J Glob Optim (2016) 66:457-485 @ CrossMark
DOI 10.1007/510898-016-0405-9

A block coordinate variable metric forward-backward
algorithm

Emilie Chouzenoux! - Jean-Christophe Pesquet! -
Audrey Repetti?

Received: 8 October 2014 / Accepted: 18 January 2016 / Published online: 10 February 2016
© Springer Science+Business Media New York 2016

Abstract A number of recent works have emphasized the prominent role played by the
Kurdyka-Lojasiewicz inequality for proving the convergence of iterative algorithms solving
possibly nonsmooth/nonconvex optimization problems. In this work, we consider the mini-
mization of an objective function satisfying this property, which is a sum of two terms: (i) a
differentiable, but not necessarily convex, function and (ii) a function that is not necessarily
convex, nor necessarily differentiable. The latter function is expressed as a separable sum of
functions of blocks of variables. Such an optimization problem can be addressed with the
Forward-Backward algorithm which can be accelerated thanks to the use of variable metrics
derived from the Majorize-Minimize principle. We propose to combine the latter acceleration
technique with an alternating minimization strategy which relies upon a flexible update rule.
We give conditions under which the sequence generated by the resulting Block Coordinate
Variable Metric Forward—Backward algorithm converges to a critical point of the objective
function. An application example to a nonconvex phase retrieval problem encountered in
signal/image processing shows the efficiency of the proposed optimization method.
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1 Introduction

In this work, we are interested in the following optimization problem:
Find z € Argmin (G := F + R), (1)
where G : RN — (—o0, +00] is a coercive function (i.e. lim |z |- 400 G(x) = +00), F is

a differentiable function, R is a proper lower semicontinuous function which is additively
block separable, and Argmin G # & denotes the set of minimizers of G. More precisely,

let (J;)1<j<y be apartition of {1, ..., N} into J > 2 subsets, and forevery j € {1, ..., J},
let N; # O be the cardinality of J;. Any vector € RY with elements (x™)<,<y is
block-decomposed into (m(j))l<j<l e RM x ... x RN/, where, for every j € {1,...,J},
al) = (xm) e, € RN . With this notation, we assume that
J
J .
(Vz e RY) R(@):= D Rj"), (2)
j=1
where forevery j € {1,..., J}, Rj: RNi — (—o0, +00].

A standard approach for solving (1) in this context consists of using a Block Coordinate
Descent (BCD) algorithm, where, at each iteration £ € N, G is minimized with respect to
the jy block coordinates with j, € {1, ..., J}, while the others remain fixed, leading to the
following iterations:

Let g € RV,

For¢=0,1,...
Let jo e {1,...,J},

i . 7 3)
wx‘f)l € Argmin (sz (y, :czm) + R, (y)) ,
N.
_ yek
09 = o0
In the above algorithm, for every j € {1,...,J}, J denotes the complementary set
of joon {l,...,J}, ie. 7 = {I,...,J)\{j}, and for every € RV, 2@ .=
(D, ..., 2U=D 2UD 2)). Moreover, for a given z/) € xi€7RN", function
Fi(-,27): RNi — R is the partial function defined as
Yy € RN-f) Fi(y, m(j)) = F(:L'(l), ozl Y, U0 :cu)). 4)

The BCD method (3) is described in various reference books [9,35,43,62] assuming a cyclic
rule, i.e.

MleN) jo—1=+¢ mod (J). (5)

In this case, since Algorithm (3) can be viewed as a generalization of the Gauss-Seidel
strategy for solving linear systems [29], it is sometimes also referred to as a nonlinear
Gauss-Seidel method ([9, Chap.2], [43, Chap.7]). Up to the best of our knowledge, one of
the most general convergence results for the BCD algorithm (3) has been established in [58]
under the assumptions that (i) G is quasi-convex and hemivariate regular in each block, (ii)
(Je)een follows an essentially cyclic rule (i.e. blocks can be updated in an arbitrary manner
as far as each of them is updated at least once within a given number of iterations) and (iii)
either G is pseudoconvex in every pair of blocks or has at most one minimizer with respect to
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each block. As pointed out in [58], the last assumption is sharp in the sense that the algorithm
may not converge if we only assume that G is convex w.r.t. each block (see an illustration in
[45]). The proximal version of the BCD algorithm, introduced in [5], allows this limitation
to be overcome. It is defined as follows:

Let 2o € RY,
For¢=0,1,...
Let jo € {1,...,J}, ‘
290 ¢ proxA-’f @o/ve (wuo) ©
fj_i T, )Fff('*“”iji))*Rj@ ¢ ’
Je Je
Tyl =Ty

where for every £ € N, y; € (0, +00) and A, (x¢) € RNie*Nie js a symmetric positive
definite matrix. Hereabove, proxg denotes the so-called proximity operator of a proper lower
semicontinuous function v : R — R relative to the metric induced by a symmetric positive
definite matrix U € RM™*M (see Sect. 2.1). Note that Algorithm (6) has been extended in
[8] for Bregman projection operators, in the case when J = 2, F is a Bregman distance and
R1, Ry are convex functions. Note also that, when F' = 0 and, forevery j € {1,..., J}, R;
is the indicator function of a convex set, Algorithm (6) allows us to recover the celebrated
POCS (Projection Onto Convex Sets) algorithm [14].

The convergence of the sequence (x¢)ycy generated by Algorithm (6) to a solution to
(1) has been established in [5] for a convex Lipschitz differentiable function F' and proper
lower semicontinous convex functions (R;)1< <7, in the case when (j¢)¢en follows a cyclic
rule, and (A j, (x¢))¢en are identity matrices. Recently, the convergence of the proximal BCD
iterates to a critical point of G in the case of nonconvex functions F and (R;)i<j<y, has
been proved in [3] when (A j,(x¢))¢en are identity matrices, and then generalized in [4] for
general symmetric positive definite matrices (A j, (x¢))¢en, again assuming a cyclic rule.
The convergence studies in [3,4] mainly rely on the assumption that the objective function
G satisfies the Kurdyka-Eojasiewicz (KL) inequality [34]. The interesting point is that this
inequality holds for a wide class of functions such as real analytic functions, semi-algebraic
functions and many others [10,11,33,34]. Since the proximal step in (6) is not explicit in
general, an inexact version of the proximal BCD method is also considered in [4], with similar
convergence guarantees.

Another strategy to circumvent the difficulty of solving the block subproblems in (6) is to
replace, at each iteration, the proximal step by a Forward—Backward step, thus leading to the
so-called Block Coordinate Variable Metric Forward—Backward (BC-VMFB) algorithm:

Let g € RV,
For¢ =0,1,...
LethzE{l,.A.,J}, @
i o (@) /ve j -1
:Céj_ﬁ)l S prOXRj:/f o (332}[) —Ye (Aj/z (:Cg)) ijF(CC()) y
To _ G
+1 =T s
where for every x € RY and j € {1,...,J}, ViF(x) € RYi is the partial gradient of

F with respect to ) computed at 2. Algorithm (7) was firstly introduced in [16] for the
minimization of the Burg entropy function under linear constraints, and then extended to
the more general case of a smooth function F [36,37]. Recently, the convergence of this
algorithm has been studied in the case of an arbitrary nonsmooth function R under the
assumptions that G satisfies the KL inequality and F is Lipschitz differentiable [13,27,60].
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The convergence of the sequence ()< generated by (7) to a critical point of (1) has been
proved in [60] in the case when F and R are respectively convex and convex w.r.t. each
block variable, and generalized in [13] when neither F' nor R is necessarily convex. Note that
the aforementioned works considered actually a simplified version of Algorithm (7) where
(A, (x¢))een are identity matrices and the sequence (j¢)¢en follows a cyclic rule. The BC-
VMEB algorithm is then referred to as the Proximal Alternating Linearized Minimization
(PALM) algorithm [13]. A variant of PALM algorithm with similar convergence guarantees
has been recently proposed in [30], alternating between Forward—Backward and proximal
steps. Another related work is [61], where the convergence properties of PALM in the case
of an essentially cyclic rule are studied.

An exact (resp. inexact) version of Algorithm (7) with general symmetric positive definite
matrices (A j, (z¢))¢en is studied in [51] (resp. [57]), in the context of a random rule, i.e., for
every £ € N, jy is a realization of a uniform random variable. Assuming that F and R; are
convex, the authors establish the convergence of the sequence (G (z¢)) < in the sense that, for
all§ > Oande > 0, there exists £9 € Nsuch that the probability of having G (z¢,) —G(T) < €
is greater than 1 — § (see also [20] for almost sure convergence results). Finally, let us
emphasize that, as already noticed in [47], for carefully chosen matrices (A j, (x¢))¢en, the
BC-VMEFB algorithm can be viewed as a particular form of the block alternating majorize—
minimize (MM) approach proposed in [25,53,56] in the context of image reconstruction.
Therefore, some convergence properties of Algorithm (7) can be deduced from those derived
in [32] in the case when R; are indicator functions of closed convex subsets of RYNi, and
in [47] for arbitrary nonsmooth convex functions R;. However, it should be noticed that
the convergence of (x¢)scy to a solution to (1) is only proved in [32,47] under specific
assumptions, in particular the uniqueness of solutions to each block subproblem and to the
initial problem (1) is required.

In this paper, we consider an inexact version of (7) where the preconditioning matrices
(Aj,(x¢))een are chosen according to MM arguments. The convergence of the proposed
algorithm is established for blocks following an essentially cyclic rule, under weak assump-
tions on the involved functions (G is mainly assumed to satisfy the KL inequality similarly
to [4]). Note that this convergence study generalizes our previous work [18] (see also [42] for
arelated approach, and [22] for the case when the functions are convex) which was restricted
to an inexact Variable Metric Forward—Backward algorithm without block alternation (i.e.
J =1and N; = N).

In a recent work [27], other authors have independently and concurrently established the
convergence of the iterates generated by a version of Algorithm (7) for a class of nonconvex
problems that encompasses the one we consider here. The main difference with respect to our
work is that their approach is restricted to the use of a cyclic updating rule for the sequence
(je)een- By contrast, our analysis allows more flexibility in the choice of the blocks, since
the essentially cyclic rule assumption we adopt makes it possible to update some of the target
variables more frequently than others. Such a strategy appears to be of major interest in terms
of numerical performance in some applications (see, for instance, [48]). Due to this fact, our
convergence study significantly differs from the one conducted in [27]. The application to
phase reconstruction provided in Sect. 4, which deals with an important problem in signal
processing, is also completely novel. Table 1 hereafter summarizes the differences/similarities
between our work and existing works, by precising whether convergence results are available
for the sequence of iterates, or only for the sequence of objective function values.

The rest of the paper is organized as follows: Sect. 2 introduces the assumptions made
in the paper and presents the proposed inexact BC-VMFB strategy. Section 3 investigates
the convergence properties. In particular, the convergence rate of the proposed algorithm
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Table 1 List of existing convergence results for the BC-VMFB algorithm. Last line summarizes the paper’s
contribution

Variable metric Block update rule Convergence
[13] Scalar Cyclic Iterates
[61] Scalar Essentially cyclic Iterates
[27] Matrix Cyclic Iterates
[57] Matrix random Objective function
Here Matrix Essentially cyclic Iterates

is studied. Finally, Sect. 4 provides some numerical results and a discussion of the algo-
rithm performance by means of experiments concerning a large-size image reconstruction
problem.

2 Proposed optimization method
2.1 Analysis background

Let us first recall some definitions and the notation that will be used throughout the paper.
We define the weighted norm:

vz eRY) |z|y = (z, Uz)"/?, (8)

where (-, -) is the standard scalar product of RV and U € RV*V is some symmetric positive
definite matrix. Moreover, for every U; € RY*N and U, € RV*N | we define the Loewner
partial order on RN*N ag

U <U, & (zeRY) (z,Uz) < (z,Uz).

Definition 2.1 Let ¢ be a function from RY to (—o0, +00]. The domain of Y isdom ¢ =
{x € RN : y(x) < +o0o}. Function ' is proper iff dom v is nonempty. The level set of
atheight § € Risleves ¢ := {x € RN : yr(x) < §}.

Definition 2.2 [52, Def. 8.3],[39, Sec.1.3] Let ¢ : RN — (—o0, 400] be a proper function
and let @ € dom . The Fréchet sub-differential of i at x is the following set:

Y (x) = {teRY : liminf
y=z |z —y

YF#T

If z ¢ dom , then 0y (z) = .
The sub-differential of Y at « is defined as

(W) — Y@ — [y —2.1) =0

0y (@) = {t e BV : 3y — @, Yo — Y@, & € v — tf.
Remark 2.1

(i) A necessary condition for 2 € R" to be a minimizer of 1 is that z is a critical point of
¥, i.e. 0 € 0y (x). Moreover, if ¥ is convex, this condition is also sufficient.

(ii) Definition 2.2 implies that 9 is closed [4], that is:
Let (y, tk)ken be a sequence of Graph vy := {(z.t) e RN xRN : t € dyr(2)}. If
(yk, tr) converges to (x, t) and ¥ (yi) converges to ¥ (x), then (x, t) € Graph 9.
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The proximity operator ([31, Sec. XV.4], [21] and [4]) is defined as follows:

Definition 2.3 Let /: RN — (—o00, +00] be a proper, lower semicontinuous function, let
U e RV*N be a symmetric positive definite matrix, and let € RY . The proximity operator
of ¥ at « relative to the metric induced by U is defined as

. 1
proxy/(z) = Argmin ¥(y) + - lly — =g ©)
yERN

Remark 2.2

(i) Inthe above definition, since ||- || %J is coercice and v is proper and lower semicontinuous,
if ¥ is bounded from below by an affine function, then proxle is a nonempty set.

(ii) If U is equal to Iy, the identity matrix of R¥*V then prox,, = proxfb"’ is the proximity
operator employed in [4]. In addition, if i is a convex function, then the minimizer of
v+ %H . —w||%J is unique and prox,, = proxf/f’ is the proximity operator originally
defined in [40].

2.2 Assumptions

In the remainder of this paper, we will focus on functions F' and R satisfying the following
assumptions:

Assumption 2.1

(i) Forevery j € {l,...,J}, R;: RN — (=00, +00] is proper, lower semicontinuous,
bounded from below by an affine function and its restriction to its domain is continuous.

(i) F: RN — Ris differentiable. Moreover, F has an L-Lipschitzian gradient on dom R
where L > 0, i.e.,

(Y(z,y) € (dom R)?) [[VF(z) — VF(y)| < Lllz —y].

(iii) G is coercive.

Some comments on these assumptions which will be useful in the rest of the paper are
made below.

Remark 2.3

(i) Assumption 2.1(ii) is weaker than the assumption of Lipschitz differentiability of F
usually adopted to prove the convergence of the FB algorithm [4,23]. In particular, if
dom R is compact and F is twice continuously differentiable, Assumption 2.1(ii) holds.

(ii) According to Assumption 2.1(ii), dom R C dom F = R¥. Thus, as a consequence of
Assumption 2.1(i), dom G = dom R is nonempty.

(iii)) Under Assumption 2.1, G is proper and lower semicontinuous, and its restriction to its
domain is continuous. In particular, due to the coercivity of G, for every € dom R,
lev<G(z) G is a compact set. Moreover, the set of minimizers of G is nonempty and
compact.

(iv) If, for every j € {1,..., J}, R; is proper, lower semicontinuous and convex, then R;
is bounded from below by an affine function.
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Assumption 2.2 Function G satisfies the Kurdyka-Lojasiewicz (KL) inequality i.e., for
every £ € R, and, for every bounded subset E of RN, there exist three constants x € 0, +00),
¢ € (0,400) and 6 € [0, 1) such that

(Vt€dG@) t] = «|G(=z) — &, (10)
for every & € E such that |G (z) — &| < ¢ (with the convention 0° = 0).

Remark 2.4 Note that a more general local version of Assumption 2.2 can be found in the
literature [11,12]. Nonetheless, as emphasized in [2], Assumption 2.2 is satisfied for a very
wide class of functions, such as, in particular, real analytic and semi-algebraic functions.

Some matrices serving to define some appropriate variable metric will play a central role
in the algorithm proposed in this work. More specifically, let j, € {1, ..., J} be the index
of the block selected at iteration £ € N of Algorithm (7), let 2y € dom R be the associated
iterate and let A j,(z¢) € RNie>Nie be a symmetric positive definite matrix that fulfills the
following so-called majorization condition:

Assumption 2.3

(i) The quadratic function defined as
(Vy e RYi) Qj(y | @o) i= Flae) + (y — 2, v, F(@o)

1 . .
+5 (v A @0y - 2f)).

is a majorant function of Fj, (-, mzu)) at mzm ondom Rj,, i.e.,

(Yy e domR;)) Fj,(y, ") < 0, (y | z0).
(ii) There exists (v, D) € (0, +00)2 such that
(VEeN) vy, = Aj(x¢) =Vly, .
Remark 2.5

(i) Note that it is not necessary to build a quadratic majorant of F; (-, ) on dom R j» for
every j € {1,..., J} and for every 0 e xiejdom R;.

(ii) Suppose that, for every =’ € dom R, a quadratic majorant function of F on dom R is
given by

Yz €RY) Q(z|a'):=F()+(z— 2 VF@))+ % (x—a', B@@)(x — ),
(11)

where B(z') € RY*N is a symmetric positive definite matrix. Then, Assump-
tion 2.3(i) is satisfied for A, (z,) = (B(xg) ))(n wel? » Where, for every (n, n') e
n)ET;,

{1,...,N}3, B(mg)(”’"/) denotes the (n, n’) element of matrix B(xz¢). Moreover, if
there exists (v, 7) € (0, +00)? such that, for every ' € dom R, vIy < B(z') < vy,
then Assumption 2.3(ii) is also satisfied.

(iii) If dom R is convex, the existence of the majorant function (11) is ensured when F
satisfies Assumption 2.1(ii) (see [18, Lem. 3.1]).

Moreover, in order to ensure that each block is updated an infinite number of times, we
make the following assumption, which is equivalent to the essentially cyclic rule from [58]:
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Assumption 2.4 Let (j;)sen be the sequence of updated block indices. There exists a con-
stant K > J such that, forevery £ € N, {1, ..., J} C {je, ..., je+x—1}

Note that the blocks do not need to be updated in any specific order.
Finally, we suppose that, for every ¢ € N, the stepsize y, involved in Algorithm (7)
satisfies the following assumption:

Assumption 2.5 There exists (y,7) € (0, +00)? such that, for every £ € N, one of the
following statements holds:

O y<w=1-v,

(i) Rj, is a convex function and y < yp < 2(1 — 7).

Remark 2.6 Assumption 2.5 can be interpreted as the fact that, for every j € {1,..., J},
larger stepsizes can be used when R; is convex. More precisely, if R; is nonconvex, the
stepsize is restricted to (0, 1), whereas it can belong to (0, 2) if R; is convex.

2.3 Inexact BC-VMFB algorithm

In general, the proximity operator relative to an arbitrary metric does not have a closed form
expression. To circumvent this difficulty, we propose to solve Problem (1) by introducing the
following inexact version of Algorithm (7):

Leta € (1/2,400), B € (0, 400), and xg € dom R,
For¢=0,1,...
Let jo € {1,...,J},

Find :cf/ﬁ e RVt and ré’ﬁ € R}, (a:f/ﬁ) such that

SN2
Ryl + (o) — ol v, F@o) +a |l i

0+1 Ayt

<R, (m(/f) (12a)

”ngF(acz) +ri0l <p H o —ad? Ao’ (12b)
Lo =" (12¢)

Remark 2.7 As already mentioned, under our working assumptions, Algorithm (12) can be
viewed as an inexact version of Algorithm (7). To see this, let us consider sequences () ¢eN
and (j¢)¢en generated by Algorithm (7). Let £ € N.

(1) Suppose that Assumption 2.5(i) holds. Due to the definition of the proximity operator,

we have,
. . 2 .
(o) (je) (/ ) (o) (o) ()
Rj, (1) +<mzi1 ‘ V/zF(W)>+ H z il — g HA, ) = Rj, ().
Je

so that the sufficient-decrease condition (12a) holds with @ = (1 — 7)™ /2 (as y[l
1-»~'>1.
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(i1) Suppose now that Assumption 2.5(ii) holds. Due to the variational characterization of

the proximity operator and the convexity of Rj,, there exists réﬂf)l € dRj, (:cfzﬁ)l) such
that
i = ~ViF@o +y A @0 —aily
I L R e e
which yields
, 12
Riy @) + (ol — oV F@o)+ v |2} — 2 < Ry @),

]Z ()

so that the sufficient-decrease condition (12a) holds with the same value of « as in case (i)
(since y[l >Q2-29)"">1/2).

Secondly, according to the variational characterization of the proximity operator, there

exists rg _ﬁ)l € 9Rj, (mé‘ff_)l) such that

ril) = =ViF@) +y; ' Ao (2 o).
Using Assumptions 2.3(ii) and 2.5, we obtain

v+ viF@o| = v [ai@o (o - ()| =y 7' VF [ ol

’ Aj (o)

which is the inexact optimality condition (12b) with 8 = y. —1LJ/v.

3 Convergence analysis

3.1 Descent properties

In this section, we provide some technical results concerning the behavior of the sequence
(G (), generated by Algorithm (12), which will be useful in proving the convergence

of the proposed algorithm.

Lemma 3.1 Let (x¢)en be a sequence generated by Algorithm (12). Under Assumptions 2.1
and 2.3, there exists i € (0, 400) such that, for every £ € N,

m ) ) w
G@ern) = Gao) - & o) =2 | = G@o - Thae —ae®. (3)

Proof Let £ € N. We have
G(zet1) = F(ze+1) + R(zeq1).

On the one hand, according to Assumption 2.3(i),

SN2
Foen = Fao + {2 — 200, v Fao) + 5 [ol) -

(14)

je (@e)
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On the other hand, using (12c),

R(zes1) = Ry, (2f0) + > Rj(2)))

J€Te

(]l) (J)
Rj, $z+1 Z R
J€Te

= R(zo) + (Rj, (z)) — Rj ().

Then, using (12a), we obtain

. )
R@ein) = Rzo) — (2} = 2, Fp) - o |2 - 2 . as)
Aj, (@)
Therefore, combining (14) and (15) yields
Glaesn) < Glay) — (a - 3) R (16)
2 Aj, (@)

Finally, (13) is deduced from Assumption 2.3(ii) and the fact that @ € (1/2, +00), by setting
n =vQ2a — 1), and using (12c). ]

Let the sequence (x,)¢en be defined as

(VL eN) Xy = @etk+1 — Tesk)oep<k—1 € RNE, (17)

where (x¢)¢cn is a sequence generated by Algorithm (12) and K is the integer constant from
Assumption 2.4. Then,

K—1

2 2
Ixel® = D lzerass — zesell,
k=0

and the following property holds.

Lemma 3.2 Let (x¢)¢cn be a sequence generated by Algorithm (12). Under Assumptions 2.1,
2.3 and 2.4, for every £ € N,

"
G@erk) = Glao) = el
where |1 € (0, 400) is the same constant as in Lemma 3.1.

Proof Let £ € N. According to Lemma 3.1, we have

n
G(xork) < G(xppx—1) — *||$Z+K — x|

< G(@erk-2) — = (Ierk—1 — Terx—2l* + lzesx — Terr—11>
2
=
2
=G -3 D ek — zesl.
k=0
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3.2 Convergence theorem

We first state the following two lemmas which will be useful to handle the essentially cyclic
rule:

Lemma 3.3 Let (x¢)en be a sequence of iterates generated by Algorithm (12). Let £g € N
and let Ty, be a subset of {1, ..., J} containing jy,. Then, under Assumptions 2.1 and 2.3,
we have

2
> [viF@a + @] = 20 + B9z — el
JE€Tx,

2 > HVJ-F(:% +T/)H (18)
JeTig\ig)

) )

where rzj{?_i is defined by Algorithm (12) and, for every j € Joy\{jeo ), T%EH € 0R; (IKO_H

andry) € dR;(x).

Proof Let £y € N. According to Jensen’s inequality,

. 2
> ViF@a + ] =2 3 19 F @ - Vi@ 1P
J€Tk, JE€T,

. 2
+2 > |ViF@e) + | (19)
jgjéo

7
On the one hand, since > |V F(z¢y+1) — V; F (@) *> = IVF(@gy1) — VF ()|,
j=1
Assumption 2.1(ii) leads to

DNV F(egn) = ViF(@e)l? < L g1 — 2 (20)
JE€Ty,

On the other hand, since ji, € Jg,

i) ||?
> |vir@w +r, ” = | Vi Fae) + 708,

JE€T,

. 2
+ > |vireo+rd |
jedig\ieg)

Moreover, using (12b) and Assumption 2.3(ii), and since, for every j € J¢,\{Jj¢, ) ! Zo +1 =
()

z;,
2 2= 2
> Vi@ +rd | < 0an 2o+ X [ViF@n |
/EJKO jgj(()\{//(o}
(21)
Finally, (18) results from (19), (20) and (21). O
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Lemma 3.4 Let (x¢)¢cn be a sequence of iterates generated by Algorithm (12). Let (£, %) IS
N2 be such that £y < £y and let JZO,% C{1,..., J} be such that, for every £ € {€o, ..., £y},
Je € Jgo,%. Then, under Assumptions 2.1 and 2.3, we have

HV F@g) +’"z’+1 H

-/GJZO 2/
4
< (L4 F20) 3 2wy — il 42050 S [ 9F@y) 40
i=to J€T g ep\lto)

)
¢ £6+1)

and, for every j € Jy,. A \Jeo ) 'r(j) € 0R; (m(]))

U
where r ,i is defined by Algorithm (12), for every j € Jy,. 5/\{]4;/} Tz +1 € ORj(x

Proof Let (£, £;) € N? be such that £y < £(,. Under the considered assumptions, by applying
successively Lemma 3.3 for £, £, — 1, ..., £o, we have

Hv Flay ) +r
Jejzo A

£’+1 H

= (L4 2eg i —wg P42 Y [ViF@g) +r
]6\7[0’[/ \{j[’ }

= (L4 ) 2eg i —wg P42 Y |ViF@g) +ry
Jejz A

< (L2 + B%) llag g — g I° + 22||w — 2y 41?)

2
#2 3 [wrego+ril]
je‘jl(),%\{j%—l}

2 2= 2 2 2 2
< (L2 + B) Qllzg o1 — zg I” +2 ||sc%—w%_1|| + 2@y — 2y o)

2
#2 3 [wrega+ril]
jejgoy%\{j%_z}

A
- U —
< (L2 + B%) D 29 oy — g
=ty

$obtl-t S Hv F(ag) + )
/'EJ(O,%\U(O

O
Some notation will be needed in the remainder. Let j € {1,...,J}, let £ € N, and let

K > 0 be defined by Assumption 2.4. We denote by
kg,j=min{ke{0,...,K—1}:jg+k=j}, (22)
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the first time the j-th block is updated after the £-th iteration of Algorithm (12). Moreover,
we define the permutation o¢: {1,...,J} — {1,..., J} ensuring that (k¢ ¢,())1<i<s 1S
increasing.

Our main result concerning the asymptotic behavior of Algorithm (12) is given below:

Theorem 3.1 Let (x¢)¢en be defined by (12). Under Assumptions 2.1-2.4, the following
hold.

(i) The sequence (x¢)gen converges to a critical point T of G.
(ii) This sequence has a finite length in the sense that
+00
D lwegr — zell < +oo.
=0
(iii) (G(m[)) e IS a nonincreasing sequence converging to G ().
Proof According to Lemma 3.1, we have

(VEeN) Gxer1) = Gzy),

thus, (G(x¢))een is a nonincreasing sequence. In addition, since xp € dom R, by
Remark 2.3(iii), the sequence (wg) teN belongs to the compact subset £ = lev<g(z,) G C
dom R and G is lower bounded. Thus, (G (x¢)),,_,, converges to areal &, and (G (z¢) —§)
is a nonnegative sequence converging to 0.

Moreover, by invoking Lemma 3.2, we have

£eN £eN

(V€ e N) %II)(eII2 = (G(wp) —§) — (G(wesk) —86), (23)
where K > 0 is defined in As]sumption 2.4. Let us apply to the convex function
¥ [0, +00) — [0, +00): u — uT-?, with 6 € [0, 1), the gradient inequality

(Y, v) €0, 400)") () =¥ (V) < Y —v),
which, after a change of variables, can be rewritten as

(Y(u,v) € [0, 400)>) u—v<(1—0""ul @0 -0,

Using the latter inequality with u = G(x¢) — & and v = G(x¢4+x) — & leads to

(Ve eN) (G —&) — (Gar) —&) < (1 —0) (G — &)’ A,

where
VeeN) A= (G@o)—§) " = (G@emr) —£)' .
Thus, combining the above inequality with (23) yields
_ _ 0
(VeeN) [lx* <2u~'(1—0)7"(Gxy) — &) A (24)

Let us define
VeeN)  to=(ViF@)+r) eRM x .. xRV,
1<j<J
where forevery j € {1,..., J}, rf/ ) c 3R ; (wz‘j )). Using the differentiation rule for separable

functions, we have ry = (r/gj ) € dR(x¢). Thus, for every £ € N,

)lsjsl
ty € G (xy). (25)
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Since E is bounded and Assumption 2.2 holds, there exist constants k > 0, ¢ > 0 and
0 € [0, 1) such that (10) holds for every & € E for which the inequality |G (z) — &| < ¢ is
satisfied. Since (G(mg)) ey converges to &, there exists £* € N, such that, for every £ > £*,
|G (x¢) — €| < ¢. Hence, we have

(Ve= 9 «kIGxe) —€1° < Iitell. (26)
Let K be defined by Assumption 2.4. For every ¢ € N,

J
1> =2 IViF@en) + iy
j=1

, 2
ltesx I = | (VJ'F(””HK) +TEQK)151‘51 I

For every k € {€ + keoy1ys---- L+ K — 1}, let 7%} € R (x%)) be defined as in
Algorithm (12). Thus, Lemma 3.4 with £y = € + k¢ 0,1y, £y = £+ K — 1 and N

{1,..., J}leads to

rK—1
2 2, a2— e+K—k 2
lterxll” < (L°+ B°v) E 2K Mgy — el
k=E+ke. 0y (1)

J
. 2
K—ke 6,00 z . )
+2 % v] F(m[+k5,a((1)) + T‘[+k[,g((l)
j=1
Jj#og(J)

J
Using again Lemma 3.4on > |[|V; F(@ etk 0,0) +T
j=1 '
Jj#oyp(J)

Ly =€+ ke g,y — 1 and Ttg.ty = {1, ... JN\{oe(J)}, we obtain

()

2 with fn —
e gy I With Lo = €4k o (1-1),

+K—1
Itk < L2+ 870 D 2K K oy — |
k=t-+ky 0y ()
Ctkp gy —1
+ (L* 4 D) Z PARE [ETE ||2
k=+k oy (s-1)
J

K—ke,o,-1) 2 ) () 2
+2 o || V./ F(m€+k€.05(171)) + re+k({<g[(‘]71) || :
J=1
J#Fog(i).ielJ—1,7}

Proceeding similarly fori € {1, ..., J — 2}, we get

1+K—1
2 2 2— 0+K—k 2
lterx ™ < (L7 + B7V) E 2K g — |
k:l+k5,(fl(l)

J—1 ko n =1

LD D 2K ey — x|

i=1 k:€+kl,dg(j)

2

€2))
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where we have used the fact that {1, ..., J}\{o¢(1), ..., 0¢(J)} = @, thus

J
> |ViF@o+r | =0.

Jj=1
jHop()ie(l, )

Since k¢ o, (1) = O and, forevery k € {¢, ..., £+ K — 1}, 27K=% < 2K it follows from (17)
and (27) that

+K—1
— 2 .
Iterx I <252+ B0 D o —ai|” =252 + B*D)lIx,> (28)
k=t

Combining (24), (26) and (28) yields
(V€ > max{€*, K} x> <207 (1 —0) ' 2K2(L2 + B29)1 2| x ok I A
By using the fact that
1
(Y(u, v) € [0, +00)?) (uv)'/* < S +v),

and by setting u = ||x,_g |l and v = 2~ (1 — 8) "1k~ 12K/2(L? + B)!/2 A,, we obtain

1 _ 1 _
(V€ = max{€%, K] lxell < SIXe-gll + 1 YA —o) 2822 + g20)1 2 A,

(29)
Furthermore, it can be noticed that
+o00 +oo e -
D A=Y (G —&) " — (G@ek)—£)
=0* {=e*
4K —1 o
= > (G@o-§) ",
=t*

which shows that (Ag)¢en is a summable sequence. As (|| x 1) e>max{e*, k) satisfies inequal-
ity (29), (1 x¢ID¢en is also a summable sequence. According to (17),

(VEeN) llzerr —xell = lIxell

and (||z¢+1 — x¢||)¢en is a summable sequence.
Hence, the sequence (x¢)¢cn satisfies the finite length property. In addition, since this
latter condition implies that (x/)¢en is a Cauchy sequence, it converges towards a point z.
It remains us to show that the limit Z is a critical point of G. According to (25), we have,
for every £ € N,

(x¢, ty) € Graph 0G.

In addition, since the sequence (|| x¢|)
ing to (28), we have

/e 18 summable, it converges to 0. Moreover, accord-

Itell < 25/2(L* + B*D) 2 x o—k I,

hence (z¢, t¢) e converges to (z, 0). Furthermore, according to Remark 2.3(iii), the restric-
tion of G to its domain is continuous. Thus, as, for every £ € N, &y, € dom G, the sequence
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(G(x¢))pen converges to G(z). Finally, according to the closedness property of 3G (see
Remark 2.1), (z, 0) € Graph 9G i.e., Z is a critical point of G. O

Remark 3.1 In the case when the blocks are updated according to a cyclic rule and the
proximity operator is computed exactly, one can obtain similar convergence results without
assuming the continuity of functions (R;)1<;<ys, by using similar arguments to those in the
proof of [13, Lem. 5 ()].

As a consequence of the previous theorem, the proposed algorithm can be shown to locally
converge to a global minimizer of G:

Corollary 3.1 Suppose that (x¢)ecn is a sequence generated by Algorithm (12), and suppose
that Assumptions 2.1-2.4 hold. There exists v € (0, 400) such that, if

G(xzo) < inf G(x)+ v,

xRN

then (x¢)eeN converges to a solution to Problem (1).

Proof Same proof as in [18, Cor. 3.2]. O

3.3 Convergence rate

According to Theorem 3.1, the limit Z of a sequence (x¢)¢en generated by Algorithm (12) is
a critical point of G, under Assumptions 2.1-2.4. Thus, proceeding similarly to the derivation
of (26), there exists ¢ € (0, +00) such that for every « € RY with G(z) < G@) + ¢, (10)
is satisfied for some k € (0, 400) and 6 € [0, 1). The number @ is then called a £ojasiewicz
exponent of G at z. Similarly to other algorithms based on Kurdyka-t.ojasiewicz inequality
[2,3], the local convergence rate of the BC-VMFB algorithm depends on this exponent.

The following lemma, which can be deduced from [2, Thm. 2], is instrumental to establish
the convergence rate:

Lemma 3.5 Let (A,)men be a nonnegative sequence of reals decreasing to 0. Assume that
there exist m*™ € N\ {0} and C € (0, +00) such that, for every m > m*,

A < (At = A) + CAny = An) T, (30)
where 0 € (0, 1).
Ifo € (%, 1), then there exists A € (0, +00) such that
Vm>1) Ay <Am 7T,
Ifo e (O, %], then there exist A € (0, +00) and t € [0, 1) such that
(Vm e N) A, <™

Theorem 3.2 Let (x;)een be a sequence generated by Algorithm (12) and suppose that
Assumptions 2.1-2.4 hold. Let 0 be a Lojasiewicz exponent of G at the limit point T of
(x¢)een. The following properties hold:

() Ifo e (%, 1), then there exists (\', X"") € (0, +00)? such that

1-0

Z 51
VE>K) fz -2 < ”(E -1) (31)

__1-6_
700-1)

Ve >2K) Gz — G@) < A”(% - 2) . (32)
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(i) If6 € (0, %], then there exist \', ) € (0, 4+00)2 and ©’ € [0, 1) such that
(VLeN) -2 <N, (33)
Gl — G@) < ¥'(x)7. (34)
(iii) If 6 = 0, then the sequence (x¢)¢eN converges in a finite number of steps.

Proof We use the same notation as in the proof of Theorem 3.1. Let K be given by Assump-
tion 2.4. For every £ € N, there existm € Nandk € {0, ..., K — 1} suchthat{ = mK + k.
Then, according to the triangle inequality,

lze — 2l < lzmk — 2l + 2 — Tmkll- (35)

Moreover, using again the triangle inequality, we have

+00
lemk — 21 = | D (@prnk — Tpk)
p=m
400 K—1
= Z Z (wpK+k’+1 - mpK+k’)
p=m k'=0
4oo [[K—1
< D12 @k — mpxin) | - (36)
p=m | k'=0
and according to Jensen’s inequality and (17),
K—1 5
vp=m) | D (@pkirst — Tpran) | < Klxpx 37
k'=0

+00
For every m’ € N, let A,y = Y. ||X x|l which is finite by Theorem 3.1. Hence, the last
p=m’
two inequalities yield
lzmk — 2] < VK Ap. (38)

Involving again Jensen’s inequality, we have

2
k—1
lzmk — el = | D (Tmk k41 — Tmk +x)
k'=0
k—1 5
<k D Nemk w1 — Tmgu|” < (K= Dl 1% (39)
k'=0
Altogether, (35), (38), and (39) lead to
(Ve eN) |xe— 2 < VKA + VK = Xl < 2VK Ay, (40)

Using (29), we have, for every m > max{¢*/K, 1},

1 _ o _
g = 51X -+ 1 YA -0~ 2822 4 29) 2 Ak,
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~\\ -6 i\ 16 .
where Ay = (G(@mk) — G@)  — (G(@ms+nk) — G@)) . Thus, since (G(z¢) —
G(?E)) /e 18 @ nonnegative sequence converging to 0, we obtain
A < (Aot — A) + 20711 = 0) 7128212 1 829) 2 (G (@) — G@)' 7.

Let us now assume that 0 % 0. According to (26) and (28), we have

12
€ (Gank) - 6@ = (2K +5) " Ikl

so that

1—

6
(G@no) = G@)" " =k=7 5@+ ) T xeonkl T @D

Thus, by defining

1

C=2u"'(1—0) k7 (ZK(L2+ﬂ25))ﬁ, 42)
we get, for every m > max{¢*/K, 1},
1-6
Ap = (Apm—1 = An) + CliX =g 17
and (30) is satisfied.
Thus, according to Lemma 3.5 and (40), if 6 e (% 1), there exists A € (0, +00) such
that

_ 1 — %57
V> K) |l — ]| < 2VKam™ 71 < 2\/E(? - 1) W

where m is the lower integer part of £/K . Inequality (31) is thus obtained by setting ' =
2v/K).. Similarly, if 6 € (0, 51, then there exist A € (0, +-00) and T € [0, 1) such that

(V¢ > K) lze — 2 < 2v/Krt" < 2V Kart/K0

Hence, if T # 0, (33) is satisfied by setting A’ = 2/KA/7 and " = t!/K | while (33) also
holds trivially when t = 0.
In addition, since (G (x¢) — G(E)) teN is a decreasing sequence, for every ¢ € N,

G(z¢) — G@) < G(zmk) — G(@),

where m still denotes the lower integer part of £/K . Using (41), if m > max{¢*/K, 1}, then

L

G(ao) — G@ =k (252 + ) 7 lxgu-nill"”

1/6
m—1°

1
=k (K24 )7 4
So,if 6 € (%, 1), using again Lemma 3.5, there exists A € (0, +00) such that, when m > 2,
-~ 1-6
Gx) - G@) <k~ V° (2K(L2 n ﬂ%)) ¥ 5\ (m — 1)" 7@

=k (2K 4 ﬂ%)ﬁ A(é - z)’ﬁ
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Hence, one can find A" € (0, +00) such that (32) holds for every £ > 2K.If 6 € (0, %],
there exist A € (0, 400) and t € [0, 1) such that

L
20

0/K=2

1
=k (2K (L2 4 p7) T e

Therefore, one can find 1" € (0, +00) such that (34) holds for every £ € N.
Let us now prove Property (iii) by assuming that & = 0. Set £L = {¢ € N : x¢ # x}, and
let £ > max{€*, K} be in £. According to Lemmas 3.1 and 3.2,

s z
Gl@eyn) < Gl@e) = Tllwess - zol? < Gme—g) — Euanz.

Using (28), we obtain
~ M W
G@o) = G@) = Jlwers —2el? < Glek) = G@ = S ltel?,
where 1’ € (0, +00). Combined with (26), and since 6 = 0, this yields

M - ! -
Gae) = G@) = Jllwers — w0 I> < G(ze—k) — G@) — %KZIG(W) -G@|°,

that is,

/

G(xe) — G@) — %HWH — 2|2 < G(a_g) — G@) — %xz.

Since , lim G(xz¢) = G(z), the above inequality implies that £ is finite, and (iii) follows. O
—+0o0

Remark 3.2

(i) Note that, when G is strongly convex, the Lojasiewicz exponent 6 of G is equal to
1/2. In this case, Z is a global minimizer of G and sequences (||z¢ — Z||);eyn and
(G(z¢) — G(T)) ey converge linearly.

(i) Note that, if 8 € (0, 1/2], then, for m large enough, (30) yields

Am = (1 + C)(Amfl - Am)7

so that the constant 7’ in (33)—(34) can be chosen equal to ((1 + C)/(2 + C)) /K where
C is given by (42).

4 Application
4.1 Optimization problem

In this section, we consider a phase retrieval inverse problem which consists of estimating
the phase of a complex-valued signal from measurements of its modulus and additional a
priori information.
— (7
Let z = (Z )ISSSS
signal v € RM through the model

€ [0, +00)% be a degraded signal related to an original unknown

z = |Hv| + w,
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where H € C5*M js an observation matrix with complex elements, | - | denotes the com-
ponentwise modulus operator, and w € [0, +oo)S is a realization of an additive noise. The
objective is then to find an estimate ¥ € RM of the target image @ from the observed data z
and the observation operator H.

Such a problem is of paramount importance in numerous areas of applied physics and
engineering [7,15,24,54,59]. Note that unlike many existing works [6,15,26,28], it is not
assumed that H is a Fourier transform matrix.

Set v = Wz where W € RY*N N > M, is a given frame synthesis operator (e.g. a
possibly redundant wavelet synthesis operator) [38]. Then, following a synthesis approach,
the frame coefficient vector Z can be estimated by solving Problem (1) where F is the so-
called data fidelity term of the form:

S
Yz e RY) F(@) =) ¢®(HW=z]). 43)

s=1

Hereabove, for every s € {1,...,S}, (p(”: [0, 400) — R, and [HWz]® is the s-th
component of HW z € C5. Moreover, in (1), a penalty function R is employed serving to
incorporate a priori information on the frame coefficients.

We propose to choose, for every s € {1, ..., S}, ¢®) = (pl(S) + (pés), where

1
(Vo € [0, +00)) ¢\” (@) := 5(& + (")), (44)
o (@) = =2 (o + 622, 45)

with 8§ > 0 and z®, the s-th component of z. Thus, the data fidelity term (43) is split as
F = Fi + F, where

S
Vo € RN) Fi(z) == Y o\ (LHWz]®))),
S§1 ‘ (46)
F(z) = Zl o (IHW z]@)).

() (s)

For every s € {1, ..., S}, the first and second order derivatives of ¢;"" and ¢, ~ with respect
to w are, respectively, 1
(Yo €[0,+00)) ¢} (@) = o, @7)
¢£.v)(w) =7 (wz + 82)_1/2, (48)
and
(Yo €[0,+0) ¢} (@) =1, (49)
8 (@) = 262 @? + 812, (50)

Thus, <p§s) is concave on [0, +00), while ¢(*) is nonconvex. Moreover, ¢'*) is Lipschitz
differentiable, and Assumption 2.1(ii) is satisfied. Note that, in the limit case when § = 0,
the usual nonconvex nonsmooth least squares data fidelity term [26] is recovered (i.e. F =
%H |[HW - | — z||?), which shows that the proposed function can be viewed as a smoothed
version of it.

' We consider right derivatives at w = 0.
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In addition, following [17,46], the following penalization term is employed on the wavelet
coefficients:

N
Vo = (x")icpen €RY) R(@) =D p"(x™), (51)

n=1

where, forevery n € {1, ..., N},

Uplw —wp[™ ifn, <o <7,

Vo eR) p™(w) = [ (52)
+00

otherwise,

and, for every n € {l,...,N}, 9, € (0,+0), m, € N\{0}, n, € [—o0, +00),
M, € [n,,+00], and @, € R. Assumption 2.1 is thus satisfied. Moreover, since for every
nefl,...,N}, p™isa semi-algebraic function, F is also a semi-algebraic function, and
Assumption 2.2 holds.

In the following, in order to simplify the notation, we introduce the linear operator T :=
HW = (T('Y’n))1<s<s,1<n<N € (CSXN.

4.2 Construction of the preconditioning matrices

The numerical efficiency of the proposed method relies on the use of quadratic majorants
providing good approximations of Fj, (-, 9353'7“)) at iteration £ € N, and whose curvature
matrices (A j, (x¢))¢en are simple to compute.

Similarly to (4), let us define, for every ¢ € N, functions Fy j, (-, mzf) and P> j, (-, mzz)
associated with F; and F3, respectively. It has already been noticed that, for every s €

{1,..., S}, (pé‘v) is concave. Hence, forevery £ € N, F2 j, (-, mél) is majorized by

(Vy € RY) 025,y | @) i= Fa(ae) +(y — o,V Faao). (53)

Thus, there remains to find a family of symmetric positive definite matrices (A j, (z¢))¢en
such that, for every £ € N,

Yy eRY) Q1 (y| @) i= Fiwo) + [y — o, V), Fi(@)

1 . .

5 (y—af Ay @0 —a). b
is a majorant function of Fy j, (-, mZ"‘). The following proposition allows us to propose a
symmetric positive definite matrix B € R¥*" for building majorizing approximations of
F1 at x for every £ € N. Hereafter, Re{-} (resp. Im{-}) designates the real (resp. imaginary)
part of its argument.

Proposition 4.1 Let u € RN. A quadratic majorant of Fy at w is
1
vz eRY) Qi(x|w) = Fi(u)+ (& — u, VFi(u)) + 5 (@ —u, Blx —w)), (55

where B := Diag (SZTIS) + ely, where 1g is the unit vector on RS, ¢ > 0, and
2 = (.Q(”’)) e RS*N is given by

1<s<S§,1<n<N
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Vse{l,...,SHh(Van e{l,...,N})

N N
UM = Re(T )| D" [Re(T) 4 [Im{T ") " [Im(T ™). (56)

n'=1 n'=1
Proof Letu € RY. For every s € {1, ..., S}, we have, for every « € RV,
, 1
o (ITVal) = ¢} (ITVul) + (@ — w. RAT) T ) + STV (@ —w) P,

where T denotes row s of matrix T and (-)* is the matrix trans-conjugate operation. Then,
summing over s € {1, ..., S}, we obtain

1
Yz € RY) Fi(z) = Fi(u) + (x — u, VF(u)) + ST (@ — w)l||?, (57)

where ||| - ||| is the Hermitian norm of C5.

Let (V5" ) 1<s<s1<n<n € [0, 400)5*N and (Vi) 1<s<s 1<p<n € [0, +00)5*N be

such that, forevery s € {1,..., S}, > s V}é’") <LY o VI(S’”) < 1 where
R A

SY = {n e{l,....N}: Vg™ 7&0} {n e{l,..., N} : Re{T®") ;éo},

SP = lnett Ny v o) = lne (1 Ny ImT ey 2 0]

Jensen’s inequality yields, for every s € {1, ..., S},

2 2

N

Z T(s,n)(x(n) _ u("))

n=1

N
= (Z Re{T¢M}(x™ — u<">))

n=1

2

N
+ (Z Im{7 M} (x ™ — u<">))

n=1
2
oo (RATS™} ) )
= z Vi G x" —u')
nES%) R
2
o [ Tm{T ™}
(s,1) (n) _ . (n)
+ Z VI ( V(s,n) (x w™)
nest) z
(Re{T(S'n)})z () (n)\2
= Z T(x —u)
(s) VR’
€Sy
(Im{T(S'")})2 (n) ) 58
+ Z (s,n) (X —u ) : ( )
nes® VI
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Let us now choose

~V(s,n)e{l,..., S} x{1,...,N})

0, if Re{T®™} =0,
V'](é’n) — |Re{T(s.n)}| h .
W, otherwise,
i (s,n)) —
o _ |© i if Im{T6m) = 0,
z Im{72)| otherwise.

> m{T 6Ny

It follows from (58) that, for every s € {1, ..., S},
2

N
Z T(S’")(x(n) _ u("))
n=1

n'=1

N
< Z(|Re{T“"“}| > |Re{T<“*"/>}|) (™ —u™)?
n=1
N

N

N
+ Z(um{T(s,n)}' Z |Im{T(S'"/)}|) (x(n) _ u(n))z_

n=1 n'=1

It can be deduced that
1T @ — wl|? = (= - u, Diag (27 15) (@ - w), (59)
where £2 is defined by (56). Altogether, (57) and (59) lead to the desired majorization. 0O

Combining the above lemma with Remark 2.5(ii) leads to the construction, for every
£ € N, of a quadratic majorant of F_j, (-, :cé“) at xy of the form (54) with

(Ve €N) Aj, (z¢) := Diag (9}15) +ely, . (60)

where £, € R5*Nic is the matrix obtained by extracting the columns with indices in J je
from the matrix £2 given by (56). Note that Assumption 2.3(ii) is satisfied for matrices (60)
with
v =¢ -+ min Zle Q6m
nelj, ;

(61)

If each column of T is nonzero, then one can choose ¢ = 0 in (61). Otherwise, we must
choose € > 0.

4.3 Implementation of the proximity operator of R

Let £ € N, let ; be the ¢-th iterate in Algorithm (12) and let j, € {1,...,J} be the

block selected at iteration £. Since Rj, is an additive separable function, and A j, (x,) reads

N,
M a ”)), we have

Dlag(ajz eea

N: Aj, (@) ve
(Yo = 6"nes,, € RY) proxp M () = (proxw,,<n> /a;?(y("))) G

nelj,
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-1
For every n € Jj,, let gg') = YUy (a;:’)) > (. According to (52), we have then

T O T . 2
(Vv eR) PIOX,, pim (v) = argmin [gjf | = @ul™ + 2 (@ =) }

anwfﬁn
= min (77,,, max [Qn’ proxg.;;,)l'ianl,,n (U)] ]

= min (ﬁn, max [nn, wy + Prox _m, x, (v — En)” . (63)
- Je

Hence, provided that the proximity operator ProX o, iz, has an explicit form, the exact
Je

version (7) of Algorithm (12) can be used.

4.4 Simulation results

We now demonstrate the practical performance of our algorithm on an image reconstruction
problem. In our experiments, W' is an overcomplete Haar synthesis operator performed on a
single resolution level. Thus, N = 4M, and, for every @ = (X(n))lsnsN e RV, (x(n))lsnsM
correspond to the approximation frame coefficients, whereas (x )y pM+1<n<(p+1Hm With p €
{1, 2, 3} correspond to the horizontal, vertical and diagonal detail coefficients, respectively.
We take, for every n € {1, ..., M}, (7w, ¥p) = (2, 9?) and, foreveryn € {(M + 1, ..., N},
(7T, ) = (1, 9%), with (92, 9%) € (0, +00)2. Note that, for these choices of (,)1<n<n
and (V) 1<n<n, the proximity operator (63) has an explicit form [19]. The original image
v, with size M = 256 x 256, is shown in Fig. l1a. Although the Haar coefficient vector =
is not uniquely defined, an example is displayed in Fig. 1b. The observation matrix is here
H = Hp + iH7 where [H;g, H}—]—r € R25*M models 28 = 92160 distinct projections
from 256 parallel acquisition lines and 360 angles. The magnitude measurement vector | Hv|
is then corrupted with an additive real-valued white zero-mean Gaussian noise with variance
equals to 0.1 which is truncated so as to guarantee the nonnegativity of the observed data.
For every n € {1,..., N}, (ﬂn’ 1,, ®,) are minimal, maximal and mean values, imposed
on the sought frame coefficients. In order to set to zero the coefficients located in a subset
E C {l1,..., N} corresponding to the object background, we choose, for every n € E,
n =1, =0, as illustrated in Fig. 1c, and for coefficient indices n € {1, ..., N}\E, we do

“n
not introduce specific range assumption by setting n,=—00 and 77,, = +o00. Moreover, we

(b) (c)

Fig. 1 Original image v (a), example of frame coefficient & with approximation coefficients in top-left (b),
and index set I in black (¢)
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Fig. 2 An example of index set J ! (black), for P = 4096 (left) and P = 64 (right), the frame coefficients
being structured as depicted in Fig. 1b

take w, = 0.8, forevery n € {1, ..., M}\E, w, = 0 otherwise. Parameters 12, 99 and § are
adjusted so as to maximize the signal-to-noise ratio (SNR) between the original image v and
the reconstructed one v, expressed as

. ol
SNR :=20logjg { —— ) -
|lv—"
We adopt the essentially cyclic rule described in Assumption 2.4 to update the (K = J)
blocks. Let £ € N be an iterate of the BC-VMFB algorithm, and (m, j') € N x {1, ..., J}
be such that £ = mJ + j’ — 1. Then the block index j, is defined as j, = 0,,(j’), where oy,

is a random permutation from {1, ..., J}to {1,..., J}, and
3
vj'efl,.... 0 Iy =JMp+ (' —DP+1,...,Mp+j'P}, (64)
p=0

with (J, P) € (N\ {0}))? such that M = J P. Thus, at each iteration £ € N, the updated j,
block is of constant size N;, = 4P. Figure 2 illustrates two examples of a resulting block
index set J;» for two different values of P.

Figure 3 (left) shows the reconstructed image with Algorithm (7), using the majorant
curvature (60) where ¢ = 0, P = 64 and y, = 1.9. We also present in Fig. 3 (right) the varia-
tions of the reconstruction time with respect to the block-size parameter P, when performing
tests on an Intel(R) Core(TM) i7-3520M @ 2.9GHz using a Matlab 7 implementation. The
reconstruction time corresponds to the computation time necessary to fulfill the following
condition:

Iz, — 2| < 1072l (65)

where Z is precomputed by running the algorithm, for each block size, until full stabilization
of the iterates (up to the machine precision). The image Z is a critical point of the criterion,
since the convergence of the iterates of BC-VMFB to such a point is guaranteed, so that (65)
aims at evaluating the computation time necessary to allow an iterate to be close enough to
this limit point. Note that (65) is not led to be a practical stopping criterion for the method,
since it requires two runs of the algorithm. A practical termination test could consist of
controling the relative difference in norms between two consecutive iterates. One can observe
on Fig. 3 (right) that the best compromise in terms of convergence speed is obtained for an
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Fig. 3 Reconstructed image ¥ = W with SNR = 27.64 dB (left) and reconstruction time for different
block-sizes (right)
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Fig. 4 Convergence profile of BC-VMFB algorithm (solid line), PALM algorithm (dashed line) and BC-FB
algorithm (dotted line)

intermediate block-size, namely P = 64. Moreover, even if different values of P may result
in different limit points Z for the algorithm, we did not observe any significant variation
in terms of reconstruction quality between these vectors. Figure 4 illustrates the variations
of (G(m¢) — 6)2 and (|lz¢ — @||/||Z)), with respect to the computation time, using either
the proposed BC-VMFB algorithm, BC-FB algorithm or PALM algorithm for the previous
optimal block-size. Hereabove, G denotes the minimum of the (possibly) different values
G (z) resulting from each simulation. Note that BC-FB (resp. PALM) algorithm can be
viewed as a special instance of Algorithm (7) where the cyclic rule (5) is adopted and the
preconditioning matrix is proportional to identity matrices, i.e.

(Ve eN) Aj(z) =Ly, (66)
(resp. (V€ € N)  Aj,(z¢) = LjIn,), (67)

where L is a Lipschitz modulus of VF (resp., for every j € {1,...,J}, L; a Lipschitz
modulusof V; F(zW, ... 2U=D . 2U+D 2 [13]). All the algorithms lead asymp-
totically to solutions of similar quality in terms of SNR. Furthermore, one can observe on
Fig. 4 that BC-VMFB algorithm requires less time than BC-FB and PALM algorithms to
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reach small values of (G(z¢) — 5)6, and (|l@¢ — ||/ Z]l),. This illustrates the fact that
the metric strategy given by (60) leads to a significant acceleration in terms of decay of
both the objective function and the error on the iterates. Note that the benefits of BC-VMFB
over its non preconditioned versions have also been observed in the context of blind video
deconvolution [1], spectral unmixing [49] and gene regulatory network inference [44].

Although the phase retrieval reconstruction problem has led to a large amount of works
in the litterature [6,7,15,28,41,55,59], comparisons with the competing techniques were
difficult to perform. Actually, the aforementioned methods tend to be sensitive to noise
and/or to be less effective in the under-determined case and/or to be difficult to apply in a
large scale non-Fourier context. On the one hand, when applied to our problem, the alternating
projection algorithm from [28] and the regularized version [41] were extremely demanding
in computational time and available memory. Moreover, they led to unsatisfactory results in
terms of image quality. On the other hand, due to the large size of the data, and the complicated
structure of 7', it appeared impossible to run the semidefinite programming phase retrieval
technique from [59] or the greedy sparse technique from [55]. Similar conclusions were drawn
when applying our method to a phase retrieval problem involving complex-valued images
[50]. Finally, we would like to emphasize that, while this paper was under revision, we have
been made aware of [15] where a nonconvex variational approach for phase reconstruction
was developed in an independent manner. The advantage of our approach is to easily deal
with a constraint or a regularization term so as to model prior knowledge on the sought
solution, which is of major importance when the inverse problem is under-determined, as it
is the case here.
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