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Abstract The derivative-free global optimization algorithms developed in Part I of this
study, for linearly constrained problems, are extended to nonconvex n-dimensional problems
with convex constraints. The initial n + 1 feasible datapoints are chosen in such a way that
the volume of the simplex generated by these datapoints is maximized; as the algorithm
proceeds, additional feasible datapoints are added in such a way that the convex hull of
the available datapoints efficiently increases towards the boundaries of the feasible domain.
Similar to the algorithms developed in Part I of this study, at each step of the algorithm,
a search function is defined based on an interpolating function which passes through all
available datapoints and a synthetic uncertainty function which characterizes the distance
to the nearest datapoints. This uncertainty function, in turn, is built on the framework of a
Delaunay triangulation, which is itself based on all available datapoints together with the
(infeasible) vertices of an exterior simplex which completely contains the feasible domain.
The search function is minimized within those simplices of this Delaunay triangulation that
do not include the vertices of the exterior simplex. If the outcome of this minimization is con-
tained within the circumsphere of a simplex which includes a vertex of the exterior simplex,
this new point is projected out to the boundary of the feasible domain. For problems in which
the feasible domain includes edges (due to the intersection of multiple twice-differentiable
constraints), a modified search function is considered in the vicinity of these edges to assure
convergence.
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1 Introduction

In this paper, a new derivative-free optimization algorithm is presented to minimize a (possibly
nonconvex) function subject to convex constraints' on a bounded feasible region in parameter
space:

minimize f(x)with x € L = {x|c;(x) <0,Vi ={1,2,...,m}}, (1)

where ¢;(x) : R — R are assumed to be convex, and both f(x) and the ¢;(x) assumed
to be twice differentiable. Moreover, the feasible domain L is assumed to be bounded with
a nonempty interior (note that this assumption is only technical: if a given feasible domain
has an empty interior, relaxing these constraints by € generates a feasible domain with a
nonempty interior; further related discussion on this matter is deferred to the last paragraph
of Sect. 5.2).

The algorithms developed in Part I (see [7]) of this study were restricted to problems
with linear constraints, as the domain searched was limited to the convex hull of the initial
datapoints, which in Part I was taken as all vertices of the (there, polyhedral) feasible domain.
Another potential drawback of the approach taken in Part I was the expense of the initialization
of the algorithm: 2" initial function evaluations were needed in the case of box constraints, and
many more initial function evaluations were needed when there were many linear constraints.
This paper addresses both of these issues.

Constrained optimization problems have been widely considered with local optimization
algorithms in both the derivative-based and the derivative-free settings. For global optimiza-
tion algorithms, the precise nature of the constraints on the feasible region of parameter space
is a topic that has received significantly less attention, as many global optimization methods
(see for e.g., [8,27-29,40,42,44,48]) have very similar implementations in problems with
linear and nonlinear constraints.

There are three classes of approaches for Nonlinear Inequality Problems (NIPs) using local
derivative-based methods. Those in the first class, called sequential quadratic programming
methods (see [21,24]), impose (and, successively, update) a local quadratic model of the
objective function f (x) and alocal linear model of the constraints ¢; (x) in order to estimate the
local optimal solution at each step. These models are defined based on the local gradient and
Hessian of the objective function f(x), and the local Jacobian of the constraints ¢; (x), at the
datapoint considered at each step. Those in the second class, called quadratic penalty methods
(see [10,30,31]), perform some function evaluations outside of the feasible domain, with a
quadratic term added to the cost function which penalizes violations of the feasible domain
boundary, and solves a sequence of subproblems with successively stronger penalization
terms in order to ultimately solve the problem of interest. Those in the third class, called
interior point methods (see [22]), perform all function evaluations inside the feasible domain,
with a log barrier term added to the cost function which penalizes proximity to the feasible
domain boundary (the added term goes to infinity at the domain boundary), and solves a
sequence of subproblems with successively weaker penalization terms in order to ultimately
solve the problem of interest.

NIPs are a subject of significant interest in the derivative-free setting as well. One class of
derivative-free optimization methods for NIPs is called direct methods [34], which includes
the well-known General Pattern Search (GPS) [47] methods which restrict all function evalu-

I The representation of a convex feasible domain as stated in (1) is the standard form used, e.g., in [15],
but is not completely general. Certain convex constraints of interest, such as those implied by linear matrix
inequalities (LMIs), can not be represented in this form. The extension of the present algorithm to feasible
domains bounded by LMIs will be considered in future work.
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ations to lie on an underlying grid which is successively refined. GPS methods were initially
designed for unconstrained problems, but have been modified to address box-constrained
problems [33], linearly-constrainted problems [34], and smooth nonlinearly-constrained
problems [35]. Mesh Adaptive Direct Search (MADS) algorithms [1-4] are modified GPS
algorithms that handle non-smooth constraints. GPS and MADS algorithms have been
extended in [9] to handle coordination with lattices (that is, non-Cartesian grids) given by
n-dimensional sphere packings, which significantly improves efficiency in high dimensional
problems.

The leading class of derivative-free optimization algorithms today is known as Response
Surface Methods. Methods of this class leverage an underlying inexpensive model, or “sur-
rogate”, of the cost function. Kriging interpolation is often used to develop this surrogate
[8]; this convenient choice provides both an interpolant and a model of the uncertainty of
this interpolant, and can easily handle extrapolation from the convex hull of the data points
out to the (curved) boundaries of a feasible domain bounded by nonlinear constraints. Part I
of this study summarized some of the numerical issues associated with the Kriging interpo-
lation method, and developed a new Response Surface Method based on any well-behaved
interpolation method, such as polyharmonic spline interpolation, together with a synthetic
model of the uncertainty of the interpolant built upon a framework provided by a Delaunay
triangulation.

Unfortunately, the uncertainty function used in PartI of this study is only defined within the
convex hull of the available datapoints, so the algorithms described in Part I do not extend
immediately to more general problems with convex constraints. The present paper devel-
ops the additional machinery necessary to make this extension effectively, by appropriately
increasing the domain which is covered by convex hull of the datapoints as the algorithm
proceeds. As in Part I, we consider optimization problems with expensive cost function eval-
uations but computationally inexpensive constraint function evaluations; we further assume
that the computation of the surrogate function has a low computational cost. The algorithm
developed in Part II of this study has two significant advantages over those developed in
Part I: (a) it solves a wider range of optimization problems (with more general constraints),
and (b) the number of initial function evaluations is reduced (this is significant in relatively
high-dimensional problems, and in problems with many constraints).

The paper is structured as follows. Section 2 discusses briefly how the present algorithm
is initialized. Section 3 presents the algorithm. Section 4 analyzes the convergence properties
of the algorithm. In Sect. 5, the optimization algorithm proposed is applied to a number of
test functions with various different constraints in order to quantify its behavior. Conclusions
are presented in Sect. 6.

2 Initialization

In contrast to the algorithms developed in Part I, the algorithm developed here is initialized
by performing initial function evaluations at only n + 1 feasible points. There is no need to
cover the entire feasible domain by the convex hull of the initial datapoints; however, it is
more efficient to initialize with a set of n + 1 points whose convex hull has the maximum
possible volume.

Before calculating the initial datapoints to be used, a feasible point x ; which satisfies all
constraints must be identified. The feasible domain considered [see (1)] is L = {x|c;(x) <
0,1 <i < m}, where the ¢;(x) are convex. The convex feasibility problem (that is, finding
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(@ (b)

Fig. 1 Representation of Algorithm 1 on an illustrative example. a Step 1, b Step 2, ¢ Step 3, d Steps 4-6

a feasible point in a convex domain) is a well-known problem in convex optimization; a
number of effective methods are presented in [10,14]. In this paper, the convex feasibility
problem is solved by minimizing the following quadratic penalty function

m
Pi(x) = D max(ci(x), 0)%, @
i=1
where Pj(x) is simply the quadratic penalty function used by quadratic penalty methods for
solving NIPs (see Sect. 1). Since the ¢;(x) are convex, P;(x) is also convex; thus, if the
feasible domain is nonempty, any local minimizer of Pj(x) is feasible. Note that the feasible
domain is empty if the minimum of P;(x) is greater than 0.

Note that Pj(x) is minimized via an iterative process which uses the Newton direction
at each step, together with a line search, in order to guaranty the Armijo condition. Hessian
modification [23] may be required to find the Newton’s direction, since P (x) is not strictly
convex. An example of this procedure to find a feasible point from an initial infeasible point
is illustrated in Fig. 1a.

The point x y generated above is not necessarily an interior point of L. Note that the interior
of L is nonempty if and only if the MFCQ (Mangasarian-Fromovitz constraint qualification)
holds at x ¢ (see Proposition 3.2.7 in [19]). Checking the MFCQ at point x s is equivalent to
solving a linear programming problem [36], which either (a) generates a direction towards
the interior of L from x s (from which a point x7 on the interior of L is easily generated), or
(b) establishes that the interior is empty. The optimization algorithm developed in this paper
is valid only in case (a).

Starting from this interior feasible point xr, the next step in the initialization identifies
another feasible point that is, in a sense, far from all the boundaries of feasibility. This is
achieved by minimizing the following logarithmic barrier function:

m
Py(x) = — > log(—ci(x)). 3)
i=1
It is easy to verify that P>(x) is convex, and has a unique global minimum. Note that since
initial point is an interior point, P> (x) can be defined at it. This function is also minimized via
Newton’s method; the line search at each step of this minimization is confined to the interior
of the feasible domain. The outcome of this procedure, denoted X, is illustrated in Fig. 1b.
After finding the interior point X from the above procedure, a regular simplex?> A whose
body center is X is constructed. Finding the coordinates of a regular simplex is well-known
problem in computational geometry (see, e.g., §8.7 of [13]). The computational cost of finding
a regular simplex is O (n%), which is insignificant compared with the rest of the algorithm.
Before continuing the initialization process, a new concept is introduced which is used a
few times in this paper.

ZA simplex is said to be regular if all of its edges are equal.
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Definition 1 The prolongation of point M from a feasible point O onto the feasibility bound-
ary d L, is the unique point on the ray from O that passes through M which is on the boundary
of feasibility. In order to find the prolongation of M from O on L, first the following 1D
convex programming problem has to be solved.

max o,

acR

subjectto ¢;(O +a (M — 0)) <0, V1<i<m. 4)

Then, N = O + a (M — O), the prolongation point. It is easy to observe that N is located
on the boundary of L. Since ¢ = 0 is a feasible point for (4), it can be solved using the
interior point method [21]. The computational cost of this subproblem is not significant if
the computational cost of the constrained functions c; (x) are negligible.

Based on the above definition, the initialization process is continued by prolongation of
the vertices of the regular simplex from Xo onto L. As illustrated in Fig. lc, the simplex
so generated by this prolongation has a relatively large volume, and all of its vertices are
feasible. The algorithm developed in the remainder of this paper incrementally increases the
convex hull of the available datapoints towards the edges of the feasible domain itself. This
process is generally accelerated if the volume of the initial feasible simple is maximized.

The feasible simplex generated above is not the feasible simplex of maximal volume. As
illustrated in Fig. 1d, we next perform a simple iterative adjustment to the feasible vertices
of this simplex to locally maximize its volume.? That is, denoting ¥ {A{V1, Vo, ..., Viy1}}
as the volume of an m-dimensional simplex with corners {Vi, Va, ..., V,,41}, we consider
the following problem:

maximize ¥{A{Vy, Vo, ..., Vuyi}),
where{V1, V5, ..., Vy41} € L.

(&)

The problem of finding p>2 points in a convex subset of R? which maximizes its enclosing
area is a well-known problem in the fields of interpolation, data compression, and robotic
sensor networks. An efficient algorithm to solve this problem is presented in [46]. Note that
(5) differs from the problem considered in [46] in three primary ways:

e (5) is defined in higher dimensions (n > 2);

e the boundary of the domain L is possibly nondifferenible, whereas the problem in [46]
assumed the boundary is twice differentiable;

e (5)is easier in the sense that a simplex is considered, not a general convex polyhedron.

As a result of these differences, a different strategy is applied to the present problem, as
described below.
Consider Vi, Vo, ..., V,41 as the vertices of a simplex Ay. The volume of A, may be
written: VADL
ALy,
V(Ay) = ——, (6)
n
where A’ is the n — 1 dimensional simplex generated by all vertices except Vi, Hy is the
n — 1 dimensional hyperplane containing A’ and Ly, is the perpendicular distance from the
vertex Vi to the hyperplane Hy.

3 The problem of globally maximizing the volume of a feasible simplex inside a convex domain is, in general,
a nonconvex problem. We do not attempt to solve this global maximization, which is unnecessary in our
algorithm.

@ Springer



388 J Glob Optim (2016) 66:383-415

By (6), Ly, must be maximized to maximize the volume of the simplex if the other vertices
are fixed. Furthermore, it is easily verified that the perpendicular distance of a point p to the
hyperplane Hy, characterized by aka = by, is equal to |(akTp — bk)/(akTak)|; thus,

Vi = argmax ’akTp — bk’. (7)
peL

Solving the optimization problem (7) is equivalent to finding the maximum of two convex
optimization problems with linear objective functions. The method used to solve these two
convex problems is the primal-dual-barrier method explained in detail in [25] and [22].

Based on the tools developed above, (5) is solved via the following procedure:

Algorithm 1 1. Find a point X in L = {x|c;(x) < 0,1 <i < m} by minimizing P(x)
defined in (2); then, goes to the interior of L by checking the MFCQ condition.

2. Starting from X, then, goes to another feasible point Xo which is far from the constraint
boundaries by minimizing P>(x) defined in (3).

3. Generate a uniform simplex with body center X, denote the vertices of this simplex
X1, X2, ..y Xnt1.

4. Determine Vi, Va, ..., Vyy1 as the prolongations of X1, Xo, ..., Xy41 from Xg to the
boundary of L.

5. Fork = 1ton+ 1, modify Vi to maximize the distance from the hyperplane which passes
through the other vertices by solving (7).

6. If all modification at step 5 are small, stop the algorithm; otherwise repeat from 5.

Definition 2 The simplex A; obtained via Algorithm 1, is referred to the initial simplex.

Definition 3 For each vertex Vi of the initial simplex, the hyperplane Hj, characterized
by akT x = by, passes through all vertices of the initial simplex except Vj. Without loss of
generality, the sign of the vector a; may be chosen such that, for any pointx € L, aka < a; Vi.
Now define the enclosing simplex A, as follows:

Ae:{xlaiTxfaiTVi, 1§i§n+1};

note that the feasible domain L is a subset of the enclosing simplex A,.

Lemma 1 Consider Vi, Va, ..., V,41 as the vertices of the initial simplex A;, and
P1, Py, ..., Pyi1, as those of the enclosing simplex A, given in Definition 3; then
n+1
Pi=) V;—nV. (8)
j=1

Proof Define Py according to (8). Then, for all i # k,

n+1
aiTPk = ZaiTVj —naiTVk.
j=1
According to Definition 3, al.T V; = b;, Vj # i; thus, above equation is simplified to:
aiT P, = aiTVi.
Thus, n of the independent constraints on the enclosing simplex given in Definition 3 are

binding at Py, and thus Py is a vertex of A,. O
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Fig. 2 Illustration of the initial,
enclosing and exterior simplices
for an elliptical feasible domain

Definition 4 Consider Py, P, ..., P,4+1 as the vertices of the enclosing simplex A,, and O
as its body center. The vertices of the exterior simplex Af are defined as follows:

Ei=0+«(P—0) ©))
where x> 1 is called the extending parameter.

The relative positions of the initial, enclosing, and exterior simplices are illustrated in
Fig. 2. It follows from (8) and (9) that >_ V; = > P; = >_ E;; that is, the initial, enclosing,
and exterior simplices all have the same body center, denoted O.

Remark 1 In this paper, the following condition is imposed on the extending parameter «:

2 maxyer|ly — O]

(10)

K = )
T nminj<i<p1 ||V — O]
where O is the body center of the initial simplex, and {Vj, V2, ..., V,41} are the vertices of
the initial simplex. In Sect. 4, it is seen that this condition is necessary to ensure convergence
of the optimization algorithm presented in Sect. 3. In general, the value of maxye{|ly — O|l}
in not known and is difficult to obtain*; however, the following upper bound is known,

max||y — O|| <n max |V;—O].
YyeL 1<i<n+1

Thus, by choosing « as follows, (10) is satisfied:
_ 2maxi<i<pq1 Vi — Ol

K= — . (11)
minj<;j<p+1[|Vi — O

Definition 5 The vertices of the initial simplex A;, together with its body center O, form
the initial evaluation set S%. The union of S% and the vertices of the exterior simplex form
the initial triangulation set Sg.

Algorithm 2 After constructing Sg and S, a Delaunay triangulation A° over Sg is calcu-
lated. If the body center O and a vertex E of the exterior simplex Ag are both located in any
simplex of the triangulation A°; then E' is defined as the intersection of segment O E with
the boundary of L, and E' is added to both S% and Sg, and the triangulation is updated.
After at most n + 1 modifications of this sort, the body center O is not located in the same
simplex of the triangulation as any of the vertices of the exterior simplex. As a result, the
number of points in S% and Sg are at most 2n + 3, and 3n + 4 respectively. The sets S% and
Sg are used to initialize the optimization algorithm presented in the following section.

4 This is a maximization problem for a convex function in a convex compact domain. This problem is studied
in [49].
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Fig. 3 Representation of the
boundary (hashed) and interior
(non-hashed) simplices in the
Delaunay triangulation of a set of
feasible evaluation points
together with the three vertices of
the exterior simplex

3 Description of the optimization algorithm

In this section, we present an algorithm to solve the optimization problem defined in (1).
We assume that calculation of the constraint functions ¢; (x) are computationally inexpensive
compared to the function evaluations f(x), and that the gradient and Hessian of ¢; (x) are
available.

Before presenting the optimization algorithm itself, some preliminary concepts are first
defined.

Definition 6 Consider AX as a Delaunay triangulation of a set of points S%, which includes
the vertices of the exterior simplex A g. Asillustrated in Fig. 3, there are two type of simplices:

(a) boundary simplices, which include at least one of the vertices of the exterior simplex
Ag, and
(b) interior simplices, which do not include any vertices of the exterior simplex Ag.

Definition 7 For any boundary simplex A, € AF which includes only one vertex of the
exterior simplex A, the n — 1 dimensional simplex formed by those vertices of A, of which
are not in common with the exterior simplex is called a face of A,.

Definition 8 For each point x € L, the constraint function g(x) is defined as follows:

gx) = 1I<Ilja<xm{Cj(X)}. 12)

For each point x in a face F € A, the linearized constraint function with respect to the face
F, gf (x), is defined as follows:

L) =D wicj(Vi), (13a)
i=1
gl () = lgaé&nz{CfL(x)}, (13b)

where the weights w; > 0 are defined such that

x:iini with iwi =1.

i=1 i=1
Definition 9 Consider x as a point which is located in the circumsphere of a boundary sim-
plex in AF. Identify A;‘ as that boundary simplex of AF which includes x in its circumesphere
and which maximizes g(zf.‘). The prolongation (see Footnote 1) of zf.‘ from x onto the bound-

ary of feasibility is called a feasible boundary projection of the point x, as illustrated in
Fig. 4.
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Fig. 4 Illustration of a feasible
boundary projection: the solid
circle indicates the feasible
domain, x is the initial point, zf
is the circumcenter of a boundary
simplex A;‘ containing x, the
dashed circle indicates the
corresponding circumsphere, and
xp is the feasible boundary
projection

Algorithm 3 As described in Sect. 2, prepare the problem for optimization by (a) executing
Algorithm 1 to find the initial simplex A;, (b) identifing the exterior simplex Ag as described
in Definition 4, and (c) applying the modifications described in Algorithm 2 to remove the
body center O from the boundary simplices. Then, proceed as follows:

0. Take S% and Sg as the initial evaluation set and the initial triangulation set, respectively.
Evaluate f(x) at all points in S%. Setk = 0.

1. Calculate (or; for k>0, update) an interpolating function p*(x) that passes through all
points in S1k5-

2. Perform (or, for k>0, incrementally update) a Delaunay triangulation A over all points
in Sk.

3. For each simplex Af of the triangulation A* which includes at most one vertex of the
exterior simplex, define Fik as the corresponding face of A* if A;‘ is a boundary simplex,
or take Fl-k = A;‘ itself otherwise. Then:

a. Calculate the circumcenter zf.‘ and the circumradius rl.k of the simplex Fik.
b. Define the local uncertainty function ell.‘ (x) as

ef(x) = (rl-k)2 - (x - Zf)T (x - Zf) ‘ 14

c. Define the local search function s;‘ (x) as follows: if A;'c is an interior simplex, take

kiy) —
sy = %. (15)
otherwise, take .
Slk(x) — w’ (16)
—g; ()

where yq is an estimate (provided by the user) for the value of the global minimum.
d. Minimize the local search function sl{‘ (x) in Fl.k.

4. Ifapoint x at step 3 is found in which s* (x) < yo, then redefine the search sik (x) = p*(x)
in all simplices, and take xy as the minimizer of this search function in L; otherwise, take
Xi as the minimizer of the local minima identified in step 3d.

5. If xi is not inside the circumsphere of any of the boundary simplices, define x;, = xi;
otherwise, define x;, as the feasible boundary projection (see Definition 9) of xy. Perform
a function evaluation at x;, and take SIkE‘L] = S’fE U {x;} and S;H = S]} U {x;}.

6. Repeat from step 1 until minxesk{ﬂx,’( — x|} < bdes-
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Remark 2 Algorithm 3 generalizes the adaptive K algorithm developed in Part I of this work
to convex domains. We could similarly extend the constant K’ algorithm developed in Part I
by modifying (15) and (16) as follows: if A; is an interior simplex, take

sE() = pF o) — K ef(x);

otherwise, take
Fk
st =pf ) +Kg,'

Such a modification might be appropriate if an accurate estimate of the Hessian of f(x) is
available, but an accurate estimate of the lower bound yp of f(x) is not.

Remark 3 At each step of Algorithm 3, a feasible point x; is added to L. If Algorithm 3
is not terminated at finite k, since the feasible domain L is compact, the sequence of x,’c
will have at least one convergent subsequence, by the Bolzano Weierstrass theorem. Since
this subsequence is convergent, it is also Cauchy; therefore, for any §4.,>0, there are two
integers k and m <k such that [|x;, — x || < 8ges. Thus, min, g {[lx;, — x|} < 84ey; thus, the
termination condition will be satisfied at step k. As a result, Algorithm 3 will terminate in a
finite number of iterations.

Definition 10 At each step of Algorithm 3, and for each point x € L, there is a simplex
Af‘ € A¥ whichincludes x. The global uncertainty function e (x) is defined as ¢* (x) = el/? (x).
It is shown in Part I (Lemmas 3 and 4) that ¥ (x) is continuous and Lipchitz with Lipchitz
constant of X, the maximum circumradius of A¥, and that the Hessian of X (x) inside each
simplex, and over each face F' of each simplex, is —2 1.

There are three principle difference between Algorithm 3 above and the corresponding
algorithm proposed in Part I for the linearly-constrained problem:

e In the initialization, instead of calculating the objective function at all of the vertices
of feasible domain (which is not possible if the constraints are nonlinear), the present
algorithm is instead initialized with between n + 2 and 2n 4 3 function evaluations.

e The local search function is modified in the boundary simplices.

e The feasible boundary projections used in the present work are analogous to (but slightly
different from) Algorithm 3 of Part I, which applies one or more feasible constraint
projections.

3.1 Minimizing the search function

As with Algorithm 2 of Part 1 of this work, the most expensive part of Algorithm 3, separate
from the function evaluations themselves, is step 3 of the algorithm. The cost of this step is
proportional to the total number of simplices S in the Delaunay triangulation. As derived in
[38], a worst-case upper bound for the number of simplices in a Delaunay triangulation is
S~ ON %), where N is the number of vertices and » is the dimension of the problem. As
shown in [17,18], for vertices with a uniform random distribution, the number of simplices
is § ~ O(N). This fact limits the present algorithm to be applicable only for relatively
low DOF problems (say, n<10). In practice, the most limiting part of step 3 is the memory
requirement imposed by the computation of the Delaunay triangulations. Thus, the present
algorithm itself is applicable only to those problems for which Delaunay triangulations can
be performed amongst the datapoints.
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In this section, we describe some details and facts that simplifies certain other aspects of
step 3 (besides the Delaunay triangulations). In general, there are two type of simplices in
A* whose definition of the search function is different. .

In the interior simplices A¥, the function s¥ (x) = 2= e(f());y % has to be minimized in A¥.
One important property of ¥ (x) which makes this problem easier is X (x) = max jes e’J‘. (x)
(Lemma 2 in Part I), and as it shown in Lemma 5 of Part I, if s¥(x) is minimized in L
rather than A{F, the position of point x; would not be changed. Another important issue is
the method of initialization for the minimization of sf (x). To accomplish this, we choose
a point ilk which maximizes el].‘ (x) as the initial point for the minimization algorithm. Note
that, if the circumcenter of this simplex is included in this simplex, the circumcenter is the
point that maximizes ellf (x); otherwise, this maximization is a simple quadratic programming
problem. The computational cost of calculating )?lk is similar to that of calculating xf . After the
initializations described above, the subsequent minimizations are performed using Newton’s
method with Hessian modification via modified Cholesky factorization (see [23]) to minimize
slk (x) within L. It will be shown (see Theorem 1) that performing Newton’s method is
actually not necessary to guaranty the convergence of Algorithm 3, and having a point whose
value s¥(x) is less than the initial points is sufficient to guaranty the convergence; however,
performing Newton minimizations at this step can improve the speed of convergence. In
practice, we will perform Newton minimizations only in a few simplices whose initial points
have small values for s*(x).

For the boundary simplices Af , the function slk (x) is defined only over the face Fl.k
of A¥. The minimization in each boundary simplex is initialized at the point ¥ which

k

maximizes the piecewise linear function —gLF’ (x); this maximization may be written as a
linear programming problem with the method described in §1.3, p. 7, in [11]. Similarly, it
can be seen that initialization with these points is enough to guaranty the convergence; thus,
it is not necessary to perform the Newton method after this initialization. In our numerical
implementation, the best of these initial points are considered for the simulation; however,
the implementation of Newton minimizations on these faces could further improve the speed
of convergence.

Remark 4 As in Algorithm 4 of Part I, since Newton’s method doesn’t always converge to a
global minimum, x;, is not necessarily a global minimizer of s*(x). However, the following
properties are guaranteed:

if s*(x) = p*(x), then p*(x) < yo; (17a)
otherwise s¥ (x;) < sj? (;ej?) VA’; e Ak, (17b)
and s* () < 5§ (&%) VF} e Ak, (17¢)

Recall that )2;‘ is the maximizer of e’j‘. (x) in the interior simplex A’j‘. e AF, and )Zj‘ is the

maximizer of — g{ (x) over the face F Jk of the boundary simplex A’; € AK. These properties
are all that are required by Theorem 1 in order to establish convergence.

4 Convergence analysis

In this section, the convergence properties of Algorithm 3 are analyzed. The structure of the
convergence analysis is similar to that in Part L.
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In this section, the following conditions for the function of interest, f(x), the constraints
ci(x), and the interpolating functions p¥(x) are imposed.

Assumption 1 The interpolating functions p¥(x), for all k, are Lipchitz with the same Lip-
chitz constant L .

Assumption 2 The function f(x) is Lipchitz with Lipchitz constant L 7.

Assumption 3 The individual constraint functions ¢;(x) for I < i < m are Lipchitz with
Lipchitz constant L.

Assumption 4 A constant K ¢ exists® in which
K > hmas (Vz(f(x) - pk(x))/Z) , Vx € Landk>0.
Assumption 5 A constant K s exists in which
K p>hmax (V2(f(x))/2), Vx € L.
Assumption 6 A constant K, exists in which
Kg>max (V2(ci(x))/2), Vx € L.

Before analyzing the convergence of Algorithm 3, some preliminary definitions and lem-
mas are needed.

Definition 11 According to the construction of the initial simplex, its body center is an
interior point in L; thus, noting (12), g(0)<0. Thus, the quantity Lo = maxycz|ly —
O|/(—g(0)) is a bounded positive real number.

Lemma 2 Each vertex of the boundary simplices of AX, for all steps of Algorithm 3, is either
a vertex of the exterior simplex or is located on a boundary of L.

Proof We will prove this lemma by induction on k. According to Algorithm 2, O is not in
any boundary simplex of A%, and all other points of Slfg are on the boundary of L; therefore,
the lemma is true for the base case k = 0. Assuming the lemma is true for the case k — 1, we
now show that it follows that the lemma is also true for the case k.

At step k of Algorithm 3, we add a point x;, to the triangulation set S’}. As described step
5 of Algorithm 3, this point arises from one of two possible cases.

In the first case, xi is not located in the circumsphere of any boundary simplex, and a
feasible boundary projection is not performed; as a result, x; = x is an interior point of L.
In this case, the incremental update of the Delaunay triangulation at step k does not change
the boundary simplices of AR (see, e.g., section 2.1 in [12]), and thus the lemma is true in
this case.

In the other case, x is located in the circumsphere of a boundary simplex, and a feasible
boundary projection is performed; thus, x; is on the boundary of L. Consider Ay as one of
the new boundary simplices which is generated at step k. By construction, x is a vertex of
Ay. Define F as the n — 1 dimensional face of A, which does not include x;. Based on the
incremental construction of the Delaunay triangulation, F is a face of another simplex A’
at step k — 1. Since A, is a boundary simplex, F includes a vertex of the exterior simplex;
thus, A’ is a boundary simplex in AK=1 thus, each vertex of F is either a boundary point or
a vertex of the exterior simplex; moreover, x,’{ is a boundary point. As a result, A, satisfies
the lemma. For those boundary simplices which are not new, the lemma is also true, by the
induction hypothesis. Thus, the lemma is also true in this case. O

5 The maximum eigenvalue is denoted Amax(.).

@ Springer



J Glob Optim (2016) 66:383-415 395

Definition 12 For any point x € L, the interior projection of x, donated by x;, is defined
as follows: If x is located inside or on the boundary of an interior simplex, put x; = x;
otherwise, x; is taken as the point of intersection, closest to x, of the line segment Ox with
the boundary of the union of the interior simplices. Thus, x; is located on a face of the
triangulation.

Lemma 3 Consider x as a point in L which is not located in the union of the interior simplices
at step k of Algorithm 3. Define xj as the interior projection of x (see Definition 12). Then,

PP — fx) <Ky + LKgLo) — LyLogh (xp), (18)

where e (x) is the uncertainty function, g{ (x) is the linearized constraint function (see
Definition 8) with respect to a face F which includes x;, and Ly, K¢, Kg, and Lo are
defined in Assumptions 2, 4 and 6 and Definition 11, respectively.

Proof By Definition 12, x; is a point on the line segment Ox; thus,

o — —
x1:x” XI||+0IIX Xl
10 — x|l 10 — x|l

Define {V1, V2, ..., V,} as the vertices of F, and G’;(x) = cﬁL(x) —cj(x) — ngk(x),

where cf 1, 1s the linear function defined in (13a). First we will show that G]]? (x) is strictly

convex in F. Since ciL(x) is a linear function of x in F, and V2 (x) = —2 I (see (14)), it
follows that

V2GE(x) = =V {cj(x)) + 2K, 1. (19)
According to Assumption 6 V2G’Jf (x)>01in F; thus, it is strictly convex; therefore, its maxi-
mum in F is located at one of the vertices of F. Furthermore, by construction, G/j? (Vi) =0;
thus, G¥ (x7) < 0, and

cj(en) = ef [ (xr) — Kge(xp) V1 < j <m,
g(xr) = gf (x1) — Kget (xp), (20)
where g(x) is defined in Definition 8. Since the ¢; (x) are convex, g(x) is also convex; thus,
g0 = g 22Xl gy X =2l @)
10 — x|l 10 — x|

Since x € L, g(x) < 0. Since O is in the interior of L, g(0)<0; from (20) and (21), it thus
follows that

llx —x/l

F _ k A A
85 ) = Keeh () = (00—

-0
I = sl = L Ko = g o)

By Definition 11, this leads to
e =1l = Lo {Kee o) = gf ()] 22)

Now define T'(x) = pF(x) — f(x) — K » fek (x). By Assumption 4 and Definition 10, similar
to G];' (x), T (x) is also strictly convex in F', and T'(V;) = O; thus,

P — Kppek(xr) < fxp). (23)
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Furthermore, L 7 is a Lipchitz constant for f(x); thus,
Sr) — fx) < Lyllx — x|l (24)
Using (22),(23), and (24), (18) is satisfied. ]

Remark 5 If x is a point in an interior simplex, it is easy to show [as in the derivation of
(23)] that (18) is modified to

) — f(x) < Kppef(x). 25)

Lemma 4 Consider F as aface of the union of the interior simplices at step k of Algorithm 3,
x as a point on F, and gle(x) as the linearized constraint function on F as defined in
Definition (8). Then,

— gF () = Levek(x). (26)
Proof By Assumption 3, the c; (x) are Lipchitz with constant L. Thus, by (13a), the ciL 7 ()
are Lipchitz with the same constant. Furthermore, the maximum of a finite set of Lipchitz
functions with constant L. is Lipchitz with the same constant (see Lemma 2.1 in [26]). Define

{V1, Vo, ..., V,} as the vertices of F; then, by Lemma 2, V; is on the boundary of L; thus,
gL(Vi) =0foralll <i <n,and

— gF(x) < Le min {|lx — V;]}. 27)
1<i<n
Now define {wo, wi, ..., w,} as the weights of x in F (that is, x = Z;:O w;V; where

w; > 0 and Z?:O w; = 1), z as the circumcenter of F, and r as the circumradius of F.
Then, for each J,

P2 =V =zl = 1V =P =z 2V =0T (-2,
Multiplying the above equations by w; and taking the sum over all j, noting that
Z?:o w; =1, it follows that
n n
r2=>"willVy —xP +llx —zlP +2 D wi(V; = 0" (x - 2).
Jj=0 j=1
Since Z'}»:O w;(V; —x) = 0, this simplifies to

n
2 2 2
r2=>"wjllV; — xI* + llx — zlI,
j=0

n

2 2 2
E willVi —x|I”=r"—llx =z,
j=0

n

D willvy —x|* =), (28)

j=0

e (x) = min {||lx — V;|I}%. 29)
0<i<n

Since both side of (29) are positive numbers, we can take square root of the both sides;
moreover, L. is a positive number.

Levek(x) > Le min {flx — Vi[l}. (30)
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Using (27) and (30), (26) is satisfied. O

Note that, by (28), the global uncertainty function e* (x) defined in (14) and Definition 10
is simply the weighted average of the squared distance of x from the vertices of the simplex
that contains x.

The other lemma which is essential for analysis the convergence of Algorithm 3, is that
the maximum circumradius of A¥ is bounded.

Lemma 5 Consider A as a Delaunay triangulation of a set of triangulation points S; at

step k. The maximum circumradius of A, r,’ij, is bounded as follows:

L 2
k 1
rmaxsml\/H(Kz(K_USO) , 31

where Ly is the maximum edge length of the enclosing simplex A,, k is the extending para-
meter (Definition 4), and 8¢ is the minimum distance from O (the body center of the exterior
simplex) to the boundary of A,.

Proof Consider A, as a simplex in AF which has the maximum circumradius. Define z as
the circumcenter of Ay, and x as a vertex of A, which is not a vertex of the exterior simplex.
If z is located inside of the exterior simplex Ag, then,

rkax = lz = x| < Lix, (32)

max
which shows lemma in this case. If z is located outside of Ag, then define z, as the point
closest to z in the exterior simplex. That is,
zp = argmin,c 4 Iz — y|
subjecttoa py <bip,V1<i<n+1, (33)
where aiTE v < b; g defines the i’th face of the exterior simplex. Define A,(Z) as the set of
active constraints at Z, in the constraints of (33), and v as a vertex of the exterior simplex in

which all constraints in A,(z)) are active at z,; then, using the optimality condition at Z ,
it follows that

(z—zp)" (zp —v) =0,
2 — e — o 12 o2 34
lz =vll* = llz = zplI” + llv = zplI" (34)
Now consider p as the intersection of the line segment zx with the boundary of the exterior

simplex; then,
lz—xll=llz—pl+llp—xI (35)

Furthermore, by construction,
lz = zpll < llz = plI. (36)

Since p is on the exterior simplex A, and x is inside of the enclosing simplex A, it follows
that
Ip—xll = (& —1Ddo. (37)

Note that x is a vertex of the simplex Ay, and v is a point in S¥. Since the triangulation
A¥ is Delaunay, v is located outside of the interior of the circumsphere of A,. Recall, z is
the circumcenter of A, ; thus,

Ry = lx —zll = llz — vll, (38)
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where R, is the circumcenter of L. Using (34), (35) and (38) it follows that
lz=plI*+lIp—x1*+2lz=plllp—xll <lz —zpl* + v —2p1*. (39
By (36), (37) and (39), it follows that
2k — Déollz — zpll < llz — zp 1%

Note that ||[v — zp|| < «Ly; thus,

2

al (40)

2
— < _ .
lz —zpll <« 3k — Do

Combining (34) and (40), noting that rk <z =, 31) is satisfied. ]

max —

The final lemma which is required to establish the convergence of Algorithm 3, given
below, establishes an important property of the feasible boundary projection.

Lemma 6 Consider A* as a Delaunay triangulation of Algorithm 3 at step k, and x;. as the
feasible boundary projection of xi. If the extending parameter k satisfies (10), then, for any
point'V € Sk,
v I
IV —xil _ 1

. 41
IV —xill = 2 @0

Proof 1f a feasible boundary projection is not performed at step k, x; = xi, and (41) is
satisfied trivially. Otherwise, consider A{F in A as the boundary simplex, with circumcenter
Z and circumradius R, which is used in the feasible boundary projection (see Definition
9). First, we will show that, for a value of « that satisfies (10), Z is not in L. This fact is
shown by contradiction; thus, first assume that Z is in L. Define A as a shared vertex of A;‘
and the exterior simplex, and Vi, Vo, ..., V, 11 as the vertices of the initial simplex A; (see
Definition 2). Since the body center of the exterior simplex O € Sk, and A is Delaunay,

10-Z|=1A-Z],
10 — Z| = min{||A — yI},
yeL

10 =ZII+10 =yl = rynei?{IIA =y} + 110 =yl

(42)
2 max{||O0 —yl} = |0 — Al
yeL

10 —All =nc  min {[|O = V;ll},
1<j<n+1
2 max{||ly — Oll} = nk min {||V; — O}
YEL 1<j<n+l
However, (42) is in contradiction with (10); thus, Z is not in L; therefore, by Definition 9,
x;, is on the line segment Zxy.

Now we will show (41). Consider V), as the orthogonal projection of V onto the line
through xy, x,/( and Z; then, we may write V,, = Bx; and, by construction:

IV = xill> = IV = VplI* + 1V, — xcll?,
IV =3l = 11V = V> + IV — xil1%,
IV =2Z|> =V =Vull> + 1V, — Z|*.
(43)
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Since Z is outside of L, xj isin L, x,’( is on the boundary of L, and they are collinear ; then,
there is a real number 0 < o < 1, such that x,’( = Z + a (xy — X), which leads to

IVp —xill> = IVy = ZI? +2(Z — V) (xk — 2) + 20l — Z||1%,
IVp — x( 12 = IV = ZIP +20(Z — V)T (5 — Z) + 202 i — Z||%.
Therefore, above equations are simplified to.

IV —xl? = IV = ZI> +2(Z — V)T (k= 2) + 2llx — Z11%,

IV =xil? =11V = ZI? +20(Z = V) (i = 2) + 2% = ZI>. (44)
VT (e —
By defining 8 = % and y = llll)if:gl‘l‘ ; the above equation is simplified to:

IV —xil? _ 1+2aBy +a’y?
IV—xl® 1428y +y?

(45)

By construction, xj is inside the circumsphere of A;‘. Moreover, A is a Delaunay triangu-
lation for S¥, and V € S*; thus, V is outside the interior of circumsphere of Af.‘. As aresult,
|Z — xx|l < 1|1Z — V||. Moreover, y is trivially positive; thus, 0 < y < 1. Now we identify
lower and upper bounds for 8:

—1Z = Vplllxx = ZI < (Z = V) ke = 2) <1 Z = Vpllllxe — ZII.

Z-Vyll =lZ-V],
—NZ=Vllx = ZI < (Z = V) k= 2) < 1Z = Vlx — ZI,
~1<p=<l
The right hand side of (45) is a function of «, 8, y. Moreover, it is shown that 0 < o < 1,
—1 < B <1,and0 < y < 1.Inorder to show (41), It is sufficient to prove that the minimum
of this three dimensional function, denoted by I"(«, B, ), in the box that characterized its
variable is %.
The function I is a fractional linear function of 8, thus,

F(a7 /3’ 7/) = min{I"(ot, _17 V), F(O{, 17 V)},

2
I, 1,y) = (llt_ayy) = a +1y)2 > %,
5 (46)
F(a,—l,y>=(1_“y) > (Y s,
-y (1-y)°
1
I'e,B.y) = T
Using (45) and (46), (41) is verified. m}

Finally, using the above lemmas, we can prove the convergence of Algorithm 3 to the
global minimum in the feasible domain L.

Theorem 1 If Algorithm 3 is terminated at step k, and yo < [f(x*), then there are real
bounded numbers Ay, Ay, A3 such that

mg} f(Z) - f(x*) =< Al 5des + A2 AV Sdes + A3 \/4 8des~ (47)
Z€
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Proof Define SX, S?, rk .. and L'ﬁ as the evaluation set, the triangulation set, the maximum
circumradius of A¥, and the maximum edge length of A¥, respectively, where A is a Delau-
nay triangulation of S]}. Define x; as the outcome of Algorithm 3 though step 4, which at
step k satisfies (17), and x;, as the feasible boundary projection of x; on L.

Define y; € S’é as the point which minimizes § = min sk llx — x|, and the parameters

{A, B, C, D, E} as follows:

A=max{Ks+L;K;Lo,LsLo}, (48a)
B =max{K,f +LsKsLo,LsLo}, (48b)
C = max [4Arrl§lax,Lp+4Brrl§lax}, (48¢)

D = 2 max [A Loy 27K, BLcyJ27k o,
x,/LCLgLPArgw], (48d)

E= 20150, Ad2rk,. (48e)

‘We will now show that

min f(2) = f(x*) < C8 + DV§ + EVS, (49)
zeSk

where x* is a global minimizer of f(x™*).

During the iterations of Algorithm 3, there two possible cases for s¥(x). The first case is
when s (x) = pk (x). In this case, via (17a), pk (xx) < yo, and therefore pk () < f(x™).
Since y; € Sg, it follows that p*(y;) = f(y1). Moreover, L p is a Lipchitz constant for
pk (x); therefore,

PrO) = ) < Ly,
fOn) = pAee) <Ly,
fOD = (%) < Ly,
?E‘i;,} f@)— f(&x™) < Lps.

which shows that (49) is true in this case.

The other case is when s¥(x) = ( p/‘ (x)—y0)/ ¥ (x) in the interior simplices, and k) =
(P (x) — y0)/(—gF (x)) on the faces of A¥. For this case, we will show that (49) is true when
x* is not in an interior simplex. When x™* is in an interior simplex, (49) can be shown in an
analogous manner.

Define Fik as a face in A¥ which includes x7, the interior projection (see Definition 9) of
x*, and Af as an interior simplex which includes x}. Define )?lk and )Zlk as the points which

- Fko . . Fk
maximize ellf (x) and —g;' (x) in Aif and Fik, respectively, where ef-‘ (x) and —g;' (x) are the
local uncertainty function in A{f and the linearized constraint function (see Definition 8) in
k
FF.
According to Lemma 3 and (48b),

k
PRa) — f(x) < Bek(xh) — Bg)' (xD),

. (50)
Prap) — f*) < BefGH — Bg,' (35).
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Further, by replacing the linear interpolation p*(x) with the linear function L{.‘ (x), in which
L{f (x) = f(x) at the vertices of F, and using min, g f(z) < Lk (x7) and the fact that the
Hessian of Li.‘(x) is zero, and noting (48a), (50) may be modified to:

mmU@»—fu><Ae( ) —agy (). 1)

If the search function at xy is defined by (15), take ¢ = ¥ (xx); on the other hand, if it is
k

F
defined by (16), take ¢ = —g L"’ (xx) where F' ]k is the face of A¥ which includes xi.
Since 2 rmzlx is a Lipchitz constant for e¥(x) (see Lemma 4 in Part I), by using Lemma 4

above, it follows
e < max [ maxS Ley/2 maxﬁ] ,
er <2r mdx(S + LeyJ2rk .8 (52)

k
If ef‘ *x) — ggi ()?ik) < 2e¢y, then by (51) and (52), (49) is satisfied. Otherwise, dividing
f(x™) — yo > 0 by this expression with the opposite inequality,
2f0) =2y _fG&) o
ex '

r\
=
A

Q
R
A

- (53)
ef(}) — g, (&)
Using (17b), (17¢) and (53)°

PFe) — o _ P*(&5) = yo

= = Py )
. et (%)
P o) —yo _ pt (X,k) -0
p =< —
L (@)
prew) = o _ PR + Pt (] )—2f(X*)
e - ~ F< ~
ST )
According to Assumption 1, L, is a Lipchitz constant for p K(x); notmgmax{”x —x7ll, ||
xil} < Lk and (50), the above equation thus simplifies to

k
ﬁuw;faﬂ§23+ 2L5L,

A ) - )

FOD = pre) < Lps,

. 2L5L
SO —f&x*) <Lpd+eé12B+ 2=p

6 If x <a/b,x <c/d,and b,d>0thenx < (a +c¢)/(b+d).
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Using (52), (51) and f(x*) < min g {f(2)} < f(y1), it follows:

k
2151 ,A ]

min{f(@)} = f(&") = Lpd +& [23 T iy (@) — fG)

2
[min{f(z)} - f(x*)} < 2L’§L,,Aék +{L,8 +2Be} [min{f(z)} - f(x*)} )
zeSk zeSk

Perform the quadratic inequality’ on the above, and the triangular inequality® on the square
root of (52), it follows that:

misrkl{f(z)} — f&*) < J2LEL, Al +[Lps +2Bél,
zZe
Ver <\J2rk N5+ LeJ2rk 6.

By using above equations and (52), (49) is satisfied.
According toLemma 5, 7K _is bounded above; since L'E is also bounded, since the feasible
domain is bounded, it follows that C, D and E are bounded real numbers. Furthermore,

according to Lemma 6,

)
min||x, — y|| > =. 54
min i — vl = 5 (54)
Since [|x;, — |l = 8ges, We have
min{f(2)} — f(x*) < &,
zeSk (55)
where & = 2C8des + Dv/284es + Ev/284es
Thus, (47) is satisfied for A} =2 C, Ay = V2 D, and Az = J2D. O

In the above theorem, it is shown that a point can be obtained whose function value
is arbitrarily close to the global minimum, as long as Algorithm 3 is terminated with a
sufficiently small value for §qes. This result establishes convergence with respect to the
function values for a finite number of steps k. In the next theorem, we present a property of
Algorithm 3 establishing its convergence to a global minimizer in the limit that k — oo.

Theorem 2 If Algorithm 3 is not terminated at step 6, then the sequence {x;} has an w-limit
point ® which is a global minimizer of L.

Proof Define z; as a point in S that has the minimum objective value. By construction,
f(zr) < f(z1), if r>I; thus, f(zx) is monotonically non-increasing. Moreover, according to
Theorem 1,

) = F(x*) < A1 + Ao/Sk + A3/,

where §; = min{||x — x¢||}, (56)
xeSsk

TIf A, B,C>0,and A2 < C+ BA then A < /C + B.
8 If x, y>0, then /x +y < NEE NG

9 The point X is an w-limit point (see [45]) of the sequence xi, if a subsequence of x; converges to x.
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where f(x*) is the global minimum. According to Remark 3, for any arbitrarily small §>0,
there is a k such that min, ¢ g« {[|x — x|} < §; thus,

() — fF(x*) < A18 + Aav/8 + A3 V5. (57)

Thus, for any >0 ; there is a k such that 0 < f(zx) — f(x*) < e. Now consider x; as
an omega-limit point of the sequence {zx}; thus, there is a subsequence {a;} of {zx} that
converges to x1. Since f(x) is continuous,

fl) = lim f(a) = f(x¥), (58)
1—>00
which establishes that the xp is a global minimizer of f(x). ]

Remark 6 Theorems 1 and 2 ensure that Algorithm 3 converges to the global minimum if
yo < f(x*); however, if yo> f(x*), in a manner analogous to Theorem 6 in Part I, it can be
shown that Algorithm 3 converges to a point where the function value is less than or equal
to yo.

5 Results

In this section, we apply Algorithm 3 to some representative examples in two and three
dimensions with different types of convex constraints to analyze its performance. Three

different test functions for f(x), where x = [x1, x2, ..., x,]7, are considered:
Parabolic function:
n
f)=> 7 (59)
i=1
Rastrigin function: Defining A = 2,
n
fx)=An+ Z [)cl2 — Acos(2w xi)] . (60)
i=1
Shifted Rosenbrock function:' Defining p = 10,
n—1
F) =D (@) + p (i1 — x7 —2x)7]. 61)

i=1
In the unconstrained setting, the global minimizer of all three test functions considered is the
origin.
Another essential part of the class of problems considered in (1) is the constraints that are
imposed; this is, in fact, a central concern of the present paper.
Note that all simulations in this section are stopped when minyE skilly — x¢ll} < 0.01.

5.1 2D with circular constraints

We first consider 2D optimization problems in which the feasible domain is a circle. In
problems such as this, in which there is only one constraint (m = 1), gle (x) = 0 for all
faces F at all steps. Thus, no searches are performed on the faces; rather, all searches

10" This is simply the classical Rosenbrock function with its unconstrained global minimizer shifted to the
origin.
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are performed in the interior simplices, with some points x; (that is, any point xj that
lands within the circumsphere of a boundary simplex) projected out to the feasible domain
boundary.

In this subsection, two distinct circular constraints are considered:

(x1 +1.5)% 4+ (x2 + 1.5)> < 5.5, (62a)
(x1 +1.5)> + (x2 + 1.5)> < 3.8. (62b)

The constraint (62a) includes the origin (and, thus, the global minimizer of the test functions
considered), whereas the constraint (62b) does not. For the problems considered in this
subsection, we take k = 1.4 for all simulations performed, which satisfies (10).

It is observed that, for test functions (59) and (60), the global minimizer in the domain
that satisfies (62b) is x* = [—0.1216; —0.1216], and the global minima are f (x*) = 0.0301
and f(x*) = 0.8634, respectively. For the Rosenbrock function (61), the global minimizer
is at x* = [—0.0870; —0.1570], and the global minimum is f(x*) = 0.0085 [it is easy to
check that this point is KKT (see [15]), and that the problem is convex].

Algorithm 3 is implemented for six optimization problems constructed with the above test
functions and constraints. In each problem, the parameter yo in Algorithm 3 is chosen be a
lower bound for f(x*). Two different cases are considered: one with yg = f(x*), and one
with yo< f(x™*).

The first two problems consider the parabolic test function (59), first with the constraint
(62a), then with the constraint (62b). For these problems, in the case with yp = f(x*) (that
is, f(x*) = 0 for constraint (62a), and f(x*) = 0.0301 for constraint (62b)), a total of 8
and 7 function evaluations are performed by the optimization algorithm for the constraints
given by (62a) and (62b), respectively (see Fig. 5a, g). This remarkable convergence rate is,
of course, due to the facts that the global minimum is known and both the function and the
curvature of the boundary are smooth.

For the two problems related to the parabolic test function in the case with yp< f (x*) (we
take yo = —0.1 in both problems), slightly more exploration is performed before termination;
atotal of 15 and 13 function evaluations are performed by the optimization algorithm for the
constraints given by (62a) and (62b), respectively (see Fig. 5d, j). Another observation is that,
for the constraint given by (62b), more function evaluations on the boundary are performed,
this is related to the fact that the function value on the boundary is reduced along a portion
of the boundary.

The next two problems consider the Rastrigin test function (60), first with the constraint
(62a), then with the constraint (62b). With the constraint (62a), this problem has 16 local min-
ima in the interior of the feasible domain, and 10 constrained local minima on the boundary
of L; with the constraint (62b), it has 12 local minima in the interior of the feasible domain,
and 4 constrained local minima on the boundary of L. For these problems, in the case with
yo = f(x*) (that is, f(x*) = 0 for constraint (62a), and f(x*) = 0.8634 for constraint
(62Db)), a total of 41 and 38 function evaluations are performed by the optimization algorithm
for the constraints given by (62a) and (62b), respectively (see Fig. 5b, h). As expected, more
exploration is needed for this test function than for a parabola. Another observation for the
problem constrained by (62b) is that two different regions are characterized by rather dense
function evaluations, one in the vicinity of the global minimizer, and the other in a neigh-
borhood of a local minima (at x; = [—1; 0]) where the cost function value (f(x1) = 1) is
relatively close to the global minimum f(x*) = 0.8634.

For the two problems related to the Rastrigin test function in the case with yp< f(x*)
(we take y9 = —0.2 for the problem constrained by (62a), and yp = 0.5 for the problem
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Fig.5 Location of function evaluations when applying Algorithm 3 to the 2D parabola (59), Rastrigin function
(60), and Rosenbrock function (61), when constrained by a circle (62a) containing the unconstrained global
minimum, and when constrained by a circle (62a) not containing the unconstrained global minimum. The
constrained global minimizer is marked by szar in all figures. a Parabola, in (62a), yg = f(x*). b Rastrigin,
in (62a), yp = f(x™). ¢ Rosenbrock, in (62a), yg = f(x*). d Parabola, in (62a), yo< f (x*). e Rastrigin, in
(62a), yg< f (x™). f Rosenbrock, in (62a), yo < f (x*). g Parabola, in (62b), yg = f(x*). h Rastrigin, in (62b),
yo = f(x*). i Rosenbrock, in (62b), yo = f(x*). j Parabola, in (62b), yo<f(x*). k Rastrigin, in (62b),
yo<f(x*).1Rosenbrock, in (62b), yg< f (x*)

constrained by (62b)), more exploration is, again, performed before termination; a total of 70
and 64 function evaluations are performed by the optimization algorithm for the constraints
given by (62a) and (62b), respectively (see Fig. Se, k). For the problem constrained by
(62b), three different regions are characterized by rather dense function evaluations: in the
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vicinity of [—1; 0], in the vicinity of [0; —1], and in the vicinity of the global minimizer at
[—0.1216; —0.1216].

The last two problems of this subsection consider the Rosenbrock test function (61),
first with the constraint (62a), then with the constraint (62b). This challenging problem is
characterized by a narrow valley, with a relatively flat floor, in the vicinity of the curve
Xy = xlz. For these problems, in the case with yp = f(x*) (thatis, f(x*) = 0 for constraint
(62a), and f(x*) = 0.0085 for constraint (62b)), a total of 29 and 31 function evaluations
are performed by the optimization algorithm for the constraints given by (62a) and (62b),
respectively (see Fig. 5c, i).

For the two problems related to the Rosenbrock test function in the case with yp< f(x*)
(we take yo = —0.5 in both problems), more exploration is performed before termination;
a total of 47 and 54 function evaluations are performed by the optimization algorithm for
the constraints given by (62a) and (62b), respectively (see Fig. 5f, 1). As with the previous
problems considered, exact knowledge of f(x*) significantly improves the convergence rate.
Additionally, such knowledge confines the search to a smaller region around the curve y = x2,
and fewer boundary points are considered for function evaluations.

5.2 2D with elliptical constraints

The next two constraints considered are diagonally-oriented ellipses with aspect ratios 4 and
10:

x+y+3)2+16x —y)? <10, (63a)
(x 4+ y+3)2+ 100 (x — y)? < 10. (63b)

These constraints are somewhat more challenging to deal with than those considered in
Sect. 5.1. As in Sect. 5.1, g%(x) = 0 for all faces F at all steps; thus, no searches are
performed on the faces.

The Rastrigin function has 4 unconstrained local minimizers inside each of these ellipses.
Additionally, there are 6 constrained local minimizers on the boundary (63a); note that there
are no constrained local minimizers on the boundary (63b).

In this subsection, Algorithm 3 is applied to the 2D Rastrigin function (60) for the two dif-
ferent elliptical constraints considered. The unconstrained global minimizer of this function is
atx™ = [0, 0], where the global minimum is f (x*) = 0; this unconstrained global minimizer
is contained within the feasible domain for both (63a) and (63b). We take yo = f(x*) =0
for all simulations reported in this subsection.

For the problems considered in this subsection, we take x = 2 for all simulations per-
formed, which satisfies (10). Note that, though the aspect ratio of the feasible domain is
relatively large (especially in (63b)), the minimum distance of the body center of the initial
simplex from its vertices is relatively large; thus, a relatively small value for extending para-
meter k may be used. As seen in Fig. 6, for the cases constrained by (63a) and (63b), the
simulations are terminated with 24 and 60 function evaluations, respectively. This indicates
that the performance of the algorithm depends strongly on the aspect ratio of the feasible
domain, as predicted by the analysis presented in Sect. 4, as the parameter K, in Assump-
tion 6 increases with the square of the aspect ratio of the elliptical feasible domain [see the
explicit dependence on K, in (48) and (49)]. In the case constrained by (63b), Fig. 6d shows
that the global minimizer lies outside of the smallest face of the initial simplex, and is situated
relatively far this face. In this case, the reduced uncertainty ¥ (x) across this small face (a
result of the fact that its vertices are close together) belies the substantially larger uncertainty
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Fig. 6 Implementation of Algorithm 3 with yg = 0 on the 2D Rastrigin problem (60) within the ellipse (63).
a Initial simplex for (63a). b Exterior simplex for (63a). ¢ Evaluation points for constraint (63a). d Initial
simplex for (63b). e Exterior simplex for (63b). f Evaluation points for constraint (63b)

present in the feasible domain far outside the initial simplex, in the vicinity of the global
minimizer; this, in effect, slows convergence. Note that this situation only occurs when the
curvature of the boundary is large. An alternative approach to address problems with large
aspect ratio is to eliminate the highly-constrained coordinate direction(s) altogether, solve a
lower-dimensional optimization problem, then locally optimize the original problem in the
vicinity of the lower-dimensional optimal point. Note that, through the construction of the
enclosing simplex (see Definition 3), the highly-constrained coordinate directions can easily
be identified and eliminated.

5.3 2D with multiple constraints

In this subsection, Algorithm 3 is implemented for problems characterized by the union of
multiple linear or nonlinear constraints on the feasible domain, which specifically causes
corners (that is, points at which two or more constraints are active) in the feasible domain. In
such problems, the value of glp (x) is nonzero at some faces of the Delaunay triangulations;
Algorithm 3 thus requires searches over the faces of the triangulations. The example consid-
ered in this subsection quantifies the importance of this process of searching over the faces
of the triangulations in such problems.

The test function considered in this subsection is the 2D Rastrigin function (60), and the
feasible domain considered is as follows:

() = (x1 +2)* + (2 +2)* <2 x 1.9%, (64a)
cr(x) = x; < —0.1. (64b)

The Rastrigin function in the feasible domain characterized by (64) has 18 local minima
inside the feasible domain, and 7 constrained local minima on the boundary of the feasible
domain.
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Fig. 7 Implementation of Algorithm 3 with yg = f(x*) on the 2D Rastrigin function (60) with constraints
(64), with and without searching over the faces. a Location of the initial simplex. b Implementation of
Algorithm 3. ¢ Skipping the searches over the faces

Note that the unconstraint global minimizer of (60) is not in the domain defined by the
constraints (64).

The global minimizer of (60) within the feasible domain defined by (64) is x* =
[—0.1; —0.1], and the global minimum is f(x*) = 0.7839.

In order to benchmark the importance of the search over the faces of the triangulations
in Algorithm 3, two different optimizations on the problem described above (both taking
yo = f(x*) and k = 1.4) are performed. In the first, we apply Algorithm 3. In the second,
the same procedure is applied; however, the search over the faces of the triangulation is
skipped.

As shown in Fig. 7b, Algorithm 3 requires only 35 function evaluations before the algo-
rithm terminates, and a point in the vicinity of the global minimizer is found. In contrast,
as shown in Fig. 7c, when the search over the faces of the triangulation is skipped in Algo-
rithm 3, 104 function evaluations are required before the algorithm terminates. In problems
of this sort, in which the constrained global minimizer is at a corner, Algorithm 3 requires
searches over the faces in order to move effectively along the faces into the corner.

Note also in Fig. 7b that, when a point in the corner is the global minimizer, Algorithm 3
converges slowly along the constraint boundary towards the corner. A potential work-around
to this problem might be to switch to a derivative-free local optimization method (e.g. [2,9,
35]) when a point in the vicinity of the solution near a corner is identified.

5.4 3D problems

To benchmark the performance of Algorithm 3 on higher-dimensional problems, it was
applied to the 3D parabolic (59), 3D Rastrigin (60) and 3D Rosenbrock (61) test functions
with a feasible domain that looks approximately like the D-shaped feasible domain illustrated
in Fig. 7 rotated about the horizontal axis:

3
cr(x) = > (x +2)* <3 x 1.95%, (652)
i=1

c2(x) = x1 < —0.05. (65b)

The constrained global minimizer x* for the 3D parabolic and 3D Rastrigin test func-
tions in this case is at the corner [—0.05; —0.05; —0.05], where both constraints are
active. The constrained global minimizer x* for the 3D Rosenbrock test functions is at
[—0.05; —0.0975; —0.1875], where one of the constraints [c;(x)] is active.
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Fig. 8 Algorithm 3 applied to the 3D parabolic (59), Rastrigin (60), and Rosenbrock (61) test functions, with
a feasible domain defined by (65). a Function values for Parabola (59). b Function values for Rastrigin (60). ¢
Function values for Rosenbrock (61). d ¢ (x) at evaluated points for parabola. e c1(x) for Rastrigin. f ¢ (x)
for Rosenbrock. g 7 (x) at evaluated points for parabola. h ¢3 (x) for Rastrigin. i ¢; (x) for Rosenbrock

Algorithm 3 with yg = 0 and k = 1.4 was applied to the problems described above. As
shown in Fig. 8, the parabolic, Rastrigin, and Rosenbrock test cases terminated with 15, 76
and 87 function evaluations, respectively. As mentioned in the last paragraph of Sect. 5.3,
convergence in the first two of these test cases is slowed somewhat from what would be
achieved otherwise due to the fact that the constrained global minimum lies in a corner
of the feasible domain. Note that the Rastrigin case is fairly difficult, as this function is
characterized by approximately 140 local minima inside the feasible domain, and 50 local
minima on the boundary of the feasible domain; nonetheless, Algorithm 3 identifies the
nonlinearly constrained global minimum in only 76 function evaluations.

5.5 Linearly constrained problems

In this section, Algorithm 3 is compared with Algorithm 4 in Part I of this work (the so-called
“Adaptive K algorithm) for a linearly constrained problem with a smooth, simple objective
function, but a large number of corners of the feasible domain.

The test function considered is the 2D parabola (59), and the set of constraints applied is
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Fig. 9 Implementation of Algorithm 3 of the present paper, and Algorithm 4 of Part I, to a parabolic test
function constrained by a decagon. a Algorithm 4 of Part I. b Algorithm 3 of the present paper. ¢ Initial simplex
used in (b)

a; = [cos@mi/m) sin@mi/m)]",
by =2.5 cos(m/m) — [1 1]a, (66)
T

a; x <b;, 1<i=<m.

The feasible domain characterized by (66) is a uniform m-sided polygon with m vertices. The
feasible domain contains the unconstrained global minimum at [0, 0], and yg = f(x*) =0
is used for both simulations reported.

The initialization of Algorithm 4 in Part I requires m initial function evaluations, at the
vertices of the feasible domain; the case with m = 10 (taking r = 5, as discussed in §4 of
Part 1) is illustrated in Fig. 9a, and is seen to stop after 15 function evaluations (that is, 5
iterations after initialization at all corners of the feasible domain).

In contrast, as illustrated Fig. 9¢c, Algorithm 3 of the present paper (taking x = 1.4),
applied to the same problem, stops after only 10 function evaluations (that is, 6 iterations
after initialization at the vertices of the initial simplex and its body center). Note that one
feasible boundary projection is performed in this simulation, as the global minimizer is not
inside the initial simplex.

These simulations show that, for linearly-constrained problems with smooth objective
functions, it is not necessary to calculate the objective function at all vertices of the feasible
domain. As the dimension of the problem and/or the number of constraints increases, the cost
of such an initialization might become large. Using the algorithm developed in the present
paper, it is enough to initialize with between n + 2 and 2n + 3 function evaluations.

5.6 Role of the extending parameter «

The importance of the extending parameter « is now examined by applying Algorithm 3 to
the Rastrigin function (60) within a linearly-constrained domain:

x <0.1, (67a)
—1.1 <y, (67b)
y—x <05 (67¢)

The Rastrigin function (60) has 3 local minimizers inside this triangle, and there are not any
constrained local minimizers on the boundary of this triangle.

The feasible domain includes the unconstrained global minimizer in this case; thus, the
constrained global minimizer is [0, 0]. Two different values of the extending parameter are
considered, x = 1.1 and k = 100. It is observed (see Fig. 10) that, for « = 1.1, the algorithm
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Fig. 10 Implementation of Algorithm 3 with yg = 0 on 2D Rastrigin problem (60) in a triangle characterized
by (67) with k = 1.1 and k = 100. a Evaluation points for k = 1.1. b The maximum circumradius for
«x = 1.1. ¢ Evaluation points for « = 100. d The maximum circumradius for « = 100

converges to the vicinity of the solution in only 12 function evaluations; for x = 100, 16
function evaluations are required, and the feasible domain is explored more.

The main reason for this phenomenon is related to the value of the maximum circumradius
(see Fig. 10b, d). In the ¥ = 100 case, Algorithm 3 performs a few unnecessary function
evaluations, close to existing evaluation points, at those iterations during which the maximum
circumradius of the triangulation is large. The k = 1.1 case better regulates the maximum
circumradius of the triangulation, thus inhibiting such redundant function evaluations from
occurring.

5.7 Comparison with other derivative-free methods

In this section, we briefly compare our new algorithm with two modern benchmark methods
among derivative free optimization algorithms. The first method considered is MADS (mesh
adaptive direction search; see [3]), as implemented in the NOMAD software package [32].
This method (NOMAD with 2n neighbors) is a local derivative-free optimization algorithm
which can handle constraints on the feasible domain. The second method considered is SMF
(surrogate management framework; see [8]). This algorithm is implemented in [37] for airfoil
design.!! This method is a hybrid method that combines a generalized pattern search with a
krigining based optimization algorithm.

The test problem considered here for the purpose of this comparison is the minimization
of the 2D Rastrigin function (60), with A = 3, inside a feasible domain L characterized by
the following constraints:

) =x<2, o) =x-22+(+2)7?*<8. (68)

11 Though this code is not available online, we have obtained a copy of it by personal communication from
Prof. Marsden.
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Fig. 11 Implementation of a Algorithm 3, b SMF, and ¢, d MADS on minimization of the 2D Rastrigin
function (60) inside the feasible domain characterized by (68). The feasible domain is indicated by the black
semicircle, the function evaluations performed are indicated as white squares, and the feasible global minimizer
is indicated by an asterisk

In this test, for Algorithm 3, the value of yo = f(x*) = 0 was used, and the termination
condition, similar to the previous sections, is taken by min, c g« [[x — x¢|| < 0.01. Results are
shown in Fig. 11.

Algorithm 3 performed 19 function evaluations (see Fig. 11a), which includes some initial
exploration of the feasible domain, and more dense function evaluations in the vicinity the
global minimizer. Note that, since Algorithm 3 uses interpolation during its minimization
process, once it discovers a point in the neighborhood of the global solution, convergence to
the global minimum is achieved rapidly.

The SMF algorithm similarly performs both global exploration and local refinement.
However, the number of function evaluations required for the same test problem increases to
66 (see Fig. 11b). The reasons for this appear to be essentially twofold. First, the numerical
performance of the polyharmonic spline interpolation together with our synthetic uncertainty
function appear to behave favorably as compared with Kriging, as also observed in Part I
of this work. Second, the search step of the SMF [37] was not designed for nonlinearly
constrained problems. In other words, the polling step is the only step of SMF that deals with
the complexity of the constraints.

Unlike Algorithm 3, MADS is not designed for global optimization; thus, there is no
guaranty of convergence to the global minimum. In this test, two different initial points were
considered to illustrate the behavior of MADS. Starting from xo = [1.9; —] (see Fig. 11c),
MADS converged to a local minimizer after 19 function evaluations; however, this local
minimum is not the global solution. Starting from xo = [1; —1] (see Fig. 11d), MADS
converged to the global minimizer at [0, 0] after 59 function evaluations.
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In the above tests, we have counted those function evaluations that are performed within
L, as the constraint functions ¢; (x) are assumed to be computationally inexpensive. Note
that Algorithm 3 does not include any function evaluations outside of L.

Although this particular test shows a significant advantage for Algorithm 3 compared to
the SMF and MADS tests, more study is required to analyze properly the performance of this
algorithm. An important fact about this algorithm is that it’s performance is dependent on the
interpolation strategy used; this dependence will be studied in future work. A key advantage
of Algorithm 3 is that it lets the user choose the interpolation strategy to be implemented;
the best choice might well be problem dependent.

6 Conclusions

In this paper, the derivative-free global optimization algorithms developed in Part I of this
study were extended to the optimization of nonconvex functions within a feasible domain L
bounded by a set of convex constraints. The paper focused on extending Algorithm 4 of Part
I (the so-called Adaptive K algorithm) to convex domains; we noted in Remark 2 that the
extension of Algorithm 2 of Part I (the so-called Constant K algorithm) may be extended in
an analogous fashion.

We developed three algorithms:

e Algorithm 1 showed how to initialize the optimization by identifying n + 1 points in L
which maximize the volume of the initial simplex generated by these points. An enclosing
simplex was also identified which includes L.

e The initial simplex identified by Algorithm 1, together with its body center, were aug-
mented by Algorithm 2 with up to n + 1 additional points to better separate the interior
simplices from the boundary simplices in the Delaunay triangulations to be used.

e Algorithm 3 then presented the optimization algorithm itself, which modified the Algo-
rithms of Part I in order to extend the convex hull of the evaluation points to cover the
entire feasible domain as the iterations proceed. An important property of this algo-
rithm is that it ensures that the triangulation remains well behaved (that is, the maximum
circumradius remains bounded) as new datapoints are added.

In the algorithm developed, there are two adjustable parameters. The first parameter is
yo; this is an estimate of the global minimum, and has a similar effect on the optimization
algorithm as seen in Algorithm 4 of Part I. The second parameter is « > 1, which quantifies
the size of the exterior simplex. It is shown in our analysis (Sect. 4) that, for 1<k <oo, the
maximum circumradius is bounded. In practice, it is most efficient to choose this parameter
as small as possible while respecting the technical condition (10) required in order to assure
convergence.

The performance of the algorithm developed is shown in our results (Sect. 5) to be good
if the aspect ratio of L of the feasible domain is not too large. Specifically, the curvature
of each constraint c;(x) is seen to be as significant to the overall rate of convergence as
the smoothness of the objective function f(x) itself. It was suggested in Sect. 5 that, in
feasible domains with large aspect ratios, those directions in parameter space that are highly
constrained can be identified and eliminated from the global optimization problem; after the
global optimization is complete, local refinement can be performed to optimize in these less
important directions.

Another challenging aspect of the algorithm developed is its reduced rate of convergence
when the global minimizer is near a corner of the feasible domain. This issue can be addressed
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by switching to a local optimization method when it is detected that the global minimizer is
near such a corner (that is, when multiple values of ¢; (x) are near zero).

In future work, we extend the algorithms developed to problems in which function evalu-
ations are inexact, and can be improved with additional computational effort. Moreover, this
algorithm will be applied on a wide range of test problems. In particular, the performance of
the present algorithm depends on the particular interpolation strategy used (unlike various
other response surface methods, this method is not limited to a specific type of interpolation
strategy).
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