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Abstract Deterministic branch-and-bound algorithms for continuous global optimization
often visit a large number of boxes in the neighborhood of a global minimizer, resulting in
the so-called cluster problem (Du and Kearfott in J Glob Optim 5(3):253-265, 1994). This
article extends previous analyses of the cluster problem in unconstrained global optimiza-
tion (Du and Kearfott 1994; Wechsung et al. in J Glob Optim 58(3):429-438, 2014) to the
constrained setting based on a recently-developed notion of convergence order for convex
relaxation-based lower bounding schemes. It is shown that clustering can occur both on
nearly-optimal and nearly-feasible regions in the vicinity of a global minimizer. In contrast
to the case of unconstrained optimization, where at least second-order convergent schemes
of relaxations are required to mitigate the cluster problem when the minimizer sits at a point
of differentiability of the objective function, it is shown that first-order convergent lower
bounding schemes for constrained problems may mitigate the cluster problem under certain
conditions. Additionally, conditions under which second-order convergent lower bounding
schemes are sufficient to mitigate the cluster problem around a global minimizer are devel-
oped. Conditions on the convergence order prefactor that are sufficient to altogether eliminate
the cluster problem are also provided. This analysis reduces to previous analyses of the cluster
problem for unconstrained optimization under suitable assumptions.
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1 Introduction

One of the key issues faced by deterministic branch-and-bound algorithms for continuous
global optimization [11] is the so-called cluster problem, where a large number of boxes may
be visited by the algorithm in the vicinity of a global minimizer [7,21,29]. Du and Kearfott [7,
13] were the first to analyze this phenomenon in the context of interval branch-and-bound
algorithms for unconstrained global optimization. They established that the accuracy with
which the bounding scheme estimates the range of the objective function, as determined by
the notion of convergence order (see Definition 7), dictates the extent of the cluster problem.
Furthermore, they determined that, in the worst case, at least second-order convergence of
the bounding scheme is required to mitigate ‘clustering’ [7]. Next, Neumaier [21] provided a
similar analysis and concluded that even second-order convergence of the bounding scheme
might, in the worst case, result in an exponential number of boxes in the vicinity of an
unconstrained global minimizer. In addition, Neumaier claimed that a similar situation holds
in a reduced manifold for the constrained case [21].

Recently, Wechsung et al. [29] provided a refined analysis of Neumaier’s argument for
unconstrained global optimization which corroborated the previous analyses. In addition,
they showed that the number of boxes visited in the vicinity of a global minimizer may
scale differently depending on the convergence order prefactor. As a result, second-order
convergent bounding schemes with small-enough prefactors may altogether eliminate the
cluster problem, while second-order convergent bounding schemes with large-enough pref-
actors may result in an exponential number of boxes being visited. Also note the analysis
by Wechsung [28, Section 2.3] that shows first-order convergence of the bounding scheme
may be sufficient to mitigate the cluster problem in unconstrained optimization when the
optimizer sits at a point of nondifferentiability of the objective function.

As highlighted above, the convergence order of the bounding scheme plays a key role in the
analysis of the cluster problem. This concept, which is based on the rate at which the notion of
excess width from interval extensions [18] shrinks to zero, compares the rate of convergence
of an estimated range of a function to its true range. Bompadre and Mitsos [3] developed the
notions of Hausdorff and pointwise convergence rates of bounding schemes, and established
sharp rules for the propagation of convergence orders of bounding schemes constructed using
McCormick’s composition rules [17]. In addition, Bompadre and Mitsos [3] demonstrated
second-order pointwise convergence of schemes of convex and concave envelopes of twice
continuously differentiable functions, second-order pointwise convergence of schemes of
oaBB relaxations [1], and provided a conservative estimate of the prefactor of « BB relaxation
schemes for the case of constant . Scholz [25] demonstrated second-order convergence of
centered forms (also see, for instance, the article by Krawczyk and Nickel [15]). Bompadre
and coworkers [4] established sharp rules for the propagation of convergence orders of Taylor
and McCormick-Taylor models. Najman and Mitsos [20] established sharp rules for the
propagation of convergence orders of the multivariate McCormick relaxations developed
in [19,26]. Finally, Khan and coworkers [14] developed a continuously differentiable variant
of McCormick relaxations [17,19,26], and established second-order pointwise convergence
of schemes of the differentiable McCormick relaxations for twice continuously differentiable
functions. The above literature not only helps develop bounding schemes for unconstrained
optimization with the requisite convergence order, but also provides conservative estimates
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for the convergence order prefactor (see Definition 7). Also note the related definition for the
rate of convergence of (lower) bounding schemes for geometric branch-and-bound methods
provided by Schobel and Scholz [23].

This work provides an analysis of the cluster problem for constrained global optimization.
It is shown that clustering can occur both on feasible and infeasible regions in the neigh-
borhood of a global minimizer. Akin to the case of unconstrained optimization, both the
convergence order of a lower bounding scheme and its corresponding prefactor (see Defi-
nition 8) may be crucial towards tackling the cluster problem; however, in contrast to the
case of unconstrained optimization, it is shown that first-order convergent lower bounding
schemes with small-enough prefactors may eliminate the cluster problem under certain condi-
tions. Additionally, conditions under which second-order convergence of the lower bounding
scheme may be sufficient to mitigate clustering are developed.

This work assumes that boxes can be placed such that global minimizers are always in their
relative interior, otherwise an exponential number of boxes can contain global minimizers.
Techniques such as epsilon-inflation [16] or back-boxing [21,27] can potentially be used to
place boxes with global minimizers in their relative interior.

This article is organized as follows. Section 2 provides the problem formulation, describes
the notions of convergence used in this work, and sets up the framework for analyzing the
cluster problem in Sect. 3. Section 3.1 analyzes the cluster problem on the set of nearly-
optimal feasible points in a neighborhood of a global minimizer and determines conditions
under which first-order and second-order convergent bounding schemes may be sufficient to
mitigate clustering in such neighborhoods. Section 3.2 analyzes the cluster problem on the set
of nearly-feasible points in a neighborhood of a global minimizer that have a ‘good-enough’
objective function value, and develops conditions under which first-order and second-order
convergent bounding schemes may be sufficient to mitigate clustering in such neighborhoods.
Finally, Sect. 4 lists the conclusions of this work.

2 Problem formulation and background

Consider the problem
min_ f(x) P)
X
s.t. g(x) <0,
hx) =0,
x € X,

where X C R’™ is a nonempty open bounded convex set, the functions f : X — R,
g: X > R™ andh: X — R™E are continuous on X, and 0 denotes a vector of zeros of
appropriate dimension. The following assumptions are enforced throughout this work.

Assumption 1 The constraints define a nonempty compact set
{xe X:g(x) <0, h(x) =0} C X.

Assumption 2 Let x* € X be a global minimum for Problem (P), and assume that the
branch-and-bound algorithm has found the upper bound UBD = f(x*) sufficiently early
on. Let ¢ be the termination tolerance for the branch-and-bound algorithm, and suppose the
algorithm fathoms node kK when UBD — LBDy, < ¢, where LBDy, is the lower bound on node
k.
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When Assumption 1 is enforced, Problem (P) attains its optimal solution on X by virtue
of the assumption that f is continuous on X. Note that the assumption that X is an open
set is made purely for ease of exposition, particularly when differentiability assumptions on
the functions in Problem (P) are made, and is not practically implementable in general. As a
result, we implicitly assume throughout this work that finite bounds on the variables (which
define an interval in the interior of X)) are available for use in a branch-and-bound setting.

Assumption 2 essentially assumes that the convergence of the overall lower bound is
the limiting factor for the convergence of the branch-and-bound algorithm. This is usually a
reasonable assumption in the context of branch-and-bound algorithms for global optimization
where most of the effort is typically spent in proving e-optimality of feasible solutions
found using (heuristic) local optimization-based techniques. The cluster problem analysis
in this work is asymptotic in ¢ in general; we provide conservative estimates of the worst-
case number of boxes visited by the branch-and-bound algorithm in nearly-optimal and
nearly-feasible neighborhoods of global minimizers for some sufficiently small ¢ > 0. The
conservatism of the above estimates decreases as ¢ — 0. The asymptotic nature of our
analysis with respect to ¢ is not only a result of considering the local behavior of the objective
function in the vicinity of a global minimizer (which is also a limitation of the analyses of
the cluster problem in unconstrained optimization [7,21,28,29]), but is also a consequence
of considering the local behavior of the constraints (and, therefore, the feasible region) in the
vicinity of a global minimizer. In practice, values of ¢ for which the analysis of the cluster
problem provides a reasonable overestimate of the number of boxes visited can be much
larger than the machine precision (on the order of 10~!). This is evidenced by the examples
in Sect. 3. Also note that the fathoming criterion for the branch-and-bound algorithm in this
work is different from the one considered by Wechsung et al. [29], who assume that node k
is fathomed only when LBD; > UBD; however, the worst-case estimates of the number of
boxes visited by the branch-and-bound algorithm are not affected by this difference in our
assumptions.

Throughout this work, we will use x* to denote a global minimizer of Problem (P), 1Z to
denote the set of nonempty, closed and bounded interval subsets of Z C R", Z C to denote the
relative complement of a set Z C R” with respect to X, cl(Z) to denote the closure of a set
Z C R", ||z|| to denote the Euclidean norm of z € R", R_ to denote the nonpositive orthant,
Z;j to denote the j th component of a vector z, (z1, 22, - . ., Z,) to denote a vector z € R" with
entries z1, 22, ..., 2, € R (note that (z1, z2) will be used to denote both an open interval
in R and a vector in R?; the intended use will be clear from the context), [-] to denote the

ceiling function, |:gi| to denote a vector-valued function with domain ¥ and codomain R 1"

h
corresponding to vector-valued functions g : ¥ — R” andh : ¥ — R”, f(Z) to denote the
image of Z C Y under the functionf : ¥ — R™, f’(z; d) to denote the directional derivative
of a function f : Z C R" — R ata pointz € Z (with Z open) in a direction d € R”, and
‘differentiability’ to refer to differentiability in the Fréchet sense. The following definitions
are in order.

Definition 1 (Width of an interval) Let Z = [zll“, zllj] X oo X [z%, zy] be an element of TR".
The width of Z, denoted by w(Z), is given by

0.

.....
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Definition 2 (Distance between two sets) Let Y, Z C R". The distance between Y and Z,
denoted by d(Y, Z), is defined as

d(Y,Z):=inf |y —z|.
yevy,
zeZ

Note that the above definition of distance does not define a metric; however, it will prove
useful in defining a measure of infeasibility for points in X for Problem (P).

Definition 3 (Lipschitz continuous function) Let Z C R". A function f : Z — R is
Lipschitz continuous with Lipschitz constant M > 0 if | f(z;) — f(z2)| < M|z — 72|,
V21,2, € Z.

Since the cluster problem analysis is asymptotic in ¢, we will need the following asymptotic
notations.

Definition 4 (Big O and little o notations) Let Y C R, f : Y - R,andg : ¥ —> R. We
say that f(y) = O(g(y)) as y — y € Y if and only if there exist §, M > 0 such that

[fO) <= Mlg(y)l, VyeYwith|y—y| <.

Similarly, we say that f(y) = o(g(y)) as y — y € Y if and only if for all M’ > 0 there
exists 8’ > 0 such that

lfDI = Mgyl Yy €Y with|y—3| <8
Note that unless otherwise specified, we consider y = 0 in this work.

Definition 5 (Convex and concave relaxations) Given a convex set Z C R”" and a function
f +Z — R, aconvex function f7¥ : Z — R is called a convex relaxation of f on Z if
f7' @) < f(z),Vz € Z. Similarly, a concave function f7° : Z — R is called a concave
relaxation of f on Z if f7°(z) > f(z),Vz € Z.

The following definition introduces the notion of schemes of relaxations [3].

Definition 6 (Schemes of convex and concave relaxations) Let Y C R" be a nonempty
convex set, and let f : ¥ — R. Assume that for every Z € IY, we can construct functions

2V Z — Rand f7°: Z — R that are convex and concave relaxations, respectively, of f
on Z. The sets of functions (f7")zery and (f;°) zery define schemes of convex and concave
relaxations, respectively, of f in Y, and the set of pairs of functions (f7", f;°)zery defines
a scheme of relaxations of f in Y. The schemes of relaxations are called continuous when
f7¥ and f7° are continuous on Z for each Z e IY.

The next definition presents a notion of convergence order of schemes of convex and con-
cave relaxations [29] based on the notion of Hausdorff convergence order of a scheme of
relaxations [3].

Definition 7 (Convergence orders of schemes of convex and concave relaxations) Let Y C
R"” be a nonempty bounded convex set, and f : ¥ — R be a continuous function. Let
(f7)zery and (f7°)zery respectively denote continuous schemes of convex and concave
relaxations of f in Y.

The scheme of convex relaxations ( fg") zely 18 said to have convergence of order 8 > 0
aty € Y if there exists T¢ > 0 such that

min f(z) — min £5'(z) < tw(2)?, VZ e 1Y withy € Z.
ze”Z zeZ
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Similarly, the scheme of concave relaxations (f;°) zery is said to have convergence of order
B > 0aty € Y if there exists t > 0 such that

max f7°(z) — max f(z) < “w(Z)?, VZ elY withy € Z.
zeZ zeZ

The schemes (f7")zery and (f5°)zery are said to have convergence of order § > 0 on Y
if they have convergence of order (at least) 8 at each y € Y, with the constants ¥ and v
independent of y.

The following definition seeks to extend the notion of convergence order of a bounding
scheme [3,4,29] to constrained problems. Conditions under which specific lower bounding
schemes are guaranteed to exhibit a certain convergence order will be presented in a future
article.

Definition 8 (Convergence order of a lower bounding scheme) Consider Problem (P). For
any Z € [IX,let.#(Z) = {x € Z : g(x) < 0, h(x) = 0} denote the feasible set of Problem (P)
with x restricted to Z.

Let (f7")zex and (85)zerx denote continuous schemes of convex relaxations of f
and g, respectively, in X, and let (h$’, h)zcrx denote a continuous scheme of relaxations
of hin X. For any Z € IX, let #(Z) = {x €Z:g7x) <0,hy(x) <0,h7(x) > 0}
denote the feasible set of the convex relaxation-based lower bounding scheme. The convex
relaxation-based lower bounding scheme is said to have convergence of order 8 > 0 at

1. afeasible point x € X if there exists T > O such that for every Z € IX withx € Z,

min Z) — min V(z) < tw(Z)P.
Zey(z)f() ze;?“"(Z)fZ()_ (2)

2. an infeasible point x € X if there exists T > 0 such that for every Z € 1X withx € Z,

d ([ﬂ(zx R™ x {0}) —d(Fe(2), R < (0) = Fw(2)f,

where [ﬁ] (Z) denotes the image of Z under the vector-valued function [ﬁ] and .7 (Z) is
defined by

(Ic(D)zerx = ({(v.w) e R x R™E 1y = g% (z), h§ () < w < h (2) for somez € Z}) , ;-

The scheme of lower bounding problems is said to have convergence of order 8 > 0 on X if
it has convergence of order (at least) 8 at each x € X, with the constants 7 and 7 independent
of x.

Definition 8 is motivated by the requirements of a lower bounding scheme to fathom
feasible and infeasible regions in a branch-and-bound procedure [11]. On nested sequences
of intervals converging to a feasible point of Problem (P), we require that the corresponding
sequences of lower bounds converge rapidly to the corresponding sequences of minimum
objective values. On the other hand, on nested sequences of intervals converging to an infea-
sible point of Problem (P), we require that the corresponding sequences of lower bounding
problems rapidly detect the (eventual) infeasibility of the corresponding sequences of inter-
vals for Problem (P). The latter requirement is enforced by requiring that the measures of
infeasibility of the corresponding lower bounding problems, as determined by the distance
function d, converge rapidly to the measures of infeasibility of the corresponding restricted
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Problems (P). Note that some intervals that only contain infeasible points may also poten-
tially be fathomed by value dominance if the lower bounds on those intervals obtained by
solving the corresponding relaxation-based lower bounding problems is greater than or equal
to UBD — ¢. This possibility in considered later in this section (see, for instance, Lemma 3)
and in Sect. 3.2.

The following lemma detail worst-case conditions under which nodes containing a global
minimum and infeasible points are fathomed.

Lemma 1 (Fathoming nodes containing global minimizers) Let X* € IX, with x* € X*,
correspond to the domain of node k* in the branch-and-bound tree. Suppose the convex
relaxation-based lower bounding scheme has convergence of order f* > 0 at x* with a
prefactor t* > 0 (see Definition 8). For node k* to be fathomed, we require, in that worst
case, that
1
£ BF
wix = ()7

T

Proof The condition for node k* to be fathomed by value dominance is UBD — LBDy+ =

f(x*)—LBDy+ < ¢. Since we are concerned about convergence at the feasible point x* € X,
we have from Definition 8 that

min Z) — min Y (z) < trw (XM
zejz(x*)f( ) ZEchv(X*)f (z) < (X"
= LBDp- = min_ f(2) > f(x*) — t*w(X*)F".
ze. 7 SV (X*)

Therefore, in the worst case, node k* is fathomed only when

LBD > f(x*) — T'w(X")"" > f(x*) —& <= w(X*) < (:*)ﬂ '

Lemma 2 (Fathoming infeasible nodes by infeasibility) Let X' e 1X, with

x!' c {X eX:d <|:ﬁ:| (x), R™ x {0}) > sf}

forsome el > 0, correspond to the domain of node k' in the branch-and-bound tree. Suppose
the convex relaxation-based lower bounding scheme has convergence of order B! > 0 at
each x € X! with a prefactor t' > 0 that is independent of x (see Definition 8). For node
k! to be fathomed by infeasibility, we require, in the worst case, that

Y
w(X’) < o7 .

Proof For node k! to be fathomed by infeasibility, we require that the convex relaxation-
based lower bounding problem is infeasible on X! ie.,d (ﬂc (X, R™ x {0}) > 0. Since
we are concerned about convergence at infeasible points, we have from Definition 8 that

d ([lﬂ (x1), R™ x {0}) —d (fc(x’),RT' x {0}) < clwxh?

—d (yc(x’), R™ x {0}) >d ([ﬂ x!y, R™ x {0}) —lwxh?.
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Therefore, node k! is fathomed, in the worst case, only when
2oy o [CIP— AN
d|Fc(XD), R x{0}) >d h(X ), RZ! x {0} TwX') >0

. 1
— ¢/ —rlw(X[)ﬂ >0

L

f T
— wxh < (i—,)ﬂ .

Lemma 3 (Fathoming infeasible nodes by value dominance) Let X! € IX, with

x!'c {x e X:d([lgl] x), R™ x {0}) > o},

correspond to the domain of node k' in the branch-and-bound tree. Suppose ¥x € X!,
f(x) = f(X*). Furthermore, suppose the scheme (f;")ze1x has convergence of order Bl >
0 at each x € X! with a prefactor t/ > 0 that is independent of X (see Definition 7). If

o
wixh) = ()7,
=\77
then node k! will be fathomed.

Proof A sufficient condition for node &’ to be fathomed is

min_ O > f) e
ze.ZV(XT)

Since (f5") ze1x has convergence of order T, we have from Definition 7 that
min fy}(z) > min f(z) — rfw(XI)ﬂf
zeX! zeX!
> min f(z) —¢
zeX!

> f(X*) — &,

€

where Step 2 uses w(X’) < (if) 2 ,and Step 3 uses f(x) > f(x*),Vx € X! Therefore,
T

min  fy7(z) > min fy}(z) > f(x*) —e.
e FV(X1) zeX!

The desired result follows. O

In what follows, we shall partition the set X into distinct regions with the aim of constructing
regions that are either relatively easy to fathom (based on Lemma 1-3), or are relatively hard
to fathom. Suppose the convex relaxation-based lower bounding scheme has convergence of
order 8* > 0on.%(X) with prefactor t* > 0, and convergence of order 8/ > 0 on (F (X ))C
with prefactor 7/ > 0 (note that it is sufficient for the lower bounding scheme to have the
requisite convergence orders on some neighborhood of the global minimizers of Problem (P)
for our analysis to hold, as will become clear in Sect. 3). Furthermore, suppose the scheme
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(") zerx has convergence of order Bf > 0on X with prefactor 7/ > 0. Pick a feasibility
tolerance ¢/ and an optimality tolerance £° such that

ef i £° ﬁLf &\ 2
A

and consider the following partition of X:

X = xeX:d(f1 x), R™ x {0} >£f}

X3 = xeX:d(

X, :=1x¢€ X:d( x), R™ x {0}) € (0,¢/)and f(x) — f(x*) > e”},
x), R™ x {0}) € (0,¢/)and f(x) — f(x*) < 5"},

Xy = xeX:d( (x), R" x {0} ) =0and f(x) — f(x*)>8},and

X5 = xeX:d( (X),R’f’X{O}):Oandf(x)—f(x*)fe}.

The set X corresponds to the set of infeasible points for Problem (P) with the measure
of infeasibility greater than e/. The set X» corresponds to the set of infeasible points for
Problem (P) with the measure of infeasibility less than or equal to £/ and with the objective
function value greater than f(x*) + £, while the set X3 corresponds to the set of infeasible
points for Problem (P) with the measure of infeasibility less than or equal to &/ and the
objective function value less than or equal to f(x*) + £°. The set X4 corresponds to the set
of feasible points for Problem (P) with objective value greater than f(x*) + &, while the
set X5 corresponds to the set of feasible points for Problem (P) with objective value less
than or equal to f(x*) 4 ¢. The sets X through X5 are illustrated in Fig. 1 for the three
two-dimensional problems presented in Examples 1-3.

Intuitively, we expect that nodes with domains contained in the sets X; and X, can be
fathomed relatively easily (by infeasibility and value dominance, respectively) compared to
nodes with domains contained in the set X3. Similarly, we expect that nodes with domains
contained in the set X4 can be fathomed relatively easily (by value dominance) compared
to nodes with domains contained in the set Xs. This intuition is formalized in Corollary 1.
Consequently, the extent of clustering is dictated primarily by the number of boxes required
to cover the regions X3 and X5. Section 3 provides conservative estimates of the number of
boxes of certain widths that are required to cover X3 and Xs under suitable assumptions. As
an aside, note that the condition specified by Equation (TOL) is used to roughly enforce that
nodes with domains contained in the sets X, X5, and X4 can, in the worst case, be fathomed
using a similar level of effort.

Example 1 Let X = (0,1) x (0,1), m;y = mg = 0, and f(x) =xf+x§—x12—x§ with
* __
X _<f f) We have:
X1 =X, =X3=4,
Xa=|xeX :x{+x3 —x}—x}> fx") +e}, and
Xs={xeX:x{+x3 —xf—x3 < f(x)+e}.

The sets X through X5 are depicted in Fig. 1a for ¢ = 0.1.
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Fig. 1 Plots of the sets X through X5 for an unconstrained, an inequality-constrained, and an equality-
constrained problem. The dashed lines define the sets X, and the filled-in triangles denote the unique global
minimizers of the problems on X. All plots use ¢ = ¢° = e/ = 0.1 for illustration a Example 1 (uncon-
strained), b Example 2 (inequality-constrained), ¢ Example 3 (equality-constrained)

Example 2 Let X = (2.2,2.5) x (2.9,3.3),m; =3, mg =0, f(X) = —x1 — x2, g1(X) =
X —2x} 4 8x7 —8x7 =2, g2(x) = xp —4x] +32x] —88x] +96x; — 36, and g3(x) = 3—x;
with x* ~ (2.33, 3.18) (based on Example 4.10 in [8]). We have:

]

Xi=1{xeX: (max{0, gj(x)})2 >},

\j=l
3

Xo=1{xeX: Z (max{0, gj(x)})2 € 0,67, —x1 —x2 > f(X*) +&°},
j=1
3

X;={xeX: Z(max{o, gj(X)})2 €(0,ef], —x1 —x2 < f(x) 4+ €%},
N Jj=1

Xs={xeX:g(x) <0, —x; —x2 > f(x") +¢}, and
Xs={xeX:g(x) <0, —x; —xz < f(x*) +¢}.

The sets X through X5 are depicted in Fig. 1b fore = ¢° = ¢/ = 0.1.
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Example 3 Let X = (0.4,1.0) x (0.5,2.0),m; =2, mg =1, f(x) = —12x1 — Tx3 +x22,
g1(x) =x1—0.9,g(x) =0.5—x1,and h(X) = x3 +2xi1 —2 withx* ~ (0.72, 1.47) (based
on Example 4.9 in [8]). We have:

2
X1 ={xeX: Z (max{(), gj(}li)})2 + Ih(x)l2 > ef
j=1
2
Xo=1xeX: Z (max{0, gj(x)})2 +1hx) % € (0, e/, —12x] — Txp +x22 > f(x*) +¢°
j=1
2
Xz={xeX: | ) (max{0,g;(x)}) P+ 1P € 0,671, —12x) — Ty +x3 < Fx*) +6° ¢,
j=1

X, = {x EX:g) <0, h(x) =0, —12x] — Txp + 32 > f(x¥) +s} , and

X5 = {x eX:gx) <0, h(x) =0, —12x] — 7xp +x% < f(x®) +a}.
The sets X through X5 are depicted in Fig. lc fore = ¢ = ¢/ = 0.1.

The following corollary of Lemma 1, 2, and 3, similar to Lemma 2 in [29], provides sufficient
conditions under which nodes with domains contained in X, X, and X4 can be fathomed.

1
Corollary 1 (Fathoming nodes contained in X1, X7, and Xy4) Let § = (%) "
T

1. Suppose the convex relaxation-based lower bounding scheme has convergence of order
B! > 0 at each x € X1 with a prefactor t' > 0 that is independent of x. Consider
X| € IX; corresponding to the domain of node ki in the branch-and-bound tree. If
w(X1) < 8, then node ki will be fathomed by infeasibility.

2. Suppose the scheme of convex relaxations (f;')ze1x has convergence of order f>0
at each x € X» with a prefactor tf > 0 that is independent of x. Consider X» € 1X»
corresponding to the domain of node ky in the branch-and-bound tree. If w(X3) < 6,
then node ky will be fathomed by value dominance.

3. Suppose the convex relaxation-based lower bounding scheme has convergence of order
B* > 0 at each x € X4 with a prefactor ™ > 0 that is independent of x. Consider
X4 € IXy4 corresponding to the domain of node ky in the branch-and-bound tree. If
w(X4) < 8, then node ky will be fathomed by value dominance.

Corollary 1 implies that nodes with domains X, X5, and X4 such that X € 1X;, X5 € X5,
and X4 € [X4 can be fathomed when or before their widths are § (in fact, nodes with

1
domains in X, and X4 can be fathomed when or before their widths are ('9:%) 1 and

1
( z—i) B respectively). However, nodes X 5 € X5 may, in the worst case, need to be covered
by boxes of width § before they are fathomed. Furthermore, nodes X3 € IX3 may need
to be covered by a large number of boxes depending on the convergence properties of the
lower bounding scheme on X3. The following example presents a case in which clustering
may occur on X3 because the lower bounding scheme does not have a sufficiently-large
convergence order at infeasible points.
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Example 4 Let X = (=2,2),m; = 3,and mg = 0 with f(x) = x, g1(x) = x2, ox) =
x — 1, and g3(x) = —1 — x. We have x* = 0 (which is the only feasible point). For any
[xL, xV]=:Z € IX, let

() =x,
. — @V — aby, if 0 € [xL, xY]
81z(x) = min ((xL)z, (XU)Z) — (xY —xb), otherwise '

g%?/z(x) =x—1,

g5 7(x) = —1—x.

We have g* = B! = 1 and B/ arbitarily-large with prefactors t*, t/, and ¢/, respectively,
greater than zero.

Suppose ¢,/ <« 1. Pick y > 0 and a € (0, y) such that (y + «)> = &/. Let x* :=
-y —a= —Vel andxY := —y +a < 0. The width of Z is w(Z) = 2«. Note that g, and
g3 are feasible on Z; therefore, we need only be concerned with the feasibility of g;.

We have g,(Z) = [(y — a)?, (y +«)*] and d(8(Z), R™") = (y — ). This implies g;
is infeasible at each x € Z. Note that X3 = [xL, 0)U (0, min{g?, \/87}] (which follows, in

part, from each x € [x", 0) being infeasible with f(x) < f(x*) and d({g(x)}, R"") < &f).

We have gCIVZ (Z2) = [(y —a)? =20, (y —a)? — 2] and dE5(2), R™"y = max{0, (y —
«)? — 2a}. The optimal objective value of the lower bounding problem on Z is —y — «
when d (g5 (2), R™") = 0, and is 400 otherwise. Note that the lower bounding problem
is infeasible on Z when (y — a)® — 2a > 0, which can be achieved by choosing « to be
sufficiently-small (and increasing y accordingly).

The maximum width of the interval Z for which it can be fathomed by infeasibility can
be shown tobe w(Z) = 2a* :=2(14+y) -2/ 1+ 2y = 0(7/2) = O(Sf) (note that y < 1
because e/ « 1). For @ > o*, the interval Z cannot be fathomed by infeasibility and the
optimal objective value of the lower bounding problemon Z is —y —a = —Vef = 0 (Ve).
Such an interval Z cannot be fathomed by value dominance either since ¢ < 1.

Therefore, in the worst case, the interval Z can be fathomed only when w(Z) = O ()/2) =
O(s/). This causes clustering in the worst case since w([x", 0)) = 0(«/87) and [x",0)
X3.

3 Analysis of the cluster problem

In this section, conservative estimates for the number of boxes required to cover X3 and
X5 are provided based on assumptions on Problem (P) (in particular, on its set of global
minimizers), and characteristics of the branch-and-bound algorithm. First, some requisite
definitions are provided [2].

Definition 9 (Neighborhood of a point) Let x € X C R"*. Forany o > 0, p € N, the set
AP ={zeX:|z—x]|, <a}
is called the a-neighborhood of x relative to X with respect to the p-norm.

Note that all norms on R"** are equivalent.
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Definition 10 (Strict local minimum) Let .% (X) denote the feasible set of Problem (P). A
point X € .% (X) is called a strict local minimum if X is a local minimum, and 3o > 0 such
that f(x) > f(X),Vx € Jl{f(i) N Z (X) such that x # X.

Definition 11 (Nonisolated feasible point) A feasible point x € .% (X) is said to be noniso-
lated if Voo > 0,3z € /1{12()() N % (X) such that z # x.

Definition 12 (Set of active inequality constraints) Let x € .% (X) be a feasible point for
Problem (P). The set of active inequality constraints at X, denoted by <7 (x), is given by

d(x):={jefl,....ms}:g;(x)=0}.

Definition 13 (Tangent and cone of tangents) Let x € .#(X) C R" be a feasible point for
Problem (P). A vector d € R"~ is said to be a tangent of .7 (X) at x if there exists a sequence
{Ax} — O with A > 0, and a sequence {x;} — x with x; € .# (X) such that

Xp — X

d = lim
k—o00 Ak

The set of all tangents of .7 (X) at x, denoted by T (x), is called the tangent cone of .% (X) at
X.

3.1 Estimates for the number of boxes required to cover X5

This section assumes that Problem (P) has a finite number of global minimizers (which implies
each global minimum is a strict local minimum), and ¢ is small enough that X5 is guaranteed
to be contained in neighborhoods of global minimizers under additional assumptions. An
estimate for the number of boxes of width § required to cover some neighborhood of a
minimum x* that contains the subset of X5 around x* is provided under suitable assumptions.
An estimate for the number of boxes required to cover X5 can be obtained by summing the
above estimates over the set of global minimizers. Throughout this section, we assume that
x* is a nonisolated feasible point; otherwise, Jo > 0 such that 1/1{12 (x*) N X5 = {x*}, which
can be covered using a single box.

We begin with a necessary condition for x* to be a local minimum.

Theorem 1 (First-order necessary optimality condition) Consider Problem (P), and suppose
f is differentiable at X*. Then

[d V)T < 0] NT(x") = 0.
Proof See Theorem 5.1.2 in [2]. ]

Lemma 4 Consider Problem (P). Suppose X* is nonisolated and f is differentiable at x*.
Then VO > 0, o > 0 such that

inf vixHTd > min vix9Td—e.
{@:1d]l,=1, 3>0: (x*+rd)et, (xNF (X)) {d:|d];=1.deT (x*)}
Proof See “Proof of Lemma 4 in Appendix”. O

The following result, inspired by Lemma 2.4 in [28], provides a conservative estimate of
the subset of X5 around a nonisolated x* under the assumption that the objective function
grows linearly on the feasible region in some neighborhood of x*. The reader can compare
the assumptions of Lemma 5 with what follows from Lemma 4 and the necessary optimality
conditions in Theorem 1 (see Remark 1 for details).
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Lemma 5 Consider Problem (P). Suppose X* is nonisolated, f is differentiable at X*, and
do > 0 such that
L= inf VT > o.
{d:d]l;=1, 3>0: (x*+td)e s, (x)NF (X))
Then, 3a € (0, a] such that the region JI{; (x*) N X5 can be conservatively approximated
by
Xs =[x e A x*)  LlIx —x*||, <2¢}.
Proof Letx =x*+1d € %l x*)N.Z(X) with ||d||; = 1 and r = ||x —x*||; > 0. We have
f(x) = f(x* +1d)

= f&) + VO x=x) +o(llx — x*[I})

= f&) + 1V d+00)

> f(X*) + Lt + o(1),

where Step 2 follows from the differentiability of f at x*. Consequently, there exists & €
(0, o] such that for all x = x* 4+ td € .Z(X) with ||d||; = 1 and ¢ € [0, @):

fx) > fX)+ Lt +o@t) > f(x*)+ %,.

Therefore, Vx € e/lg(l(x*) N X5 we have x = x* +rd € Z(X) with ||d||; = 1 and ¢t =
Ix —x*||; < @&, and

L
e> f(x)— f(x*) > EZ = Lt = L|x —x"||; < 2e.

[}

A conservative estimate of the number of boxes of width § required to cover Jlgtl x*)NXs

can be obtained by estimating the number of boxes of width § required to cover X 5 (see
Theorem 2). The following remark is in order.

Remark 1 1. Lemma 5 is not applicable when L = 0. This can occur, for instance, when
x* is an unconstrained minimum, in which case other techniques have to be employed to
analyze the cluster problem [7,21,28,29] under alternative assumptions. This is because
when f is differentiable at an unconstrained minimizer x*, it grows slower than linearly
around x* as a result of the first-order necessary optimality condition V f (x*) = 0 (note
that if f is twice-differentiable at x* and V2 f(x*) is positive definite, then f grows
quadratically around x*). The assumptions of Lemma 5 may be satisfied for a constrained
problem, however, because they only require that the objective function grow linearly in
the set of directions that lead to feasible points in some neighborhood of x*. An example
of L = 0 when x™* is not an unconstrained minimum is: X = (—=2,2),m; =2, mg =0,
f(x) =x3,g1(x) = x — 1, and g»(x) = —x with x* = 0. In this example, the objective
function only grows cubically around x* in the direction from x* that leads to feasible
points. From Lemma 4, we have that a sufficient condition for the key assumption of

Lemma 5 to be satisfied is min Vv f(x*)Td > 0. It is not hard to show that
{d:”d”]:],deT(x*)}

this condition is also necessary when f is differentiable at x*. Proposition 2 shows that
the assumptions of Lemma 5 will not be satisfied when Problem (P) does not contain
any active inequality constraints and the minimizer corresponds to a KKT point for
Problem (P).
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2. & depends on the local behavior of f around x*, but is independent of ¢ since it is deter-
mined by the subset of e/Val (x*)N.Z# (X) on which the affine function f (x*)+ %t underes-
timates f(x). Consequently, for sufficiently small &, X 5= {x eX:Lix—x*||; < 28}
since {x eX:Lix—x*||; < 28} will then be a subset of %I (x*). Note that the factor
‘2’ in the denominator of ‘%t’ is arbitrarily chosen; any factor > 1 can instead be chosen
with a corresponding &. Furthermore, x* is necessarily the unique global minimizer of
Problem (P) on ,/tgl (x*) since L > 0.

3. If, in addition to the assumptions of Lemma 5, f is assumed to be convex on JVal (x*), then
we can choose & = «. Additionally, Jlgtl (x*) N X5 can be conservatively approximated
by {x eX:LlIx—x*; < 8} when ¢ is small enough.

4. The estimate X5 becomes less conservative as ¢ is decreased since the higher order term
o(t) — 0as e — 0. Simply put, this is because the affine approximation f(x*) + Lt
provides a better description of f as & — 0.

In fact, under the assumptions of Lemma 5, a less conservative estimate of X5 can be
obtained by accounting for the fact that not all points x € {X € ,/@1 (x*): Llx —x*||; < 28}

satisfy V £ (x)T(x — x*) > L|lx — x*|;.

Proposition 1 Consider Problem (P), and suppose the assumptions of Lemma 5 are satisfied.
Then, 3a € (0, a] such that the region f/I{il (x*) N X5 can be conservatively approximated
by

X5 = {x e Mx*)  LIx —x*|l; <26, LIx—x*|l; < Vf(x) (x —x*)} :

Proof The desired result follows from Lemma 5 and the fact that
VD x—x9) > LIx —x*|l;, ¥x € A4 (x*) N F(X),
from the assumptions of Lemma 5. O

As an illustration of the application of Lemma 5, let us reconsider Example 2. Recall that
X =(22,25) % (2.9,3.3),m; =3,mg =0, f(X) = —x1 — X2, g1(X) = xp — 2x] +8x] —
8x7 — 2, g2(x) = xp — 4x} + 32x;] — 88x7 + 96x; — 36, and g3(x) = 3 — x with x* ~
(2.33,3.18). Let ¢ < 0.07. We have Z#(X) = {x € X : g(x) <0}, Vf(x*) = (-1, —-1),
a =400, L ~0.649,and X5s = {x € X : g(x) <0, —x; — x2 < f(x*) + ¢}. Choose & =
400 in Lemma 5. From Lemma 5 and Remark 1, we have )2'5 = {X 1 0.649|x — x*||| < 8}
(since f is convex).

Figure 2a plots X5 and X 5 for ¢ = 0.07, and Fig. 2b shows the improvement in the
estimate when Proposition 1 is used, in which case we obtain X 5 = {x:0.649||x — x*||| <
g, 0.649|x — x*||; < —(x1 — x]) — (x2 — xJ)}. Note that an even better estimate of Xs
may be obtained by using knowledge of the local feasible set J{XI (x*) N 7 (X). However,
other than in some special cases (see Lemma 6), we shall stick with the estimate X 5 from
Lemma 5 since we are mainly concerned with the dependence of the extent of clustering on
the convergence rate of the lower bounding scheme.

Before we provide an estimate of the number of boxes of width § required to cover
E/I{Ql (x*) N X5, we provide a few more examples that satisfy the assumptions of Lemma 5
and present an approach that could help determine if its assumptions are satisfied. Example 5
illustrates another inequality-constrained case which satisfies the assumptions of Lemma 5.
Note that the minimizer x* does not satisfy the KKT conditions in this case.
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Fig. 2 Plots of X5 (solid regions) and X 5 (the areas between the dotted lines) for Example 2 for ¢ = 0.07
(note that we do not use ¢ = 0.1 as in Fig. 1b because the corresponding X5 are not contained in X). The
dashed lines define the set X, the filled-in triangles correspond to the minimizer x*, and the dash-dotted

lines represent the axes translated to x*, a X5 and estimate X 5 from Lemma 5, b X5 and estimate X 5 from
Proposition 1

Example 5 Lete < 1, X = (—2,2),m; = 3,and mg = 0 with f(x) = —x, g1(x) = x3,
o) =x—1,gkx) = —1—x,and x* = 0. We have Z#(X) = [—1,0], VS (x*) = —1,
o = 400, L =1, and X5 = [—¢, 0]. Choose & = +0c0 in Lemma 5. From Lemma 5 and
Remark 1, we have }?5 = [—¢, +¢] (since f is convex).

The reader may conjecture, based on Example 5 and other examples of low dimension, that
every nonisolated minimizer x* which does not satisfy the KK T conditions will automatically
satisfy the main assumption of Lemma 5. Example 6, inspired by [10, Section 4.1], however
illustrates a case when the assumptions of Lemma 5 are not satisfied even though x* does
not satisfy the KKT conditions.

Example 6 Let X = (=2,2)3,m; = 5,and mg = 0 with f(x) = x| +x3, g1(X) = x; — 1,
g X) =x2 —x1, §3(X) = x%, g4(X) = —x3, g5(x) = x3 — 1, and x* = (0, 0, 0). We have
F(X) = {x€[0,1P : x2 =0}, Vf(x*) = (1,0,0), and L = 0 for every @ > 0 since
(0,0,1) € T(x*) and Vf(x*)T(O, 0,1)=0.

The next result provides conditions under which the assumptions of Lemma 5 will not
be satisfied. In particular, it is shown that the assumptions of Lemma 5 will not be satis-
fied if Problem (P) is purely equality-constrained and all the functions in Problem (P) are
differentiable at a nonisolated x*.

Proposition 2 Consider Problem (P) with mg > 1. Suppose X* is nonisolated, f is dif-
ferentiable at xX*, functions hy, k = 1, ..., mg, are differentiable at X*, and <7 (x*) = {.
Furthermore, suppose there exist multipliers A* € R™E corresponding to the equality con-
straints such that (x*, 0, ™) is a KKT point. Then

min VrxHTd =0.
{d:|d|l,=1,deT (x*)}

Proof See “Proof of Proposition 2 in Appendix”. O

Note that the above result can naturally be extended to accommodate weakly active
inequality constraints (see [2, Section 4.4]). The ensuing examples illustrate that the assump-
tions of Lemma 5 may be satisfied when individual assumptions of Proposition 2 do not
hold.
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Fig.3 Plots of X5 (solid curves) and X 5 (left figure: area between the dotted lines, right figure: curve depicted
by the circles) for Example 8 for ¢ = 0.5. The filled-in triangles correspond to the minimizer x*, and the
dash-dotted lines represent the axes translated to x*, a X5 and estimate X 5 from Lemma 5, b X5 and estimate
X 5 from Lemma 6

Example 7 Let ¢ < 05, X = (-2,2) x (=2,2), m; = 1, and mg = 1 with
fx) = x1 + IOxg, gx) = x;1 — 1, h(x) = x1 — |x2], and x* = (0,0). We have
FX) = xeX:x;1=xl,x <1}, Vf*) = (1,0), « = +o0, L = 0.5, and
Xs = {x€[0,e] x [—&, &] : x; = |x2], x; + 10x3 < ¢}. Choose & = +00 in Lemma 5.
From Lemma 5 and Remark 1, we have }?5 = {x e X :|xll; < 28} (since f is convex).

Example 8 Lete <0.5,X = (—2,2)x(—=2,2),m; =4,and mg = 1 with f(x) = x| +x2,
gI(x) = —x1, g2(x) = —x2, g3(x) = x1 — 1, g4(x) = x2 — 1, h(X) = x2 — x{, and
x* = (0,0). We have Z(X) = {x € [0, 1]* : xp = x}}, Vf(x*) = (1, 1), = +o00, L = 1,
and X5 = {x € [0, &] x [0, &] : x = x{, x| + x < &}. Choose & = 400 in Lemma 5. From
Lemma 5 and Remark 1, we have )25 = {x e X:|x|y < 8} (since f is convex).

Figure 3a plots X5 and X 5 for Example 8 for ¢ = 0.5. It is seen that the estimate X 5
does not capture the ‘one-dimensional nature’ of X5 (which is a consequence of the equality
constraint in Example 8). This issue is addressed in Lemma 6. Note that X5 for Example 7
also resides in a reduced-dimensional manifold, but Lemma 6 does not apply in this case
since /4 is not differentiable at x* (the discussion after Lemma 6 proposes a modification of
the assumptions of Lemma 6 that addresses this issue).

While Lemma 5 provides a conservative estimate of /I@l (x*) N X5 under suitable assump-
tions, verifying the satisfaction of its assumptions is not straightforward. The following
proposition provides a conservative approach for determining whether the assumptions of
Lemma 5 are satisfied.

Proposition 3 Let L(«) denote the constant L in Lemma 5 for a given o« > 0. When the active
constraints are differentiable at x*, a lower bound on Ly := lim+L(oz) can be obtained by
a—0

solving
min v fxTa
s.t. [ld]ly =1,
de 2(x%),
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where Z(x*) 1= {d € R™ : Vg;(x")'d < 0,Vj € o/(x*), Vig(x)'d = 0,V €
{1, ..., mE}} denotes the linearized cone at X*. If X* corresponds to a KKT point, the above
formulation provides the exact value of Ly.

So far in this section, we have established conditions under which a conservative estimate
of the subset of X5 around a minimizer x* can be obtained, presented examples for which the
above conditions hold, and isolated a class of problems for which the above conditions are
not satisfied. The following theorem follows from Corollary 2.1 in [28], the proof of which is
rederived in “Appendix” for completeness. It provides a conservative estimate of the number
of boxes of width § required to cover X5 from Lemma 5. Therefore, from Lemma 1 and
the result below, we can get an upper bound on the worst-case number of boxes required to
cover ,/1@1 (x*) N X5 and estimate the extent of the cluster problem on that region (recall from
Remark 1 that the subset of X5 around x* will be contained in Jﬂgl (x*) for sufficiently small

e).

1

&\ 2¢e
Theorem 2 Suppose the assumptions of Lemma 5 hold. Let § = (—*) Por=2=
T

1. If§ >2r,let N = 1.
2r
2. If

2
I > § > —rforsomemerithmfnxand2§m§5, then let
m

m—1
i (Nx m—73
=0

i=l

m

3. Otherwise, let

w= o o (ot )]
+2nx[(z*)#* g(l_ﬂl*>LI—D _

Then, N is an upper bound on the number of boxes of width § required to cover X 5.
Proof See “Proof of Theorem 2 in Appendix”. O

Remark 2 Under the assumptions of Lemma 5, the dependence of N on ¢ disappears when
the lower bounding scheme has first-order convergence on a/lgtl x*) NF(X),ie., p* = 1.
Therefore, the cluster problem on X5 may be eliminated even using first-order convergent
lower bounding schemes with sufficiently small prefactors. This is in contrast to unconstrained
global optimization where at least second-order convergent lower bounding schemes are
required to eliminate the cluster problem (see Remark 1 for an intuitive explanation for this
qualitative difference in behavior). Note that the dependence of N on the prefactor t* can be
detailed in a manner similar to Table 1 in [29].

The above scaling has also been empirically observed by Goldsztejn et al. [9], who reason
“... removes the tangency between the feasible set and the objective level set, and therefore
should prevent the cluster effect.”

The next result refines the analysis of Lemma 5 when Problem (P) contains equality
constraints that can locally be eliminated using the implicit function theorem [22].
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Lemma 6 Consider Problem (P) with 1 < mpg < ny. Suppose X* is nonisolated, f is
differentiable at x*, and o > 0 such that h is continuously differentiable on Jl/al (x*) and

vrxHTd > 0.

inf
{@:d) =1, 3r>0: (x*+rd)e,! (x)NT (X))}

Furthermore, suppose the variables x can be reordered and partitioned into dependent vari-
ablesz. € R™E and independent variablesp € R"*~™E withx = (z, p), suchthat V;h((z, p))
is nonsingular on Ji/al((z*, p*)), where x* = (z*, p*). Then, 3ayp, o € (0, o], a continu-
ously differentiable function ¢ : ‘/I{Xi) Pp" — ‘/Vai (z*), and & € (0, ap) such that the region
(/Q (z*) x /1@1 (p*)) N X5 can be conservatively approximated by

Xs = {2 p) € A @) x A 0) :2=¢(@), Lllp—p*l < 2¢}.

Proof The result follows from the proof of Lemma 5 and the implicit function theorem [22,
Chapter 9]. O

Lemma 6 effectively states that, under suitable conditions, the subset of X5 around x*
resides in a reduced-dimensional manifold. Figure 3b compares the estimate X5 obtained
from Lemma 6 (when we assume precise knowledge of the implicit function) with the one
obtained from Lemma 5 for Example 8. The reason for distinguishing between o} and &
is so that we can have ¢ to be continuously differentiable on cl(f/igt1 (p*)); this fact will be
used shortly. Note that the assumptions that h is continuously differentiable on .#,! (x*) and
V.h((z, p)) is nonsingular on </1/al ((z*, p*)) can be relaxed based on a nonsmooth variant of
the implicit function theorem [6, Chapter 7] (which can be used to derive a less conservative
estimate of X5 for Example 7, for instance).

The following corollary of Theorem 2 refines the estimate of the number of boxes of width
8 required to cover X 5 under the assumptions of Lemma 6. It provides an upper bound on

— L
the number of boxes of width § required to cover X5 that scales as O (s(nx mE )<1 B* )) in

_ 1
contrast to the scaling O (enx <l p* )> from Theorem 2.

1
7 2
Corollary 2 Suppose the assumptions of Lemma 6 hold. Let § = (%) 7= fg Define
T

Mk = ( max ||V¢k(p)”) Vi —mMEg, Vke{lv"'amE}v

pecl ('/V&l (P*))
K ={ke{l,...,mg}: My > 1}.

L Ifs=2rletN =[] Mx.
keK

2 2
2. If rl > § > —rforsomemeritthnx—mEandZSmgi then let
— m

m—1
e — -3
N:(ZZ’(” imE>+2(nx—mE) ’7’"3—‘)an

i=0 keK

m
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3. Otherwise, let

N = {2 (r*)'“L 8(1f‘1*)L_1—‘nmel GZ (r*)"% 8(1‘:*)L‘1—‘ +
2 (ny—mp) [(r*)ﬂ% s(]_ﬁl")L_l—D [T M.

kekK
Then, N is an upper bound on the number of boxes of width § required to cover Xs.

Proof Theorem 2 can be used to obtain an overestimate of the number of boxes of
width § required to cover the projection of Xs, as defined by Lemma 6, on p, i.e.,
{p € %I ®) : Lip—p*ll; < 28}, by replacing n, with n, — mg in the expressions for
N. This estimate can be extended to obtain a conservative estimate of the number of boxes
of width § required to cover X 5 as follows.

Note that ¢ is Lipschitz continuous on cl(e/lgll (p*)) with Lipschitz constant Jﬁ#g’

Vk € {1, ..., mg}. Consider any box B of width § that is used to cover the projection of )A(s
on p. We have

w (e (BNl (A (")) < Mis, Vke{l,...,mg),

from the Lipschitz continuity of ¢. Therefore, we can replace the box B using 1_[ Mj, such

kekK
boxes and translate them appropriately to cover the region

{@.p) e A @) x (BNA @) : Lip—p*ll; <26, z=6(p)}.

Since | Jg {B N %1 (p*)} covers the projection of X 5 on p, the desired result follows by

multiplying the estimate obtained from Theorem 2 (with n, replaced by n, —mpg) by l_[ Mj.
keK

O

The next result provides a natural extension of Lemma 5 to the case when the objective

function is not differentiable at the minimizer x* [28]. Note that a similar result was derived

for the case of unconstrained optimization in [28, Section 2.3] under alternative assumptions.

Lemma 7 Consider Problem (P). Suppose xX* is nonisolated, f is locally Lipschitz contin-
uous on X and directionally differentiable at x*, and 3a > 0 such that
= inf fx*;d) > 0.
{d:l1d]l, =1, Ir>0: (x*+rd)eA,) (x)NF (X)}
Then, 3a € (0, a] such that the region JI{; (x*) N X5 can be conservatively approximated
by
Xs =[x e A x*)  Llx —x*||; <2¢}.

Proof The proof is relegated to “Proof of Lemma 7 in Appendix” since it is similar to the
proof of Lemma 5. O

Remark 3 Theorem 2 can be extended to the case when the assumption that the function f
is differentiable at x* is relaxed by using Lemma 1 and 7 and Corollary 2.1 in [28] (also see
Theorem 2). Similar to the differentiable case, the dependence of N on ¢ disappears when
the lower bounding scheme has first-order convergence on %l x* NZ#(X),ie., B*=1.
Additionally, Lemma 6 and Corollary 2 can also be extended to the case when f is not
differentiable at x* under suitable assumptions.
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Thus far, we have established conditions under which first-order convergence of the lower
bounding scheme at feasible points is sufficient to mitigate the cluster problem on Xs. In the
remainder of this section, we will present conditions under which second-order convergence
of the lower bounding scheme is sufficient to mitigate clustering on Xs. The first result in this
regard provides a conservative estimate of the subset of X5 around a nonisolated x* under the
assumption that the objective function grows quadratically (or faster) on the feasible region
in some neighborhood of x*.

Lemma 8 Consider Problem (P), and suppose f is twice-differentiable at X*. Suppose o >
0,y > 0 such that

Vi d+ %dTVZf(x*)d >yd'd, Vde{d: x*+d) e S2xHNFX)}.
Then 3@ € (0, o] such that the region %2 (x*) N X5 can be conservatively approximated by
Xs = |{x e A" 1 ylx —x|* < 2¢}.
Furthermore, X* is the unique global minimizer for Problem (P) on %2 (x*).
Proof Letx = x* +d € 42 (x*) N .Z(X). We have
fx) = fx*+d)
= FO) VI 2dTV2 0 + o(IdP)
= f(x") +yd'd+o(|d]).
Consequently, there exists & € (0, «] such that for all x = x*+d € .Z (X) with ||d|| € [0, &):
f®) = f&x) +ydTd+o(d]?) = f(x*) + %thi (1)
Therefore, Vx € %Z(X*) N X5 we have x = x* +d € .7 (X) with ||d|| < &, and
e f00 - fx) = Zd'd =y’ = ylx - x| = 2e.

The conclusion that x* is the unique global minimizer for Problem (P) on %2 (x*) follows
from Eq. (1). O

Remark 4 1. Lemma 8 is not applicable when i > 0 and y > 0, for example X =
(=2,2) x (=2,2),m; =2,mg =0, f(x) = x2, g1(X) = x{ — x2, g2(X) = x — 1, and
x* = (0, 0). In this case, for any o > 0, there exist directions from x* to feasible points
in which f grows slower than quadratically near x*.

2. For the case of unconstrained global optimization, the assumption of Lemma 8 reduces
to the assumption that V2 f (x*) is positive definite, and y can be taken to be equal to
half the smallest eigenvalue of V2 f(x*) (see Theorem 1 in [29]). When the minimum
is constrained, y may potentially be estimated as follows. The first possibility is to
directly estimate y using a quadratic underestimator of f on ,/tfxz x*) N .Z(X). If such
an underestimator cannot be constructed easily, y may still be estimated relatively easily
when additional assumptions are satisfied.

Suppose (x*, u*, A*) is a KKT point, where u* and A* correspond to Lagrange multipliers
for g and h, respectively, at x*. Consider the restricted Lagrangian L(x; u*, 1*), and
suppose it is positive definite for all x € cl(JI{f x*)N.Z(X)) (ct. [2, Section 4.4]). Then
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y may be estimated from the eigenvalues of V2L (x; u*, A*) on cl(/i/az(x*) N .#(X)).
This is a consequence of the fact that f(x) > L(x; u*, A*), Vx € .Z (X), by weak duality,
f(x*) = L(x*; u*, 1), and the stationarity condition Vx L(x; u*, A*) = 0. Otherwise, if
(x*, u*, 1) is a KKT point and some convex combination of f and L(-; u*, A*) grows
quadratically or faster on JVOlZ(x*) N .Z(X), then y can be estimated using one of its
quadratic underestimators on JI{f x*) N.7(X).

3. The key assumption of Lemma 8, which assumes that f grows quadratically or faster on
the feasible region in some neighborhood of x*, is a relaxation of the key assumption of
Lemma 5, which assumes that f grows linearly on the feasible region in some neighbor-
hood of x*. While it was shown in Theorem 2 that first-order convergence of the lower
bounding scheme at feasible points may be sufficient to mitigate clustering on Xs under
the assumptions of Lemma 5, Theorem 3, which will be presented shortly, shows that
second-order convergence of the lower bounding scheme at feasible points may be suffi-
cient to mitigate clustering on X5 under the assumptions of Lemma 8. Consequently, the
assumptions of Lemma 5 and 8 can be viewed as belonging to a hierarchy of conditions
for certain convergence orders of the lower bounding scheme at feasible points being
sufficient to mitigate clustering on X5, with the condition for third-order convergence of
the lower bounding scheme at feasible points to be sufficient to mitigate clustering on
X5 amounting to the third-order Taylor expansion of f growing faster than cubically on
the feasible region in some neighborhood of x*, and so on.

4. Along the line of discussion in Remark 1, & depends on the local behavior of f
around x*, but is independent of &. Consequently, for sufficiently small ¢ we can
conservatively approximate the set 4.2 (x*) N X5 by {x € X : y[x — x*||* < 2¢}. Addi-
tionally, if the objective function f is either an affine or a quadratic function of x,
then its second-order Taylor expansion around x* equals f itself and we can choose

a = «. Furthermore, %z(x*) N Xs can be conservatively approximated by the set
Xs=|xeX :ylx—x*|> <e}.

5. Similar to Proposition 1, a less conservative estimate of e/lgz (x*) N X5 can be obtained
as

Xs = [x € /tg(z(x*) Cyllx — x*? <26, VAxHT (x —x¥)
1
5 (0= x) V2 0) (x = x7) 2y fx - x ||2} :

As an illustration of the application of Lemma 8, let us reconsider Example 3. Recall that
X =1(04,1.0)%x(0.5,2.0),m; =2,mg =1, f(x) = —12x; — Tx» +x§, g1(x) =x1—0.9,
g x) =0.5—x1,and h(x) = x3 + fo — 2 with x* ~ (0.72, 1.47). Let ¢ < 0.1. We have
F(X)={xe X :g(x) <0,h(x)=0}. Choose « = 0.1,y =2,and & = 0.1 in Lemma 8.
We have X5 = {x:x =2 —2x}, —12x; — 7xp + x3 < f(x*) + ¢}. From Lemma 8 and
Remark 4, we have X5 = {x € 4% (x") : [x — x*||> < 0.5¢} (since f is quadratic). Note
that an even better estimate of X5 may be obtained using Lemma 9 by accounting for the fact
that X5 resides in a reduced-dimensional manifold.

The following examples illustrate two additional cases for which the assumptions of
Lemma 8 hold.

Example 9 Let ¢ < 05, X = (-2,2) x (=2,2), m; = 2, and mg = 0 with
f(X) = x2, g1(x) = x} —x2, g2(x) = x2 — 1, and x* = (0,0). We have F(X) =
{X T Xy > xlz, X2 < 1}. Choose « = 1,y = 0.5, and @ = 1. From Remark 4, we have

X5 = {x € [—/e, +/€] x [0,¢e] : xp > xlz} C {x Cx)? < 28} = X;s.
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Example 10 Let e < 0.5, X = (=2,2) x (—2,2), m; = 3, and mg = 0 with f(x) =
2x12 + x2, g1(x) = —x12 — X2, g2(X) = —x1, g3(x) = )cl2 + x22 — 1, and x* = (0,0). We
have .#(X) = {x:xz > —xlz, x1 >0, xlz—i—x% < 1} witha =1,y = 0.5,@ = 1, and
Xs={x:x+2x] <e x> —xf, x>0} C{x:|x]|* <2} = X5 (see Remark 4).

The overconservatism of the estimate X 5 in the above two examples (with regards to its
dependence on ¢) is primarily due to the fact that the linear growth of the objective function
in the direction of its gradient is not taken into account. This observation is formalized and
taken advantage of in Lemma 10 to obtain a less conservative estimate. Figure 4 plots X5 and
X 5, obtained using different estimation techniques, for ¢ = 0.5 and ¢ = 0.1 in Example 10.
The benefit of using the estimate in Remark 4 over that of Lemma 8 is seen from Fig. 4a,
b, and the benefit of using the estimate from Lemma 10 (using p; = 3, po = 1.5) over
that of Lemma 8 is seen from Fig. 4a, c. It can be observed from Fig. 4c that the constraint
—pre < Vf(x9)T (x — x*) in Lemma 10 is not active on the region {x : y |x — x*||? < ¢}
for ¢ = 0.5. To illustrate the benefit of this constraint in Lemma 10, we consider ¢ = 0.1.
Fig. 4d, e demonstrate the advantages of using the estimates in Remark 4 and Lemma 10,
respectively, over the estimate in Lemma 8, and Fig. 4f combines the benefits of the estimates
from Lemma 10 and Remark 4 by using the estimate

Xs = {x € M) tylx —x*|2 < 26, —pre < V(X9 (x — x*) < e,

VixHT (x —x*) + %(x —x") V2 ) (x —x*) = yllx — x*||2}.

The following theorem follows from Lemma 3 in [29], and provides a conservative esti-
mate of the number of boxes of width § required to cover the estimate X 5 from Lemma 8.
Consequently, from Lemma 1 and the theorem below, we can get a conservative estimate of
the number of boxes required to cover %2 (x*) N X5 and estimate the extent of the cluster
problem on that region.

Theorem 3 Consider Problem (P), and suppose the assumptions of Lemma 8 hold. Let

1
% 2
5= (i)ﬁ and r = —8
T* y

1. If6>2r,let N = 1.

2 if 2r 5> 2r

N — > —
Jm —1 T Jm

for some m € Nwithm < ny and?2 < m < 18, then let

m-l n m—9
N = 20077 ) 4+ 2n, | —= .
> 2(7) o] "5

3. Otherwise, let

=

V= |2)F sG'ﬁ**)y—%T'" (e 34 ] o [r - ey ),

)

Then, N is an upper bound on the number of boxes of width § required to cover ‘/V&z x*)NXs.
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-0.5 0 0.5 -0.5 0 0.5

Xy Xy

Fig. 4 Plots of X5 (solid regions) and X 5 (area between the dotted lines) for Example 10. The filled-in
triangles correspond to the minimizer x*, and the dash-dotted lines represent the axes translated to x*, a X5

and estimate X 5 from Lemma 8 for ¢ = 0.5, b X5 and estimate X 5 from Remark 4 for ¢ = 0.5, ¢ X5 and
estimate X5 from Lemma 10 for e = 0.5, d X5 and estimate X5 from Remark 4 for ¢ = 0.1, e X5 and estimate
X5 from Lemma 10 for ¢ = 0.1 (f) X5 and estimate X5 from Lemma 10 and Remark 4 for ¢ = 0.1

Proof From Lemma 8, we have that the set X5 = {x e #2(x*) 1 ylx —x*||* < 2¢} pro-

vides a conservative estimate of %2 (x*) N X5. The desired result follows from Lemma 3
in [29]. o

For the case of unconstrained global optimization, Theorem 3 effectively reduces to The-
orem 1 in [29] with y equal to half the smallest eigenvalue of V2 £ (x*) (note that there is
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a ‘factor of two difference’ from the analysis in [29] because we consider an appropriate
a < (0, a)).

Remark 5 Under the assumptions of Theorem 3, the dependence of N on ¢ disappears when
the lower bounding scheme has second-order convergence on %2 (x*)N.Z (X). Thisis similar
to the case of unconstrained global optimization where at least second-order convergent lower
bounding schemes are required to eliminate the cluster problem.

Finally, we present two sets of additional assumptions over those of Lemma 8 under which
less conservative estimates of the cluster problem on X5 can be obtained. The first result in
this regard, similar to Lemma 6, refines the analysis of Lemma 8 when Problem (P) contains
equality constraints that can locally be eliminated using the implicit function theorem [22].

Lemma 9 Consider Problem (P) with 1 < mg < ny. Suppose f is twice-differentiable at
x*, and Jo > 0, y > 0 such that h is continuously differentiable on %Z(X*) and

Vix)Td+ %dTV2f(x*)d >yd'd, Vde{d:x*+d) e /Z2xHNFX)}.

Furthermore, suppose the variables x can be reordered and partitioned into dependent vari-
ablesz € R™E and independent variablesp € R">~™E withx = (z, p), such that V;h((z, p))
is nonsingular on JV(XZ((Z*, p*)), where x* = (z*, p*). Then, Jop, a; € (0, ], a continu-
ously differentiable function ¢ : '/‘{Xi P — /Va% (z*), and & € (0, ap) such that the region
(%z (z*) x Jl{iz (p*)) N X5 can be conservatively approximated by

Xs = [ p) € A2@) x A0 :2=¢®), vlp—p*I* < 2¢}.

Proof The result follows from the proof of Lemma 8 and the implicit function theorem [22,
Chapter 9]. O

Lemma 9 can be used to obtain a less conservative estimate of the number of boxes of
width § required to cover X5 as shown in the following corollary of Theorem 3. It provides
an upper bound on the number of boxes of width § required to cover Xs that scales as

—mpy(i- L i—o%
0 <8(nx mE)<2 b >> in contrast to the scaling O <8nx(2 £ )> from Theorem 3.

1
€\ B¥ 2¢e
Corollary 3 Suppose the assumptions of Lemma 9 hold. Let § = (—*> " and r = [—.
T Y
Define

pecl (A2 (p")

Mk = ( max ) ||V¢k(p)”> Vixy —mMEg, Vk € {17 "'9mE}7
K:={ke{l,...,mg): My > 1}.

1 If8 = 2r, let N = [ | My

keK

2 if 2r 5> 2r
A — > —
vm —1 T Jm

m—1
e — —9
N:(ZZ’(” imE>+2(nx—mE) ’7’"9—‘)an.

i=0 keK

for some m € Nwithm < ny —mpg and2 <m < 18, then let
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3. Otherwise, let
ny—mpg—1
NZP(T*);*‘?GI")V‘{‘ b ([Z(r*)ﬁl’fg(i/sl*)y—ﬂjL
1 (l_i) |
2(ny —mg) ’7(\/5— 1) (T*)ﬁ* e\2 ¥ y_f—D Mj.
keK

=

Then, N is an upper bound on the number of boxes of width § required to cover X 5.
Proof The proof is similar to the proof of Corollary 2, and is therefore omitted. O

The next result refines the analysis of Lemma 8 further, in part by accounting for the fact
that f grows linearly around x* in the direction of its gradient.

Lemma 10 Consider Problem (P), and suppose the assumptions of Lemma 8 hold. Then
Ja € (0, o] and constants py, pa > 0 such that the region %2 (x*)N X5 can be conservatively
approximated by

X5 = {x € /1%{2()(*) Cylx = xF|? < 26, —pre < VLxHT (x—x*) < pzs} .
Proof See “Proof of Lemma 10 in Appendix”. O

The previous lemma can be used to obtain a less conservative estimate of the number
of boxes of width § required to cover X 5 when ¢ is sufficiently-small and the convergence
order 8* > 1. This is presented in the following corollary of Theorem 3, which provides
an upper bound on the number of boxes of width § required to cover Xs that scales as

(i1 1_1
0 (s(m 1)<2 5*)> in contrast to the scaling O (8"“(2 5*)) from Theorem 3.
: € ,%* 2¢e
Corollary 4 Suppose the assumptions of Lemma 10 hold. Let § = (—*) andr = [—.
T 14
Suppose B* > 1, ¢ is sufficiently-small that (p1 + p2)e K 8, and V f(x*) # 0.
1. If§ = 2r,let N = 1.

2 2
2. If d >82—rforsomemerithmfnx—landZEmf18,thenlet

vm —1 m
m—1
i(ne—1 m—9
N:;Z( ; >+2(nx—l)’7T—‘.

3. Otherwise, let
w=[aep )t ([a el #)y 4]
+2(nx—1) {(ﬁ—n (%) 7 g(%*ﬁ%)yﬂ),
Then, N is an upper bound on the number of boxes of width § required to cover X 5.
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Proof We have from Lemma 10 that X is conservatively estimated by a sphere with radius
= O(+/¢) truncated by the hyperplanes Vf(x*)T (x —x*) < ppe and Vf(x*)T (x —x*) >
—p1€. Therefore, when ¢ is chosen to be small enough that (p; + p2)e <K §, the desired
result follows from Theorem 3 and the fact that any covering of the projection of X 5 on to the
subspace perpendicular to V f (x*) with boxes of width § can be directly extended to cover
X5 without using additional boxes. O

Note that Corollary 4 can also be extended to the case when 0 < * < 1, in which case
the estimate N may additionally depend on the values of p; and p,.

3.2 Estimates for the number of boxes required to cover X3\ B;

This section assumes that Problem (P) has a finite number of global minimizers, and ¢ is
small enough that X3 is guaranteed to be contained in neighborhoods of constrained global
minimizers under additional assumptions. An estimate for the number of boxes of certain
widths required to cover some neighborhood of a constrained minimum x* that contains the
subset of X3 around x* is provided under suitable assumptions. An estimate for the number
of boxes required to cover X3 can be obtained by summing the above estimates over the set of
constrained global minimizers. Throughout this section, we assume that x* is a constrained
global minimizer; otherwise 3o > 0 such that ,/Vaz (x*) N X3 = @. Furthermore, we assume

1
€ \ g% A
that x* is at the center of a single box Bs of width § = (—*) " placed while covering Xs
T

(see Remark 6 for the reason for this assumption).

The first result in this section provides a conservative estimate of the subset of X3 around
a constrained minimizer x* under the following assumption: the infeasible region in some
neighborhood of x* can be split into two subregions such that the objective function grows
linearly in the first subregion and the measure of infeasibility grows linearly in the second
subregion.

Lemma 11 Consider Problem (P). Suppose X* is a constrained minimizer, and the functions
f. 8, Vj e o X*), and hy, Vk € {1, ..., mg}, are locally Lipschitz continuous on X and
directionally differentiable at X*. Furthermore, suppose o > 0 and a set 9 such that

Ly= inf f'(x*;d)>0,

de20N2;
L;= inf max{ max g;(x*;d), max |h(x*;d)|} >0,
de 21\ % jed (x*)°/ ke(l,...mg}

where 9y is defined as
Zr={d:|d|; =1, 3 >0 : x*+1d) € A4 (x") N (FX)}.
Then, & € (0, o] such that the region
X;i= 4 NXsn{x =" +1td) e A xHN(FX)) :de NP, t >0}
can be conservatively approximated as
Xi= {xe e/lgl(x*) Lylx —x*|l; <2&°},
and the region

X3 =) NX3N {x= & +1d) € A xH) N (F (X)) :d e 2/\%.t > 0}
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can be conservatively approximated as

X2 = {x e MM Lylx — x|y < 2sf}.

ae"“

B

e
Furthermore, suppose X* is at the center of a box, Bs, of width § = (—*) placed while
T

covering X 5. Then, the region
X3\Bs = A (x) N X3N{x = (x* +1d) € A x) N (FX) :d € 2/\%.t >0} \Bs

is conservatively characterized by

{x e M (x) 1 d ([ﬁ] x), R™ x {0}) c (%a,ef“

whenever L8 < 4g7 .

Proof Letx = x*+td € 4/1{11 (x*)N(ZF (X))C with Id|l; = 1,d € Zp,andt = ||x—x*||; > 0.
We have (see Theorem 3.1.2 in [24])
fxX) = f(x* +1d)
= f(xX) + f(x*5 (x = x%) +o(Ix = x*[Iy)
= f(X) 4+ 1f' (x*; d) + o(r)
> f(x*) + Lyt +o(2).

Consequently, there exists &g € (0, @] such that for all x = x* +td € (Z (X)) with
Idll; =1,d € 9y and 1 € [0, &):

L
FO0 2 f&) + Lyt +0(0) = f) + .

Next, consider x = x* + td € %I(X*) N (Z (X)) with Idj; = 1,d ¢ %, and
t = |lx —x*||; > 0. We have

ma: ma. (x)!, ma I (x
cf max fg0)._max (lh >|}}

_ . * *
— max jerga();*){g.,(x +td)},k€{T?§1E}{|hk(x +td)|}}

= tgh(x*;d t}, th, (x*;:d t )
e jer?elfal();*){g-/(x )+ o) ke{?,l.?f(mg}H (& ) + o]}

Consequently, there exists &; € (0, @] such that for all x = x* +td € (F(X ))C with
Idll; =1,d ¢ Zpandt € [0,&)):

d([ﬁ](x),ﬂe’f'x{O})zmaX{jegax gy}, max {|hk<x)|}}

x*) 7 kefl,, mg}

_ I k.
_max{ r;ax ){tgj(x ,d)+0(1)}

jed (x*

! k.
,ke{ll??;w}{\zhk(x ,d)+o(t)|}}

SLr,
-2

where Step 1 follows from the fact that ||z|| > ||z]| o, VZ € R x R™E.
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Set @ = min {&o, & }. Then
Ve X3 =4 x)NX3N{x = x*+1d) € ') N (F (X)) de DNyt >0},
we have x = x* 4 rd € (Z (X)) with |d]; = 1,d € Zp and 1 = ||x — x*||; < &, and

L
€2 [0~ [ = ZH = Lyt = Llx— x|, < 2"

Furthermore,
Vx e X3 = (x)NX3N {x =" +1d) € A )N (FX) 1 d € 2\ %, t >0},

we have x = x* + td € (Z(X))C with |d||, = 1,d ¢ Zpandr = ||x — x*||; < &, and
f g my LI % f
el zd (|| RY < {0} ) = =1 = Lyt = Lilx —x7[; < 2¢7.

Finally, for every x € A'x")NX3N{x = x* +td) € ') N(FX)" : d €

$
D1\%p, t > 0} with t < 3 we have x € Bs. Consequently, for each
xe M xH)NX3N|{x = +1td) € 4 x)N(F(X)C :d e 2\ %o, t >0} \Bs,

)
we have t > 3 and therefore,

g my Ly Ly
d ([h] x), R™ x {0}) > 1> 8.

The desired result follows when L;§ < 4¢/; otherwise, if L;8 > 4¢/, then
NN X3N{x = " +1d) € A (X)) N (F X)) :d e 2\, t >0} C Bs.
m]

A conservative estimate of the number of boxes of certain widths required to cover
('/I{il xHNX 3) \Bs can be obtained by estimating the number of boxes of certain widths

required to cover X % and X %\Bg (see Theorem 4). The following remark is in order.

Remark 6 1. Lemma 11 does not hold when 3o > 0, 2, such that both L rand L are
positive. Example 4 illustrates a case when no valid partition of Z; exists (since [xL, 0),
which is a subset of X3, corresponds to d = —1 which has an empty intersection with
every valid choice of %, and Vg;(x*) = 0). Note that %y may be chosen to be @, but
it cannot be chosen to be 2; when the objective function is differentiable at x*. This is
because when V f(x*) # 0, the direction —V f (x*) leads to infeasible points around x*.
One potential choice of % is

D = id Jldly =1, 3 >0 : (x* +1d) € A xF) N (FX)E,

/' *,d }’ h/ *,d < 9
maX{j;}%ﬂ {gociaf.  mas ([ >|}} < }

for some choice of & > 0, so long as dingf f/(x*;d) > 0. Proposition 4 shows that
€20

the assumptions of Lemma 11 will not be satisfied when Problem (P) does not contain
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any active inequality constraints and the minimizer corresponds to a KKT point for
Problem (P).
2. The inequality L;8 < 4e/ is equivalent to

L

f Bl
L[6=L1 (%) <48f.
T

Since &/ can be taken to be sufficiently-small, the above inequality holds only when
1

eNHr <ef = gl <1,

ie., if ,81 > 1, we can choose &/ to be small-enough so that L;é > 4¢f . Note that if
Lié > 4t | the region

M EHNX3N{x = x* +1d) € A X)) N (FX) :d e 2/\%.t >0}

has already been covered while covering X5 since

L;s ro L1 8
e ) t = t < >
which implies x = x* + rd € Bs. The motivation for excluding the region B;s from X3
is as follows. Lemma 2 shows that if the measure of infeasibility, as determined by the
distance function d, is strictly greater than ¢/ at each point in the domain of a node, the
node can be fathomed by a box of width §. However, if x* is a constrained minimizer, we
will have points in X3 which are arbitrarily close to x* and have a measure of infeasibility
that is arbitrarily close to 0. Such points will then have to be fathomed by boxes of width
much smaller than § (and arbitrarily close to 0). To avoid this issue, such points are
assumed to be eliminated when X5 is covered by boxes of width §.

3. & depends on the local behavior of f, gj.Vj € &/ (x*), and hy, Yk € {1,...,mg},
around x*, but is independent of £. Consequently, for sufficiently small ¢ we have X % =
[xe X :Lyllx—x*|; <2} and X3 = {x € X : L]lx — x*||; < 2¢/}. Additionally,
if fand g;,Vj € &/ (x*), are convex on JVO(] (x*) and hy, Vk € {1, ..., mg}, are affine
on JVal (x*), we can choose & = «. Furthermore,

X}i= )N XN {x=x +1d) e 4 xHN(FX)N :de N7yt >0}
can be conservatively approximated as )?% = {X e X :Lellx—x*|; < 8"},
X3 =) NX3N {x = x* +1d) € A xH) N (F(X)C 1d € 2/\%.t > 0}

can be conservatively approximated as )A(g = {x eX:Lix—x*||; < 8f}, and the
region

M NX3N{x = " +1d) € A XN (FX) 1d e 2\ .t >0} \Bs

is conservatively characterized by

{x e Ml(x) 1 d ([ﬁ] x), R™ x {0}) c (%5 ef]}

whenever L;8 < 2¢/.

@ Springer



J Glob Optim (2017) 69:629-676 659

4. Similar to Proposition 1, the following less conservative estimates of X 31 and X % can be
obtained:

f(% ={x e%l(x*) D Lylx —x*lp <2¢°, fl(x*; x—x") > Lf||X—X*||1},

X3 :{xew&l(x*) D Lrlx —x*|; < 2e,

/ * * !/ * * *
max{ max g;(X;X—X"), max h (X x —x") |t > Ly|lx—x"||;¢.
{jeﬂ(x*)gl ’ el 1O | :

As an illustration of the application of Lemma 11, let us reconsider Example 2. Recall
that X = (2.2,2.5) x (2.9,33), m; = 3, mg = 0, f(X) = —x1 —x2, g1(X) =
Xy — 2xf 4 8x) — 8x — 2, go(x) = xp — 4x} + 32x] — 88x] + 96x; — 36, and
g3(x) = 3 — xp with x* ~ (2.33,3.18). Let ¢ < 0.03 and e/ < 0.05. We have .7 (X) =
(xeX:gx) <0}, Vfx*) = (=1,-1), Vg1 (x*) =~ (-8.164,1), and Vg (x*) =
(4.700, 1). Choose @ = +o0. 7; = {d:|d[; =1, 3 >0 : x* +1d) € (F(X))}.
Choose Zp = [d: Idf, =1, V/(x*)Td > 0.298] and & = +oo in Lemma 11. From
Lemma 11 and Remark 6, we have Ly = 0.298 and L; = 1 with the estimates
)Afé = {X 1 0.298]|x — x*[|; < 5"} (since f is convex), and X2 = {x Cx = xF| < Zsf}.
Figure 5 illustrates the set %, and plots the sets X % and X % along with their estimates X ;
and X7 for ” = 0.03 and ¢/ = 0.05.

The next result provides conditions under which the assumptions of Lemma 11 will not
be satisfied. In particular, it is shown that the assumptions of Lemma 11 will not be satis-

fied if Problem (P) is purely equality-constrained and all the functions in Problem (P) are
differentiable at a nonisolated constrained minimizer x*.

Proposition 4 Consider Problem (P) withmg > 1. Suppose X* is a nonisolated constrained
minimizer, f is differentiable at X*, functions hy, k = 1, ..., mg, are differentiable at X*,
and o/ (x*) = (. Furthermore, suppose there exist multipliers A* € R™E corresponding to
the equality constraints such that (x*, 0, \*) is a KKT point. Then Ao > 0, Gy such that the
assumptions of Lemma 11 are satisfied.

Proof See “Proof of Proposition 4 in Appendix”. O

The above result can be extended to the case when there exist active inequality constraints
if all such constraints are strongly active at x* (see [2, Section 4.4]) and there exists d € T (x*)
such that Vf(x*)Td =0.

Next, we revisit two equality-constrained examples from Sect. 3.1 for which the assump-
tions of Lemma 11 hold, and which do not satisfy individual assumptions of Proposition 4.
Consider Example 7, and recall that X = (—2,2) x (—2,2), m; = 1, and mg = 1 with
f(x) = x1 4+ 10x2, g1(x) = x1 — 1, h(x) = x1 — |x2], and x* = (0, 0). Let &%, &/ < 0.25.
Wehave Z(X) ={x € X : x; = |[x3], x; < 1}, Vf(x*) = (1,0), and ' (x*; d) = d| — |d>|.
Choose @ = +o00. We have 2; = {d:[d|l; =1, 3 >0 : x*+td) € (F(X)}.
Choose 2y = [d: Idjl, =1, Vf(x*)Td > 0.25] and @ = +oo in Lemma 11. From
Lemma 11 and Remark 6, we have Ly = 0.25 and L; = 0.5 with the estimates
X} = {x:0.25]x — x*||; < &} (since f is convex), and X3 = |x: 0.5]|x — x*||; < 2¢/}.

Consider Example 8, and recall that X = (—2,2) x (=2,2), m; = 4, and mg = 1

with f(x) = x| +x2, g1(X) = —x1, £2(X) = —x2, g3(X) = x1 — 1, g4(x) = x2 — 1,
h(x) = xp — x?, and x* = (0,0). Let ¢%, ¢/ < % F(X) = {x e[0,11%: xs =x?},
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@) 33
3.2 —— Feasible Region
X —>Vf(x)
2 —>Vg,x)
31 —>Vg,x)
----- Vi) Td=L,
3 JrO— - g1(x')Td =V gz(x')Td =L,
2.9
2.2 23 2.4 2.5
X4
(b) 334
3.2+
X2
3.1
3 L
29 +
@) 334
3.2
X2
3.1
3 L
29 ¢

Fig.5 Illustration of the sets 7 and 77\ %y, the sets X é and X %, and their estimates X % and X % for Example 2.
The dashed lines represent the set X, and the filled-in triangles represent the minimum x*. (Top Plot) The
solid region represents the feasible region and the solid vectors represent the gradients of the objective and the
constraints. The set of directions between the dot-dashed lines (the part in which the feasible region resides)
defines the set 2, and the remaining directions define the set 27\ Zy. The dotted line represents the direction
in 27\ 2 in which both constraints grow equally quickly in a first-order sense. (Other Plots) The solid regions
represent the set X ; or X %, the area between the dotted lines represent the estimate X ; or X %, and the dash-
dotted lines represent the axes translated to x*. All plots use £ = 0.03 and &/ = 0.05. a Nllustration of the
sets 7 and 27\ %, b Xé and estimate )A(g from Lemma 11, ¢ X% and estimate )?% from Lemma 11, d X§

and estimate X é from Remark 6, e X % and estimate X % from Remark 6
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Vix*) = (1,1), Vg (x*) = (—1,0), Vg (x*) = (0,—1), and VA(xx*) = (0, 1).
Choose @ = +00. I = {d ddll; =1, >0 : x*+1d) € (EZ(X))C}. Choose 2y =
{d: Idjl; =1, Vf(x*)Td > %} and @ = 400 in Lemma 11. From Lemma 11 and
Remark 6, we have Ly = % and L; = % with the estimates )A(% = {x Cx = x| < 380}
(since f is convex), and )A(% = {x Cx = x|y < 3sf} (since g1 and g» are convex).

The next example illustrates a simple one-dimensional case which satisfies the assumptions
of Lemma 11 with 2y = @.

Example 11 Letef < 0.5, X = (=2,2),m; =2, and mp = 0 with f(x) = x3, gj(x) =
x—1,g(x)=—x,and x* = 0. We have .7 (X) = [0, 1], Vf(x*) =0, Vga(x*) = —1, and
X3 = [—&/, 0). Choose & = +00. We have 97 = {—1}. Choose 2y = ¥ and & = +0o0 in
Lemma 11. From Lemma 11 and Remark 6, we have L; = 1 and )A(g = [—&f, +&f] (since
g2 is convex).

The following result follows from Corollary 2.1 in [28] (also see the proof of Theorem 2). It
provides a conservative estimate of the number of boxes of certain widths required to cover
X 1 and X 2\B; from Lemma 11. Therefore, from Lemma 2 and 3 and the result below, we
can get an upper bound on the worst-case number of boxes required to cover Jlgtl x*) N X3
and estimate the extent of the cluster problem on that region.

1
€ \ BF¥
Theorem 4 Suppose the assumptions of Lemma 11 hold. Let § = 6y = <—)ﬂ =

i L 1 0 1
€%\ 37 e\ # L8\ 8 Ly \# [\ 67 2ef 2e°
— =|—) ,or=\|-— =|— — ST = ——, I f = —.
of 7l 471 471 7l L; Ly

1. IfS] > 2r1, letNI =1.

2ry

2. If —
myp —

2ry _ _ _
I > §; > — for some my € Nwithmy < ny and2 <mj <5, then let
mjp

mr—1 _
Ny -3
wi= 3 (") o M2

i=0

3. Otherwise, let

I nx—l I I
V=28l L | ([2B16 B Lo [+ Bie T BT L e ),
where

e 1

-— ) (1L
Bl(gf;ﬂI,Ll,T]) . 4}9% <t1>(ﬂ1+(ﬂ,)2> (&‘f>< (ﬂ’)2> LI (l+ﬂl).

4. If5f 22rf, leth =1.
2ry

5. 0f

2
I >8> iforsomemf € Nwithmy <nyand2 <my <5, then let
my

my
m_,v—l

: -3
Ny= Y2 (”:‘) +2n,{me—‘.

i=0
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6. Otherwise, let
Ny ( () o)) L;w - ({2 (1) o)) L;%zm {(ff)ﬂ'f ) ) LfID |

Then, N is an upper bound on the number of boxes of width 81 required to cover X%\Bg,
and Ny is an upper bound on the number of boxes of width 8 y required to cover X 31

Proof The result on Ny follows from Lemma 3 and 11 and Corollary 2.1 in [28] (also see
the proof of Theorem 2). To deduce the result on N, note that we cover X %\B,; with boxes

1
. Lis\sl .
of width §; = yer since, from Lemma 11, we have
T

X2\Bs C {x e M (x*)d ([ﬂ x), R™ x {0}) € (%a,ef”

and, from Lemma 2, we have that a box Bj, of width é; with each x € Bs, satisfying
L

d <|:§ x), R™ x {0} ) > TI(S can be fathomed by infeasibility. The desired result then

follows from Corollary 2.1 in [28]. O

Remark 7 Under the assumptions of Lemma 11, the dependence of N; on &/ disappears
when the lower bounding scheme has first-order convergence on %1 )N (ZF (X ))C, ie.,
B! =1, and the dependence of Ny on ¢° disappears when the scheme (f5") zerx has first-
order convergence on X, i.e., B = 1. Therefore, the cluster problem on X3 can be eliminated
even using first-order convergent schemes with sufficiently small prefactors. Note that the
dependence of Ny and N; on the prefactors 7/ and 1/, respectively, can be detailed in a
manner similar to Table 1 in [29].

The following results illustrate one set of assumptions under which second-order con-
vergence of the lower bounding scheme at infeasible points is sufficient to eliminate the
cluster problem on X3\ Bs. First, we provide a conservative estimate of the subset of X3
around a constrained minimizer x* under the following assumption: the infeasible region in
some neighborhood of x* can be split into two subregions such that the objective function
grows quadratically (or faster) in the first subregion and the measure of infeasibility grows
quadratically (or faster) in the second subregion. Note that better estimates of X3 may be
derived either under the (stronger) assumption that the objective function grows linearly in
the directions 2y N Z;, or under the (stronger) assumption that the measure of infeasibility
grows linearly in the directions 27\ %.

Lemma 12 Consider Problem (P). Suppose X* is a constrained minimizer, functions f, g,
Vj e o (x*), and hy, Yk € {1, ..., mg}, are twice-differentiable at x*, and Ja > 0, y| >
0, y2 > 0 and a set 2y such that
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1
VixTd+ EdTvzf(x*)d > yd'd, vde 2N 2y,

1
max {jeryé*){ gi(x") d+ 5 gj(x")

kefl,...mg}

1
max ”th(x*)Td + 2dTv2hk(x*)dH} > ydTd, Vd e 2;\%,

where 9y is defined as
71 =1{d: x* +d) e SZE)N(F(X)}.
Then, & € (0, o] such that the region
X} =226 NX3N {x=x +d) € /2NN (F X)) :de %N ;)
can be conservatively approximated as
Xj = {x e /26 i pllx —x|7 < 26%)
and the region
X5 =7 NX3N {x =" +d) € A2 N(FX)E :d e 71\ %)
can be conservatively approximated as

B =[x e 2oy s pmlx = xI2 = 267

*"“

’ placed while

Furthermore, suppose X* is at the center of a box, Bs, of width § = (%)
T
covering Xs. Then, the region
X3\Bs = A7 (x) N X3N {x =" +d) € /2x)N(F (X)) :d e 2/\%] \Bs

is conservatively characterized by

{x e S2x") 1 d ([lgl] x). R x {0}) c (%5%&”,

whenever 28% < 8g/.

Proof From Lemma 8, we have the existence of &y > 0 such that
A2 N XN [x= ¢ +d) e 2N (T 1de BN 7]

can be conservatively approximated as {X € JI@% &) pylx — x| < 280}.
Consider x = x* +d € #2(x*) N (Z (X)) with d € Z;\%. We have

|hk(x)|}}

max max i(X . max
jest (x¥) (i) ke(l, ... mE}{

— . * *
= max jerg%a();*) {gj(x +d)}’ke{?,l.?.?(mg}{|hk(x +d){}}

1
=max{ max {ng(x*)Td—i—EdTVZgj(x*)d—l—o(Hde)},

jed (x*)

1
max Hwk(x*ﬂd + 5<1Tv2hk(x*)d +o(Id|I?)
e ME
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Consequently, there exists @; € (0, «] such that for all x = x* +d € (Z (X)) with
ldll € [0, a1),d ¢ %:

,,,,, meg}

1
:max{ max {vg,(x*)Td+devzg,(x*)d+o(||d||2)},
jed (x*) ’ 2 ’

I

1
max Hth(X*)Td + EdTvzhk(X*)d +o([d]*)

where Step 1 follows from the fact that ||z > |||y, VZ € R™ x R™E.
Choose @ = min {&o, ap } The region
X3 =76 NX3N {x = +d) € /7NN (F X)) :de %N ;)
can be conservatively approximated as
Xj={x e A7 pllx —x*|* < 2¢%)
and
Vx e X3 = A2 NX3N {x =" +d) € A7) N(FX)N 1 d € 2/\%}.
we have x = x* +d € (Z(X))C withd ¢ %, ||d| < &, and

o ([lﬂ ®). R” x {0}) > Zix—x1? = plx—x'|? <26/,

Finally, for every x € /2(x*) N X3 N {x = (x* + d) € A" N (F (X)) : d € 2/\ %}

]
with ||d|| < > we have x € Bs. Consequently, for each
XxeMEHNX3N{x =" +d) € /ZX)N(FX)C :d e 2/\%}\Bs.

3
we have ||d] > 5 and therefore,

d ([ﬁ] x), R™ x {0}) > %82.

The desired result follows when y262 < 8¢/ otherwise, if y252 > 8¢/, then
AZEHNX3N{x = x* +d) € /)N (FX)C :d e 2\%)} C Bs.
O

A conservative estimate of the number of boxes of certain widths required to cover
(%2 x)NX 3) \Bs can be obtained by estimating the number of boxes of certain widths

required to cover X % and X %\Bg (see Theorem 5). The following remark is in order.

Remark 8 1. Lemma 12 does not hold when e, v1, Y2 > 0, and %, for example X =
0,2) x (0,2),m; = 0,mg =2, f(x) = —x1, hi(x) = x2 — (1 = x1)%, ha(x) =
—x3 — (1 —x1)3, and x* = (1, 0) (see [2, Example 4.3.5]). Note that Zp may be chosen
to be ¢4, but it cannot be chosen to be Z; (see Remark 6 for an explanation).
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2. The inequality y»6° < 8¢/ is equivalent to

2

f ry
)/252 =y <8—1> < 8e/.
T

Since £/ can be taken to be sufficiently-small, the above inequality holds only when

2

N <ef —= pl <2,

ie., if ,81 > 2, we can choose ¢/ to be small-enough so that y282 > 8¢/ Note that if
¥28% > 8¢/, the region

HZEHNX3N{x = " +d) € SZ )N (FX)C :d e 2\ %)
has already been covered while covering X5 since

nt o pldl?

8
d|| < -,
5 o = ldl =3

which implies x = x* +d € Bs.

4. & depends on the local behavior of f, gj,Vj € &/ (x*), and hy, Yk € {1,...,mg},
around x*, but is independent of ¢. Consequently, for sufficiently small ¢ we have
X} ={xeX:plx—x"? <2} and X2 = {x € X : pollx — x*||> < 2¢/ }. Addi-
tionally, if the objective function and the active constraints are all either affine or quadratic
functions of x, then their second-order Taylor expansions around x* equal themselves
and we can choose & = «. Furthermore,

X3 = A2x)NX3N|{x=x +d) e /ZE)N(FX) 1 de 2N}
can be conservatively approximated as X é = {x eX:ylx—x*|? < s"}, the region
X3 = A7) NX3N {x= X +d) € A2 N(F X)) 1d € 21\ %)

can be conservatively approximated as )Afg = {X eX:plx—x*?><ef }, and the
region

AZEHNX3N{x =" +d) € AZX)N(F(X)C :d e 2/\%} \Bs

is conservatively characterized by

{x c ,/I{QZ(X*) od <[ﬁ:| (x), R™ x {0}) c (%82, sf]}

whenever y262 > 4¢/,
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5. Similar to Proposition 1, the following less conservative estimates of X 31 and X % can be
obtained:

%= {xe,/l{f(x*) Cylx — x| < 26,
T o % 1 o\ T2 * e 2
V") (x X)+2(X X)) VX)X =XT) = prllx = x|I7},

X2 = {x € M) 1 palx —x*|* < 267,

max { max !ng xHTx — x*) + %(x —x) V2 (x*)(x — x*)} ,

Jjed (x*)
I

To illustrate the application of Lemma 12, let us reconsider Example 4 with &%, ¢/ < 1.
Recall that X = (=2,2), m; = 3, mg = 0, f(x) = x, g1(x) = x2, g¢2(x) =
x — 1, and g3(x) = —1 — x with x* = 0. We have .#(X) = {0} and X3 =

[—vel,0) U (0 min{e?, Ve }] Choose @ = 1. We have 7; = (—1, 1)\{0}. Choose
Do={deDr:d > 0} yi=1,»=1,and& = 1in Lemma 12. From Lemma 12 and
Remark 8, we have X3 {x:x? <%} and X2 [x:x? <el} (smce £ is linear and g1 is
quadratic). In fact, for this example, we can get a better estimate of X | 3 by taking into account
the fact that f grows linearly on 2y N Z;.

Next, we revisit two examples from Sect. 3.1 for which the assumptions of Lemma 12 hold.
First, consider Example 9 with ¢ < 0.6, ef < 0.5, and recall that X = (=2,2) x (=2,2),
my =2,andmg = 0with f(X) = x2,g1(X) = xlz—xz,gz(x) =x;—1,andx* = (0, 0). We
have 7 (X) = {x:x2 > x}, xp < 1}and X3 = {x:x} — &/ <x» <x}, x, < &°}. Choose

= 1. We have 7; = {d € 4*(0) : dy < d}}. Choose Zy = {d € Z; : dy = 0.5d}},
y1 = 0.3, = 0.25and @ = 1 in Lemma 12. From Lemma 12 and Remark 8, we have
X} = {x € #2(x*") : 0.3]|x]|> < &} and X} = {x € #2(x*) 1 [Ix]1> < 4e/} (since f is
linear and g is quadratic).

Finally, consider Example 10 with &, e/ < 0.1, and recall that X = (—2,2) x (—2,2),
my; =3,and mg = 0 with £(x) = 2x7 + x2, g1(X) = —x7 — X2, g2(X) = —x1, g3(X) =
x?+x3—1,andx* = (0,0). Wehave #(X) = {x: xp > —x7, x; = 0, x7 + x7 < 1} and

1
max Hth(x*)T(xfx*)Jr —(x —x V2 (x
kefl,...mg} 2

2
z y2llx — x| }

X3 = {x eX: \/(max{O, —x} - xz})2 + (max{0, —x1)? + (max{0, x7 + x3 — 1})2

€ (0, sf],2x]2+x2 < 5”}.

Choose o = % We have 9; = {d € ,/1/22(0) c(x*+d) e (ﬁ(X))C}. Choose 2y =
; 3

lde 9 :dy = —1.5d7}, y1 = 0.25,, = 0.25and @ = % in Lemma 12. From Lemma 12
and Remark 8, we have )A(% = {x CIx|2 < 480} and )A(% = {x CIx|2 < 48f} (since f and g;
are quadratic, and g is linear). Figure 6 plots the sets X % and X % along with their estimates

X; and X% for £ = ¢/ = 0.1. The benefit of using the estimates in Remark 8 over that of
Lemma 12 is seen from Fig. 6.

The following result follows from Lemma 3 in [29]. It provides a conservative estimate of
the number of boxes of certain widths required to cover X ; and X %\B,; from Lemma 12.
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Fig. 6 Plots of X ; and X % (solid regions) and their estimates X ; and X % (area between the dotted lines) for
Example 10. The filled-in triangles correspond to the minimizer x*, and the dash-dotted lines represent the
axes translated to x*. All plots use €2, ef =0.1.a X% and estimate X% from Lemma 12, b X% and estimate

X é from Remark 8, ¢ X % and estimate X % from Lemma 12, d X % and estimate X % from Remark 8

Therefore, from Lemma 2 and 3 and the result below, we can get an upper bound on the
worst-case number of boxes required to cover ,/tgz (x*) N X3 and estimate the extent of the
cluster problem on that region.

£ ¥
Theorem 5 Suppose the assumptions of Lemma 12 hold. Let § = (—*)'S =
T
T 1 2
£\ 37 el \ B! 1282\ BT R AL 2ef
5 = | — =\=) % =\%7 2(71)'3 - A N
tf T 81 81 T V2
2e°
re=_[—.
/ 4!

1. Ifﬁ] > 2r1, letNI =1.

2)’1 21”1 _ _ _
2. 1 > §; > or somem; € Nwithmy < ny and2 < mj; < 18, then let
fm I_Mf I 1 < ny <my <
ml g —9
Ne= S 2 () wom | .
= 2 2(7) a5

i=0
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3. Otherwise, let
Ny =281 B e, n)T"‘_l ([2B167: 8" v e |+ 2n [ V2= DBI T 812 ]).

where

A2 12
Bie! B,y 1) = 87 (r’)<ﬁ’+<ﬁf>2) (ef>(2 <ﬂ1>2> ),

4. Iféy = 2ry, let Ny = 1.

2 2
5. Ifi>8fz il for somemy € Nwithmy < nyand?2 < my < 18, then
Jmr—1 ; /1§ ’ ’
let
mffl m 9
. /n —
Np= 3" 2 (") 4 on | L2 .
=2 <i>+”’“( 9 1

i=0
6. Otherwise, let

Ny :[2 (ff)'%f (80)(%_‘%’) Vl_;—‘ ([2 (ff)#f (5")(%_#’() Vl_é—l-i-

Then, N is an upper bound on the number of boxes of width 8| required to cover X%\Bg,
and Ny is an upper bound on the number of boxes of width 8 y required to cover X 31

Proof The result on N follows from Lemma 3 and 12, and Lemma 3 in [29]. To deduce the

282

result on N, note that we cover X %\Bg with boxes of width §; = <8—1
T

}31
since, from

Lemma 12, we have
R2\B 2(* - g my o o f
3\Bs C\x€ M7 (x") : d h x),RZ" x {0} ) € 88 , €
and, from Lemma 2, we have that a box Bs, of width é; with each x € Bs, satisfying

d <|:lgl:| x), R™ x {0} ) > %82 can be fathomed by infeasibility. The desired result then

follows from Lemma 3 in [29]. O

Remark 9 1. Under the assumptions of Lemma 12, the dependence of N; on e/ disappears
when the lower bounding scheme has second-order convergence on (%2 x*)N(Z(X)C,
ie., ﬁl = 2, and the dependence of Ny on ¢” disappears when the scheme (f") zerx has
second-order convergence on X, i.e., f = 2. Therefore, the cluster problem on X3 can
be eliminated using second-order convergent schemes with sufficiently small prefactors.

2. The dependence of N; on &/ for g/ = 1,ie., N; (sf)_l'SHX, scales worse than the
corresponding dependence of N on ¢ for 8* = 1 when second-order convergence on X5
is required to mitigate clustering, i.e., N o< %3+ (see Theorem 3). Note, however, that
this worse scaling may be an artifact of the conservative requirement that all of X %\Bg has
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to be covered using boxes of size §; instead of simply requiring that the subset of X % that
is not fathomed by value dominance (the rest of X %, including Bs, would have already

been accounted for while covering X 5 and X ;) be covered using boxes of appropriate
size.

3. Similar to Lemma 10, less conservative estimates (with respect to the dependence on &°
and £/) may be obtained for X 3' and X % by taking into account the fact that the objective
function and the measure of infeasibility grow linearly in certain directions.

Remark 10 The main assumptions of Lemma 5 and 11, which assume that the objective
function and the measure of infeasibility grow linearly on certain regions in some neighbor-
hood of x*, are similar to the linear growth condition in [12], and the main assumptions of
Lemma 8 and 12, which assume that the objective function and the measure of infeasibility
grow quadratically on certain regions in some neighborhood of x*, are similar to the quadratic
growth condition in [5,12]. Furthermore, the assumptions of Lemma 5, 8, 11, and 12 may be
weakened based on the linear and quadratic growth conditions in [5, 12] to account for cases
in which x* is not a strict local minimum.

4 Conclusion

This work provides an analysis of the cluster problem for constrained problems. The analysis
indicates different scaling of the number of boxes required to cover regions close to a global
minimizer based on the convergence order and corresponding prefactor of the lower bounding
scheme on nearly-optimal and nearly-feasible regions in the vicinity of the global minimizer.

It is shown that lower bounding schemes with first-order convergence may eliminate the
cluster problem at a constrained minimizer if: i. the objective function grows linearly in
directions leading to feasible points in some neighborhood of the minimizer, ii. either the
objective function, or a measure of constraint violation grows linearly in directions lead-
ing to infeasible points in some neighborhood of the minimizer, and iii. the corresponding
convergence order prefactors are sufficiently-small. This is shown to be possible because
nodes containing nearly-optimal and nearly-feasible points may be fathomed relatively eas-
ily, by value dominance or by infeasibility, even using first-order convergent lower bounding
schemes when the objective function or the measure of constraint violation grows linearly in
directions around the minimizer. The above result is in contrast to the case of unconstrained
minimization where at least second-order convergence is required to eliminate the cluster
problem at a point of differentiability of the objective function. When the objective function
is twice-differentiable at an unconstrained minimizer, this is a consequence of the fact that
the objective function grows quadratically or slower around the minimizer.

It is also shown that at least second-order convergence is required to mitigate the cluster
problem at a nonisolated constrained minimizer that satisfies certain regularity conditions
when the problem is purely equality-constrained. Conditions under which second-order con-
vergence of the lower bounding scheme is sufficient to mitigate clustering are also presented.
This analysis reduces to previous analyses for unconstrained problems under suitable assump-
tions.

Acknowledgements The authors would like to thank three anonymous reviewers and an associate editor
for suggestions which helped improve the readability of this article, and Dr. Johannes Jaschke for helpful
discussions (in particular, for bring references [5] and [12] to our attention). The first author would also like
to thank Jaichander Swaminathan for helpful discussions regarding the proof of Theorem 2.

@ Springer



670 J Glob Optim (2017) 69:629-676

Appendix: Proofs
Proof of Lemma 4

Lemma 4 Consider Problem (P). Suppose x* is nonisolated and f is differentiable at x*.
Then VO > 0, 3o > 0 such that

inf vixHTd > min vixHTa—o.
{d:ld]l, =1, 3r>0: (x*+rd)e,] (x)NF (X)} {d:)1d]l,=1,deT (x*)}

Proof We proceed by contradiction. Define
L(a) := inf VFxHTd,
{d:1d]l, =1, 3r>0: (x*+rd)et,] (x)NF (X)}

VFx*)Td,

* oL

min
{d:]1d]l;=1,deT (x*)}

and note that L(«) is monotonically nonincreasing on (0, +00). Suppose 36 > 0 such that
Ya > 0, we have L(a) < L* — 6. Consider a sequence {az} — 0 with oy > 0, and a
corresponding sequence {d} such that

0
di € {d: ldlly =1, 3 > 0 : (x* +nd) € AL x")NF(X), Vix)d=<L* - 5}.

The existence of di follows from the assumption that L(e) < L* — 6, Yo > 0. Since
lldell; = 1, Vk, we have the existence of d* € R™ with d* = klim dy, and [|d*||; = 1 for
q—)OO

0
some convergent subsequence {dg, }. Furthermore, d* e T(x*)and V f x*Td* < L* — 3

0
since Yk, we have V f(x* )Tdk . = L* — > which contradicts the definition of L*. O

Proof of Proposition 2

Proposition 2 Consider Problem (P) with mg > 1. Suppose x* is nonisolated, f is dif-
ferentiable at x*, functions Ay, k = 1, ..., mg, are differentiable at x*, and &/ (x*) = ¢.
Furthermore, suppose there exist multipliers L* € R™£ corresponding to the equality con-
straints such that (x*, 0, A*) is a KKT point. Then

min VixH'd=0.
{d:lldl,=1,deT (x")}

Proof Since (x*, 0, ™) is a KKT point, we have

mg
VI + Y 2 Vhi(x*) = 0.
k=1

From the assumption that x* is a nonisolated feasible point, we have that the set
{d:ldll; =1,d € T(x*)} is nonempty. Additionally, we have

T(x") C 2(x") = {d eR™ : Vi x)Td=0Vke{l,.... mE}} ,

where .Z(x*) denotes the linearized cone at x* (see, for instance, [2]). Consequently, for
eachd € T'(x*) with ||d||; = 1, we have Vf(x*)Td =0. O
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Proof of Theorem 2

1

7 2
Theorem 2 Suppose the assumptions of Lemma 5 hold. Let § = (%) "= —8.
T

1. If§ > 2r,let N = 1.
2r
2. If

m —

2
] >8> —rforsomemerithmfnx and 2 < m <5, then let
m

el m—3
N = 217 2| —— |.
2 ()] "5

3. Otherwise, let

3=

s(lﬂ]*)L‘TXl ([2 () 8(17;)[1"‘ Lo, {(T*)ﬁ% e(l—ﬂ%)rf‘) .

Then, N is an upper bound on the number of boxes of width § required to cover Xs.

N = {2(#)}%

Proof This proof is rederived based on Corollary 2.1 in [28] and the proof of Lemma 3
in [29]. Note that the condition in the second case is corrected to ‘2 < m < 5’ as opposed to
2 <m <6 in[28].

From Lemma 5, we have X5 = {x € %l(x*) s Lx —x*||; < 28} C {x dx = x| <
2¢ ~
T }::B. Therefore, an upper bound on the number of boxes of width § required to cover

X can be obtained by conservatively estimating the number of boxes of width § required to
cover B. In what follows, we will assume without loss of generality that x* = 0.

1. Suppose § > 2r. Consider the box B; of width § centered at x* = 0. We have

~ 2¢e 2¢e $
XeB = x|} £ — = ||X||oo§*_”§§ —> X € By,

- L L~
where we have used the fact that ||x||,, < ||X]|;, Yx € R"x. Therefore, B; is sufficient to
cover B.
2. Suppose m < ny withm € {2,...,5}and § > % Place a box Bj of width § centered at

x* = 0 (the condition on § ensures that Bs intersects the boundary of E). Let
s 8
Ei:={ecR":¢je [—5,0,5}, Vie{l,...,n X;Io(ej):i ,
=

where Iy : R — {0, 1}isdefined as Ip(x) := 0, ifx= 0 , denote the set of midpoints
1, otherwise
of the (n, — i)-dimensional faces of Bs (each element of E; has exactly i nonzero
components, each of which is :i:%). Note that |E;| = 2 ("I.X), Vi € {1,...,n,}. Under
the assumption § > %, we will show that, in addition to Bs, it is sufficient to place one
box beside Bj along the directions in Ey, ..., E,,—1 when m = 2 or m = 3, and two
boxes beside B; along the directions in £ and one box beside Bs along the directions
in Es, ..., Em_) whenm = 4 or m = 5 in order to cover B. First, we show that we
need not place any boxes beside Bs alon% the directions in E,,, ..., E, . Lete € E;

with i € {m,...,n.}. We have |le|l; = 3i = Lr > r, which implies e € 9B U B€
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(where 8 B denotes the boundary of B). Consequently, boxes placed beside Bs along the
directions in E,, ..., E,_do not intersect the interior of B and are not required to cover

B. Suppose § > %r’ and lete € E; forsomei € {1,...,m — 1}. The distance from e,

which is the midpoint of an (n — i)-dimensional face of Bs, to %e, which is a point on

the boundary of B in the direction e, in the co-norm is f - % < § — % If this distance

is less than § foreachi € {1,..., m - 1}, then one box beside B; along the directions in
Eq, ..., E,_ is sufficient to cover B. This amounts to requiring
r r 2r . o
- ——=<—,Viel{l,....m—1}) <<= m<3i,Vie{l,...,m—1}
i m~ m
< m=2orm=23.

Note thatif m =4 orm =5, we still have m < 3i,Vi € {2,..., m — 1}. Additionally,
T—wm = fn—r < 2§ in such cases. Therefore, when m = 4 or m = 5, two boxes along
the dlrectlons in E1 and one box along the directions in Ej, ..., E,_ are sufficient to
cover B.

3. If the previous assumptions on § are not satisfied, a box of width § centered at x* may
not intersect 3 B. To estimate the number of boxes of w1dth 8 required to cover B, we
first estimate the number of boxes, N,, of width r = L £ required to cover B using the
previous analysis, and then estimate the number of boxes of width § required to cover
the intersection of these N, boxes with B.

The number of boxes of width r required to cover B is N, := 1+ 2n,, where ‘1’
corresponds to the box centered at x* = 0, and ‘2n,’ corresponds to the boxes along the
directions in E;. Note that £ is now defined as

Ny
r r .
Ey:=lecR" :¢; e {—5,0,5}, Vil ... n), Z:Io(ej) =1

since B is first covered using boxes of width r. The box of width r centered at x* can
be covered using [ﬂ"” boxes of width §. Note that the entire volume of the 2n, boxes
along the directions in E; need not be covered using boxes of width § since parts of
those boxes have no intersection with B. To estimate the extent to which each of the 2n ¥
boxes need to be covered with boxes of width §, we compute the distance between any
e € E; (which is a midpoint of a one-dimensional face of the box of width r centered
at x*) and %e = 2e (which is a point on the boundary of B in the direction e) in the
oo-norm. This distance turns out to be equal to 5. This implies at most half the volumes
of the 2n, boxes need to be covered using boxes of width §, which yields the estimate
of 2ny |_§-|""71 |_2r—8-| boxes of width § that are required to cover the 2n, boxes of width
r along the directions in Ej. O

Proof of Lemma 7

Lemma 7 Consider Problem (P). Suppose x* is nonisolated, f is locally Lipschitz continuous

on X and dlrectlonally differentiable at x*, and 3o > 0 such ;ha}
L: inf’ fx*;d) > 0.
{d:lldll =1, I>0: x*+rd)es) x)NF (X)}

Then, 3& € (0, @] such that the region f/i{il (x*) N X5 can be conservatively approximated
by

Xs={xe 4 ") LIx—x*||, <2e}.
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Proof Letx = x* +td € 4, (x*)N.Z (X) with |d]|; = l and t = |x —x*||; > 0. We have
(see Theorem 3.1.2 in [24])

fx) = fx* +1d)
= f(x) + f/(x* (x —x%) +o(lx — x*||))
= f(X") +1f' (x*; d) + o(1)
> f(xX*) + Lt + o(1),

where Step 2 follows from the directional differentiability of f at x*. Consequently, there
exists & € (0, o] such that for all x = x* 4 td € .Z(X) with ||d||; = 1 and 7 € [0, @):

fx) > fX)+ Lt +o@) > f(x*)+ %,.

Therefore, Vx € /1/0(1 (x*) N X5 we have x = x* +rd € F#(X) with |d|; = 1 and
t =|x—x*|; <a&,and

L
&> f(x)— f(x*) > EZ = Lt = L|x —x"||; < 2e.

Proof of Lemma 10

Lemma 10 Consider Problem (P), and suppose the assumptions of Lemma 8 hold. Then
Ja € (0, ] and constants p1, po > 0 such that the region %2 (x*)N X5 can be conservatively
approximated by

Xs = {x € %z(x*) Cylx = x*)? < 26, —pre < VAxHT (x—x*) < ,02£] :

Proof The result trivially follows from Lemma 8 when V f (x*) = 0.
Suppose V f(x*) # 0. From Lemma 8, we have

NZ(XF) N X5 C {x e AZX") :yllx —x¥||* < 2¢}. ()

Suppose we represent each X € AZ2(x*) N.Z(X) by X := x* + BV f(x*) + fod, where
B1, B2 € Randd L V f(x*) with ||d|| = 1. Consider the case when 8; > 0. We have
f) = fx) =V D (x—x) + %@ —x)TV2 () (x = x*) + o (Ix — x*|1%)
= V&) (BIVSX) + prd)
FS BV IR+ Bd) £ (VS0 + od) 0 (8 + B2)
= BIVSH)?
F3 BV FO0) + B20) VL) (VS + fod) +0 (8 + 83).
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Therefore, Vx € A2(x*) N X5 with X = X* 4+ BV f(x*) + fod, 1 = 0,8, € R and
d L V f(x*) with ||d|| = 1, we have

1
BV f(xHI* + FBIVFE + Bod) V2 F(x*)(B1V f(X*) + fad)+o(B? + B2) < &

— BIVFER < — f(thf(x )+ od) V2 F () (B1V £ (X) + fad)
—0(,31 +I32)
*\12 1 * T2 * *
— BV <= 3(BIVS&) + B2d) V2O (BV £ + pad)
+ g (BAIV £ )P+ B2) . 3)

where the last step uses the fact that & is chosen such that o ﬂl + ,32 > —= (ﬂl IV f(x*) || +

ﬂ ) (see Eq. 1). Note that g; < d |8 < follow from Eq. 2. The
? yan( YIVFGOE " \/

right hand side of Eq. 3 is O (¢) since 81 = B2 = O(+/¢), thereby establishing the existence
of pp > 0.

Next, suppose f1 < 0. From the assumptions of Lemma 8, we have foreach x € %2 x*)NXs5
withx = x* + 81V (x*) + fod, B1 <0, 8 € Randd L Vf(x*) with |d| = I:

VIO 6= x) + 50XV AR X 2y - X
= V&) (BIV) + pod) + %(ﬂM(x*) +£2d) V2 £ () (BIV £ (X) + fod)
>y (ﬁ%anf(x*)n2 +8)
= AV + 5 (ﬂlvf(x )+ B2d) V2 F(x*) (BIV f(X) + fod)
>y (BHIV L&)+ 83)
= %(ﬁNf(X*) +£20) V2 F () (BIVFX) + ad) =y (BAIV LI + B3)

= =BV &I, “
and 1 > |B2] < from Eq. 2. The left hand side of Eq. 4 is O(¢)
v IIVf( VIV \/
since B1 = B2 = O(+/€), thereby establishing the existence of p; > 0.

Proof of Proposition 4

Proposition 4 Consider Problem (P) with mg > 1. Suppose x* is a nonisolated constrained
minimizer, f is differentiable at x*, functions &, k = 1, ..., mg, are differentiable at x*,
and &/ (x*) = (. Furthermore, suppose there exist multipliers A* € R™E corresponding to
the equality constraints such that (x*, 0, A*) is a KKT point. Then o > 0, 9y such that the
assumptions of Lemma 11 are satisfied.
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Proof Since (x*, 0, 1%) is a KKT point, we have

mg
V) + ) 2 Vhi(x*) = 0.
k=1

From the assumption that x* is a nonisolated feasible point, we have that the set
{d:ldll; =1,d € T(x*)} is nonempty. Additionally, we have from the proof of Propo-
sition 2 that for each d € 7'(x*) with ||d]; = 1, V£ (x*)Td = 0 and Vi (x*)Td = 0, Vk €
{1,....,mg}.

Assume, by way of contradiction that 3o > 0 and a set % satisfying the assumptions of
Lemma 11. Consequently, 3L 7, L; > 0 such that

L;= inf VfxHTd
= gednt, VIO

and

L; = f max

in
de2/\%y kefl,...mg}

th(x*)Td‘ .

Since 3d € T(x*) with ||d||; = 1 such that V f(x*)Td = 0 and Vi, (x*)Td = 0, Vk €
{1, ..., mg}, we have that the set

S = {deR”x )l =1,

Vf(x*)Td‘ <Ly,

th(x*)Td‘ <L Vke {1,...,mE}}

is nonempty. All that remains to reach a contradiction is to show that IdeSna.
From the above arguments, we have the existence of d € S, k € {1, ..., mg} such that

‘Vh ,;(x*)T(_l‘ € (0, L), since the assumption L; > 0 implies all of the equality constraint

gradients Vi (x*), k € {1, ..., mg}, cannot simultaneously be 0. Since Vh,;(x*)T(_i # 0,
we have d ¢ T (x*) (this follows from the arguments made in the proof of Proposition 2).
Consequently, 3t € (0, «) such that (x* + td) € E/Val xHN(ZF X)) = de 2. This
implies that either de Y, or de 21\ %, which contradicts the definition of L s or Ly since

Vfx)Td < Ly and ’th(x*)T(_l‘ <L Vkel{l,... mg) 0
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