A and B be two mth order tensors in T (C"), (A, B) is called a regular tensor pair if
det(a A — BB) = 0 for some (¢, B) € C x C. Conversely, we call (A, B) a singular tensor
pair if det (. A — BB) = 0 for all (¢, B) € C x C. Here, the determinant of the tensor was
introduced by Qi [25] firstly, and was further discussed by Hu et al. [14]. The determinant of
an mth order n-dimensional tensor .4 is the resultant of the system of homogeneous equation
Ax"~! = 0 with x € R”, which is the unique polynomial on the entries of A such that

det(A) =0 <& Ax"~!1 =0 hasanonzerosolution.

For convenience of notation, tensors A, B € Tt (C"*1) are defined as below with
x = (z,t) € RM!

Ax™ = t.A[anm_l +A(n+1)xm_lz, Bx™ = tl’)’ln]xm_] +B(n+1)xm_lz. 3.3)
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Theorem 3.5 (1) Let A B € T"(R"tY). Then there are at most (n + 1)(m" + (m — 1)")
SOC-complementarity eigenvalues of (A, B) if (A, B) and (A, B) are regular tensor
pairs, respectively.

(2) If A, Bare generic tensors in T" (R"*1), then for each SOC-complementarity eigenvalue,
there is a unique SOC-complementarity eigenvalue (up to scaling).

Proof (1) For SOC-complementarity eigenpair (A, x) with x € int K, we have (A —
AB)x" ! = Ax™~1 — ABx™~! = 0 from Theorem 3.4. This means that (1, x) is a general-
ized tensor eigenpair of (A, B). From Theorem 2.1 in [6], there are at most (n + 1)(m — 1)"
eigenvalues counting multiplicity when (A, B) is a regular tensor pair.

For SOC-complementarity eigenpair (A, x) with x = (z, t) € bd K, we have

1A 2B+ (AT = ABX" ) a2 =0, Tz =12
Let A, B € T"T1(R"+1) be as in (3.3). Then above equality can be rewritten as
Ax™ — ABx™ = 0.

Thus, (A, x) is a generalized tensor pair and there are at most (n+ 1)m” eigenvalues counting
multiplicity from Theorem 2.1 in [6] when (A, B) is a regular tensor pair.

Together with these two cases, there are at most (n + 1)(m" + (m — 1)*) SOC-
complementarity eigenvalues of (A, 5B) and the result (1) is established now.

(2) When A, B are generic in T"(R"*!), A, B are also generic in T+ (R"*!). From
Theorem 3.1 in [8], x in Ax™ ! — ABx"™~! =0 or Ax™ — ABx™ =0 is unique for each A,
up to scaling. Therefore, each SOC-complementarity eigenvector is unique for each SOC-
complementarity eigenvalue. O

The existence of SOCTEICP can be found by Theorem 2.3 in [13], which is restated as
follows.

Lemma 3.6 There exists at least one SOC-complementarity eigenpair when B is strictly SOC-
positive, where tensor B is called strictly SOC-positive if Bx™ > 0 for all nonzero vectors
in second-order cone.

SOC-positivity can be tested by solving a polynomial optimization problem, which is similar
to [23] and omitted here.

Motivated by Theorem 3.4, we consider the following polynomial optimization problems
to compute the SOC-complementarity eigenpair

min A
s.t. Axm~1 — aBx™=1 =0, (3.4)
z<1,x=(z 1) e RV,

and

min A

s.t. (Ax™ 1 — )ul’)’xmfl)[n] + (Axm1 - )Lmefl)(n.,.])Z =0,
(Axm=1 = aBx™ 1) 1) > 0,
dz=1,x=(1) e Rt

(3.5)

Clearly, €2 is included in the feasible set of (3.4), and <2 is the feasible set of (3.5). Moreover,
it is easy to check whether a feasible solution of (3.4) lies in 2. Motivated by these facts, we
consider how to solve (3.4) and (3.5) in the following.
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4 Computation of boundary SOC-complementarity eigenpairs

In this section, we study how to compute all boundary SOC-complementarity eigenpairs. For
general tensors A and B, there are finitely many SOC-complementarity eigenvalues from
Theorem 3.5. This motivates us to assume that A2 < M for some M > 0. We order them
monotonically as follows if they are finite:

M <Ay <. <ApN.
Let
Sii={r2eQ|r=x}, i=12,...,N.

Then bd'S := {(A,x) : x = (z,1),(A,2) € S USy U---USpy}. Therefore, it suffices to
compute S; to get bd S.

In the following, we compute all boundary SOC-complementarity eigenpairs sequentially
if they are finite.

4.1 Computation of S,

We first consider the following polynomial optimization problem:

min A

st (AX™ 1 —aBx™ N+ (A — ABx™ 1) 1)z = 0,
(Ax™ =t = ABx" 1) 1) > 0,
dz=1,22<M, x=(z1) e R

It is clear that (A, z) is feasible if and only if (A, z) € Q. For convenience of notation, let
g = (81,80 h = (hi,....,hy1) with g1 = (A" = ABx" Y p1), g2 = M — A2,
hi = (Ax™=1 — aBx™= 1) 4 (Axm 1 — )»Bx’"_l)(,pr])z,- fori € [n] and hy41 = Tz —1.
Then above problem can be rewritten as follows:

A1 :=min A
s.t. h(h,z) =0, 4.1
g(A,2) 20,

which is a polynomial optimization problem of degree m + 1 on (A, z). To solve (4.1), we
consider Lasserre-type semidefinite relaxations. For convenience of notation, let ¢ be the
vectorized polynomial coefficient of objective function in polynomial optimization (4.1).
Then Lasserre’s hierarchy of semidefinite relaxations for solving (4.1) is

V1 k= min (e, y)
s.t. (1, y) =1, Lﬁ(y) =0,

Lh() =0, M(y) =0, 4.2)
y e RN
for the order k = ko, ko + 1, ..., where kg = ("%21. In the above, (1, y) = 1 means that

the first entry of y is one, and the matrices Ll;; ), L’; (y), My (y) are defined as in (2.3), (2.4)
and (2.5). Its dual problem is

V] k i= max y

51—y € by(h) + Qu(g). (4.3)
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It can be shown that for all k
Uik S Vi < Al
and the sequences {v; x} and {v; x} are monotonically increasing, that is,
Vik < Vg4l <o <AL, Vg S Vgl <o <AL

Suppose that y!'* is the optimizer of (4.2). If the truncation y := y!*¥|,, satisfies the rank
condition

rank M;_i,(y) = rank M;(y) “4.4)

for some integer ¢ € [ko, k], then A1 = v ; and we can get r := rank M,;(y) distinct real
global optimizers of (4.1) according to [21]. All such optimizers returned by optimizers y'-*
of (4.2) constitute S;.

Theorem 4.1 Let A, B € T"(R"*Y), and Q be the feasible set of problem (4.1). Then we
have the following properties:

(1) IffZ = () if and only if the semidefinite relaxation (4.2) is infeasible for some k.
(2) If Q # O, then the feasible set of (4.2) is nonempty and compact. Furthermore,
lim vy, = lim vy = A;.
k—00 k— 00
(3) If there are finitely many boundary SOC-complementarity eigenvalues, then for all big
enough k,

Vik =V, = Al

Furthermore, if there are finitely many x = (z, 1) such that (A, z) € Sy, then for all
big enough k and each minimizer y“F of (4.2), rank condition (4.4) is satisfied for some
t <k.

Proof (1) “=" Suppose that Q=0 By Positivstellensatz of [1], —1 € I(h) + Q(g). Hence
—1 € L (h) + Qk(g) for big enough k. This means that problem (4.3) is unbounded above
and hence (4.2) is infeasible for such k from weak duality.

“4<=" Suppose that problem (4.2) is infeasible for some k. Then problem (4.1) is infeasible
since [(A, z)]2x will be a feasible solution of (4.2) for any feasible solution (X, z) of (4.1),
and hence Q = ¢.

?2) Q # () means that the feasible set of (4.2) is nonempty since (4.2) is a relaxation of
(4.1). With a similar discussion of Theorem 3.2 in [23], the feasible set of (4.2) is always
compact. Furthermore, v; ; with optimizer yl’k is always achievable for all k. Since M — A2
and 1 — z7 z are polynomials of tuple g and &, Assumption 4.1 in [15] is satisfied by adopting
u(h,z) = M + 1 —z"z — 2% in such assumption. Therefore, the asymptotic convergence is
established from Theorem 4.2 [15].

(3) Suppose that all boundary SOC-complementarity eigenvalues are listed as: A} < Ay <

- < An. Lets; (i € [N]) be univariate real polynomials in A such that

70,0 = Gs = a5y and s ={g (20
Let f := fi + f>+---+ fv € Y [x]ow for some positive integer k' and f := ¢ — A1 — f.
Clearly, f = Oforall (A, x) € bd S. By Real Nullstellensatz [17, Theorem 2.12], there exists
aq € Q(g) and a positive integer [ such that %/ + ¢ € I(h). Although the remainder proof
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is similar to that of Theorem 3.1 in [24], we present here for completeness. For any § > 0
and ¢ > 0, let

= =\ 21
05 = —c8' (2 + ), ¢5=5(1+f+c<§>

From Lemma 2.1 in [22], there exists k; such that

05 € Dy, (h) and ¢s € Oy, (g)

forall 8 > 0and ¢ > 5 (1 — 5,)%~!. This means that & — (A} —8) = 05 + ¢s + f €
12k1 (h) + le (g)

Thus, for all § > 0, A1 — § is feasible in (4.3) for order k; and vy, > A from the
arbitrariness of § > 0.

On the other hand, vy x < A; for all k. Now we can assert that vy x, = A and hence
V1,k, = A1. Since {vq x}x is monotonically increasing, vi x = A1 for all kK > kq. This means
that for all big enough k,

Vik =V k = Al

Furthermore, if there are finitely many minimizer of (4.1), rank condition must be satisfied
from Theorem 2.6 in [21], which completes the proof. O

4.2 Computation of Sj 4

We now discuss how to determine whether S; 1| exists and how to compute S;+1 (i = 1,...)
if it exists. Suppose that S; is known and there exists € > 0 such that 0 < € < Aj 41 — A;.
Consider the following optimization problem:

Aiy1 = min A

s.t. h(h, z) =0,
200, 2) > 0, (4.5)
A—A; —e>0.

Similarly, Lasserre-type semidefinite relaxations can be applied to solve (4.5). For the
order k = ko, ko + 1, ..., the kth-order Lasserre relaxation is

Vit1,k i= min {e, y)
sty =1 1;70) =0,
LP(y) =0, Mp(y) =0,

n+1

L,(\k,)xi,e (» =0, yeRYx%

(4.6)

The dual problem of (4.6) is

Vitl,k '= max y
s.t.e —y € Iy(h) + Qr(g, . — Aj —€).

Similarly, we have
Vil k < Viglk < Aigl.

Moreover, the sequence {v; 11} and {vV; 4 x} are monotonically increasing with k.
If problem (4.6) is infeasible for some k, then S;4; is empty, which means that bdS :=
{(h,x) | x = (1, 2) € STUS, U---US;}. Otherwise, suppose that y' 1 is an
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optimizer of (4.6). If for some integer ¢ € [ko, k], the truncation ¥ := y'+1¥|,, satisfies the
rank condition (4.4), then v; 11 x = ;41 and we get global optimizers of (4.5) returned by
yi+1k Then we have all global optimizers of (4.5) returned by all optimizers yt1* of (4.6).

In practice, the existence of A, is usually unknown in advance. Even if it exists, its value
is typically not available. So we need to determine the value of € satisfying 0 < € < A;41—2;.
For this aim, we consider the polynomial optimization problem:

T ;= max A
s.t. h(A,z) =0,
gr,2) =0,
A < )\[ + €.

A7

It can be computed by Lasserre relaxations like (4.2) and (4.3). For numerical reasons, the
value € > 0 can not be too small. Let 7 be the optimal value of (4.7) and let ¢ = 0.05 in
(4.7). If T > A;, we decrease € as € = €/2 and solve (4.7) again. By repeating this process,
we can get T = A; ultimately.

4.3 The choice of M

Suppose that there exists M > 0 such that all feasible solutions (1, z) of (3.5) satisfy that
22 < M. Now we discuss how to obtain such M. To this end, we consider the following
problem:

min F (X, z)
s.t. h(k,z) =0, (4.8)
g, 2) =0,

where F (A, z) is a general SOS polynomial on (A, z) and g = (g1, —g2). Consider the
following kth-order Lasserre-type semidefinite relaxation:

min (F, y)
st.(Lyy=1, Lk =0, . 49)
Lg()’) =0, Mi(y)=0,y¢€ RN

Clearly, M is big enough if and only if (4.8) is infeasible. Furthermore, problem (4.8) is
infeasible if (4.9) is infeasible for some order k. Solve (4.9) with M := My and k := k. If
an optimal solution of (4.8) is obtained by solving (4.9), let M := 2M and solve (4.9) again.
Otherwise, (4.9) is infeasible for some k and the corresponding M is the needed one.

4.4 Algorithm for computing boundary SOC-complementarity eigenpairs

Algorithm 4.2 For given tensors A,B € T"(R"TY), compute all the boundary SOC-
complementarity eigenpairs as follows:
Input: Choose a general SOS polynomial F and M > 0. Letk := kg = rmT"'z—‘, €o = 0.05,
i=1,andS = .
Step 1: Solve the kth-order semidefinite relaxation (4.9). If it is infeasible, let k := ko and
go to Step 2. Otherwise, if an optimizer y“* is obtained with the rank condition
4.4), let M :==2M, k := ko and go to Step 1; else let k := k + 1 and go to Step I;
Step 2: Solve the kth-order semidefinite relaxation (4.2). If it is infeasible, then there are
no boundary SOC-complementarity eigenpairs and stop. Otherwise, optimal value
vy k. with an optimizer y1* can be computed.
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Step 3: If the rank condition (4.4) is satisfied, then A1 = v and all optimal solutions
(X, 2) can be extracted, which constitute Sy. Let S := SUSy, k := ko, € := € and
go to Step 4. Otherwise, let k := k + 1 and go to Step 2.

Step 4: Solve problem (4.7). If t > A;, lete := €/2 and go to step 4. If T = X;, go to Step 5.

Step 5: Solve the relaxation (4.6). If it is infeasible, then S;11 = ¥ and stop. Otherwise,
compute the optimal value v; 1 j with an optimizer yit LK If (4.4) is satisfied with
y= yi+1*k|2,f0r somet € [ko, k], then viy1 x = Ai41 and optimal solutions (A, z)
of (4.5) can be extracted, which constitute S; 1. Let k :== ko, € :== €9, S:=SUS; 11,
i:=i+4 1 and go to Step 4. Otherwise, let k ==k + 1 and go to Step 5.

Output: bd'S :={(A,x) | x =(z, 1), (A, z) € S}.

Theorem 4.3 Suppose that there are finitely many boundary SOC-complementarity eigen-
values, then Algorithm 4.2 terminates by solving finitely many semidefinite relaxations.

The proof can be induced similarly to the proof of Theorem 4.1 and we omit here.

5 Computation of interior SOC-complementarity eigenpairs

In this section, we consider how to compute all interior SOC-complementarity eigenpairs.
Based on Theorem 3.4, the interior SOC-complementarity eigenpair set can be rewritten as

intS = {(h, )| Ax" ' —ABx" ' =0, 27z < 1, x = (z, D).

From Theorem 3.5, there exists M > 0 such that all interior SOC-complementarity eigen-
values are contained in a ball. Similarly, F (X, z) achieves different values at different
(X, x) € intS since F (A, z) is generically chosen. We order A monotonically as follows
if they are finite:

)_\1<5»2<~~<)_LA-,.

Fori € [N], let S; := {(A, )| Ax" ! — LiBx"~! = 0,27z < 1,x = (z,1)} and
intS::SlUS2U-~U§N,thenwehave

intS={(k x)|x=(z1),( z) €intS}\bdS.
5.1 Computation of S;

In this subsection, we show how to compute S;. Clearly, (i, z) is the optimal value of the
following polynomial optimization problem:

A1 := min A
s.t. h(h,z) =0, (5.1
gr,2) =0,

where A(A, z) = Ax™ ! —ABx™ Vand g(A,2) = (1 — 27z, M — A2).
The kth-order Lasserre’s hierarchy of semidefinite relaxation for (5.1) is

pix = min (2, y) k
st (Ly)=1, L) =0, (5.2)
LPG) =0, Mi(y) =0 RN
g V=0, M(y) =0, ye ;
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where k > ko = rmT'HT The dual optimization problem of (5.2) is

Pl.k = max y
, Y _ ~ 5.3
s.t. e —y € Di(h) + Qk(8). ¢

Similarly, we have

Pri<pix<hi, k=koko+1,...,

and the sequences{p1 x}, {01k} are monotonically increasing. If there exists ¢ € [ko, k] such
that (4.4) on ¥F, an optimal solution of (5.2), is satisfied, then p1 x = X1. Furthermore, the
optimal solutlons can be extracted, which are in S;.

5.2 Computation of Sj

Suppose that S; is known. We want to determine the next SOC- -complementarity eigenpair.
If it exists, we compute it. Let € > 0 be a small number such that 1,1 > X; + €. Consider
the following optimization problem:

Ai+1 := min A
st.h(r,2) =0, g, 2) >0, G4
A > A+ €.

The kth-order Lasserre’s hierarchy of semidefinite relaxation for (5.4) is

Pi+1,k = min (e, y)
st.(Lyy=1, LPy) =0,

5.5
LO() =0, Mi(y) =0, )

1O, =0, yerW,

where k = ko, ko + 1, .. .. The dual optimization problem of (5.5) is
Pi+1,k = Max y (5.6)

st.e—y € b(h) + Qg » — hi —e).

By solving (5.5) sequentially, all global optimizers (A, z) of (5.4) can be computed. By a
similar way for computing bd S, we can get int S. The choice of M and € are similar to
Sect. 4.3 with h(X, z) and g(X, z) instead of A (X, z) and g(A, z). Hence we omit the details
here.

5.3 Algorithm for computing interior SOC-complementarity eigenpairs

Algorithm 5.1 For given tensors A, B € T"(R"+1), compute all interior SOC-complemen-
tarity eigenpairs as follows:

Input: Choose a general polynomial F and a positive number M. Let k := ko = rm +1a
€ =0.05i=1andintS =¢.

Step 1: Solve (4.9) with h, g instead of h, g. If it is infeasible, let k = ko and go to Step 2.
Otherwise, if an optimizer y“* is obtained with the rank condition (4.4) being
satisfied, let M := 2M, k := ko and go to Step I; else, let k := k + 1 and go to
Step 1;
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Step 2: Solve the kth-order relaxation (5.2). If it is infeasible, then int S = ¢ and stop.
Otherwise, optimal value p1,x with an optimizer Y-k can be computed.

Step 3: If rank condition (4.4) is satisfied, then A L = p1.k and optimal solution set Sy of
(5.1) can be obtained. Let int S := int SUSy, k := ko, and go to Step 4. Otherwise,
letk := k + 1 and go to Step 2.

Step 4: Solve problem (4.7) with h, g. If t > A;, let € := €/2 and go to step 4. If T = X;,
go to Step 5.

Step 5: Solve the relaxation (5.5). If it is infeasible, then SH_] = () and stop. Otherwise,
compute the optimal value p; 1 x with an optimizer yithk Af (4.4) is satisfied with

y= y"H k|2,f0r somet € |ko, k], then )»,H = pi+1,k and S,H can be computed.
LetintS = int SUS;41. Letk := ko, i := i + 1, € := € and go to Step 4. If such
t does not exist, let k := k + 1, and go to step 5.

Output: LetintS = {(A,x) | x = (z, 1), (A, 2) € int S}\bd S.

The finite convergence of Algorithm 5.1 is presented as follows.

Theorem 5.2 Assume that there are finitely many interior SOC-complementarity eigenvalues,
then Algorithm 5.1 must terminate after solving finitely many semidefinite relaxations.

6 Numerical reports

In this section, we present numerical experiments for computing SOC-complementarity
eigenvalues. We use the software GloptiPoly 3 [12] and SeDuMi [26] to solve the semidef-
inite relaxation problems. The experiments are implemented in MATLAB R2015 on a Dell
laptop with an Intel Core i5CPU (1.70 GHz) and 4GB of RAM. We display four decimal
digits in computational results.

In this section, we use a column vector (A, x) to denote the SOC-complementarity eigen-
pair. The firstentry in (A, x) € R"*?is A € R, whichis the SOC-complementarity eigenvalue,
and the remainder entries constitute the SOC-complementarity eigenvector x. For conve-
nience of notation, we denote the problem studied in [13] as:

K>x LA™ — Bl e K7,
which can be rewritten as problem SOCTEICP of this paper with A = —B and B = —A.
Example 6.1 Consider SOCTEICP with matrices A, B € T(R?) given by

]

By direct computation, there are no SOC-complementarity eigenpairs.

Algorithm 4.2 presents a numerical certificate to indicate that no boundary SOC-
complementarity eigenpairs exist with 0.654 s. Algorithm 5.1 presents a numerical certificate
to indicate that no interior SOC-complementarity eigenpairs exist with 0.181s. However, the
matrix +B = —A is not strictly SOC-positive, which is assumed to be SOC-positive in
Algorithm SPA proposed in [20] to solve SOCTEiCP in [13]. Hence Algorithm SPA is not
applicable for this example.

Example 6.2 Consider SOCTEiCP with the matrices A, B € T>(R?) given by
11 21
A=<35)’ B=<02>'
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Applying Algorithm 4.2, the boundary SOC-complementarity eigenpairs (A, x) =
(0.6667, —1.0000, 1.0000)7 and (1, x) = (2.0000, 1.0000, 1.0000)7 are computed with
5.313s.

The unique interior SOC-complementarity eigenpair (A, x) = (2.0000, —0.3333, 1.0000)”
can be found by Algorithm 5.1. It takes about 1.489s.

Example 6.3 Consider SOCTEiCP with the tensors A, B € bl (]Rz), whose nonzero entries
are listed below

A =8, Aio1 =6, Aipe =9, Ay =4, Aori2 =2,
Ao =6, Biiir =1, Biiiz =1, By =3, Baoxn =2.

By Algorithm 4.2, we get two boundary SOC-complementarity eigenpairs
(A, x) = (=9.0000, —1.0000, 1.0000)" and (1, x) = (5.0000, 1.0000, 1.0000) .

This computation takes about 2.484s.
By Algorithm 5.1, there are two interior SOC-complementarity eigenpairs

(A, x) = (3.0000, 0.0000, 1.0000)" and (x,x) = (4.1580, 0.6941, 1.0000) .

This computation takes about 2.2155s.

Example 6.4 [20, Example 5.1] This example deals with SOCTEiCP with two 4th-order
2-dimensional tensors A, 3, and all nonzero entries of tensors A and B are listed below

Ai111 = 0.8147, Az = 0.5164, Azi11 = 0.5164, Ay = 0.9134,
Ar112 = 0.4218, Ajp12 = 0.8540, Az112 = 0.8540, Ao = 0.9595,
At121 = 0.4218, A1 = 0.8540, Az121 = 0.8540, Az = 0.9595,
Aj122 = 0.6787, A0 = 0.7504, A2 = 0.7504, Axp = 0.3922,

and

Bi111 = 1.6324, Biz11 = 1.1880, Byj11 = 1.1880, By = 1.5469,
Bi112 = 1.6557, Bia1p = 1.4424, Boj1o = 1.4424, By1o = 1.9340,
Bi121 = 1.6557, B = 1.4424, Byip1 = 1.4424, Byonp = 1.9340,
Bii12a = 1.6555, Biop = 1.4386, Bajoo = 1.4386, By = 1.0318.

Applying Algorithm 4.2, there is a boundary SOC-complementarity eigenpair (A, x) =
(0.4783, 1.0000, 1.0000)” computed with 1.431s. On the other hand, there is an interior
SOC-complementarity eigenpair (1, x) = (0.4848,0.3936, 1.0000)” returned by Algo-
rithm 5.1 with 0.924s.

Example 6.5 Consider SOCTEiICP with the tensors A, B € T (]R3), whose nonzero entries

are listed as

A =9, Aizszz =3, Az = —15, Azszzz =35,
Azt =7, Asz333 =7, Biiiiz =4, Bz = 11,
Bai1233 =2, Bi1133 =6, Bs31133 =4, Baiizz = 10.

By Algorithm 4.2, there are four boundary SOC-complementarity eigenpairs

(0.3206, —0.8552,0.5183, 1.0000),  (1.0413,0.6999, 0.7142, 1.0000)”,
(—2.5419, 0.5466, —0.8374, 1.0000)”, (—1.0000, —1.0000, 0.0000, 1.0000)7 .

This computation takes about 9.727s. However, there are no interior SOC-complementarity
eigenpairs by Algorithm 5.1 with 2.685s.
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Table 1 Nonzero components of the tensor .4 for Example 6.6

Al =2, Az =3, A =3, Az =3, Aszz =3, Agq11 =2,
Al =2, A1 =2, Az =2, Az =2, Az =3, A3z =2,
Azl =2, Az131 =2, Azzzp =3, Agq31 =3, Ajag1 =3, Azqq =2,
Ag1a1 =3, Agza) =2, Az =2, A2 =2, Azi2 =2, Az =2,
A2 =2, Az =2, Az =3, Az122 =2, A3z =3, Asqazr =3,
Az =3, Aoz =3, A3z =3, Az =3, Aoqan =3, Agap =3,
A1z =3, Az =2, Az =2, A3z113 =2, Azz13 =3, Aq413 =3,
A2z =3, A3 =3, A3z =3, Azz =3, A3z =2, Aizzz =3,
A3z =2, Az133 =3, Azzzz =2, Aqq33 =2, Alag3 =2, A3qs3 =3,
Aq143 =2, Agza3 =3, Ala14 =3, Azq14 =2, Aq114 =3, Agz14 =2,
Azap4 =3, Ag4 =3, Ajg3q =2, A3zq3q =3, Ag134 =2, Ay33q =3,
Al144 =3, Al1344 =3, Aaq =3, A3z144 =3, A3zzqq =2, Agaa4 =2,
Table 2 Nonzero components of the tensor 3 for Example 6.6

By =1, Bz =1, By =3, Basir =1, Bogil = —1, B3 =1,
B3 =1, Bap11 = -1, Baarn = -2, Biiz1r =1, Bzl = —1, Bz = -1,
Byt = —, Bazn =1, B3z = —1, Byl =1, By = 1, Byo1 = -1,
Byzp1 =1, Byaz1 = -1, Bzl = -2, Bszzr =1, Bsaz1 = 1, Byzz1 =1,
Byaz1 =1, B =2, Biaar =1, Bajar =2, Bapar =1, Bazar =1,
Braar =2, Bspar =1, Byia1 =1, Byra1 =2, B =1, B3z = -1,
Biapn = —1, By = -1, Basin =1, Bsjip = —1, B3 =1, B3z =1,
Byiin = —1, Byziz =1, Byarz = -1, B =1, Bz =2, Bz =1,
B =2, Bazn =1, Baaz = —1, B3 =2, B3 =1, B3y =1,
Baia =1, Bapar = —1, Bazp = 1, Baar = 1, Biaz =1, Bazp =1,
Bssz =2, Byizz =1, Baazr = 1, Blig = -2, Biaar = —1, Bizg =1,
Bajaz = —1, Bazax =1, B34z =1, B3 =1, B3z =1, B3aan =1,
Byzan = 1, Bz = -2, B33z =1, Biaiz =1, Baz13 = 1, Bag1z = 1,
Bz =1, Bz =1, Bszz =2, Byioz = 1, Baapz = 1, B3z = -2,
Biazz =1, Biszz =1, Baizz =1, Bapzz = -2, Boazz = —1, B33z =1,
Bsszz = —1, Bsazz =1, Bapzz = —1, Byzzz = 1, Baazz = —1, Biigz = =2,
Bz =1, Biaaz =1, Bajaz = 1, Bapaz = -2, Bajaz = 1, Bz = —1,
Bi2i4 =2, Bigia =1, B =2, Baig =1, Basis =1, Bag14 = 2,
B3ia =1, Bajia =1, Bazia =2, B4 = -2, Biag = —1, B34 = 1,
Baiog = —1, Baaog =1, Bijog =1, B3ng = 1, Bizpg = 1, B3goq =1,
Byzoa =1, Bii3sa = =2, Biss =1, Bz =1, Bozg =1, Boozg = -2,
Baiz4 = 1, Bgzq = —1, Bigas =1, Boogg = —1, Bogaq = —1, B3zas = 1,
Byiaa = 1, By = —1, Baggq = —1.

Example 6.6 Consider Example 4.1 in [13] with two 4th-order 4-dimensional tensors A, B
with K = K2 x k2. That is, to find solutions of the following system
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The nonzero entries of tensors .4 and B are listed in Tables 1 and 2, respectively.
Applying Algorithm SPA in [13] with 10 different initial points generated randomly, we
have the same SOC-complementarity eigenpair

(A, x) = (0.1613,0.1221, 0.0388, 0.5433, 0.2699) T .

Note that for any & > 0, «(0.1221, 0.0388, 0.5433, 0.2699)7 is an SOC-complementarity
eigenvector. Hence, (1.0000, 0.3176, 4.4498, 2.2109)T is an SOC-complementarity eigen-
vector by letting o = ﬁ.

To solve this problem, we first divide the SOC-complementarity eigenpairs into boundary
SOC-complementarity eigenpairs, boundary-interior SOC-complementarity eigenpairs and
interior SOC-complementarity eigenpairs, respectively. Here, the boundary (interior) SOC-
complementarity eigenpairs mean that the eigenvectors are in the boundary (interior) of
K% x K2. The boundary-interior SOC-complementarity eigenvectors are in (bd K2 x int KK*)U
(intKC* x bdK?). To get all SOC-complementarity eigenpairs, four algorithms are proposed,
which are similar to Algorithms 4.2 and 5.1, so we omit the details here. By such four
algorithms, all SOC-complementarity eigenpairs are listed as:

(0.1375, 1.0000, 1.0000, 0.6240, —0.6240)”, (0.2300, 1.0000, 1.0000, 0.5295, 0.5295)7,
(0.1613, 1.0000, 0.3176, 4.4498,2.2109)",  (0.2269, 1.0000, 0.4121, 0.4265, 0.0089)7".

Comparing the two results, it is asserted that our SDP relaxation method can get more
SOC-complementarity eigenpairs than SPA.
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