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Abstract In this paper we investigate multilevel programming problems with multiple fol-
lowers in each hierarchical decision level. It is known that such type of problems are highly
non-convex and hard to solve. A solution algorithm have been proposed by reformulating the
given multilevel program with multiple followers at each level that share common resources
into its equivalent multilevel program having single follower at each decision level. Even
though, the reformulated multilevel optimization problem may contain non-convex terms at
the objective functions at each level of the decision hierarchy, we applied multi-parametric
branch-and-bound algorithm to solve the resulting problem that has polyhedral constraints.
The solution procedure is implemented and tested for a variety of illustrative examples.
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1 Introduction

Multilevel programming problems are nested optimization problems in which part of the
constraint set is determined by the solution sets of another optimization problems, so-
called follower’s problems. These kind of problems are common in divers application
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areas [7,9,10,21,34]. However, multilevel programming problems are non-convex and quite
difficult to deal with even for their linear formulations [8,23,34]. In proposing solution
mechanisms to such kind of problems, most of the methods proposed so far assume that the
functions involved in the model are linear or strictly convex so that the reaction of the followers
at each stage can be determined uniquely [21,23,31,35]. In practice, however, there are sev-
eral problems that require a nonconvex structure also at lower level problems. For instance,
the utility functions at the lower levels could be nonconvex and sometimes stochastically
noisy. Moreover, in allocation of healthcare resources the models of the diseases to be com-
bated at the lower levels are usually nonconvex in their nature. The solution for hierarchical
problems in general are obtained at the Stackelberg equilibrium point in the vertical decision
structure.

Moreover, many practical problems could be modeled as multilevel programs having mul-
tiple decision makers at the same level over the hierarchy and are called multilevel programs
with multiple followers [7,22]. Using the common notation in multilevel programming, such
kind of problems can be stated mathematically as:
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where y; € Y1 C R™ is a decision vector for the leader’s optimization problem whereas,
v € Y5 C Ry¢ is a decision vector for the cth follower at level m, and V. is a vector
of the decision variables for all followers at the level m without the decision variables yj,,

of follower c. i.e., y,¢ = (yL, ..., vt yetl .. y"), where, ¢ = i, j,...,l and m €
{2,3,...,k}. The shared constraint 4, is the mth level followers common constraint set

whereas, the constraint gin determines the constraint only for the ith follower at the mth level
optimization problem. Throughout this paper, it is assumed that F, G, f, h, and g;, are
twice continuously differentiable functions.

One can easily see a bilevel program with multiple followers in problem (1.1) by setting
m = 2 and can be described as:
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min F (yl, ¥, y{i)

Yi€Y]
st.G (yl, ¥h, y{i) <0
min f3 (v, vh957) i€ (1,20 1) (12)
V5€Y;

st gh (yl, yé) <0,
hy (y1, ¥5, y{i) <0

The ith follower problem in (1.2) could be seen as a multi-parametric programming problem
(for a given strategy yj), by considering the optimization variables from other followers as
parameters. But, the main difficulty with this problem is that an individual decision maker
does not know the choice, y, i , of the other followers. This further increases the complexity
of problem (1.2) in addition to its implicit structure.

Even if it is not a generic assumption, it has been assumed in many papers that the ith
follower knows the strategies y, " of other followers. For example, Faisca et al. [17] have
proposed a solution approach to the special case of problem (1.2) by considering the ith
follower as a multi-parametric programming problem where, the leader’s and the rest of
the followers optimization variables are considered as parameters. The algorithm uses a
parametric comparison approach to compute a Nash equilibrium reaction.

Using strong constraint qualification assumptions, Wang et al. [36] have proposed an
approach to solve problem (1.2) after replacing the followers problem with its concatenated
KKT conditions based on the idea of vertex searching without the complementarity con-
straints, while the gradient of the followers objective function is linear and the followers
constraint set is defined by linear functions. Moreover, the leader’s optimization problem is
considered as strictly convex. However, this approach could not be extended to solve general
k-level programs with multiple followers, because there exist non-convex terms and shared
variables across the followers at the k — 1 level due to complementarity conditions from
the kth level followers. This may result in non-solvable multilevel program with multiple
followers having shared variables (which means the approach is restricted only for bilevel
programs with multiple followers).

In general, solving a multilevel program having multiple followers at each decision level
is quite difficult and complex when there is information exchange between followers. Thus,
it would be interesting to identify a class of problem (1.1) which can be reformulated as a
multilevel program having single follower at each decision level. In Calvete et al. [9] and
Bard [5] problem (1.2) has been reformulated equivalently as a bilevel program with single
follower. The two papers are devoted for bilevel programs with independent followers (i.e.,
One of the follower does not affect the decision of the other follower and vice-versa). In
practice however, there could be communication and sharing of resources between followers
at the same level of decision.

Wang et al. [36] have reformulated a bilevel program with multiple follower into an
equivalent bilevel program with single follower when there is information exchange (If one
follower tries to alter his/her strategy, he/she can not improve his/her own objective) and
resource sharing across the followers. The discussion of the paper pays attention for the case
in which the objective functions of each of the followers should be separable in the sense
that, f; (y1, y5, yz_i) = f,-l()’h ¥ + £, yz_i) fori = 1,2, ..., 1. However, in some real
applications, the followers problem in (1.1) may have implicit formulation of non-separability
while keeping its convexity with respect to its own decision variable.
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In this paper we reformulate the class of multilevel programs with multiple followers, that
consist of separable terms and parameterized common terms across all the followers, into
equivalent multilevel programs having single follower at each level of decision and propose
an efficient method of solving the resulting problem. The proposed solution approach can
solve multiple-follower problems whose objective values have common, but having different
positive weights of, nonseparable terms. The rest of the paper is organized as follows; in
Sect. 2 the relation between some classes of multilevel programs with multiple followers
and multilevel programs with single followers is discussed and described briefly. Section 3
suggests appropriate solution methods to the reformulated multilevel programm with single
followers and some numerical examples are provided to illustrate the approach in Sect. 4.
Finally, the paper ends with concluding remarks in Sect. 5.

2 Relation between multilevel programs with multiple followers and
multilevel programs with single followers

In this Section, we will consider the possibilities of reformulating some classes of multilevel
programs with multiple followers as multilevel programs having only single follower at each
level of the hierarchy. For the sake of clarity in presentation, the methodology is described
using bilevel programs with multiple followers and trilevel programs with multiple followers,
however it can be extended to general k-level hierarchical programs with multiple followers
at each level of decision.

2.1 Relations between some classes of bilevel programs with multiple followers
and bilevel programs with single follower

Let us consider each objective function in problem (1.2) consisting of separable terms and
parameterized common terms across all followers with positive weights p € Ri, that is,

AOLY ) = A0y + fon v + o' f(r, v y3), with pf > 0 for each i =
1,2, ..., 1. Thus, problem (1.2) can be reformulated as:

min F<y1,y£,y{i>

y1€Y]

st. G (yl, yé, y;’) <0 where yé solves

min {fzi (yl,yé) +f (yl,y{i) +pi.f(y1,y§,y{i)},
€t

s.t.gg(yl,yg)go, i=1,2,....1 @.1)
hy (yl,yé,y{i) <0

Let us assume that the followers constraint functions satisfy some constraint qualification
conditions (for instance, the Guignard constraint qualifications conditions) and to make the
presentation clear, let us define some relevant sets as follows:

(i) Theset 2 = {(v1, 55, y2) 1 GO1, ¥3 ¥3 ) <0, h(y1,¥5, ;) < 0, gh(vi, ¥3) <0}
is called the constraint set of problem (2.1)
(i) The feasible set for the ith follower (for any strategy y; of the leader’s problem) can be

defined as, £2; (v, y5') = {¥) t ha(y1, ¥4, v3") < 0, gh(y1, ¥3) <0}
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(iii) The set RRy(y1,y;") = (v : ¥y € argmin{fj (i, y5, ;) @ ha(vi, 5,3, <
0, g5(y1, y3) < 0}} is the Nash rational reaction set for the ith follower

(iv) Projection of the fgasib}e set §2 onto the leader’s decisipn space can be deﬁned as:
QoD =1{y:305 ) :GOL YY) <0, ha(yr, y3. y,') <0, gi(y1,y5) <0}

(v) The set ZR = {(y1, ¥4 ¥5 ') = (V1. ¥, ;) € 2, ¥h € RRY(y1,¥5'),i = 1,2, ..., I}
is called the inducible set or feasible set for the leader’s problem.

We also assume that ZR is non-empty to guaranty the existence of a solution to problem
(2.1). With these definitions of sets and assumptions, problem (2.1) can be rewritten as:

min F( s i, _i)
ey, Y1, Y2, Yo

st (yl, Va3 i) € IR (2.2)
On the other hand, suppose that fzi, gé and hj are convex with respect to yé, for each
i =1,2,...,1, and if the Guignard constraint qualification hold [20] at the optimal Nash

equilibrium point (y¥, y*, y;**). Then as can be seen in [36] (v, y5*, y;*) solves the
following non-convex optimization problem and conversely.

min  F(y1, y5, v,

VIYy ¥y
st. G,y v,) <0
Yy [ 0190 + 0 Vg Fn. ¥h 337) + AV b v5. 3y 2.3)

+ 1V, ) =0
1gh(yi, y) =0
Mha(y1, y3, v, =0
Ml =0,i=1,2,...,1

The description given above shows that problem (2.3) and (2.2) are equivalent to problem
(2.1). The following discussion gives a good understanding on the relation between single
follower bilevel programming problems and bilevel programs with multiple followers based
on the above results.

Now let us consider the following bilevel program with single follower:

min F (yl,yé,y{i)
V1
st.G (yl, Y5, y;i) <0
Loy . 5 o
min ”Z —h (yl, y’z)} +f (yl, 5, y;’)} (2.4)
Y2 ¥2 iz P
stgh (y1,y§) <0,i=12,...,1)
ha (yl, Y5, y{’) <0

Note that the terms fZi 1, yz_i) fori = 1,2,...,1 are omitted in problem (2.4) because,
they are constant functions with respect to y5 at the followers problem in (2.1) and hence
they do not contribute to the optimization process.
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Here again let us define some sets corresponding to problem (2.4) as follows:

(a) The set S = £2 is the feasible set of problem (2.4)

(b) The set Sz.(y1) = {(h, ¥; ") = g1, ¥9) < 0, ha(yi, yh, ;) < 0,0 =1,2,....1)
defines the feasible set of the second level problem in (2.4).

© The set @O = [04.35) 0hys") e agmin [ XL L o))
+ f(yl, yé, yz_i) : (yé, yz_i) eSSy (yl)}} is the rational reaction set of the second level

decision maker in problem (2.4)

(d) The set TRs = {(y1, ¥h, ¥3') : (V1. Y5, v; ') € £2,(¥h, y3') € W(y1)} denotes the
inducible region.

Based on the definitions of sets given above, a bilevel programming problem (2.4) can be
rewritten as:

min F (yl, yé, y{i)
Vi
s.t. (yl, yé, y{i) € IRs 2.5
Theorem 2.1 Problem (2.1) is equivalent to problem (2.4).

Proof In order to prove the equivalence of the two problems it is enough to show ZR = 7R,
because the objective functions inA(2.2)' and (2.5) are identica]ly similar. To this end, let
(31, %5, ¥;') € IR. Hence, (1, ¥5,y,') € 2 and 35 € RRS(y1, ¥y, ),i = 1,2,..., 1.
Suppose that (yé, Vy 7y is not an optimal solution to the second level problem in (2.4) for
yi = ¥1, then 3(y3", §,7) € S.(31) such that

1 1
1 . N I L
[Z ;le (yl, y’z“)} +f (yl,yi”, y2’> < [Z ;le (}’1,)’[2):| 7 (yl,yé, y{)
i=1 i=1
o . . (2.6)
But, since (y3', y,') € Sr(31), then y3' € 2;(31,y,"),i = 1,2,..., 1. This implies
that,
A5 5) + A5 ) + o F (755 57) = £ (5d) + 11 (5 557) + o' F (198 57).
i=12....1
| Py Lo/ Pl oo oa—i) - _
= ;fz (YIsY2)+f<YI’Y2sY2 )S ;f,- (yl,y2)+f(y1,yz Y )sl— 12,1

Which contradicts inequality (2.6). Hence, (y1, yé, Yy i) € IRs.
Conversely, let (31, 74, 7, ') € ZRs. This implies that, (31, 5, 35 ') € £2, (31, 5, 5 ') €
S (y1), and )75 e 2,01, )‘)z_i),i =1,2,..., 1. If there exist at least one j € {1,2,..., [}
such that ﬁ{ ¢ RR{ 1, y;’), then Ely;j € R2;(1, yz‘f) such that the following holds;

7 (iuyi”) +f (il,ﬁ{’)+pjf<y1,y§’,ﬁ{’)

<A (13) + £ (515:7) #0717 (51.52.5:7) =
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where y2 refers toan optimal solution of the ]th follower problem in (2.1) for y; = y;. But,

since (y1, y2 Yy ) € Sy (y1) and (y1, y2 ¥, /) is an optimal solution to the second level of
problem (2.4) for y; = y;, then we have

1

I R 1
Zﬁfzj (yl,yﬁ) +f(y1,y5,y2") Sﬁf (1, y2)+p £5 (31 93)
j=1

1 . .
J(s, o+
+"'+ﬁf2 ()’I’YQ )
] _ _ -/ P
+---+Ff2[ (y1,y£) +f(y1,y§”,y2’)
This implies, -7 f3 (1. 53) + 55 GL7n’) + fOL. 5 = ;40110 +
ﬁfzj 1, y;/) + (O, yé*, )72_]), which contradicts equation (2.7). Hence, (31, 5, y; ') €
IR
Alternative Proof: On the other hand, it is enough to see problem (2.4) has a form similar
to problem (2.3). Now since, the follower’s problem are all convex and the constraints in (2.4)

are assumed to satisfy the Guignard constraint qualifications at yé, the Karush-Kuhn-Tucker
conditions can be used to obtain

. R
m;nF (yl,yz,yz )
saGQLﬁJ;)so 2.8)
)2 - fz (y17y2> + Vyéf(yl, ¥h, y{i) +AViho (yl,yé, y{i) + uiV),ggﬂ (yl, yé) =0
Aho (yl, Y5, y{i) =0, A>0,
i i i
ugz(yl,yz) =0, u' >0
Since p > 0 and Ap = A% > 0, we can reformulate problem (2.8) as
. 0=
IrEnF<y17)2,Y2 )
st.G (v1.95,377) =0 2.9)
Vi /3 (yuyé) +V,0'f (yl,yé, y{i) +p'aV,iha (yl,yé, y{i) + ' 'V, 8) (yl, yé) =0
Ao hy (yl,yé, y{i) =0, ap' =20
1 p'gh (yl, yé) =0, uip' >0

Now by setting A = pA and n’ = ulpt, we see that (2.9) is equivalent to problem (2.3)
with Lagrange multipliers A% and 7'. O

2.2 Relation between classes of trilevel programming problems with multiple
followers and hierarchical trilevel programming problems

Consider the following trilevel programming problem with multiple followers at the two

lower levels and in which the followers objective functions have the form as discussed in
Sect. 2.1. That is:
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min F(yuy",y_",yj,y_j)
Jmin 2 Y2 Y303
S-t-G(yl,yésy{’,yé,y;’)50

min_ {fz’ (yl’ylz’y'é,y;") + 1 (yl,yz_’,yé,y;") +0'f (y1,y’2,y2_’,y'3’,y§’)},
€Y

st gh (vovh0]057) <o, (2.10)
hy (yl,yé,y{’,yﬁ,y?) <0, iefl,2,....1}

min_ {fg’ (yl,y’z,y{’,yé)Jrf; (yl,y’z,y{’,y;’)hsffg' (yl,ylz,y{’,yg’,y?)},
y3€¥3

st. g} (yl,y’z,y{‘,yﬁ) <0,

h3<y1,y§,y{’,y3’,ygj)§0, jell,2,.... )

A1l: Assume that each of the objective functions is convex with respect to its own deci-
sion variable vector for the third and second level followers and the Guignard constraint
qualifications hold for the followers constraints.

To proceed the presentation let us define the following sets,

1. The set
@5 (veovhoys' i) = [ evd vl (vovsovr' o v]) =00 ms (vvhoss o vlovs ) < o)

is called a feasible set for the third level followers problem.
2. The set of parametric solutions defined by,

ws (vohostos?) = {H e i3 cangmin [ (. 0k 03 0057
i €823 (YI’y£7YEi’Y;J)}7 Jj= 1,2,..-,J]

is called the rational reaction set for the third level followers problem.
3. The set

@ (vvy") = { (05 vl 37 evix vl x vy g (v 4% 4%) < 0,
< (yl,yé,y{’}y%) <0, hs (y1,y£,y2_i,y§,y3_’) <0,
v € W3 (yl,yé,y{’,y3_’ ]

is called a feasible set for the second level problem.
4. The set of solutions

153 (MJ{’) = {(yé,yé,y;’) evsxY] xy .
v eargmin{fzi (yl,yé,yz_i,y§,y3_1):
(yé,yg’,yg_") 692<y1,y2_i>,i= 1,2,...,1”

is called the rational reaction set for the second level followers problem.
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5. The set

® = {(yl,yégyii’yﬁ’ij) (y1 5. ¥y Jﬁ) <0,h3 (yl,y§~y£i7y§’y§j) <0,
gé(yl,yé,yii,yi) 0.h2 (1303254 33 7) <0,
G<y1 Y5 vy ,y; y3 ) } (2.11)
is called the feasible set of problem (2.10)
6. The region
R = { (v 35 35" 6l v 7) s (vavd 03" 0] 057
€9, (yé,y{i,yé',ij) € ¥ ()’I»YQ_i)}
is called the inducible region

Considering the above sets, problem (2.10) could be rewritten as:

min F(yl,yé,y{i,yé,yg")
yi€Y;
s.t. (yl,yé,y{i,yg,ygf) € IR 2.12)

Consider the following hierarchical trilevel programming problem having single decision
maker at each decision level:

min F( s )
yev Y1, y2 )’2 y3 )’3

st.G (y1, ¥5.v5 yﬁ,y?) <0
min_ Z A3 (e vho vy Y [+ A (kv ool v ) 2.13)
Y2, Y2 i=1 P
stgh (95 vfas?) =0 =120
hy (yhyé,y{’,yé,y;’) <0
min_ Z v it (yl ¥hoyy ,y3) + /3 (yl,yésy{’,y§,y§’>
Y3:¥3 j=1
stgd (oo ov]) s0.G =120
h3 (y1,y£,y{’,y§,y§’> <0
In problem (2.13) the terms fzi (1, yz_i, yg, y;j) and f3(y1, yé, yz_i, y;j) at the second and
third level respectively are omitted because, they are constant with respect to yé and yé which
means they do not contribute to the optimal decision at the ith and jth followers of the second

and third level in problem (2.10)
Similarly, we can define some sets related to problem (2.13) as follows:
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1. The set
@3 (yl,yi,y{i) = [(ygi,y;'j) ev] xvy’:
¢ (yl,yé,yz_",y,{)fo,
hs (viovd sl ovlo?) <0G =120}

is called a feasible set for the third level.
2. The set of parametric solutions defined by,

1//3(y1,y§,y{’) = (yé,ygj)er ><Y3_J:(y§,y3_’)
J

. J o)
€ arg min E 1 §f3 (yls Y2, ¥, )’3>
J:

+f3 (yl,yé,y{l,yé,yg_’) : (yé,y?) €93 (yl,y’z,y{’)

is called the rational reaction set for the third level.
3. The set

o (y1) = {(yg,y;",yg',y;") eVixvyixvixvyyl:
g (105 3l057) =0 (nahovdoi ) <o,
el (yl,yé,yiivyi) <0,h3 (yl,yé,y{’lyéﬂy;”) <0,
(ysjvyij) € Vs (yuyévyz_i)}

is called a feasible set for the second level problem.
4. The set of solutions

Yo (y1) = [ (yé,y{",y;{,y;’) €V, x Yy x ¥ x¥y
Iy . '
(yé,y{’) € arg min {Z Eﬁ ()’1,y§,)’§,)’3_]>
i=1

+£ <y1,y§,y2_i,y§,y§’> : (yé,yg_i,yé,yQJ) E(PZ()’I)}}

is called the rational reaction set for the second level, for X; € R",i =1, 2, 3.
5. The set F = @ (which is defined in Equation (2.11)) is the feasible set for problem
(2.13).

6. The set ZR3 = {(y1, ¥5. ¥5 . ¥3. 33 1)t 01, ¥ »3 o v4. y3 D eF 0, vy v vy e
Y2 (y1)}
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Using the definitions described above, the hierarchical problem (2.13) can be rewritten as
follows:
min F (yl,yé,yz_i,yé,yQJ)

t (yi,yé,y{i,yg,ygj)€IR3 (2.14)
Theorem 2.2 Problem (2.14) and (2.12) are equivalent.

Proof Let (1, y%, y;", y;', y;-") € IR3. This implies (yé, y;") and (y{, y;") minimizes
the second and third level problems in (2.13) respectively. Let (¥, yé, Vs i )7% V3 7y ¢ IR,
then there ex1st at least one k € {l 2,...,J}and p € {1,2,..., I}, respectively, such that
y3 ¢ U3(y1, yz, y2 Y3 ) and y y2 ¢ l1/2(y1 y2 Py This 1mplies the following:
(535 58 ) + 5 (3 5y 5
+85 s (3135, 57 0 578) < AE (35 54) 2.15)
+1 (51,7, 57, 57)
4 5 (51 55 57 5455

and

£ (Gt 557 ) + (55 557
w07 fo (3193757754 577) < A (31540505 (2.16)
w1 (557050557
+07 fo (51,345,754 577

where, y3 k and y; are optimal solutions for the third level (kth follower) and second
level (pth follower) respectlvely Smce y ¥ minimizes the kth follower problem of the third

level, we have yj ke l1/3(y1, V5 ¥ vy ) which implies y*k € ¢p3(y1, jé, y;") and hence,

(y3 ,y3 ) € <p3(y1 yz, V) "yand similarly, (y2 Yy ,y3 ; ) € ¢2(y1) as well. Moreover,
we know that (y3 V3 -/ ) is an optimal solution to the third level subproblem in (2.13) for a
given point (y1, y2, ¥5 '), then we have the following

J . _
[Z St (355 y§)}
k=1
. i 1 P 1 o i
+ f3 (yi,y’z,yz’,yé‘,y3 k) < 87]"31 (yi,yé,yz’,yg) + 87f32 (yi,yé,yz’,yg) 2.17)
LY N S 1
+'”+skf3 Y1 Y2: ¥y 2 ¥3 )+ +3Jf . 95, 57 9

L s
+ f3 (yuyé,yz’,y;‘k,yg )

@ Springer



740 J Glob Optim (2017) 68:729-747

which implies
| S Uok(s i omi ok
57f3 (yl,yz,yz ,y3)+87f3 (yl,yz,yz V3 )
5 (3557, 35 55%) = gk (503557 08%)
S (s )

+75 (31, 35,5503 55%)

+

which contradicts equation (2.15) and hence (y, y;, Yy h )‘;é' e J ) € IR .
Similarly, if (yé, ¥, ') is an optimal solution to the second level subproblem in (2.13), then
we have the following

1
1 _ _ i
[prz” (yls%’sy%wys’)}
P
p=1
R T L A WL G gy gy
+f2<y1sy2 » Y35 )3 )fﬁfz (yl,yz,y3,y3 )"‘?fz (YI,YQaY3,))3 ) (218)
1 _ I 1 R
+~~~+p7f{'(yl,y;‘”,yﬁ,h])+~~~+ﬁle(yl,yé,yg’,ygj)
+ A (3037 50 5

which implies

1 _ B e 1 _ _ e
p7ff (yl,yﬁ’,yﬁ,y3’)+p7ff ()’1»)7217’)’;,)’3])

"u"_‘

72 (3.5 5,7 5577 = — 8 (3178704 57)

+ >

1 . .
P 5P 5 5J
p7f2 (yl, Y2 s ¥3, 3 )
+72 (519275575557
which contradicts (2.16) and hence (y1, )75, yz—i, yé", y;") € IR. O

Remark 1 The alternative proof we described in Theorem 2.1 which is common in literature
(see for instance [28]) does not work for the proof of Theorem 2.2. Moreover, the Lagrange
multipliers of the third level followers are considered as shared variables for the second level
followers. Further, the reformulated problem will be non-convex due to the complementar-
ity condition. As a consequence, the resulting non-convex bilevel program with multiple
followers may not have a Nash equilibrium reaction solution.

Remark 2 The idea described above can be extended to any finite k-level optimization prob-
lem with multiple followers while the objective function at each level has similar form as in
problem (2.10).
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3 Solution procedure

In this section we suggest an appropriate solution method to solve the resulting multilevel
program with a single follower at each decision level. And we introduce a pseudo algorithmic
approach to solve some classes of multilevel programs with multiple followers.

Step 1. Reduce the given multilevel program with multiple followers equivalently into mul-
tilevel program having only single follower at each decision level as discussed in
Sect. 2

Step 2. Ifthe followers objective functions as well as the common constraint (/) are separable
(i.e., both have a form like f\ (y1, Yo, Yu©) = f5 1, Ye) + f (1, ¥,,), where
m=2,3,...,k;c =1,}j,...,1) and convex functions with respect to their own
decision variables at each decision level, the reduced problem has convex follower
at each decision level. In this case, we should apply one of the proposed algorithms
described in [16,23,24,30,31,38]. However, these approaches are suitable for bilevel
programming problems and it seems too difficult to extend such an approach beyond
two levels, because of the non-convex constraints introduced due to complementarity
conditions. For general k-level multilevel programming problems having convex
quadratic objective function and affine constraints at each decision level, we should
use the algorithm proposed by Faisca et al. [17].

Step 3. However, we may have implicit formulation at the objective functions of followers
keeping convexity in its own decision variable. In this case, the resulting equivalent
multilevel program with single follower (as in Sect. 2.2) is non-convex because the
problem is optimized over the whole variables as can be seen in (2.4) and (2.13). And
hence, we can apply the algorithm proposed in [21] for the bilevel case. However,
here again it seems difficult to extend such an approach to general k-level multilevel
programming problems because of the non-convex constraints introduced due to
complementarity conditions. As a result, one should apply the algorithm proposed
in [27] for general k-level programming problems with polyhedral constraints. In
this paper the latest algorithm is implemented for the examples in the next section.
Though the detail procedures of the algorithm is described in [27], here some basic
steps are described.

Basic steps of the proposed algorithm

Given a k-level optimization problem with multiple followers as in equation (1.1) where
the constraints at each level are polyhedral. Then to solve this problem we proceed as in the
follows steps:

(i) Convert the problem intoits equivalent k-level problem with single follower as described
in Sect. 2.2.

(ii) Consider the kth level optimization problem of the converted problem in step (i) above as
multi-parametric programming problem where, the variables from upper level decision
makers are considered as parameters. Reduce it into standard non-convex optimization
problem by fixing a feasible value to the parameters.

(iii) Find a tight underestimator sub-problem using the branch-and-bound algorithm
(described in [27]) and apply a multi-parametric programming approach to obtain a
parametric solution and corresponding parametric regions in which the obtained solu-
tions remain optimal. Repeat (i) and (ii) until the entire parametric region has been
explored successfully.

(iv) Incorporate the solutions and the corresponding regions into the (k — 1)-level problem
and again consider it as a multi-parametric programming problem where, the upper
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levels’ decision variables are considered as parameters. Repeating the above procedures
[(i), (ii) and (iii)] one can reach at the leader’s optimization problem.

4 Numerical experiment

Example 1 Consider the following linear bilevel program with three followers
min F(x, y1, y2, y3) = =X = y1 = 2y2 = )3

s.t. (y1, ¥2, y3) solve
{H;iln J1(x, y1, y2, ¥3) = x = 3y1 + y2 + y3,

Hgn £,y Y2, ) =x+y1 =32+ 3,

min f3(x, y1, 2, y3) = +y1 +y2 = 3y}
s.t3x +3y; <30 4.1)
2x +y1 <20, y <10
y2+y3 =15 y3 =10
X +2y1+ 2y +y3 <40
X, y1,y2,y3 =0
The problem in this example is relatively simple. Since each of the three followers are sep-

arable functions and hence the resulting equivalent bilevel programm with a single follower
is also simple which can be formulated as follows:

ngnF(x,y1,yz,y3) =—x—y1—2y2—y3

st min  f(x,y1,y2,y3) =3x —3y; —3y2 — 33
Y1,y2,¥3

s.t3x +3y; <30
2x+y1 <20, 2 <10 4.2)
2+y3=<15, y3 <10
X +2y1 42y + y3 <40
X, 1,2, ¥3 =0
Reformulating the follower’s decision maker in problem (4.2) as a parametric programming
problem where, x is considered as a parameter, it can be formulated as,

min f(x, y1, y2,¥3) =3x —3y; —3y2 — 3y3

Y1.Y2.33
5.t3x + 3y; < 30
2x +y1 <20, y» <10 4.3)
y2+y3 <15, y3 <10
X4+ 2y1 + 2y + y3 <40
X, ¥1,y2,¥3 =20

Since problem (4.3) is linear, there is no need of convexification of the problem and one
can solve it globally as discussed in [16,17]. As a result, we have solved problem (4.3) and
obtained a parametric solution described as follows:
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10 — x
Y@y =|x+5
CRF = 10 — x (4.4)
x <10
—x <0

and problem (4.3) is infeasible for x > 10, because if x > 10 the inequality, 3x + 3y; < 30
can not be satisfied unless y; < 0, but the fact is that all the y values are assumed to be
non-negative.

Incorporate the expression (4.4) into the leader’s problem to obtain a single level con-
vex optimization problem. Solving the resulting problem we arrive at the following result
(x, 1, y2, y3) = (5,5, 10, 5) with F = —35 corresponding to CR{'e which is similar to the
result reported in [17].

Example 2 The second test problem is a bilevel program with two followers having bilinear
forms as described here below:

max F(x, yi, y2) = 7x + Sy1 +8y2
s.t (y1, y2) solves
{myéllx fi0x, yi,y2) = —=2yF = 2y1y2 + 31,
max f2(x, v, y2) = =yiy2 - 3 + 6y} (4.5)

stx+y1+y» <3 —x+y =<0
x—yi—»n=Ly+y=s2
x, v,y =0
The followers’ objectives in problem (4.5) can be reduced to a single follower by multiplying

f1 by % and add it with the separable part of f to get

3
fGy, ) =—yi+ - ¥ +6y2 — yiy2,

as the resulting nonseparable term —y; y2 becomes common to both the followers. Then, the
above problem can be reformulated as minimization problem as follows,

Hg{in F(x,y1,y2) = =Tx —5y1 —8y2

. 3
st min f(x, y1, y2) = Y2+ yiy2 — o+ ¥ — 6y,

stx+y1+y» =<3 —x+y =0 (4.6)
xX=y1—»n=lL y+»n=<2
X, 1,2 >0

Problem (4.6) has a single follower with quadratic and bilinear formulation at the objective
function. This formulation can result in multiple Nash equilibrium reaction for at least one
feasible choice of the leader’s problem. To overcome this ambiguity we should apply a
mathematical procedure described in [27]. Hence, one can treat the follower’s problem as a
parametric programming problem by considering x as a parameter and it can be described
as follows,
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. 3
min f(x, 1, 2) = YL+ Yiy2 = Sy 4y — 6y

2
stx+y1+y» <3, —x+y1 <0 4.7
X=y1—=»=Lyi+y=<2
X, y1,y2>0

Solving problem (4.7) using the algorithm proposed in [27], one can obtain the following
approximate parametric solutions with corresponding critical regions,

—0.5x +0.75 0
yix) = [ ] yix) = [ ]
2.25 —0.5x 2
and CRX =

x <2 x =<1
x>1 x>0

and problem (4.7) is infeasible for x > 2. Incorporating each of the above solution expres-
sions into the leader’s problem, one can get two bounded optimization problems. After
solving the resulted problems, we have got best solution (x, y1, y2) = (1, 0, 2) with corre-
sponding values F' = 23, fi = 0, and f> = 8 which is a similar (even it is better in terms
of the followers response) solution as compared to the result reported in [36], which was,
F =225, fi =0, and f, = 6.75.

Example 3 Consider the following bilevel program involving two followers at the second
level which have advanced nonlinear formulations than the two examples discussed above,

ngnF(x,yl,yz) =—x—y—2y

s.t (y1, y2) solves

3 3
—yiy2 + -y1e?,

7
-y —3
i Y2 + 5 5

1 3
Z)’lz T *)’5 +

{min f1(x, y1. y2) =
Y1 4

: 1 8 8 |
min f20x, y1, 2) = 23 = 232 3] + 22+ 3 e (4.8)

8 3 3 }
Stx+y1—y» <3, —x—y1+y=<4
X=y1—»=L2x—y1+y <2

1 1
2<x<-,0<y <, 1<y<2
Sx=5,0=yn=g y2

The non-separable terms in f] have coefficient 3 and the same terms in f> have coefﬁcient

§ To combine the two followers’ objective functlons we multiply fi by and f> by 3
and add the separable terms. (Note that, the non-minimizing variables of the ObjeCtIVBS that
come from problems of the same level are omitted in the combination process.) Now using
this procedure, the followers in (4.8) can be reduced to the following standard parametric

optimization problem. (See Sect. 2.1 for the details.)

5 35 3 ,
min [12 —yi+ *y§—3y2+y1yz+yle”}

V)2 12 4
stx+y1—y» <3 —x—yi+n<4 (4.9)
X=y1—»=1,2x—=y1+»=<2
1 1
—2<x —, 0< <-,1< <2
2 _y1_2 =»n=
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Solving problem (4.9) using the proposed algorithm in [27], we have got the following
parametric solutions with the corresponding critical regions,

0.25 — 7.4461 x 10~%x 1.1263x — 0.3132

o |70 =1 54883 x 10-9x + 1.2502 e |V =] 16868 — 0.8737x
CR| = <0 ,and CRy = >0
—x < 2 x < 1

-2

which can be incorporated into the leader’s problem of (4.8) and solved globally to obtain
best solution (x, y1, y2) = (0.5, 0.24995, 1.24995) with F' = —3.24985.

Example 4 Consider the following trilevel program with multiple followers:
min F(x, 1, y2, 3, 21, 22) = =5x1 + 0.163 = 3y1 = 4y2 +0.05y7 +0.005y3
s.t (y1, ¥2, 21, 22) solves

{min £ ( )= Lot 41 Lt 2+
H;llnfz X, V1. 2:21.22) = 5e Sy = S22t sx =y

. 1 1
H;;n 30 y1, 32,21, 22) = =¥3 + =y1y2 — 6y1 — 2x1}

2 2
1
SU=2y1 =2y = 20 <0 4.10)
yi—=3x1 =2y, <6
o 1, 1 1 2
{n%}n v, 32,21, 22) = 4 + 73122 = 5X121 ~ 2,

- 1, 1 1 2
min 5,0, 92,21, 22) = 7% + 3122 + 5222 +z7— 6z1}

st —2z14+22+x1—05y1 =y <0
0.5y1 —721 —322 —2x2 —x1 <0
0<z1,22=<1,-05=<y <05
0<x,»=<1,-1<x=<02

As discussed in Sect. 2.2 and outlined in the solution of Example 3 above, problem (4.10)
can be reduced to an equivalent trilevel programming problem with single follower at each
level and is described as follows:

min F(x, y1. y2. 3, 21, 22) = =521 + 0.1x3 — 3y; — 4y2 + 0.05y7 + 0.005y3

. 2
min fa(x, y1, y2, 21, 22) = €l +Yz2 +y1y2 — 22 +x2 —4xy

st —2y; — 2y, — %xl <0 4.11)
y1—3x1 =2y <6
gnl’izr; S3(x, y1, ¥2,21,22) = z% +z§ +z122 — x121 + Y222
st —2z1+22+x1 =05y —y2 <0
05y1 —21 — 322 —2xp —x1 <0
0<z5,22=<1,-05=<y <05
0<x2,»=<1,-1<x=<02
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After solving problem (4.11) using the method suggested in Sect. 3 one can get an opti-
mal solution (x1, x2, y1, y2. 21, 22) = (0.2000, 0.0048, 0.2500, 0.5000, 0.5500, 0.1000),
with corresponding objective values, F = —3.7456, (le, f22) = (0.797147, —1.7125) and
(f1, ) = (0.11375, —2.94).

5 Conclusion

In this paper we identified a class of nonlinear multilevel programs with multiple followers
which can be reduced to multilevel programs with single follower at each decision level in
the hierarchy. Moreover, we have reformulated some classes of multilevel programs with
multiple followers as an equivalent multilevel programs having single follower at each level
in the hierarchy. We have shown that the two problems are equivalent, in the sense that they
have the same solution. In this process, the resulting multilevel program with single follower
at each level may have non-convex formulation even if each of the followers are convex
with respect to their own decision variables. Therefore, we have identified suitable solution
approach to the reformulated multilevel programming problem, especially for problems with
polyhedral constraints. The proposed approach has been successfully implemented and tested
using different illustrative examples with polyhedral constraints at each level of the hierarchy.
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