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Abstract

This paper deals with a convex vector optimization problem with set-valued maps. In the
absence of constraint qualifications, it provides, by the scalarization theorem, sequential
Lagrange multiplier conditions characterizing approximate weak Pareto optimal solutions
for the problem in terms of the approximate subdifferentials of the marginal function asso-
ciated with corresponding set-valued maps. The paper shows also that this result yields the
approximate Lagrange multiplier condition for the problem under a new constraint qualifi-
cation which is weaker than the Slater-type constraint qualification. Illustrative examples are
also provided to discuss the significance of the sequential conditions.
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Lagrange multiplier conditions - Constraint qualifications - Scalarizations - Approximate
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1 Introduction

Vector optimization problems involving set-valued maps have received increasing attention
in the optimization community as the value of a given function can be made to vary in a
specified set because of forecasting errors or lack of complete information. Over the years,
there has been a growing interest in establishing Lagrangian-type optimality conditions for
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several kinds of solutions of vector optimization problems with set-valued maps in a general
setting by many scholars; see, e.g., [4,12,14,15,17,18,21,42] and the references therein.

On the other hand, vector optimization problems with set-valued maps do not necessarily
have the exact solutions, in which the global optimality is guaranteed. Moreover, a lot of
solution methods produce approximations to the theoretical solutions. Therefore, from both
the theoretical and the practical points of view, it is meaningful to consider various concepts
of approximate solutions instead to optimization problems. Rong and Wu [36] initially intro-
duced an approximate weak Pareto optimal solution of vector optimization problems with
set-valued maps. Since the appearance of that paper, Lagrangian-type conditions for several
notions of approximate solutions of vector optimizations with set-valued maps have been
given in the literature; see, e.g., [9,28-30,38,40,43] and the references therein.

It is worth noting that in order to investigate optimality conditions for vector optimiza-
tion problems with set-valued maps we often formulate a corresponding scalar optimization
problem with set-valued maps. As a consequence, by employing the marginal function,
one can characterize inevitable solutions of the scalar optimization problem with set-valued
maps as a solution of a scalar optimization problem with single-valued maps. Nevertheless,
by following this approach, the scalar optimization problem may not satisfy any constraint
qualifications. Besides, most iterative algorithms or heuristic algorithms do not try out con-
straint qualifications at all, even though (approximate)-type Lagrangian conditions are always
evaluated. This manner of facts leads one to modify Lagrange multiplier conditions without
constraint qualifications; see, e.g., [6,24,25,39] and the references therein. Recently, sequen-
tial optimality conditions not only have been admitted to be valuable in designing algorithms
for finding approximate optimal solutions of nonlinear programming problems [1,2,32] but
also have been used as a termination condition to optimization algorithms [10,16,41] and the
references therein. Some modified Lagrangian optimality conditions have also been shown
to establish sequential Lagrange multipliers for a weak Pareto optimal solution as well as
a proper Pareto optimal solution of convex vector optimization problems with set-valued
maps as indicated in [15]. It is noteworthy, however, that the convexity of a set-valued map
considered in [15] is based on prescription by graph of the corresponding set-valued map so
that this notion is stronger than the cone-convexity notions, see Remark 1.

Motivated and inspired by the works in the literature, the main purposes of this work is to
establish sequential optimality conditions for approximate weak Pareto optimal solutions in
convex vector optimization problem with set-valued maps that do not require any constraint
qualifications by using the cone-convexity notions and the scalarization theorems. We employ
the relation between the conjugate function of the scalar set-valued map and of the marginal
function associated with corresponding the scalar set-valued map to examine an approximate
optimal solution of the obtained scalarization problem. We then obtain a new sequential form
of Lagrange multiplier condition for the approximate optimality in terms of the approximate
subdifferentials. This is achieved by employing the description of the epigraph of a conjugate
function written in terms of the approximate subdifferential. Our result, in the case of exact
solutions, differs from another sequential optimality result [15] established in the literature,
where the scalarization function the so-called oriented distance functions and coderivatives
are used. The significance of this result is that it yields the standard (approximate) Lagrange
multiplier rule condition for the vector optimization problem with set-valued maps under a
new constraint qualification which is guaranteed by the Slater-type constraint qualification.
For other results concerning on coderivatives and suboptimality of convex problems as well
as nonconvex problems, we refer the readers to [33] and the references therein. The interested
reader is referred to [34] for more information on basic properties of the marginal function.
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The layout of the paper is as follows. In Sect. 2, some basic definitions, notations and
several auxiliary results that will be used later in the paper are presented. In Sect. 3, without
any constraint qualifications, we obtain some sequential optimality conditions for both an
approximate weak Pareto optimal solution and a weak Pareto optimal solution in a convex
vector optimization problem with set-valued maps in terms of the subdifferentials of the
marginal function associated with scalar set-valued maps. Section 4 describes a new constraint
qualification which guarantees that the approximate Lagrange multiplier condition holds for
the approximate weak Pareto optimal solution. Section 5 summarizes the obtained results.

2 Preliminaries

In this section, we recall some notations, basic definitions, and preliminary results which will
be used in succeeding sections. We denote by R” the n-dimensional Euclidean space with the
inner product (-, -) and the associated Euclidean norm || - ||. The non-negative orthant of R”
is denoted by R’ and is defined by R := {(x1,...,x,) € R" : x; >0,i=1,...,n}. A
nonempty subset S of R” is said to be a cone if tS C S forall 1 = 0. The dual (positive polar)
cone of S is denoted by S* := {v € R" : (v, x) 2 0 for all x € S}. For a nonempty set E in
R”, by int(E) (resp. ri(E), cl(E)) we will denote the interior (resp. relative interior (see, e.g.,
[351), closure) of the set E. The support function o is defined by og (v) := sup, g (v, x),
and the indicator function g respect to a set E is defined as dg(x) := 0 if x € E and
Sg(x) := 4+ oo else. We say that E is convex whenever tx1 + (1 —t)x, € E forallt € [0, 1],
x1,xp € E.

For an extended real-valued function f : R" — R U {4 o0}, the effective domain and
the epigraph are respectively defined by dom f := {x € R" : f(x) < + 00} and epif :=
{(x,a) e R" x R: f(x) < a}. We say that f is proper if f(x) > — oo for all x € R" and
dom f # (. A function f is said to be convex if f(tx; + (1 —1)x2) S tf(x1)+ 1 —1)f(x2)
forallt € [0, 1]and x1, xp € R" with the conventions: (+ 00) + (— 00) = (— 00)+(+ 00) =
0-(+00) =400,0- (—00) = 0. The conjugate function of f, f*: R" — RU {£ o0}, is
defined by f*(v) = sup{{v,x) — f(x) : x € R"} foranyv € R". Lete = 0 and X € R"
be such that f(x) € R. The e-subdifferential of f at x [7] is the set 9. f(x) := {v € R" :
f(x) 2 f(X)+ (v,x —X) — €, Vx € R"}. The €-normal set of E at X € E is given by
Ng(x) := d.5g. When € = 0, we denote the subdifferential of f at X and the normal cone of
E atx € E, respectively, by d f(x) and Ng(x). For a proper lower semicontinuous convex
function f : R" — R U {£ oo} and X € dom f, the epigraph of f* can be represented as
follows (see, e.g., [22]):

epi f/* = J (@, (u, ) + €= f(0) 1 u €3 f(D). )

€20
The following lemma is needed for our study.

Lemma1 [5,11] Let f1, f» : R* — R U {£ 00} be proper convex functions such that
dom f; Ndom f, # .

(1) If f1 and f> are lower semicontinuous, then,
epi(fi + f2)* = cl(epi f{" +epif3).
(1) Ifone of f1 and f5 is continuous at some X € dom f| N dom f>, then,

epi(f1 + f2)* = epifi +epify.

@ Springer



276 Journal of Global Optimization (2020) 77:273-287

Let K € R? be a nonempty convex cone. For a set-valued map F : R" = RP?, the
domain and graph of F' are, respectively, defined by dom(F) := {x € R" : F(x) # 0},
gph(F) ;= {(x,y) e R"xXR™ : x € dom(F), y € F(x)}. Fiscalled properifdom(F) # 0.
For a nonempty set E in R”, the indicator function gE of E in the set-valued version is defined
as SE (x) :={0}if x € E and EE (x) := @ else. Let C € R” be a nonempty convex set. We
say that F is K-convex on C whenever t F(x1) + (1 — ) F(x2) C F(tx; + (1 — t)x2) + K
forany 7 € [0, 1] and x|, xp € R" with the conventions: E 4+ § = ¢ for any subset E in R?,
and ¢ - ¥ = ¢ for any real numbers 7. We also say that F' is K-convex if dom(F) is a convex
set and F is K -convex on dom(F'). It should be noted that if F' is K-convex, then F(x) + K
is convex for any x € R”. In addition, for any proper set-valued map F : R* = R? we can
associate F with a linear scalarization set-valued map with respect to some A € K defined
by Lo F)(x) :== {{A,y) : y € F(x)} if x € dom(F) and (A o F)(x) := @ else. Clearly,
dom(F) = dom(X o F) forevery A € K+.

Remark 1 Let us now recall that a proper set-valued map F : R” = R? is convex if gph(F) is
convex. Due to the following characterization: F is K -convex if and only if gph(F)+ ({0} x K)
is convex, see, e.g., [27, Proposition 3.3], we can verify that if F is convex thenitis K -convex.
In general, K-convexity of F' needs not imply convexity of F. For a simple example, it can
be observed that a proper set-valued map F : R = R, defined by F(x) :={y e R: x3 <
y < x2}if x € [0, 1] and F(x) := @ else, is not convex but it is R -convex.

Unless otherwise stated, let A be a nonempty closed convex set in R?, F : R* =% R”
be a proper set-valued mapping and K € R” be a nonempty pointed (K N (—K) = {0})
closed convex cone with nonempty interior. In this paper, we consider the following vector
optimization problem with set-valued map:

ming F'(x) subjecttox € A. P)

Let 6 € K be given. A point (x, y) € gph(F) with X € A is said to be an 8-weak Pareto
optimal solution with respect to K of the problem (P) if

(F(£2) =y +0) N (=int(K)) = 0,

where 2 := ANdom(F) and F(£2) := Uer F(x). When 0 := 0, 6-weak Pareto optimal
solution deduces to be a weak Pareto optimal solution (if exists) of (P).

The next theorem yields a characterization of an -weak Pareto optimal solution of (P) in
terms of approximate solutions of the associated scalar set-valued optimization problem. In
the following, let us recall the scalar set-valued optimization problem (SP):

min H(x) subjecttox € A, (SP)

where A is a nonempty closed convex set in R” and H : R” = R is a proper set-valued map.
Given € = 0, let us recall also that a point (X, y) € gph(H) with X € A is said to be an
e-optimal solution of (SP) if forany x € AN dom(H) and any y € H(x),

y—esy.
When € := 0, e-optimal solution deduces to be an optimal solution of (SP).

Theorem 1 [36, Theorem 2.1](see also [38, Theorem 3.2]) Let 6 € K, F be a proper set-
valued map from R" into R? and (x, y) € gph(F) withx € A. Assume that F(ANdom(F))+
intK is convex. Then (X, y) is an 0-weak Pareto optimal solution of (P) if and only if there
exists .. € KT\{0} such that (x, (X, y)) is an (A, 8)-optimal solution of the problem (SP)
with H(-) := (Ao F)(-).
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Remark 2 1f a proper set-valued map F : R” = R” is K-convex, then F is K-convex on
ANdom(F), and so, F(ANdom(F))+ K is a convex set. Consequently, F'(A Ndom(F)) +
intK = (F(ANdom(F)) + K) + intK is convex.

Interestingly, we point out that the scalar set-valued map can be employed by the marginal
function, which is used to establish a characterization of weak Pareto optimal solutions in
[18, Theorem 4.2]. In what follows, given a proper set-valued map H : R" == R, by
on : R" — R U {£o0} we denote the marginal function of H, i.e.,

inf{y e R:ye H(x)}, ifx € dom(H),
+00, ohterwise.

oH(x) = {

It is clear that dom(H) = dom(¢pg). Recall that the conjugate function of the proper set
valued map (see e.g., [28]) H, H* : R" — R U {£00}, defined by for any v € R”,

H*() :=sup{(v,x) —y:x € dom(H), y € H(x)}.

For a nonempty set E in R", it could be convenient to observe that (gE)* =or = (6p)*.

We close the section by the following results that justify why we are allowed to characterize
an #-weak Pareto optimal solution of (P) by using conjugate function of the scalar set valued
map.

Proposition 1 [28, Proposition 4.1] Let Hy, H, : R" == R be proper set-valued maps
such that dom(Hy) N dom(Hy) # O. Suppose that for any x € dom(Hp) N dom(Hy),
@H, (x) > —o0 and ¢p,(x) > —oo. Then,

(Hi + H)* = (¢m, +om)".

In particular, for any proper set-valued map H : R" = R such that ¢y (x) > —oo for all
x € dom(H), the identity H* = (pg)* holds.

Lemma2 Let € = 0 be given and H : R" = R be a proper set-valued map. If dom(H) N
A # U, then the point (X, y) with X € A is an €-optimal solution of (SP) if and only if
(0, —y +€) € epi(H +84)*

Proof A point (x, y) with X € A is an e-optimal solution of (SP) if and only if for any
x € ANdom(H) =~d0m(H +d4)andany y € H(x) = (H + (LL)(x), -y < —y+e¢,0r
equivalently, (H +84)*(0) £ =y + € < (0, =y +€) € epi(H + 84)*. O

Remark 3 Tt is worth noting that from Lemma 2 and Proposition 1 we can obtain a result in
the line of [3, Lemma 3.1] by considering H (x) := {f(x)} if f(x) € Rand H(x) := 0 else,
where f : R" — R U {400} is a proper lower semicontinuous function. In this case, for
xedomfNAy=f(x),¢on = fand g5, =3da.

3 Sequential Lagrange multiplier conditions for 8-weak Pareto
solutions

In this section, we consider the vector optimization problem with set-valued map (P). Here,
the feasible set A of the problem (P) is given by

A={xeC:Gx)N-=S #0},

@ Springer



278 Journal of Global Optimization (2020) 77:273-287

where C is a nonempty closed convex subset of R”, S is a nonempty closed convex cone
of R™ which does not necessarily have a nonempty interior, and G : R” = R" is a proper
set-valued map. The feasible set A has a quite general formulation, which provides a unified
framework for examining various feasible sets for scalar/vector optimization problems. For
example, if G(x) := {g(x)}, where g : R" — R™ is a vector-valued function, the set A
reduces to {x € C : g(x) € —S}, which can be expressed of the form {x € C : (u, g(x)) <
0, Y € ST}. Unfortunately, in the set-valued setting, the equality

A={xeR":G)N-S #0} = {x eR" : 9uo6(x) £0, Vi € ST} )

may fail to be true in general. In fact, by taking G (x) := {z := (21, 22) Gan cexp(z)) —x <
7o} forallx € Rand S := R x R;. We see that dom(G) = R and 0 ¢ A. On the one hand,
for each w := (1, u2) € ST = {0} x R, we have

0 < poexp(z1) < moz2 = (1, 2), Yz € G(0).

This shows that ¢, (0) = Oforall u € St ,andso,0 € {x e R" : VoG (x) =0, Vu € St

Recently, an additional condition on the set-valued map G has been shown to guarantee
the equality (2) (see, e.g., [37]). In what follows, one says that Assumption (A) holds if one
of the following conditions holds:

(A1) For each x € dom(G), there exists z € G(x) such that ¢,.g(x) = (u, z) for every
we St
(A2) Foreach x € dom(G), G(x) is a compact subset of R™.

It is worth noting that there are no implication relations between (A1) and (A2), see, e.g.,
[37]. Note also that under the validity of assumption (A), the closedness of the set A can be
guaranteed by the lower semicontinuity of ¢, for all & € ST. In the sequel, let us recall
that G is S-proper (resp. nonnegatively S-Isc) if ¢,,.G is proper (resp. lower semicontinuous)
forall 4 € ST. Hereafter, for the problem (P), we always assume in the rest of this paper that
the proper set-valued mapping F is K -proper, K -convex and nonnegatively K-Isc, and the
proper set-valued mapping G is S-proper, S-convex and nonnegatively S-Isc satisfying (A).

Remark 4 The following points are taken from [19, Remark 3.1], [26, Theorem 4.1] and [37],
respectively. Let F' : R" = R” be a proper set-valued map. One has:

(i) @sor is convex for each A € KT if and only if F is K-convex.

(ii) @aor is lower semicontinuous foreach A € K provided that F is upper K -continuous
on dom(F) (see, e.g., [13, Definition 2.5.16] and [31, Definition 7.1]), i.e., for any
x € dom(F) and any open set V O F(x), there exists a neighborhood U of x such
that F(u) CV + K forallu e U.

(iii) @aoF is proper for each A € K™ if either F has compact values on dom(F) or F is
K -bounded from below on dom(F) in the sense that there exists ¢ € R” such that
F(x) € a+ K forall x € dom(F).

Next, we will obtain some sequential characterizations of 6-weak Pareto optimal solution
for the problem (P) in terms of the approximate subdifferentials of the marginal functions
associated with F and G. We begin with the following two lemmas.

Lemma 3 [37, Proposition 2] Let a proper set-valued mapping G : R" = R™ be S-proper,
S-convex and nonnegatively S-Isc satisfying (A). If A .= {x e R" : G(x) N =S # B} £ 0,
then

epiog =cl (UM€S+epi(<puog)*) .
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Remark 5 We point out that the set U, s+ epi(¢,06)™ is a convex cone due to [37, Proposition
1]. Consequently, since epid. is a convex cone, the set U, cs+epi(@uoc)* + epidy is also a
convex cone.

Lemma4 If A # 0, then
epi(8a)* = cl (Uyes+epi(@uog)” + episy) .

Proof Note by the definition of the indicator function in the set-valued version that 5 A=
57 i+ Sc So, invoking Proposition 1, Lemmas 1(i) and 3, we have

epi (51)" = epi <‘”5,: N %C)*
cl (epi ((p:)* + epi (§0§C)*)
Cl( " +epi (5¢) )

cl (CPIG T+ eplgc)

(Cl ( pes+epi (%oc)*) + epiSé)
(v

M€S+ep1 ((pMOG) + epiaZ) s

and the proof is complete. O

cl

cl (U

Theorem 2 For the problem (P), if 2 # 0, then (x,y) € gph(F) with x € A is an 6-

weak Pareto optimal solution of (P) if and only if there exist A e K\{0}, {1} c ST,

{er}, {m}, {8} TRy, up € 0, 0r0F (X), V1 € Oy @puy06 (%), wy € N (X) such that
u+v+w — 0, asl — 400 3)

and
1_1)12100(61 01+ 8 — 006 (X)) + (A, ¥) — @ror (X) = (A, 0). 4

Proof Assume that a pair (X, y) € gph(F) with X € A is an #-weak Pareto optimal solution
of (P). On account of the K-convexity of F, by Remark 2, we apply Theorem 1 to assert
that there exists A € K\{0} such that (x, (A, ¥)) is a (A, #)-optimal solution of (SP) where
H(x) := (Ao F)(x). So, Lemma 2 together with Proposition 1 yields

(0, — (%, §) + (%, 0)) € epi(ho F +34)* = epi(pror + w5 Q)
In addition, Lemma 4 gives us that
epi (pror + gagA)* = cl (epi (pror)* + epi (gagA)*)
= cl (epi (@ror)* + ¢l (Uyes+epi ((pﬂog)* + epidg))
=cl (epi (@r0F)" 4 Uyest+epi ((p,wg)* + epiSZ) .

Taking (5) into account, we assert that there exist sequences {x;} C S*, {(u;, )} C
epi(pror)™, {(vr, )} C epi(pu,06)* and {(wy, y1)} C epid¢ such that u; + v + w; —
Oandoj + B + Y1 = —(A,y) + (A,0) as] — +o00. In view of (1), there exist sequences
{e1}, {m}, {&} C Ry such that

up € 3, Paor (%), o = (us, X) + € — Pror (X),
U1 € Oy P0G (%), Br = (v, X) + M1 — @06 (X),
wy € 3y 8¢c(X), vi = (wy, X¥) + ¢, VI €N,
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It follows that o + B + v = (ur + vi + wi, X) — ProF (X) — @06 (X) + (6 + 1 + &) for
each ! € N. Now, passing to the limit as / — 400, we get

=,y + A, 0)= lim (g + B +¥) = —@ror(X) + lim (e + 1m0 + & — @06 (X)),
[—+o00 [—+o00

and so, (3) and (4) have been justified.

Conversely, suppose that there exist A € K\{0}, {¢;}, {m}, {&} C Ry, u; € 0¢; 0r0F (X),
V] € Oy Puyo6 (X)), wy € Né’ (x) such that (3) and (4) hold. Letx € ANdom(F)andy € F(x)
be arbitrary. Then x € C and there exists z € G(x) such that z € —S. By taking into account
the definitions of 3o, ¢u,06 and Né’ (x), we have, for each positive integer /,

(A, y) — Qror(X) 2 (U7, x — x) — €,
(Wi, 2) = QoG (X) 2 (v, x — %) —my,
02 (w,x—x)—¢.

Adding these inequalities, it holds that

A y) — Oror (X) 2 (A, y) — @aor (X) + (11, 2) — QoG (X) + @06 (X)
2 (up+ v +w,x —%)— (€ +m+ & — @uoc(X)).

Passing to the limit as [ — 400, we obtain that (A, y) = (A, ) — (A, ), showing that

(x, (A, y))isa (A, 0)-optimal solution of (SP). Therefore, in view of Theorem 1, (x, y) is an
0-weak Pareto optimal solution of (P) as desired. ]

Next let us provide an example illustrating Theorem 2 where the Slater-type constraint
qualification fails. Here, the set A := {x € C : G(x) N —S # @} is said to satisfy the Slater-
type constraint qualification if intS # () and there exists X € riC such that G(X)N—intS # @.

Example1 Let K = S := Ri, C :=[-1,1],6 := (0.1,0.1), (x, y) := (0, (0.1,0.1)) and
let F and G be defined by F(x) := (x, —%\/}) + ]R?F if x € [0, +o0[ and F(x) := @ else,
G(x) = {(z1,220) € R? : (z1 —x)2 4+ (zo — D? < 1} for every x € R. It can be easily
checked that KT = ST = ]Ri, A =[—1,0], (¥, y) is an O-weak Pareto optimal solution of
(P) and that the Slater-type constraint qualification fails. Now, it can also be verified that for
each A := (Ay, A2) € R%r, OroF (X) = A1x — %Zﬁ for all x = 0; otherwise @y (x) = +00,

and for each (u1, u2) € Rf_, QoG (X) = 1X + 2 — «/M% + /,L% for all x € R. Putting

_ 2_
= O D e =m = o= 5= o) = G L) foreach e N.

Then, —% € 0¢, 95,5 (x) and % € 0y, Pu 06 (X). Indeed, a direct calculation shows that for

any x € R", —#x < @5, (x) + €, since

< 400 = @5, 5 (X), if x <O;
1 . 1.
RN =0 1§ —5\{5+€1 = @5,p(X) + €1, ?foléx <
2 < =5 < —3VX < @5, p(x) + e, lfﬁ <x <1
S Ix S LUx<gip() +e, ifx 21,

— 9

Ji

and %x 5X + N = QoG (X) — @06 (X) + 1. In addition, it can be verified that

VL1 @3- 1, 5 1
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(A, 0) — (A, J) + ¢35, p(X) = 0, and Ng (X) = [, &]. Letting u; := —%, v = 4 and
wy = ¢ foreachl e N, weseethatu; + vy +w; =& — Oand ¢, + 01 + & — @06 (X) =
% — 0as ! — 400, showing that the sequential conditions of Theorem 2 hold. O

The special case of 8 := 0 in the preceding theorem gives us a new characterization of
weak Pareto optimal solutions of (P) as follows.

Corollary 1 For the problem (P), if 2 # 0, then (x,y) € gph(F) with x € A is a weak
Pareto optimal solution of (P) if and only if there exist .. € KT\{0}, {i;} € ST, {¢/} C Ry,
Uj € 0 ProF (X), V] € 0 Ppjo6(X), wy € N (X) such that (1, y) = @rop (X),

u+v+w — 0, ¢ - 0and ¢06(x) - 0asl — +o0.

Proof By taking 6 := 0 in Theorem 2, we know that (X, y) € gph(F) with x € A is a
weak Pareto optimal solution of (P) if and only if there exist A € KT\{0}, {u;} C ST,

(@) i), {0} C Ry € 0 @ror (%), 01 € B50p006 (%), wy € NE (%) such that
u;+v+w — 0, asl - +o0

and

lim (& + 7+ & — Qo6 (&) + (A, F) — @ror (¥) = 0.
[—+00

Due to the feasibility of x, there exits z € (i()?) suchthatz € —S.Itfollowsthat foreach/ € N,
P06 (X) < (g, 2) £ 0.By (&}, {m}, {6} C Ry, —¢u06(X) 2 0and (1, y) —Qror(X) 2
0, we can obtain that (A, ) = @yor(X) and limy_s 100 € = limy 100 = limys 100 & =
limy— 400 Yo (X)) = 0.

Letting €; := max{€j, 77, ;}. Then, we have thate; — Oas! — +ooandu; € 3¢, ¢ror (%),
V] € 0 Pu;0G (X), wy € Né’ (x). So, we obtain the desired result. O

4 A new constrained qualification for -weak Pareto optimal solution

In this section, we give a new constrained qualification for §-weak Pareto optimal solution
of problem (P). From now on, we say that the set A := {x € C : G(x) N —S§ # (¥} is said to
satisfy the closed cone constraint qualification when the set

Uyes+epi(@uoc)™ + epide (CCCQ)

is closed.

Remark 6 1n the case of G is a single-valued map, namely, G (x) := {g(x)} for every x € R"
where g : R" — R”, weget A ={x € C:g(x) € —S} and ¢,06 = p o g for each
w € ST. Then (CCCQ) collapses to the usual closed cone constraint qualification which
was proposed in [23] and was used in [3,11,24,25] and the references therein to establish
optimality conditions for convex (infinite) programming problems.

The following theorem establishes necessary/sufficient optimality criteria for 8-weak

Pareto optimal solution of problem (P) in terms of approximate subdifferentials under the
condition (CCCQ).
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Theorem 3 For the problem (P), suppose that dom(F) = R". If A # ¢ and (CCCQ) is
fulfilled, then (x, y) € gph(F) with x € A is an 8-weak Pareto optimal solution of (P) if and
only if there exist . € KT\{0}, u € ST, €,n, ¢ € Ry such that

0 € Je@ror () + 3y @06 (X) + N&(F) (6)

and
€+ N+E —uoc(X) + (A, ¥) — aor(X) = (A, 0). @)

Proof As seen before, we know that (¥, ¥) € gph(F) withx € A is an §-weak Pareto optimal
solution of (P) if and only if there exists A € K T\{0} such that (5) holds. Note that ¢; .
is a convex function for each A € KT due to K-convexity of F, and so, it is continuous
on ri(dom(gyor)). As dom(¢yor) = dom(h o F) = dom(F) = R”, ¢)oF is a continuous
function on R”. By Lemma 1(ii), one has

epi(@ror + ¢5,)* = epi(gror)* + epi(8a)*.
Since U, cs+epi(@uoc)™ + epidf: is closed, the above equality, by Lemma 4, becomes
ePi(gror +84)" = ePi(gror)® + Upes+epi(gpuec)® + epis.

This together with (5) in turn implies that there exist & € ST, (u, &) € epi(pior)*, (v, B) €
epi(¢uoc)* and (w, y) € epidf. suchthat 0 = u+v+wanda+ B4y = — (A, y) + (1, 0).
In view of (1), there exist €, n, ¢ € R such that

U € JePpoF (X), & = (U, X) + € — QioF (X),
V€ an(pp.oG(i), B=(v,x)+n— wqu(i)v
w € 0 bc(X), ¥y =(w,x) +¢.

Therefore,
(r,0)=a+B+y+ Q)
=U+v+w,x)+ (A, V) — @ior(X) — YuoG(X) +€+n+¢
= Y) = OroF (X) = QuoGg(X) € +n + .
The converse conclusion can also be obtained easily by Theorem 2 and will be omitted. O
The next example demonstrates that the approximate subgradient conditions (6) and/or

(7) in Theorem 3 may fail for an 6-weak Pareto optimal solution of (P) under the violation
of the condition (CCCQ).

Example2 Let K, S, C, and G be defined as in Example 1. Let (x, y) := (0, (1,0.1)),0 :=
(0, 0.1), and let F be defined by F(x) := (x, —x)—HRi forevery x € R. Then we have already

seen that K™ = §* = R, and for each (i1, n2) € R%, guoG (x) = p1x + o — [/} + u3
for all x € R. It can be easily checked that (x, y) is an 8-weak Pareto optimal solution of (P)
and that for each A := (A1, Xp) € Ri, OroF(x) = (A1 — Ap)x for all x € R. We assert that
the conditions (6) and (7) in Theorem 3 do not hold for this setting. Otherwise, there exist
A= (A1, A2) € KT\{O}, it := (w1, u2) € ST, €, n, ¢ € Ry such that

0 € Je@ror () + 3y @06 (X) + NE(F) = (A1 — A2} + {1} + [—¢, ¢

and
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0:€+7I+§_QD;LOG(-’E)'F()“’&)_(ﬂAOF()z)_()‘79>
=e+n+i—pa+ i+ +

We obtainthat e = n = ¢ = A = —,uz—i—,/u%—l—ug =0duetoe, n, ¢, A1, —2 +

\/ u% + /,L% 2> 0. It follows that ;1 = 0, which result in A, = 0, and therefore, we arrive at

a contradiction that A # 0. Consequently, the conclusion of Theorem 3 fails to hold. The
reason is that the cone U, ¢ g+ epi(¢u06)™ +epidy. is not closed. To see this, for each 1 € ST,

2 2 ife& = .
(PuoG)* () = { VAT~ TR = s
+ o0, otherwise,

and §5(-) = | - |. So,

Upes+ePi(@uo6)™ = Uy, nzofm} x [\ i + 13 — o, +ool
={(x1.x2) €R*: x1 20, x2 > 0},
and hence,
Uyes+ePi(@uoc)* + epide = {(x1,x2) € R* 1 x; £ 0, x1 +x2 = 0} UintR,

which is not closed. B o

On the other hand, letting A := (A1, A2) == (0, 1), e, =g = = %, up = (ull, ,ulz) =
(1 — 2%,1 — D, u = —1,v = ull, and w; := ¢ for each [ € N. Then, elementary
calculations give us

@ =1—1- 1—12+(1—1)2—1—1— 1—1+12——i
PruoGiX) = 20 = ) T T

(A 3) = @r0p(X) — (A, 0) =0, u; + v +wy =0and € + 1 + § — Qo6 (X) = 7 — Oas
| — +o00. So, the sequential conditions of Theorem 2 hold. O

In the following corollary we derive an optimality condition for a weak Pareto optimal
solution of (P) under the condition (CCCQ).

Corollary 2 For the problem (P), suppose that dom(F) = R". If A # ¢ and (CCCQ) is
fulfilled, then (x,y) € gph(F) with X € A is a weak Pareto optimal solution of (P) if and
only if there exist . € KT\{0} and i € ST such that (%, y) = @or (X),

0 € 3¢ror (X) + 090G (X) + Ne(X) and ¢ (X) = 0.

Proof We apply Theorem 3 with 6 := 0 to assert that (X, y) € gph(F) with x € A is a weak
Pareto optimal solution of (P) if and only if there exist A € K™\{0}, u € ST, €, n,¢ € Ry
such that

0 € Je@ror () + 3y P06 (X) + N&(X)

and
€+ 1+ ¢ = Puoc(X) + (A, ¥) — gror(X) = 0. ®)
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Due to the feasibility of X, there exists 7 € G(x) such that 7 € —S. This leads us to
PuoG(X) = (. z) =0.Bye, 0, & € Ry, —puo6(X) 2 0and (A, J) — @ror(X) 2 0, it
entails especially by (8) that

€=n=0=¢ucX* =L,y —@ror(x) =0.

The rest of the proof for the converse conclusion follows by using Theorem 3 and so is
omitted here. O

Remark 7 1n view of [28, Proposition 2.2.(ii)], we can also formulate a version of Theorem 2
and Corollary 1 (resp. Theorem 3 and Corollary 2) in terms of the radial e-subdifferentials (see
e.g. [28, Definition 1.2]) (resp. radial subdifferentials) by assuming that x € int(dom(F)).

Remark 8 1t is interesting to note here that we can obtain in a similar manner the sequential
characterizations of an approximate Pareto optimal solution as well as an approximate Benson
proper Pareto optimal solution of (P) by using the scalarization theorems that given in [40,
Theorem 4.1 and Theorem 4.4].

Next, under an additional condition, we will see that the Slater-type constraint qualification
guarantees the validity of (CCCQ). To this aim, we need the following lemma.

Lemma5 Suppose that int(S) # @ and there exists X € R" such that G(x) N —int(S) # @.
Then the set U, ¢ s+epi(guo)™ is closed.

Proof Let (v, a;) € Uyes+epi(guoc)* be such that (v, ay) — (v, @) as | — +o0. We only
need to show that

(v, @) € UM€S+epi((pqu)*-

To see this, as int(S) # @, there is a compact convex set B € ST with 0 ¢ B and ST =
cone(B) (see, e.g., [20, Lemma 1.28(a)]). Then, there exist {i;} C ST, {#} c R, and
{b;} C B such that u; = by, (x1, ;) € epi(@yu06)* = epi(u; o G)* and by — b € B as
[ — +o0.

We first show that {#} is bounded. Otherwise, we may assume thatt; — 4-ocoas! — 4o00.
Then, foreach/ € N,

(v, x) — (i, y) < (o GY*(vp) < ay, Vx € dom(G), y € G(x).

In particular, due to * € R” satisfying G(x) N —int(S) # @, there is y € G(x) such that
—y € int(S). So, (v;, x) — {u7, ¥) < a;, and consequently,

o

Passing to limit, we see that (b, §) = 0. On the one hand, as b € ST\{0} and —3 € int(S),
we have (b, y) < 0, a contradiction.

Now, since {#;} is bounded, we may assume that t; — ¢t as /| — +oo for some r € R.

Thus, for each x € dom(G) and y € G(x), one has (v, x) — (tb, y) < «, and consequently,
(i o G)*(v) £ o where ji :=tb € ST. Therefore,

(v, @) € epi(fito G)* C UuES*epi(M 0G)* = UMGS+epi(§0qu)*y

and the proof is complete. O
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Theorem 4 Suppose thatint(S) # @ and there exists x € 1i(C) suchthat G(x)N—int(S) # .
If G is S-upper semicontinuous [ 13, Definition 2.5.21], i.e., {x € R" : G(x)N(y —int(S)) #
#} is open for every y € R™, then (CCCQ) holds.

Proof As G is S-upper semicontinuous, the set {x € R" : G(x) N (—int(S)) # @} is open,
and so, £ € {x € R" : G(x) N (—int(S)) # ¥} C int(A) C ri(A). Since C and A are closed
convex sets, and ri(C) N ri(Z) # (), we have by [8, Proposition 3.2] that the set epib‘} + epiéz
is closed. According to Lemma 3 and 5, we obtain that U,,c g+epi(¢,06)* + epidg is closed.

O

To this end, we give the following example that illustrates the case where (CCCQ) holds,
whereas the Slater-type constraint qualification fails.

Example 3 Let C := [—1,1], S := {(x1,x2) € R? : x = 0} and G(x) := {(x,r) € R? :
r 2 max{x, 0}} for every x € R. Then, int(S) # @ and G(x) N —int(S) = ¥ for all x € R.
On the one hand, direct calculations show that (SZ(-) =], 8T = {(u1, u2) € R2 . ny =
0, p2 = 0}, and for each u € S, @06 (x) = o max{x, 0},

0, ifu € [0, uzl;
+ 0o, otherwise.

(PpoG)*(u) = {
Hence,
Upies+ePi(@puoc)* + epidi = Uy, >0l0. ual x Ry + {(x1, x2) € R? : |x1] £ x2)
={(r1,x) € R?:x1 £0, x1 +x2 2 0} URE,

which is a closed set.

5 Conclusions

In this paper, we have employed the scalarization theorem and the relation between the
conjugate function of the scalar set-valued map and of the marginal function associated
with corresponding the scalar set-valued map to provide sequential Lagrange multiplier
conditions characterizing approximate weak Pareto optimal solutions for the convex vector
optimization problem with set-valued maps. These conditions are expressed in terms of the
approximate subdifferentials of the related marginal functions. Moreover, the approximate
Lagrange multiplier conditions for the problem have also been provided by using a new
proposed constraint qualification, which is implied by the Slater-type condition.
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