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Abstract A new derivative-free optimization algorithm is introduced for nonconvex func-
tions within a feasible domain bounded by linear constraints. Global convergence is
guaranteed for twice differentiable functions with bounded Hessian, and is found to be
remarkably efficient even for many functions which are not differentiable. Like other
Response Surface Methods, at each optimization step, the algorithm minimizes a metric
combining an interpolation of existing function evaluations and a model of the uncertainty
of this interpolation. By adjusting the respective weighting of these two terms, the algorithm
incorporates a tunable balance between global exploration and local refinement; a rule to
adjust this balance automatically is also presented. Unlike other methods, any well-behaved
interpolation strategy may be used. The uncertainty model is built upon the framework of a
Delaunay triangulation of existing datapoints in parameter space. A quadratic function which
goes to zero at each datapoint is formed within each simplex of this triangulation; the union
of each of these quadratics forms the desired uncertainty model. Care is taken to ensure
that function evaluations are performed at points that are well situated in parameter space;
that is, such that the simplices of the resulting triangulation have circumradii with a known
bound. This facilitates well-behaved local refinement as additional function evaluations are
performed.
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1 Introduction

In this paper, a new derivative-free optimization algorithm is presented to minimize a (possibly
nonconvex) function subject to linear constraints on a bounded feasible region in parameter

space!:

minimize f(x)with x € L = {x|Ax < b}, (1a)

wherex e R", f : R" - R, A € R™*" b € R™, and L is assumed to be bounded. A special
case of this problem, with simpler “box” constraints, is also considered:

minimize f(x) with x € Lpox = {x|a < x < b}, (1b)

where a, b € R". The algorithm developed here is extended in Part II of this study to handle
more general convex constraints on the feasible region of parameter space. Derivative-free
algorithms are well suited for such problems even if neither the derivative of f(x) nor its
accurate numerical approximation is readily available, as is the case when f (x) is nonsmooth.
This is common in situations in which the function f(x) is derived either from an experiment
or from many types of numerical simulations.

An important class of derivative-free algorithms, dating back to the 1960s, is Direct Search
Methods, as reviewed in [19]. An early and famous algorithm in this class is the Nelder—-Mead
simplex algorithm, variations of which are implemented in several numerical optimization
packages. This method is examined in, e.g., [33]. Another category of Direct Search Methods,
called Adaptive Direction Search Algorithms, includes the Rosenbrock [29] and Powell
[28] methods. More modern methods in this class, dubbed Pattern Search Methods, are
characterized by a series of exploratory moves on a regular pattern of points in parameter
space called a lattice (often, the Cartesian grid is used); the Generalized Pattern Search (GPS)
is a typical example. The efficiency and convergence of such algorithms is examined in [34]
and [37].

In general, Direct Search Methods identify a local minimum of a function from some
initial guess in parameter space. The harder problem of attempting to identify accurately the
global minimum of a nonconvex function f(x), with as few function evaluations as possible,
is an issue of significant interest.

Response Surface Methods employ an underlying (inexpensive-to-compute, differen-
tiable) model of the actual (expensive-to-compute, possibly nondifferentiable) function of
interest in order to summarize the trends evident in the available datapoints, at which the
function has already been evaluated, over the entire feasible region in parameter space as
the iteration proceeds. The Trust Region method is one of the first optimization algorithms
appearing in the literature which uses such a model; however, the model used by this method
does not use all of the available datapoints at each step. Other Response Surface Methods,
such as the Expected Improvement algorithm [31], typically use all available datapoints to
build an inexpensive and useful model (often called a “surrogate”) of the actual function
of interest. An insightful review of global optimization methods based on such surrogate
functions is given by [17].

The most popular surrogate function used in such global optimization schemes is the
Kriging method [18,24,30], which inherently builds both an estimate of the function itself,
p(x), as well as a model of the uncertainty of this estimate, e(x), over the entire feasible
domain of parameter space. With this interpolation strategy, the function is modeled as a
Gaussian random variable at every point within the feasible domain of parameter space. This

1 Taking a and b as vectors, a < b implies that a; < b; Vi.
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stochastic model is constructed carefully, such that the variance of the random variable is zero,
and the expected value of the random variable is equal to the (known) function value at each
datapoint available in parameter space. Away from the datapoints, the expected value of the
random variable in the Kriging model effectively interpolates the known function values, and
the variance of the random variable is greater than zero, effectively quantifying the distance
in parameter space to the nearest available datapoints. As eloquently described in [17], the
estimate p(x) and the uncertainty of the estimate, e(x), provided by this model may be used
together to identify a point in the feasible domain with a high probability of a reduced function
value. A particularly efficient algorithm for global optimization is the Surrogate Management
Framework (SMF; see [4]), which combines the Expected Improvement algorithm with a
Generalized Pattern Search. This algorithm was significantly extended in [3], in which the
search is coordinated by a lattice derived from a dense sphere packing, with significantly
improved uniformity of grid points over parameter space as compared with the Cartesian
grid, in order to accelerate convergence.

The Kriging interpolation strategy has various shortcomings, the most significant of which
is the numerical stiffness of the computational problem of fitting the Kriging model to the
datapoints, and the subsequent inaccuracy of this fit. This problem is exacerbated when there
are many datapoints available, some of which are clustered in a small region of parame-
ter space, as illustrated in “Appendix”. Furthermore, both the computation of the Kriging
interpolant itself, as well as the minimization over the feasible region of parameter space of
the search function based on this interpolant, are nonconvex optimization problems; both of
these problems must be solved with another global optimization algorithm, which represents
a sometimes significant computational expense.

As discussed above, modern Response Surface Methods need both an estimate of the
function itself as well as a model of the uncertainty of this estimate over the entire feasible
domain of parameter space. Most interpolation methods, other than Kriging, don’t provide
this. For the specific case of interpolation with radial basis functions, an uncertainty function
has been proposed and used by [14].

The Response Surface Method proposed in this work is innovative in the way it facilitates
the use of any well behaved interpolation strategy that the user might favor for the particular
problem under consideration. [In the present work, our numerical examples use polyharmonic
spline interpolation, which is reasonably well behaved even when the available datapoints are
clustered in various regions of parameter space; this interpolation strategy is fairly standard,
though other interpolation schemes could easily be used in its place.] To accomplish this,
the present work proposes an artificially-generated function modeling the “uncertainty” of
the interpolant based on the distance to the nearest datapoints. This uncertainty model is
built directly on the framework of a Delaunay triangulation of the available datapoints in
parameter space.

The structure of the paper is as follows. Section 2 discusses how the present algorithm may
be initialized. Section 3 then proposes a simple strawman form of the algorithm based on the
present ideas, laying out the essential elements of the final algorithm and analyzing its various
properties, including a proof of convergence under the conditions that (a) the underlying
function of interest f(x) has bounded Lipschitz norm, and (b) the maximum circumradii
of the simplicies in the triangulations are bounded as the algorithm proceeds. This simple
strawman form of the optimization algorithm, however, fails to ensure condition (b). Section
4 modifies the strawman form of the optimization algorithm proposed previously by, when
necessary, adjusting the points in parameter space at which new function evaluations are
performed, thereby ensuring condition (b). Section 5 presents a rule to adjust the parameter
which tunes the balance between global exploration and local refinement as the iteration
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proceeds. Section 6 addresses how the algorithm may be modified to run efficiently using
parallel computations. In Sect. 7, the algorithm proposed is applied to a select number of test
functions in order to illustrate its behavior. Some conclusions are presented in Sect. 8.

2 Initialization

The optimization algorithm developed in this paper is initialized as follows:

Algorithm 1 (A) perform function evaluations at all of the vertices of the feasible domain
L,

(B) remove all redundant constraints from the rows of Ax < b, and

(C) project out any equality constraints implied by multiple rows of Ax < b; in other
words, we project the feasible domain onto the lower dimensional space that satisfies
the equality constraints.

This algorithm will be described in detail in the remainder of Sect. 2. The optimiza-
tion algorithm developed in later sections then builds a Delaunay triangulation within
the convex hull of the available function evaluations, which coincides with the feasible
domain itself, and incrementally updates this Delaunay triangulation at each new dat-
apoint (that is, at each new feasible point x € L at which f(x) is computed as the
iteration proceeds). This approach is justified by the following result, which is proved in

[1]:

Theorem 1 The convex hull of the vertices of a bounded domain L constrained such that
Ax < b is equivalent to the domain L itself.

Due to the simplicity of step (A) of Algorithm 1, this step is recommended for most low-
dimensional problems. In high-dimensional problems bounded by many linear constraints,
however, the feasible domain might have a lot of vertices, and it might be unnecessarily
expensive to follow such an approach; in such cases, Part II of this work demonstrates how
this initialization step may be cleverly sidestepped.

In the case of box constraints, (1b), step (A) of Algorithm 1 corresponds to 2" function
evaluations which are trivial to enumerate.

In the more general case of linear constraints, (1a), identifying the vertices of the feasible
domain is slightly more involved. We proceed as follows:

Definition 1 The active set of the constraints Ax < b at a given point X € R" in parameter
space, denoted A, (z) X = b, (z), is given by those constraints (that is, by those rows of Ax < b)
that hold with equality at X. A feasible point x (satisfying Ax < b) is called a vertex of the
feasible domain (that is, the set of all x € R" such that Ax < b) if rank(A,)) = n.

A simple brute-force method to find all of the vertices of the feasible domain then follows:

(1) Check the rank of all ('Z) n x n linear systems that may be chosen from the m > n rows
of Ax < b.

(2) For those linear systems in step 1 that have rank n, solve A, ) £ = by(s)-

(3) For each solution found in step 2, check to see if AX < b; if this condition holds, it is a
vertex.

The set of points thus generated is then scrutinized to eliminate duplicates. This brute-force
method is tractable only in relatively low-dimensional problems (note that most problems that
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are viable candidates for derivative-free optimization are, in fact, fairly low-dimensional).
The number of vertices is typically much less than the number of linear systems considered by
this method; for example, m = 20 constraints in n = 10 dimensions requires us to examine
184,756 n x n matrices in step 1, and would typically result in roughly M ~ O(10%)
vertices.

Finding the M vertices of an n-dimensional polyhedron is a well-known problem in
convex analysis; see, e.g., [2,22] and [23]. These papers suggest a somewhat more involved
yet significantly more computationally efficient iterative procedure, based on the simplex
method, to find the vertices of the feasible domain in problems that are high-dimensional
and/or have many linear constraints. With this approach, a pivot operation is used to move
from one vertex of the feasible domain to its neighbors (the vertex v; and v, are called
neighbors if their active sets differ in exactly one row). The number of linear solves required
by this approach is O (nM).

Step (B) of Algorithm 1 then removes all redundant constraints given by the redundant
rows of Ax < b. Each row of Ax < b is checked at each vertex of the feasible domain.
Those rows that are not satisfied as equalities at at least n distinct vertices are eliminated, as
they do not play a role in defining an (n — 1)-dimensional face of the feasible domain. Of the
rows that remain, the rows of the augmented matrix [A b] that are multiples of other rows
are also eliminated, as they define identical faces.

Finally, step (C) of Algorithm 1 projects out all equality constraints in the problem for-
mulation, as algorithms for the construction of an n-dimensional Delaunay triangulation will
encounter various problems if the feasible domain actually has dimension less than n. In
the case of (1a), equality constraints may easily be found and projected out, resulting in a
lower-dimensional optimization problem. To illustrate, consider {x1, x2, ..., x)} as the set
of vertices of the feasible domain of x, computed as described above. Define the n x (M — 1)
matrix C as follows:

C =[(x1 —x2) (x1 —x3) -+ (x1 — xpp)]. (2)

The rank r of the matrix C is the rank of the optimization problem at hand. If r < n, there
are one or more equality constraints to contend with. In this case, taking the reduced QR
decomposition C = QR, the r linearly-independent columns of Q provide a new basis in
which the optimization problem may be written. Defining x = x; 4 Q x, a new r-dimensional
optimization problem is posed in the space of x € R, and the feasible domain of x is defined
by (AQ)x < b — Ax.

3 Strawman form of algorithm

Algorithm 2 Prepare the problem for optimization by executing Algorithm 1, as described
in Sect. 2. Assume that the resulting optimization problem is n dimensional, and that the
feasible domain L has M vertices. Then, proceed as follows:

0. Take the set of initialization points S° as all M of the vertices of the feasible domain L
together with one or more user-specified points of interest on the interior of L. Evaluate
the function f(x) at each of these initialization points. Set k = 0.

1. Calculate (or, for k > 0, update) an appropriate interpolating function p*(x) through
all points in S¥.
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2. Calculate (or, for k > 0, update) a Delaunay triangulation A over all of the points in
sk2
3. For each simplex Af.‘ of the triangulation A*:

a. Calculate the circumcenter zf? and the circumradius rik of the simplex Af?.
b. Define the local uncertainty function

ef (r) = ) = lIx — ZfI1%. 3)
c. Define the local search function

sf () = po0) — K ef (). “
d. Minimize the local search function s;‘ (x) within A?‘.

4. Find the smallest of all of the local minima identified in step 3d. Evaluate f(x) at this
new datapoint xy, and set S*T1' = S¥ U {x}. Increment k and repeat from step 1 until
convergence.

The local uncertainty functions el’? (x) model the uncertainty in the unexplored regions within
each simplex of the triangulation A at step k. As discussed in Sect. 3.1, the union of
these simplices coincides precisely with feasible domain of parameter space. The global
uncertainty function eX(x) and the global search function s¥(x) are defined over the
feasible domain as ef.‘ (x) and sf (x), respectively, within each simplex Af.‘. Note that ¥ (x)
reaches zero by construction at each datapoint, and ¥ (x) reaches a maximum within each
simplex as far from all of the available datapoints as possible; it is shown in Sect. 3.2 that
e (x) is Lipschitz. In Sect. 3.3, a method of simplifying the searches performed in step 3d
of Algorithm 2 is discussed.

The (single, constant) tuning parameter K specifies the trade-off in Algorithm 2 between
global exploration (which is emphasized for large K') and local refinement (which is empha-
sized for small K). In Sect. 3.4, global convergence of Algorithm 2 is proved for functions
f(x) with bounded Lipschitz norm, assuming sufficiently large K and boundedness of the
circumradii of the triangulation generated by Algorithm 2. In Sect. 4, a small but technically
important modification of the Algorithm 2 is introduced which guarantees boundedness of
the circumradii of the triangulation generated as the iteration proceeds.

3.1 Characterizing the triangulation

The uncertainty function in Algorithm 2 is built on the framework of a Delaunay triangulation
of the feasible domain with, in a certain sense, maximally regular simplices, which we now
characterize.

Definition 2 Consider the (n + 1) vertices Vp, Vi,..., V, € R”" such that the vectors
Vo—V1), Vo—Va), ..., (Vo— V) are linearly independent. The convex hull of these vertices
is called a simplex (see, e.g., [5, p. 32]). Associated with this simplex, the circumcenter z
is the point that is equidistant from all n 4 1 vertices, the circumradius r is the distance
between z and any of the vertices V;, and the circumsphere is the set of all points within a
distance r from z.

Lemma 1 For any simplex, the circumcenter is unique.

2 Delaunay triangulations always exist, but are not necessarily unique. This algorithm builds on a Delaunay
triangulation at each step, even if it is not unique. If a different Delaunay triangulation is used at a given step
k, a different point x; will be found, but the convergence properties are unaffected.
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Proof Assume z is equidistant from Vj, ..., V,, i.e.
Vo—zll=IVi—zll=---= |V, —zl
Fori =1, ..., n, simplification leads to:

Vi -2Vl z=Vv?-2v];

= 2(Vo—- V) z=V5 - V2
Thus, z is equidistant from all vertices if

Vo—w' Vi = Vi

2 = . (5)

(Vo= V)" Ve = Vi
This system has a unique solution if the matrix on the LHS is nonsingular; which follows
from the linear independence of (Vy — V1), (Vo — V2), ..., (Vo — V,) in Definition 2. 0O
The two following definitions are taken from [12].
Definition 3 If S is a set of points in R”, a triangulation of S is a set of simplices whose
vertices are elements of S such that the following conditions hold:

— Every point in S is a vertex of at least one simplex in the triangulation. The union of all
of these simplices fully covers the convex hull of S.

— The intersection of two different simplices in the triangulation is either empty or a k-
simplex such thatk = 0, 1, ..., n — 1. For example, in the case of n = 3 dimensions, the
intersection of two simplices (in this case, tetrahedra) must be an empty set, a vertex, an
edge, or a triangle.

Definition 4 A Delaunay triangulation is a triangulation (see Definition 3) such that the
intersection of the open circumsphere around each simplex with S is empty. This special
class of triangulation, as compared with other triangulations, has the following properties:

— The maximum circumradius among the simplices is minimized.
— The sum of the squares of the edge lengths weighted by the sum of the volumes of the
elements sharing these edges is minimized.

Delaunay triangulations exhibit an additional property which makes them essential in Algo-
rithm 2. By the definitions of ef? (x) and € (x) above, it follows that ef‘ (x) = €*(x) within
the simplex Af . The following may be established if the triangulation A¥ is Delaunay:
Lemma 2 Assume the triangulation A* is Delaunay. For any i and any feasible point x € L,
K (x) > e{.‘ (x).

Proof By Theorem 1 and Definition 3, since x € L, a simplex Alj‘. exists which contains
x (thatis, x € A';). We must show that, for all i # j, ef‘(x) < e’j‘.(x). By construction,
e’; (x) = 0 at the vertices of simplex A';.; since the triangulation is Delaunay (see Definition

4), these vertices are not inside the circumsphere of the simplex A{F. Thus, ef.‘ (x) < 0 at the
vertices of simplex A];.. It follows simply from the definition of ef‘ (x) that, forall x € L,

ef(x) —eh(x) = () = ) = 1P + 18P + 202 — 25T
that is, ef.‘ (x) — 61; (x) is a linear function of x. Since eff (x) — elj‘. (x) < 0 at the vertices of

simplex A]; , it follows that ef.‘ (x) — e]; (x) < 0 everywhere within simplex Alj‘. . O
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Remark I Lemma 2 holds only for Delaunay triangulations, not arbitrary triangulations.
Lemma 2 is used in Sect. 3.3 to simplify the searches performed in step 3d of Algorithm 2.

Remark 2 In step 3a of Algorithm 2, linear systems of the form given in (5) must be solved in
order to find the circumcenter of each simplex. The use of Delauney triangulations improves
the accuracy of these numerical solutions. If the ratio between the circumradius and the
maximum distance between two edges of a simplex is large, this system is ill conditioned.
Delaunay triangulations (see Definition 4) minimize the maximum circumradius of the sim-
plices in the triangulation, thereby minimizing the worst-case ill conditioning of the linear
systems of the form given in (5) that need to be solved.

The determination of Delaunay triangulations is a benchmark problem in computational
geometry, and a large number of algorithms have been proposed; extensive reviews are given
in[9] and [12]. Qhull (used by Matlab and Mathematica, see [39]), Hull (see [40]), and CGAL-
DT (see [41]) are among the most commonly-used approaches today for computing Delaunay
triangulations in moderate dimensions. In the present work, a Delaunay triangulation must
be performed over a set of initial evaluation points, then updated at each iteration when
a new datapoint is added. Hence, the incremental method originally proposed in [36] is
particularly appealing. The New-DT and Del-graph algorithms (see [6] and [7]) are the
leading, memory-efficient implementations of this incremental approach; the present work
implements the Del-graph algorithm.

The most expensive step of Algorithm 2, apart from the function evaluations, is the mini-
mization of sf (x) (in step 3d) in each simplex Alj‘.. The cost of this step is proportional to the
total number of simplices S in the Delaunay triangulation. As derived in [25], a worst-case
upper bound for the number of simplices in a Delaunay triangulation is § ~ O (N 7), where
N is the number of vertices and » is the dimension of the problem. As shown in [10] and
[11], for vertices with a uniform random distribution, the number of simplices is S ~ O (N).

3.2 Smoothness of the uncertainty

We now characterize precisely the smoothness of the uncertainty function proposed in Algo-
rithm 2.

Lemma 3 The function e (x) is Co continuous.

Proof Consider a point x on the boundary between two different simplices Af.‘ and AIJ‘. with
circumcenters zf‘ and z/; and local uncertainty functions e{f (x) and e]; (x). By Definition 3,
the intersection of Ai.‘ and A];, when it is nonempty, is another simplex of lower dimension,

denoted here simply as A. The projection of zf? and z¥ on the lower-dimensional hyperplane
that contains A is by construction its circumcenter, denoted here as z. Thus, the lines from
zf.‘ to z and from zlj‘. to z are perpendicular to the simplex A. Now consider x4 as one of the

vertices of the simplex A. Some trivial analysis of the triangles zf‘ —x —zand sz —XA—Z
give:

ef () = llzF —xall® = llzF — x|I%,
Iz = xal® = 112F — 21 + llz — xall%,
Iz = x 12 = Iz = 2l + Iz — x[|*.
Combining these three equations gives

k 2 2
€ (¥) = llz — xall” = llz — x|I*.
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02 04 0.

Fig. 1 The uncertainty function ek (x) over two neighboring simplices in two dimensions

By similar reasoning, we obtain
k 2 2
€;(x) = llz — xall” = llz — x|

Hence, ef-‘ x) = e’;- (x) for all x € A (that is, at the interface of simplices Af-‘ and A’]‘.). ]

The continuity of ¢¥(x) is illustrated in 2D in Fig. 1, where two neighboring simplices
(triangles) with vertices {(0.2, 0), (0, 1), (1, 1)} and {(0, 1), (1, 1), (0.5, 2)} are repre-
sented.

We now establish a stronger property, that the uncertainty function is Lipschitz.

Lemma 4 The function e (x) generated by Algorithm 2 at the kth iteration is Lipschitz within
the convex polyhedron L, with a Lipschitz constant of r,’jmx, where r,',‘mx is the maximum
circumradius of the triangulation A*.

Proof We first show that ¥ (x) is Lipschitz inside each simplex; we then show that ek (x) is
Lipschitz everywhere.

Assume first that x; and x; are inside the simplex Ai.‘, with circumcenter zf.‘ and circum-
radius rik . By (3), we have

k2
.

i

k k k2
e(x)) —e(x2) = lx2—z "= llx1 — 2

Now, assume that z* is a projection of z;‘ along the line from x; to x, and that x,; is the
midpoint between x; and x,. It follows that

k2 k2 2 2
[lxz =z 117 — llxr — 2 117 1 = [ llxe — 2%)1° = llxg — 2¥)17 |
=2|lz" —xmllllxr — x2ll.
Since

k
2" — xmll < max (2" — x1ll, 12" — x2ll) < rf,
we have
ek (x1) — e (xa)| < 278 |21 — xa . (©6)

Thus, the uncertainty function eX (x) is Lipschitz inside each simplex.
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In order to prove that K (x) is Lipschitz over the entire feasible domain L, consider now
x1 and x as two arbitrary points inside L, and define a series of points ¢, t2, ..., f,, on the
line segment between x| to x» such that #; = x; and #,, = x3, and such that each couple
(i, ti+1) lies within the same simplex, with circumradius 7;. In other words, each point #; for
1 < i < m must be at the interface between two neighboring simplices along the line from
t] = x1 to t,; = x». In this framework, we have

m—1

le* (x1) — eF ()| < D lef (1) — F(tig)l.

i=1
Since #; and #; are in the same simplex, (6) gives
k k k
le"(t;) — e"(tip )| <277 |Iti — tipall-
Since t1, t, ..., ty lie along the same line, we have

m—1

Ity = twll = D lti = tiga -

i=1
Combining these three equations, we have

k k k
le"(x1) —e"(x2)] <2 max (r;) [lx1 — x2]]
1<i<m—1

k
< 27rmax I¥1 — 221

3.3 Minimizing the search function

Atiteration k of Algorithm 2, the search function sk(x) = pk (x)— K ¥ (x) must be minimized
over x € L.Recall that, within each simplex Ai.‘ in the triangulation, the uncertainty function
ek (x) is defined by s{‘ x) = pk (x) — Kef? (x) forx € Aif. In order to minimize s¥ (x) over

the entire feasible domain L, the minima xﬁlin ; must first be found within each simplex Ai.‘
as follows:
XK. . = argmin sk(x)' (7a)
min,i — g xeA{f i ’
the global minimum xr’;in = argmin, ., s (x) is then given by xr];in = xr];in. i, Where
L . k(K
imin = argmin; e gk [si (xmin’l-)] , (7b)

where S¥ is the number of simplices in the triangulation AK . In other words, in order to
find x* in» W€ must first solve S* nonconvex optimization problems with linear constraints
x € A;. This computational task is significantly simplified by following result.

Lemma 5 If the linear constraints x € A{? in the optimization problems defined in (7a) are
k

relaxed to the entire feasible domain, x € L, the resulting value of x,,;,

remains unchanged.

Proof By Lemma 2, for any feasible point x € L and for any i such that 1 < i < S,
eF(x) > el'.‘ (x). More precisely,

ek(x): max [ef(x)].
ie{l,..., Sk}
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Since K is a positive real number,

sk ) = pF(x) — K F(x) = min [pk(x) - Kef.‘(x)].
ie(l,..., Sk}

iefl

By the definition of xX .
sk(x[';in) = min [sk(x)].
xeL
Combining the above equations and swapping the order of the minimization gives

sk Yy =min  min [p(x)—KefF(x)]
xel jefl,....Sk)

= min min [p(x) - K eff(x)].
ie{l,..., sk} xeL
It can be observed that min,cz[p(x) — K el’.C (x)] is just the optimization problem (7a) with
the linear constraint x € Af relaxed to x € L; thus, when this constraint is relaxed in this

manner in (7), the resulting value of sk (xr];in) remains unchanged. O

At each iteration k, we thus seek to minimize the local search function sl(‘ (x) forx € L for
eachi € {1,..., Sk};iffora given i the minimizer of slk (x) lies outside of Af.‘, that minimizer
is not the global minimum of s¥(x). Hence, we may terminate and reject any such search as
soon as it is seen that the minimizer of sik (x) lies outside of Af.

Using a local optimization method with a good initial guess within each simplex, the
local minimum of Szk (x) within the simplex A;‘ , if it exists, can be found relatively quickly.
For the smooth local search functions s{‘ (x) we use in the present work, we have analytic
expressions for both the gradient and the Hessian; these expressions play a valuable role in
the local minimization of these functions.

Recall that the local search functions sf (x) considered in Algorithm 2 are linear com-
binations of the local uncertainty functions el].‘ (x) and the user’s interpolation function of
choice, p¥(x). The local uncertainty function ef‘ (x) is a quadratic function whose gradient
and Hessian are

Vek(x) = —2(x —xy), VZef(x)=-21I

For the polyharmonic spline interpolation method used in the present numerical implemen-
tation, analytical expressions for the gradient and Hessian of the interpolation function are
derived in the appendix. If a different interpolation strategy is used, for the purpose of the
following discussion, we assume that analytical expressions for the gradient and the Hessian
of the interpolation function are similarly available.

In order to locally minimize the function slk (x) within each simplex, a good initial guess of
the solution is valuable. To generate such an initial guess analytically, consider the result of a
simplified optimization problem obtained by implementing piecewise linear interpolation of
the datapoints at the vertices of the simplex Aé‘, together with the local uncertainty function
el’.‘ (x). Following this approach, we rewrite the coordinates of a point inside the simplex A;‘
as a linear combination of its vertices:

x:Xiw,

where X; is an n x (n + 1) matrix whose columns are the coordinates of the n + 1 vertices
of the simplex Af.‘ ,and w is an (n + 1)-vector with components w; that form a partition of
unity; that is,
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n+1
Dwi=1, w;=0 j=1,2 ... n+1,
j=1

which may be written compactly in matrix form as
[1...1]Jw=1 —Iw<=o. ®)
In each simplex A{F, we thus minimize a new search function Ef.‘ (w) defined as
SHw) = Yiw — K [R = O w— )T (X w — 2]
= Kwl XI'X;w+ (¥, —2KEH X w
+ K@)z - R, ©

where Y; is an 1 x (n41) row vector whose elements are the function values at the n+1 vertices
of the simplex Af.‘. Minimization of (9), subject to the constraints (8), can be performed
exceptionally quickly using convex quadratic programming. This optimization gives a vector
of weights wg, which defines the initial guess for the local minimization of the function sf (x)
within the simplex A{F. Since we have analytic expressions for the gradient and Hessian of
slk (x), and a good initial guess of its minimum, we can apply either a Trust Region method, or
Newton’s method with Hessian modification, in order to find quickly the minimum of s{‘ (x).
Newton’s method is a line search algorithm with a descent direction derived based on both
the gradient and the Hessian of the function; because of the nonconvexity of slk (x), Hessian
modification is required to ensure convergence. The Hessian modification that has been used
in our numerical code is modified Cholesky factorization [13], and the line search algorithm
used is a backtracking line search algorithm (Algorithm 3.1 in [27]). Convergence of this
local optimization algorithm is proved in [27].

3.4 Convergence of Algorithm 2

Before analyzing the convergence properties of Algorithm 2, we establish a useful lemma.

Lemma 6 Assume that the function of interest f(x) and the interpolating function p*(x)
at step k > 0 of Algorithm 2 are continuously twice differentiable functions with bounded
Hessians. Denote Ay (-) as the maximum eigenvalue of its argument, and K is chosen as
follow

K > dnax (V2 f () = V2 pH(x))/2 (10)
Sfor all x located in the feasible domain L. Then, there is a point X € L for which
s E) = FO0, (1n
where x* is a global minimizer of f(x).

k

i

Proof Consider Af.‘ as a simplex in A¥ which includes x*. Since the uncertainty function e
is defined for all x inside the simplex Af.‘ as

b0 = 17 = (s =2f) (s =),

k

the Hessian of the uncertainty function e; is simply

VZek(x) = —21.
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Now define a function G (x) for all x € L such that
G(x) = p*(x) — K e (x) — f(0), (12)
and thus
V26 (x) = (Vzpk(x) - sz(x)) YK (13)

By choosing K according to (10), the function G(x) is strictly convex inside the closed
simplex that includes x*; thus, the maximum value of G(x) is located at one of its vertices
(see, e.g. Theorem 1 of [16]). Moreover, by construction, the value of G (x) at the vertices of
this simplex is zero; thus, G(x*) < 0, and therefore sk(x*) < f(x¥). O

Lemma 6 allows us to establish the convergence of Algorithm 2.

Theorem 2 At step k > 0 of Algorithm 2, assume that S* is the set of available datapoints,
that the function of interest f (x) and the interpolating function p* (x) are continuously twice
differentiable functions, and that L is a Lipschitz constant of PX(x). Assume also that K
satisfies (10). Define x* and xi as the global minimizers of f(x) and the search function

sK(x) at step k, respectively, and r,’fmx as the maximum circumradius of the triangulation A*;
then
0< miI}} (@) — f(x*) < e where (14a)
z€S'
ex=(Ly+L,+2Krk,)- min [lx; — x| (14b)
i<

Proof Select that i, with i < k, such that § = ||x; — xx|| is minimized. By the Lipschitz
norms of p¥(x) and (6), we have

Ip* (i) — PRl < Ly s,
and [|e* (xi) — " (o) | < 27k, 6.
Noting that s*(x) = pF(x) — KeF(x), we have

lls* (i) = s* )|l < (L, +2Krk

max

)8.

Since x; is one of the evaluation points at the k-th step, at this point the value of the uncertainty
function X (x;) is zero, and the values of the interpolant p¥(x;) and the function f(x;) are
equal. That is,

s (i) = pF () — K eF () = f(xi). (15)

Since x; is taken to be the global minimum of sK(x) and K satisfies (10), based on Lemma 6,
s¥(x) < f(x*); Thus,

FO*) =580 = s ) = (Lp +2K 7,0 8
= f(x)— (L, +2Krk, )8
> [fa) = Ly 81— (Lp+2K rk,)8,
= f@N=f@)—(Ly+L,+2Krk, )08

Remark 3 Algorithm 2 begins from a set of initial datapoints, and computes one new data-
point at each iteration. In this setting, (14) provides a (sometimes conservative) termination
certificate that guarantees that a desired degree of convergence €45 has been attained. Algo-
rithm 2 is simply marched in k until €, < €4e5, Where € is defined in (14b).
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Note that, if rr’;ax is bounded, ¢, — 0 in the limit in which k — o0. Thus, there is a finite

k for which €; < €4es.

Remark 4 The existence of a bound L, on the Lipschitz norm of pX(x) is required. The
Lipschitz norm L, of the interpolation p¥(x) is, in general, cumbersome to compute. Subject
to the above stated assumptions, a simpler way to prove convergence of (and, to certify a
termination criterion for) Algorithm 2 that ensures that (14a) is attained for some €; < €ges
is to calculate & using linear interpolation, for which it can be shown that L, < L ¢, thereby
replacing (14b) with

e = 2Ly +2Krk, ) - min xg — .
yeSsk

Remark 5 In addition to the required assumptions of a bound L, for the Lipschitz norm of
pk (x), and existence of K which (10) holds, a bound for the maximum circumradius rﬁmx of
the triangulation A* is also required. In general, algorithm 2 cannot guaranty this property.
A slight but technically important change to Algorithm 2 is presented in the next section to

address this issue.

4 Bounding the circumradii

In the previous section, we established that Algorithm 2 converges to the global minimum of
the cost function under two assumptions: (a) the underlying function of interest f (x) is Lip-
schitz and twice differentiable with bounded Hessian, and (b) the maximum circumradii of
the simplicies in the triangulations are bounded as the algorithm proceeds. Without assump-
tion (a), or something like it, not much can be done to assure global convergence, beyond
requiring that the grid becomes everywhere dense as the number of function evaluations
approaches infinity (see [38]). Assumption (b), however, is problematical, as Algorithm 2
doesn’t itself ensure this condition. In this section, we make a small but important technical
adjustment to Algorithm 2 to ensure that condition (b) is satisfied.

Distributing points in R” such that the resulting Delaunay triangulation of these points
has a bounded maximum circumradius is a common problem in 2D and 3D mesh generation
(see [20,21,32]). Applying known strategies for this problem to the present application is
challenging, however, due to the incremental nature of the point generation, the interest in
n > 3, the large number and nonuniform distribution of points generated, and the possibly
sharp corners of the feasible domain itself. In this section, we thus develop a new method for
solving this problem that meets these several challenges.

The feasible domain L considered is defined in (1a); we assume for the remainder of this
section that the problem is n-dimensional, is bounded by m constraints which result in M
vertices of the feasible domain, that all redundant constraints have been eliminated [see step
(B) of Algorithm 1], and that all equality constraints implied by the condition Ax < b have
been projected out of the problem [see step (C) of Algorithm 1].

Definition 5 Consider P as a point in L, aiT x < b; as a constraint which is not active (that
is, equality) at P, and H; as the (n — 1)-dimensional hyperplane given by equality in this
constraint. The feasible constraint projection of P onto H; is the point Py defined as the
outcome of the following procedure:

0. Setk = land P! = P.
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Fig. 2 Feasible constraint projections of various points P onto the constraint aiT x < b.a Complete, termina-
tion at step 3 of iteration k = 1, b complete, termination at step 3 of iteration k = 2, ¢ incomplete, termination
at step 1 of iteration k = 2, d incomplete, termination at step 2 of iteration k = 2

1. Define m¥ as the number of active constraints at Pf, and H f as the hyperplane (with
dimension less than or equal to n) implied by this set of constraints. If mﬁ =n—1,set
P = PIIf and exit.

2. If mZ > 0 and there is no vertex of L that is contained within both H IIf and H;, set
P = PI]“ and exit.

3. Obtain Pllg as the point which is contained within both H IZ and H;, and has minimum
distance from Py . If P}g € L,set P, = Pllé and exit.

4. Otherwise, set PII““ as the intersection of the line segment from Pf to Pllg with the
boundary of L, increment &, and repeat from step 1.

If the above-described procedure exits at step 3, and thus Py, € H;, then Py is said to be a

complete feasible constraint projection; otherwise (that is, if the procedure exits at step 1 or

2), Py, is said to be an incomplete feasible constraint projection. The procedure described

above will terminate after some k steps, where k < n; the Pf for k < k are referred to as

intermediate feasible constraint projections.

Some examples of complete and incomplete feasible constraint projections are given in
Fig. 2.

Lemma 7 Consider the PIIf as the intermediate feasible constraint projections at each step
k < k of a feasible constraint projection (see Definition 5), which exits at iteration k, of some
point P € L onto the hyperplane H; defined by the constraint aiTx < b;. For any point V
which lies within the intersection of H /L‘ and H;,

IP—VvI _Pf—V]
= k k
[P —Prll = | PK— PK|

(16)
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for k <k, where Py and P’T< are the projections of P and Pf on H;.
Proof Inthe procedure described in Definition 5, at each step k, if Pllg isin L;then PIIerl = P}g.
By construction, V is in the intersection of H IZ and H;, and Pllg is the point in the intersection
—
of H f and H; that has minimum distance from PI]f; it thus follows that Pf Pllg is perpendicular
— -
to PllgV. Since PIIfH is a point on the line between Pf and Pllg, it follows that PIIfH P}g is
—
also perpendicular to Pllg V. Thus,
IPf = VI? = I1Pf — PRlI> + IV — Pl
1P = vIP = | P — PRIP + IV — PRI,
IPE — PRI < I1Pf — PRI,
I1PE—VI _ 1P =V
IPE— PRl — IPE* = PRl

a7

Since Pf, Pf“ and Pl’z, are collinear and P,’z, is on the hyperplane al.Tx = b;, it follows that

1P =PRI P = PR
k T k k (18)
”PL_PR” ”PL_PT”
Combining (17) and (18) over several steps k and noting that PIf = P, (16) follows. ]

Definition 6 Consider P as a point in a set of points S in the convex polyhedra L, al.T x =b;
as a constraint which is not active at P, and H; as the hyperplane defined by this constraint.
The points Pllf are taken as the intermediate feasible constraint projections of P onto H;
(see Definition 5, which we take as exiting at iteration k). With respect to some parameter
r > 1, the point P is said to be poorly situated with respect to the constraint aiT x < b;if
the feasible constraint projection is complete and, for any point V € S which is in both H ’L‘
and H;,

I Pf— V|

otherwise, the point P is said to be well situated with respect to the constraint al.T x < b;.
The set of data points S is a well-situated set if, for all pairs of points P € S and constraints
aiT x < b; defining L, P is well-situated with respect to the constraint al.Tx < b;.

Remark 6 1t is easy to verify that the set of vertices of the feasible domain L is itself a
well-situated set for any r > 1.

The important property of a well-situated set S is that the maximum circumradius of the
Delaunay triangulation of S is bounded by r [the factor used in (19), which will be considered
further at the end of Sect. 4] and some parameters related to L. These geometric parameters
are identified in Definitions 7 and 8, and existence of a bound for the maximum circumradius
is proved in Theorem 3, based on Lemmas 9 and 10.

Definition 7 Consider A, (V) as the set of active constraints at a vertex V of a feasible
domain L with redundant constraints eliminated [see step (B) of Algorithm 1], and all equality
constraints removed [see step (C) of Algorithm 1]. Since there are no redundant constraints,
A, (V) includes exactly n constraints which are linearly independent. Consider aiTx < b; as
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Fig. 3 The skewness of a vertex a;
V with respect to constraint -~
aiTx < b; in n = 3 dimensions is Vs
defined as §

SH(V) = 1/cos(8! (V)), where
0' (V) is the angle indicated

a constraint in A, (V), and A; (V) as the set of all active constraints at V except {aiT x < b;i}.
It can be observed that the space defined by A} (V) is a ray from V. In other words, each
point in this one-dimensional space can be written as V + « v;, where « is a positive real
number. Defining 67 (V) as the angle between g; and v;, the skewness of the vertex V with
respect to the constraint al.T x < b; is defined as S(V) = 1/ cos(8? (V)). The skewness of the
feasible domain L, denoted S(L), is the maximum of S (V) over all vertices V and active
constraints aiT x <bjatV.

Remark 7 If the feasible domain L is defined by simple box constraints (@ < x < b), then
the skewness of all vertices with respect to all active constraints (and, thus, the skewness of
the domain L itself) is equal to 1. In n = 2 dimensions, the skewness of each vertex is simply
SH(V) = 1/|sin(0)|, where 6 is the angle of vertex V. In n = 3 dimensions, the value of
6/ (V) is illustrated in Fig. 3. Note that, in general, §'(V) > 1.

Lemma 8 Consider V as a vertex of L, and A,(V) as the set of constraints active at V.
Consider some point x € L at which the set of active constraints, denoted A, (V), is a
proper subset of A,(V). Denote aiTx < b; as a constraint in A,(V) which is not in Ay, (V).
Define x1 as the projection of x onto the hyperplane defined by al.T x = b;, and define x; as
the projection of x onto the hyperplane defined by the union of aiT x =b;and Ay (V). Then,

 lx = xl

< < S (V) < S(L). (20)
llx — x1l

Proof Consider x3 as the point in the hyperplane defined by A’ (V) with minimum distance
from x, where A;(V) is identified in Definition 7. By construction, ||x — x3]| > [lx — x2]|;
note that x3 is also in the hyperplane defined by A,, (V). Moreover, according to Definition
7, llx — x3ll/llx — x| = §*(V). o

Definition 8 For each pair of vertices V of L and constraints aiT x < b; not active at V,
Vi is defined as the projection of V onto the hyperplane defined by aiT x = b. Define
Ly = maxy yer [|x — y|| as is the diameter of L. The aspect ratio «(L) is taken as the
maximum value of L/||V — V|| for all pairs of vertices V and constraints al.Tx < b; not
active at V (Fig. 4).
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N

Ve = V]|

1%3 aToe =10

i

Fig. 4 This figure represent the aspect ratio of the convex polyhedra L. Note that the vertex V and constraint
aiTx = b; has minimum distance from all pair of vertex and constraints, and L is the diameter of the polyhedra

L. The aspect ratio is equal to k (L) = Vfilvr where |V — V7| and L are shown

Lemma 9 Consider S as a set of feasible points in L (including the vertices of L) which
is well-situated (see Definition 6) with factor r. Then, for each pair of points P € S and
constraints aiTx < b; not active at P, there is a point V € S such that al.TV = b; and

< P2V ks, ), @1
P — Prl
where Pr is taken as the projection of P onto the hyperplane H;, and S(L) and k(L) are the

skewness and aspect ratio of the feasible domain L.

Proof Consider Py, as the feasible constraint projections of P onto H; (see Definition 5,
which we take as exiting at iteration k). According to this procedure, there are three possible
termination conditions, each of which is considered below.

First, consider the case in which the feasible constraint projection is terminated at step 2.

In this case, P;, = PE, and there is no vertex of L that is contained within both HE and H;.

Therefore, the point in intersection of the feasible domain L and the hyperplane HE which
has minimum distance from the hyperplane H; is a vertex of L, denoted V. Thus,

IV —=Vrll < IPL— Pprll, (22)

where P;r, Pf and Vr are the projections of Py, Pf and V onto H;; thus, P;r = P?.
Further, at each step of the procedure of feasible constraint projection (Definition 5), the
distance of the point considered to H; is reduced. Thus,

IPL — Pprll = [|Pf — PRIl < |P — Prl. (23)
Using (22) and (23),
IV —Vrll <P~ Prl (24)
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On the other hand, || P — V|| < L1, where L is the diameter of the feasible domain L. Thus,

1P =V Ly
=< =«(L). (25)
1P —=Prll = IV —="Vrl

Next, consider the case in which the feasible constraint projection is terminated at step 1.
In this case, the number of active constraints at Py ism, = n — 1, and Py, = Pf. If there is

no vertex of L that is contained within both HE and H;, the situation is similar to the previous
case, and (25) again follows. On the other hand, if there is a vertex V of L which is in both
H f and H;, then it follows from Lemma 7 that

12—Vl _ I -Vl
1P = Prll — IIPL— Ppr

(26)

Note that A, (Pr) is a proper subset of A, (V) which does not include the constraint al.Tx <

bi, and V is the only point which is in both HLE and H;, as the intersection of n linear
independent hyperplanes is a unique point. Therefore, via Lemma 8 (taking x = P and
thus, by construction, x; = P;r and xo = V),

| PL— V] ;
—_ < SV S(L 27
i =S W =sw) @)
Using (26) and (27)
P—Vi
m < S(L) =rS). (28)

Finally, consider the case in which the feasible constraint projection is terminated at step
3, and thus the process is complete, and Py, = PIE. Since P is well situated with respect to
the constraint aiTx < b; (see Definition 6), there isak € {1,2,...,k} and a point V € S
which is in both H f and H; such that

IPf— V|

—= <. (29)
| Pf — PE|l

Since V is in both H’L< and H;, there is a vertex of L, denoted W, which is in both H ]L‘ and
H;. Moreover, Pf is not in H;, and Aa(PIIf) is a proper subset of A,(W). Denote again P’T‘
as the projection of Pf on the hyperplane H;. Via Lemma 8 (taking x = Pf and thus, by
construction, x| = P]T‘ and xp = Pllé), it follows that

Pl — pk .
W=l < swy < s, (30)
1Py — Prll
Combining (29) and (30),
Pk —v
% =rS(L)
”PL - PT”

Thus, via Lemma 7, it follows that

I1P=VI _ IPL=VI _
IP —Prll = |Pf— PKI —

rS(L). €1y}

[m}

@ Springer



350

J Glob Optim (2016) 66:331-382

Elg. 5 Thf: position of car}dldate @)
simplices for a representative
triangulation. Hatched triangles ,;*;*:*;‘:::*:*::::*:i**
are interior candidate simplices, % e K ¥ gk kK X
. . *, *
and triangles filled with stars are £ ey Fax
boundary candidate simplices. 2 " o
. *
The dark shaded area is the F IR
maximal simplex. a An interior % I* *
candidate simplex is maximal, b %X
a boundary candidate simplex is
maximal
A K ke ***1**
§
'
* %
*
*
*
*
£
1 *
i
ol
§ 5 R
* SR ok gk oK R
RK K ek 3K ok
K K kK ok ek K sk ok ok PR

Lemma 9 allows us to show that the maximum circumradius of a Delaunay triangulation
of a well-situated set of points is bounded. In order to do this, some additional lemmas and
definitions are helpful.

Definition 9 A simplex A, in a Delaunay triangulation A¥ of a set of points § (including the
vertices of L) which has the maximum circumradius among all simplices is called a maximal
simplex. Note that a given triangulation might have more than one maximal simplices.

A simplex Ay is called a candidate simplex (Figs. 4) and (Fig. 5) if either (a) the cir-
cumcenter of A, is inside or on the boundary of Ay, or (b) an n — 1 dimensional face p
of this simplex forms part of the boundary of L corresponding to equality in the constraint
al.T x < b;, and the circumcenter of A, violates this constraint. Case (a) is denoted an interior
candidate simplex, and case (b) is denoted a boundary candidate simplex.

Lemma 10 There is a maximal simplex in a Delaunay triangulation A* of a set of points S
(including the vertices of L) which is a candidate simplex.
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Proof Consider A, as amaximal simplex of a Delaunay triangulation AX. If A, is a candidate
simplex, then the lemma is true. Otherwise, define p as an n — 1 dimensional face of this
simplex, lying within an n — 1 dimensional hyperplane H, in which V, the vertex of A, that
isnotin H, and Z, the circumcenter of A,, are on opposite sides of H, and none of the n — 1
dimensional boundaries of L lie within H.

Then there is a simplex A! which is a neighbor of A, that shares the face p. Define V' as
the vertex of A}r which is notin H, and Z' as the circumcenter of A}C. Since the triangulation
is Delaunay

IZ=VI=IZ-V'|and |Z' = V| = |IZ' - V]. (32)

Define Z7 as the projection of both Z and Z’ on H (by construction, they have the same
projection), and Vr and V. as the projections of V and V' on H, respectively. By the
assumption, Z and V' are on one side of H, and V is on the other side. Thus, (32) implies

Ve — Zr 12+ U Zr = ZI + |V = Vel <

Vi = Ze P+ V' = Vil = 1 Zr — ZIT> (33)
Moreover, regardless of the position of Z’, we may write
1z —v'|I> =
Vi = Zr > + 1V = Vel = 127 — Z'1I1P,
1z —v|* <

IV — Zr I + IV = Vil + 127 — Z' 1%
thus, due to (32),
Vs = ZrlIl> + IV = VIl = 127 — Z/ 11
<V = ZrI> + 1V = Vel + 127 — Z'I* (34)
Adding (33) and (34) gives
IZr = ZIIV = Vel = IV = VIl Zr — Z')|
< WV —=VellZr = Z'| =V = V4l Zr — ZII,
and thus
IZr = ZIIV = Vel + 1V = V7
<|1Zr = Z'IIV = Vel + IV = V71,
\Z - Zrll < 12" Z7 . (35)

Define W as a common vertex of A, and A’ noting that W must be in H. Since Z — Zr
and Z' — Zr are perpendicular to Zr — W, (35) gives

I1Z =Wl <IZ' - W]|. (36)

It may be shown analogously that, if (32) is a strict inequality, then (36) is a strict inequality
as well. Further, since A, is a maximal simplex, ||Z — W|| > ||Z' — W ||; thus, the inequality
(36) must be an equality, and A, and A’ are both maximal. We may also conclude that® (32)
must also be an equality, which implies that Z and Z’ are, in fact, the same point.

3 The logic for this conclusion is as follows: if (i) a < band (il)a < b — ¢ < d, then, if c = d, thena = b.
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Now define F as the polygon which is equal to the union of those simplices of AF whose
circumcenter is Z; note that all of the simplices that make up F are maximal. If Z is inside
F, the simplex which includes Z is an interior candidate simplex. If Z is not inside F then,
by the above reasoning, any boundary of F* which Z is on the opposite side of must also be
a boundary of L, and the simplex in F' which shares this boundary is a boundary candidate
simplex. O

Theorem 3 Consider A* as an n dimensional Delaunay triangulation of a set of well-
situated points S € L (including the vertices of L), with factor of r. Then

Riax < Lzr'f_1 where r1 = max {rS(L), «(L)},

where Ryqyx is the maximum circumradius, Ly is the maximum edge length in all simplices,
and S(L) and k (L) are the skewness and aspect ratio of L.

Proof This theorem is shown by induction on n, the dimension of the problem. Forn = 1, the
circumcenter of any simplex is located in L, and the lemma is trivially satisfied. Assuming
the theorem is true for the n — 1 dimensional case, we now show that the theorem is also true
for the n dimensional case.

Consider A, as a maximal simplex of the n dimensional Delaunay triangulation A¥, with
circumcenter Z, which is also a candidate simplex (see Lemma 10). If A, is an interior
candidate simple, it includes its circumcenter, and the lemma is trivially satisfied, since Z
is located in L. Otherwise, Ay is a boundary candidate simplex, and there is a constraint

al.T x < b; bounding L which is active at n vertices of Ay, and Z violates this constraint.

Denote H; as the n — 1 dimensional hyperplane which contains this constraint.
Consider P as the vertex of Ay which is not in H;. Define Z7 and Pr as the projections
of Z and P onto H;, and W as a vertex of A, which is in H;; then
I1Z—-Pl=1Z-WI,
1Z = Zr | + 1P = Pl + 127 — Pr|?
=1Z = Zr 1> +1Zr = W|?
21 Zr — ZII|\P — Prll + |P — Pr|?
=1Zr = WI* =1z — Pr|? (37)
By construction Z7 is the circumcenter of an n — 1 dimensional simplex A}C which includes
all vertices of A, except P. Note that restriction of A* onto the hyperplane H; is itself an
n — 1 dimensional Delaunay triangulation. In other words, for any point V € S thatisin H;,
1Zr = VI = I1Zr — W]
1Pr—VIz=IIZr = VI—-I1Zr — Prll
1Pr—VI = IIZr =Wl —1Zr — Prll
1Zr = WI* =1z — Pr|?
=WUWZr =W+ 1Zr = PriDUZr — Wl = IIZr — Prl)

According to equation (37), |Zr — W| > ||Zr — Pr||; it thus follows from the above
equations that

IZr — WI* = 1Zr — Pr|* <201 Zr — W Pr — V. (38)
Combining (37) and (38), we may write
1Zr = Z|IIP = Prll = 1 Zr — Wl Pr — V| (39)
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Furthermore, by construction, Zr — Z and P — Pr are perpendicular H; to ; therefore,

vV — Pr|?
1Z - WP < 127 — Wi+ L =P
I|P — Pr
IP—VI>= |V~ Pr|>+IP — Pr|?
IP— Vi
Z-W|<I|Zr-W|—— 40
I I =0Zr = Wip—p (40)

On the other hand, since S is well-situated with factor of r, according to Lemma 9, there is
a point V in S which is in H;, and

1P - VI _

— <. (41)
1P —Prl

Note that, if S is well situated with factor of r, the subset of points of S which lie within
H;, denoted S;, are also well situated with factor of r. Since || Z7 — W|| is the circumradius
of the n — 1 dimensional simplex Al of the Delaunay triangulation of S;, by the inductive
hypothesis,

1Zr = W1 < Lor ™2
Applying (40) and (41), it thus follows from the above condition that
1Z = Wil < Lor}™!
Since ||Z — W|| is equal to the maximum circumradius of AF, the theorem is proved. m]

We now use Theorem 3 to perform a slight modification of Algorithm 2 in a way that
ensures the set of datapoints remains well situated, with factor r, as the iteration proceeds. In
this way, a bound for the maximum circumradius of the Delaunay triangulations generated
by the algorithm is assured.

Algorithm 2 is initialized with the vertices of L. By Remark 6, this set of points is well
situated. Algorithm 2 then (a) adds to this initial set of points a number of user specified points
of interest, and then (b) adds (at step 5) a new datapoint [selected carefully, as described in
the algorithm] to the existing set of datapoints at each iteration, until convergence. We now
modify Algorithm 2 such that each time a new datapoint P is added, in both steps a and b
above, an adjustment Q to the location of point P is made, if necessary, in order to ensure
that set of datapoints remains well situated. This adjustment is performed as follows.

Algorithm 3 Assume S is a well-situated set of points, and P is a candidate point to be
added to this set (after adjustment, if necessary).

0. Set Q=P.

1. Find a constraint aiT x < b; for which P is not in a well situated position. If none can be
found, stop the algorithm, and return Q.

2. Replace Q by the feasible constraint projection of Q on aiT x < b; (see Definition 5).

3. Repeat from step 1 until the algorithm stops.

Note that A, (Q) includes the active constraints of P. At each step of the above algorithm,
an additional constraint is added. Thus, the above algorithm stops after at most n — 1 iterations.

In Lemma 11, we show that Algorithm 2 still converges, even if we add Q instead of P
at each iteration.
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Lemma 11 Consider S as a well-situated set of points in L, and Q as the outcome of
Algorithm 3 from input P. Then,

min || P — x| fp-{gleigllQ—yll, (42)
1\1-"2

b= |:2r12 (1 _ 72)} , 43)

ri = max {rS(L), «(L)}. (44)

Proof Consider y € § as a point which minimizes ||Q — y||. If a constraint aiTx < b; exists
in A,(Q) which is not active at y, since S is well-situated, according to Lemma 9, there is a
point yl € S such that aiT x < b; is active at it, and

1
ly =yl < 5)
ly —yrll

where yr is the projection of y on the hyperplane al.T x = b;. By construction,

ly — Q% = lly — yrlI* + llyr — QII%,
ly — yrll + llyr — QI
ly — QI > ,
y ﬁ
Iy' = ol < lly' = yrll + llyr — QI
ly=Ql _ 1 lly—yrl+lyr -2l

A

. 46
Iyt =0l = v2Iy' =yrll +llyr = QI 0]
Using (45) and (46), we have:
ly — Ol 1
> . 47
=0l = Van @7

Using (47), recursively over the k < n — 1 binding constraints at point Q, we will derive
that there is a point yk € S¥ in which A,(Q) C A, (yk), and

Iy — QI |
> ( ) (48)
Iys =0l = "V2r
Take V = y; then we will show that
1P =V _n=l
0 == *) (49)
1o — VI r?

According to Algorithm 3, Q is derived by a series of successive complete feasible con-
straint projections of a point P onto various constraints of L which are active at Q. Assume
that m feasible constraint projections are performed in during the process of Algorithm 3,
and {P', P2,..., P!} is the series of points which are generated by Algorithm 3. In this
way, Pl = p, pmtl — 0, and Piforl <i <m+ 1is the feasible-constraint-projection
of Pi=1 onto a constraint of L demoted by aiT x < b;.

Define Pi" ' as the intermediate feasible constraint projection of P/ onto constraint a x <
bi, at step j, and H [ as the hyperplane (with dimension less than or equal to n) implied by
A (Pl J ). Then denote PR as a point in the intersection of H; and H’ J , that has minimum

distance from PL /) (This is similar to P}g in Definition 5).
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Since the point P is in a poorly situated position with respect to the constraint al.T x < b;,
and Aq(P;’) € A4(Q), and therefore V is in both H; and H,”,

iy
1P’ = VI -
ij i.j
1P’ — PRl
I1P7 = VIE =P = PP+ 1P - VP
L =ML R R
. iy
Pt -y Pyl —v 1
L L i By
i, - i, -
1P = VI 1P = VI r
Moreover, at each iteration of the feasible constraint projection, a linearly independent
constraint is added to the set of active constraints, therefore, step 3 of the procedure of feasible

boundary projection could happened at most n — 1 times. Thus, (49) is satisfied which shows
(42) when A,(Q) € A, (V). Furthermore, by using (48) and (49), (42) is satisfied when

Ad(Q) & Aa(V). o

Theorem 4 Algorithm 2, with the adjustment described in Algorithm 3, will converge to the
global minimum of the feasible domain L if the parameter K satisfies (10), and p* (x) is
Lipschitz with a single Lipschitz constant L, for all steps k.

Proof Consider S* as the set of datapoints at step k, xy as the global minimizer of s (x), and
x;. as the outcome of Algorithm 3 for input x;. Denote 8; and § ,1 as follows:

8¢ = min [lxe — yll,
k yeSk Y
8 = min ||x; — y||.
yeSk k Y
Note that S¥*1 = §¥ U {x;}.
0 < min f(2) = f (") < (Lp +2Krg,08;. (50)
Z€S'
max 1S the maximum circumradius of a Delaunay triangulation for Sk, and L p is the

Lipschitz constant of pk (x).
Since S is a well-situated set with factor of r, according to Theorem 3,

where rk

Fmax < Lar{ ™" (SD)
where r; and L, are constants. Moreover, via Lemma 11,
8¢ < pdr, (52)
where p is a constant defined in (43). Thus, using (50), (51) and (52), it follows that
0 = min f(z) - fG) < e

€& =p (Lp + 2KL2r;‘—1) 5. (53a)

Since the feasible domain L is bounded, §y — 0 as k — oo. Thus, Algorithm 2, with the
adjustment described in Algorithm 3 incorporated, will achieve €; < €4¢g in finite k, where
€y defined in (53a) for any specified €ges > 0. O
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Remark 8 The parameter r > 1 represents a balance between two important tendencies of
Algorithm 2, with the adjustment described in Algorithm 3. For the »r — 1, many feasible
constraint projections are performed, and thus many datapoints are computed on the boundary
of F; as a result, a restrictive bound on the maximum circumradius of the triangulation is
available. On the other hand, as r is made large, fewer feasible constraint projections are
performed, and thus fewer datapoints are computed on the boundary of F; as a result, the
bound on the maximum circumradius of the triangulation is less restrictive. A good balance
between these two competing objectives seems to be given by » = c4/n where c is an O(1)
constant; note that Algorithm 2 is recovered in the r — oo limit.

5 Adapting K

The tuning parameter K in Algorithms 2 and 3 specifies the trade-off between global explo-
ration, which is emphasized for large K, and local refinement, which is emphasized for small
K. In this section, we develop a method to adjust the tuning parameter K at each itera-
tion k in such a way as to maximally accelerate local refinement while still assuring global
convergence.

The method builds on the fact that, if there exists an  such that p¥ () — K ¥ (¥) < f(x*)
where f(x*) is a global minimum of f (x) at each step k of Algorithm 2, then (11) is sufficient
to establish convergence in Theorems 2 and 4, and (10) may be relaxed. Furthermore, it is
not necessary to choose constant value for K in Algorithm 2, instead we may adapt K¥ at
each step k in such a way that K* > 0is bounded and pX(X) — K¥ ¥ (%) < f(x*) at each
step k of Algorithm 2.

If yg is a known lower bound for f(x) over the feasible domain L, then if we choose K*
adaptively at each step of Algorithm 2 such that

0 < K* < Kuax, (54a)
3iel pf@E — Kre®) < o, (54b)

then the Algorithm 2 will converge to a global minimizer.

Note that reduced values of K* accelerate local convergence. Thus, at each step k, we
seek the smallest value of K* which satisfies (54). The optimal K* can be found simply as
follows

PEx) — o

K* = min
ek(x)

(55)
It is trivial to verify that the x which minimizes (55) also minimizes the corresponding
search function pk (x) — K¥ ek (x). Thus, an alternative definition of the search function is

k s
skx) = %();)yo which has a same minimizer as s* (x) = p*(x) — K¥e¥ (x) for the optimal

value of K¥ given in (55).
If at some step k, the solution of (55) is negative, we take K k at that step as zero, and the
adaptive search function as s‘]j (x) = pk (x).

The new search function s(’j

search function. Thus, we have to solve several optimization problems with linear constraints
in order to minimize sclf (x) in L. Following similar reasoning as in Lemma 5, we can relax

. . . L. K(x)—v
these constraints: for each simplex A?‘, we can instead minimize s;‘ ;) = %())}0
) EI- X

k
(x) = %();)yo is defined piecewise, similar to the original

in the

intersection of the circumsphere A{f and the feasible domain L.
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Again in order to minimize s ; (x) for each simplex, a good initial guess is required. In

each simplex Ai.‘, aminimizer generally has a large value of ¢} k(x); therefore, the projection of
the simplex’s circumcenter onto the simplex itself is a good initialization point for searching
for the minimum of sk ; (). This initial point for each simplex is denoted 321‘

As before, with thls initial guess for the minimum of s* s, ;(x) in each simplex, we can find
the global minimum using a Newton method with Hessmn modification. We thus need the
gradient and Hessian of the function s (x)

k k
Fro-y)_v@e He)
V( o )— il S o) ) I
o P =) _ V2 (pr )
g ) dw
(VPR W) (Ve )" (Veb ) (Fpo)T
ek (x)2 ek (x)?

2k k k T
+ (P =) (‘V G |, Vave ) )

ek (x)? ek (x)3

The algorithm for optimization with adaptive K can be formalized as follows:

Algorithm 4 This algorithm is identical to Algorithm 2 except for step 3.c and 3.d, which

at step k initially defines the local search functions (upon which the global search function

is built) as

P = yo
ef (@)

and at step 3.d, the minimizer of 55 ;(x) is calculated instead of sl(‘ (x). but then, if a point x

shi(x) = , (56)

is encountered during this search for which p*(x) < yo, subsequently redefines the global
search function for step k as s/; (x) = p*F(x)

Remark 9 Newton’s method doesn’t always converge to a global minimum. Thus, the result of
the search function minimization algorithm at step k, x, is not necessarily a global minimizer
of sﬁ (x). However, the following properties are guaranteed:

if sK(x) = p*(x). then p*(xp) < yo:

K(y) —
if sk (x) = %, then (57a)
sk(u) < 5K (xf) vak e Ak, (57b)

Recall that x x is the maximizer of e’; (x) in AIJ‘. (x).

In the following theorem we prove the convergence of Algorithm 4 to the global minimum
of f(x). Convergence is based on the conditions in (57); note that global minimization of
the search function s"j (x) at each iteration k is not required.

Theorem S Algorithm 4, with the modification described in Algorithm 3 incorporated, will
converge to the global minimum of the feasible domain L if f(x) and p*(x) are twice
differentiable functions with bounded Hessian, and all p*(x) are Lipschitz with the same
Lipschitz constant.
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Proof Define K, vk . and Lé as the set of datapoints, the maximum circumradius of A,
and the maximum edge length of A, respectively, where AX is a Delaunay triangulation of
Sk. Define xy as the outcome of Algorithm 4, which at step k satisfies (57), and define )c,’< as
the outcome of Algorithm 3 from input x;. According to Algorithm 3, S¥*1 = sk U {x,/(}.
Since f(x) and p*(x) are twice differentiable with bounded Hessian, constants K rand K¢
exist such that

Kf > hmax (V2 F(0)) /2, (58a)
Kpf = Amax (V2 (f (x) — pk(x))) / 2. (58b)

Define L, as a Lipschitz constant of P¥(x) for all steps k of Algorithm 2. Define y; € S* as
the point which minimizes § = min, g [|x — x|l
We will now show that

min f(z) — f(x*) < &,
zeSk

Bk =\ 2k K rLp 150 + [ 2k max (K K} + Ly |8, (59)

where x* is a global minimizer of f(x™*).

During the iterations of Algorithm 4, there two possible cases for s§ (x). The first case is
when s (x) = pk(x). In this case, via (57a), p¥(xx) < yo, and therefore pX(xx) < f(x*).
Since y; € Sk, it follows that pk (y1) = f(y1). Moreover, L is a Lipschitz constant for
pk (x); therefore,

Pro = pf ) = Ly,
o0 =) < Lys,
FO = &™) =Ly,
min f(z) — f(x*) < L, 6,
zeSk

which shows that (59) is true in this case.
The other case is when s, (x) = L()x}o For this case, consider Ak as a simplex in AF

which includes x*. Define L(x) as the unique linear function for Wthh L(Vi) = f(V),
where V; are the vertices of the simplex A’;. According to Lemma 6 and (58a), there is an

~ k
xeA J

L) — Kye'(F) < f(x"). (60)
Since L(x) is a linear function, it takes its minimum value at one of its vertices; thus,

min f(z) — f(x*) < Ky ek (7).
zeSk

Recall % xl is the point in simplex Ak which maximizes e; k(x) inside the closed simplex Ak,

therefore, e (¥1) < ¥ (x") and
min /)~ f(5) < Kyt (8). (61)

On the other hand, according to Lemma 4, 2 rX__ is the Lipschitz norm for the uncertainty
function, y; € Sk and thus e (y1) = 0; hence,

o~ (xp) <2 rll;ax S.
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If e () < e ().
min f(z) — f(x*) <27k K8
zesk

therefore, (59) is satisfied. Otherwise,

FE =30 _ fE =0

s@) T Fow ©

Using (57b) and (62), it follows:

o — sy _ () e

ek(xk) - ok (ff) (63)

According Lemma 6 and (58b), there is an X, € A’; such that
ko~ ko= *
P (X2) — Kpre'(x2) < f(x7).
Since X € A’; and L is a Lipschitz constant for pk (x), it follows that
P (R) = LpLh = Kpp b (2) = £,
k ok
PE) -
k[ ok k(sk)
() e

Using (63), (64), and the fact that L, and 2 rﬁmx are Lipschitz constants for pk (x) and &* (x),
it follows:

<Kpr+ (64)

k * LPLIE k
prxk) — f(xT) < | Kpp + e (xy),

L ¢(®)

k * k LPLIE
PrOn) — f(T) < | 2rpax | Kpr + +L,|s.

)

Note that y; € S¥; thus, p¥(y1) = f(y1) > min_ g f(z), and

. . ‘ L,L%
min f(z) — f(x") < | 2rpay | Kpr + +L,|s. (65)
zeSk ok (fj{)

Using (61) and (65), it follows:

min f(z) — f(x*) = |:2r1]§1ax KPf + LP] 8
zesk
2r1]§1ax KfLIELP

+minzesk @) — fx®
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Since x* is a global minimizer of f(x), min cg f(z) > f(x*), and therefore
2
I:mirz f2) — f(x*)] <2k KyL,L5s
zeS
+ [2r’,;axz(,,f + Lp] [mir}} flz) — f(x*)] 5.
zeS

Apply the quadratic inequality,* and the triangular inequality, it follows:

min /() — (") < \J2rk KLy L5 + [2rkaK o + Ly 5.
ze

The above equation implies that (59) is true for this case too. Thus, (59) is true for all
possible cases.
Moreover, by construction, S¥ is a well situated set; thus, by Theorem 3,
rk < Léri’_l (66)

max ’

Furthermore, via Lemma 11,
8 < pd, (67)

where p is defined as in (43), and 8 = min g ||lx; — x||. Note that the Li are bounded, and
define L, as an upper bound for the L% for all k. Using (59), (66) and (67), it follows that,

0 <min f(z) — f(x*) < &, where
zesk

€x = Adx + By,

A= V 2prr]§1afoLPL§’

B=p [2rrl§1ax max {Kpf, Kf} + Lp] .

Since the feasible domain is bounded, §; — 0 as k — oo. Moreover, A and B are two
constants; therefore, €, — 0 as k — o00; thus, the global convergence of Algorithm 4, with
Algorithm 3 incorporated, is assured. ]

Remark 10 Globally minimizing the search function sX(x) at each step k is not required
in Algorithm 4; it is enough to have (57) to guarantee convergence. In contrast, the
search function s¥(x) must be globally minimized in order to guarantee convergence of
Algorithm 2.

Since performing Newton’s method for minimizing the search function is not required for
global convergence, in practice, we will perform Newton’s method only in those simplices
whose initial points ﬁf have small values for the adaptive search function sé‘ (x). In general,
performing Newton iterations in more simplices reduces the number of function evaluations
required for convergence, but increases the cost of each optimization step.

5.1 Using an inaccurate estimate of yo

It was shown in Theorem 5 that, using Algorithm 4 with a lower bound yq for the function,
convergence to a global minimum of the function is guaranteed. However, it is observed

4IfA B C>0and A2<AB+ Cthen A < B+ +/C.
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in Sect. 7 that, if yg is not an accurate lower bound for the global minimum, the speed of
convergence is reduced. In this subsection, we study the behavior of Algorithm 4, when the
estimated value of yy is slightly larger than the actual minimum of the function of interest.

Theorem 6 Assume that f(x) and p*(x) are twice differentiable functions with bounded
Hessian, and all p*(x) are Lipschitz with the same Lipschitz constant. Then, for any small
positive ¢ > 0, there is a finite iteration k of Algorithm 4, with the modification described in
Algorithm 3 incorporated, such that a point z € S* exists for which:

f(@) —max {f (x),y} <e, (68)

where f(x*) is the global minimum of f (x).

Proof To prove this theorem, we use the notations defined in the proof of Theorem 5. Note
that, if yop < f(x™), the theorem is true based on Theorem 5. Otherwise, similar to (59), we

will show that
min /) = 30 </ 2rk K LAL 0 + Lo+ 2k s |5 (69)
z€

As stated previously, during the iterations of Algorithm 4, there two possible cases for s§ (x).
The first case is when sﬁ x) = pk (x). In this case, via (57a), pk (xx) < yo. Since y; € Sk, it
follows that p¥(y;) = f(y1). Moreover, L p is a Lipschitz constant for p¥(x); therefore,

PrOoD = pFea) < Ly s,
fO) = pra) < Ly,
fO1) —yo < Lpé,

min f(z) —yo < L3,
ze Sk

which shows that (69) is true in this case.
JALEIE
ek (x)
the proof of Theorem 5, define A’; as a simplex in AF which includes a global minimizer
x*. Following the same reasoning as in the proof of Theorem 5, (61) is true. Moreover,

yo > f(x*), and thus

The other case is when sé‘ (x) = . In this case, (57b) is satisfied. Now, similar to

min f(z) — yo < Ky et (xk)
zesk f ' / /
In addition, if min_ g f(2) < yo, the theorem is trivial, otherwise, the above equation may
be modified to
1 Ky

. 70
o (#) = mincst 1) — % 70

Note that (64) is true in this case too. Using (57b), yo > f(x*), and the Lipschitz properties
of p*(x) and e (x), it follows that

. ‘ L,L%
min f(z) = yo < | 2oy | Kps + +L,|s. (71)
zeS

k ( 3k
& (%)
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Using (70), (71), and min_c g« f(z) > Yo, it follows that
2
[min f(z) — yo)] <2k KyL,L%s
zeSk

+ |:2rmax pf LP] Ii;relg]} f@ - f(x*)] )

It follows from the above equation that (69) is true for all possible cases. Note that (66) and
(67) are true in this theorem too; thus, with similar reasoning, it follows:

0 < min f(z) — yo < €, where
zeSk

= A\/a—i- Béy,
=/20L3r K (L,
B=p|Ly+2Lor{ ™ Kpr .

where 8; = min, g ||lx; — x||. Since the feasible domain is bounded, §y — 0 as k — 00;
thus, €, — 0 as k — oo. ]

Remark 11 Theorem 6 shows that if an inaccurate guess for the lower bound yg of the
function f(x) is used, Algorithm 4 will converge to a point whose function value is equal to
or below the estimate yg. In other words, Algorithm 4 will first converge to a point whose
function value is less than yp, and then perform only local refinements thereafter, taking
skx) = pk (x) for later iterations.

6 Parallelization

Parallel computing is one of the most powerful tools of modern numerical methods. In
expensive optimization problems, performing an optimization of the type discussed here on
a single CPU is relatively slow. The algorithms presented above only accommodate serial
computations, with one function evaluation performed in each step.

The present algorithms are intended for problems with expensive function evaluations.
Other than these function evaluations, the most expensive part of the present algorithms are
the search function minimizations. Constructing the Delaunay triangulation is also somewhat
expensive in high-dimensional problems; however, this is made negligible in comparison with
the other parts of the algorithm when an Incremental method is used to update the Delaunay
triangulation from one step to the next.

The search function minimization allows for straightforward parallel implementation.
As described before, we must minimize the local search functions sik (x) [or, in Algorithm 4,
sf;,l. (x)] within each simplex of the Delaunay triangulation at step k; this task is embarrassingly
parallel.

The other expensive part (which will be the most expensive part in many applications)
is the function evaluations themselves. We may modify Algorithms 2 and 4 to perform n,
function evaluations in parallel. To accomplish this, we need to identify 7, new points to
evaluate at each step.

During Algorithm 2 or 4, xi is derived by minimizing sk(x) = pk (x) — Kek(x) or

sk 2(x) = w . Note that, at each step, the uncertainty function eF(x) is independent from
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the interpolation p¥(x) and the function values themselves. Thus, we can modify e Hx)
without performing the cost function evaluation at xi. This idea may be implemented as
follows

Algorithm 5 [n this algorithm, a modification for Algorithm 2 is presented is which, at each
step k, identifies n, new points to evaluate in parallel at each step. Note that this approach
extends immediately to Algorithm 4.

0. Take the set of initialization points S° as all M of the vertices of the feasible domain L
together with one or more user-specified points of interest on the interior of L. Evaluate
the function f(x) at each of these initialization points in parallel. Perform a Delaunay
triangulation for S°. Set k = 0.

1. Calculate (or, for k > 0, update) an appropriate interpolating function p*(x) through
all points in S*.

2. Calculate x,? as the minimizer of s*(x) (see step 3 and 4 of Algorithm 2). This task may

be done in parallel for each simplex.

Replace x,? with the outcome of Algorithm 3 from input x,?, then take S’l‘ = SkuU {x,?}.

4. For each substepi € {1,2,...,n, — 1}, do the following:

b

a. Incrementally calculate the Delaunay triangulation for data points for Sf in order
to derive the new uncertainty function ki (x).

Derive x; a]f a global minimizer of ski (x)k = pFx) — Ke(f" (x).

Calculate 5 = min gk llx; — yll, and 85 = miny g [lx;) — ylI.

S

Ierl{c < 68]6 for some ¢ with 0 < ¢ < 1, replace x,i with a global minimizer of ¥ (x).
e. Replace x,i with the outcome of Algorithm 3 from input x,i.
f Take SF, | (x) = SFU {x]).

. —1] .
5. Take SF+1 = S,]ip, and evaluate the function at {x,?, x,i, R x,’:’ } in parallel.

6. Repeat from step 1 until 85 < 8des-

Note that minimizing ski(x) for0 < i < np is a relatively easy task, since ski(x) =
ski=1(x) in most of the simplices, and the incremental implementation of the Delaunay trian-
gulation can be used to flag the indices of those simplices that have been changed by adding
xKto SF_ (x) (see [36]).

Remark 12 1t is easy to show that the modification proposed in Algorithm 5 preserves the
convergence properties of Algorithms 2 and 4. The parameter c at step 4.d plays a significant
role in the convergence rate; large ¢ forces more of the function evaluations to be related
strictly to global exploration, whereas small ¢ allows function evaluations to potentially get
dense in regions away from the global minimum. Intermediate values of ¢ are thus preferred,
as discussed further in Sect. 7.5.

7 Results

To evaluate the performance of our algorithms, we applied them to the minimization of the
some representative test functions (see Appendix.A [26]):

— One dimension
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Weierstrass function: > Taking N > 1 (N = 300 in the simulations performed here),

N

1 )
fo=> 5 cos(3' 7 x) (72)
i=0
— Two dimensions
Parabolic function:
fon=x"+y (73)

Schwefel fuction: Defining ¢ = 418.982887,

f(x, y)=c—xsin (\/H) — ysin (\/D’T) (74)

Rastrigin function: Defining A = 2,

fa N =24+x"+" +
—Acos(2mr x) — Acos2m y (75)

Rosenbrock function: Defining p = 10,
fay=0=2)+py—xH’ (76)

— Higher dimensions
Rastrigin function: Defining A = 2,

fO)=An+ > [x} = Acos 2m xi)] (77

i=1
Rosenbrock function: Defining p = 10,

n—1
Foi) =2 [ =5+ p (i1 — )] 78)
i=1
Except where otherwise stated, each simulation was initialized solely with function evalu-
ations at each vertex of the feasible domain; that is, no user-specified points were used during
the initialization. What follows is a description of the results of the simulations performed.
Also, unless otherwise stated, each test result reported incorporates Algorithm 3 into
Algorithms 2 and 4, with parameter r = 2./n.

7.1 Nondifferentiable 1D case

The Weierstrass function is a classical example of a nondifferentiable function, for which
derivative-based optimization approaches are ill-suited. Note that the proofs of convergence
of the present algorithms, as developed above, don’t even apply in this case; however, it is
seen that the algorithms developed converge quickly regardless.

We sought a global minimum of this test function over the domain [—2, 7z ]. For this test
function (only), the set of initial data points was taken as $9 ={—=2,0.5, }. The result using
Algorithm 2 with K = 0 is illustrated in Fig. 6a, the result using Algorithm 2 with K = 100

5 The parameters of the Weierstrass function used in this paper do not satisfy the condition assuring nondif-
ferentiability everywhere that Weierstrass originally identified; however, according to [15], these parameters
indeed assure nondifferentiability of the Weiertrass function everywhere as N — oo.
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Fig. 6 Implementation of
Algorithms 2 and 4 for the
Weierstrass function (72). Actual
function (solid), function
evaluations (squares), and
interplant after the final function
evaluation (dashed). a Algorithm
2 with K = 0. b Algorithm 2
with K = 100. ¢ Algorithm 4
with yg = =2

is illustrated in Fig. 6b, and the result using Algorithm 4 (with adaptive K, taking yo = —2,
which is the known lower bound of f(x)) is illustrated in Fig. 6¢. The optimizations were
terminated when min, o g [lxx — x|| < 0.01.

Itis seen in the K = O case that the optimization routine terminated prematurely, and the
global minimum of the problem was not identified; it is thus seen that the global exploration
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part of the algorithm (for K > 0) is important. It is seen in the K = 100 case that global
convergence was achieved, and that 34 function evaluations were required for convergence.
Itis seen in the adaptive K case that global convergence was achieved more rapidly, requiring
only 17 function evaluations for convergence.

7.2 Box constraints
7.2.1 2D parabola

The first 2D test function considered is a parabola (73). This simplistic test was made to
benchmark the effectiveness of the algorithm on a trivial convex optimization problem. The
function considered has a global minimizer at (0, 0) in the feasible domain x; € [—m, 4]
(the center of the domain is shifted away from the origin to make the minimum nontrivial
to find). Again, the optimizations were terminated when min, . g« [[xx — x| < 0.01. For this
problem, for both small K (K = 0.3, see Fig. 7a) and larger K (K = 1, see Fig. 7b), global
convergence was achieved; 16 function evaluations were required for convergence of this
simple function with K = 0.3, and 29 function evaluations were required for convergence
with K = 1. For the larger value of K, a bit more global exploration is evident. Taking K = 0
in the present case again results in premature termination of the optimization algorithm, at
the very first step, and the global minimum in not identified

Given exact knowledge of yy, the behavior of Algorithm 4 for this simple test function is
remarkable, and the algorithm converges in only 6 function evaluations (that is, two function
evaluation after evaluating the function at the vertices of L). As shown in Fig. 7d, taking
Yo as a bound on the minimum, yp = —O0.1, the algorithm requires a few more iterations
(19 function evaluations are needed). In this case, Algorithm 4 actually performs a function
evaluation very near the global minimizer within the first two iterations, similar to the case
when yo = 0; however, the algorithm continues to explore a bit more, until it confirms that
no other minima with reduced function values exist near this point.

7.2.2 2D Schwefel

The second 2D test function considered is the Schwefel function (74), which is characterized
by nine local minima over the domain considered, x; € [0, 500], with the global minimizer
at (420.968746, 420.968746), and global minimum of f(x*) = 0. The optimizations were
terminated when min, . g« [[xx — x|| < 1. As shown in Fig. 8a, for K = 0.03, the algorithm
fails to converge to the global minimum, as not enough global exploration is performed. As
shownin Fig. 8b, taking K = 0.2, and thus performing more global exploration, the algorithm
succeeds in finding the global minimum after 87 function evaluations. As shown in Fig. 8c,
using adaptive K based on accurate knowledge of global minimum yy = 0, the result is
similar to the K = 0.3 case, but only 36 function evaluations are performed; convergence is
seen to be especially rapid once the neighborhood of the global minimum was identified. As
shown in Fig. 8e, using adaptive K based on a bound on the global minimum, yp = —20,
the algorithm continues to explore a bit more, now requiring 64 function evaluations for
convergence. As shown in Fig. 8f, using adaptive K based on an inaccurate guess of the
bound on the global minimum, yo = 20, convergence is similar to the case with yp = 0
(Fig. 8d), with actually a bit faster convergence (now requiring 26 function evaluations for
convergence), because global exploration is suspended (that is, K is driven to zero) once
function values below yo are discovered, with the algorithm thereafter focusing solely on
local refinement; recall from Theorem 6 that, in this case, the algorithm may stop any time
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(a) (b)
4 ) 4 5
2 2
0 0
2 2
2 0 2 4 P 0 2 4
(c) (d)
4 | 4 5
2 2
0 0
_2 -2
2 0 2 4 2 0 2 4

Fig.7 Location of function evaluations using Algorithms 2 and 4 applied to the 2D parabola (73). a Algorithm
2 with K = 0.3. b Algorithm 2 with K = 1. ¢ Algorithm 4 with yg = 0. d Algorithm 4 with yj = —0.1

after function values below yg are discovered, and convergence to a neighborhood of the
global minimum is not assured.

7.2.3 2D and 3D rastrigin

The third test function considered is the Rastrigin function. We first consider the 2D case
(75), which is characterized by 36 local minima over the domain considered, x; € [—2, 7],
with the global minimum at the origin. The results for this test function are presented in Figs.
9a—c, and are similar to the Schewefel test case. Algorithm 2 fails to converge to the global
minimum when K = 10, which is too small for this problem, and more extensive global
exploration was performed when K = 20, in which case convergence was achieved in 63
function evaluations. More efficient convergence was obtained when Algorithm 4 (adaptive
K') was used with an accurate value of yp = 0, requiring only 30 function evaluations for
convergence.

In Fig. 10, we consider the 3D case (77), which is characterized by 216 local minima over
the domain considered, x; € [—2, 7], with the global minimum at the origin. We applied
Algorithm 4 with an accurate value of yg = 0, and terminated when min ¢ g ||xx —x| < 0.01.
During the first iteration after the initialization, a point was obtained with function value close
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Fig.8 Location of function evaluations in Algorithms 2 and 4 on the 2D Schwefel function (74). a Algorithm
2 with K = 0.03. b Algorithm 2 with K = 0.2. ¢ Algorithm 4 with yg = 0. d Algorithm 4 with yg = —20. e
Algorithm 4 with ypy = 20.

to the global minimum; however, several more iterations were required until the algorithm
stopped after 50 iterations (i.e., including the vertices of L, 58 function evaluations).

7.2.4 2D and 3D rosenbrock

The next test function considered is the Rosenbrock function. We first consider the 2D case
(76), which is characterized by a single minimum over the domain considered, x; € [—2 2],
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Fig. 9 Location of function
evaluations in Algorithms 2 and 4
on the 2D Rastrigin function
(75). a Algorithm 2 with K = 10.
b Algorithm 2 with K = 20. ¢
Algorithm 4 with yg =0

with the global minimum at (1, 1), and achallenging, nearly flat valley along the curve y = x
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where the global minimum lies. In this test function, the optimizations were terminated
when min,c g« [|xx — x|| < 0.01; since the valley is so flat in this case, the accuracy of the
converged solution is a strong function of the termination criterion, and significantly relaxing
this criterion leads to inaccurate results. As shown in Fig. 11a, for K = 5, the algorithm fails
to converge to the global minimum, as not enough global exploration is performed. As shown
in Fig. 11b, a larger value of the tuning parameter, K = 20, facilitates more thorough global
exploration over the domain, with the function evaluations concentrating along the valley,
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Fig. 10 Implementation of (a)
Algorithm 4 with yg = 0 on the 30
3D Rastrigin function (77). a

Function values at the evaluation

points. b Coordinates of the

evaluation points 20

0 20 40 60

2
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-2
JaV}
x 0
-2
-2
0 20 40 6

and convergence is achieved in 70 function evaluations. As shown in Fig. 1lc, applying
Algorithm 4 (adaptive K) using an accurate value of yy = 0 focused the function evaluations
even better along the valley of the function, and convergence is achieved in only 34 function
evaluations.

InFig. 12, we consider the 3D case (78), which is again characterized by a single minimum
over the domain considered, x; € [—22], with the global minimum at (1, 1, 1), and a
challenging region near the 3D curve x3 = x% = x‘l‘ where the function is nearly “flat”. We
applied Algorithm 4 with an accurate value of yo = 0, and terminated when min, g« [lxx —
x|l < 0.01. Similar to the 2D case, after a brief exploration of the feasible domain, the
algorithm soon concentrates function evaluations near the x3 = x% = xf curve where the

reduced function values lie, as shown in Fig. 12b, and convergence is achieved in 76 iterations.

X
o N

0

7.3 General linear constraints

The above tests were all performed using simple box constraints (1b), a < x < b. We now
test the performance of Algorithm 4 with yyp = 0 when more general linear constrains (1a)
are applied, Ax < b.

We first consider the 2D Rastrigin function (75) with the following linear constraints:

-2<x, (79a)
x <, (79b)
<y, (79¢)
y=m, (794d)
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Fig. 11 Location of function
evaluations in Algorithms 2 and 4
on the 2D Rosenbrock function
(76). a Algorithm 2 with K = 5.
b Algorithm 2 with K = 20. ¢
Algorithm 4 with yg =0

o

AR\

/

x <y, (79e)
x+y<1 (79f)

During the initialization step, after finding the vertices of L, it is determined that (79b), (79¢c)
and (79d) are redundant. Thus, the feasible domain (in general, a convex polyhedron) is
actually a simplex in this case, bounded by (79a), (79e), and (79f). The global minimum in
this case lies on the constraint boundary (79¢); as shown in Fig. 13, Algorithm 4 converges
after initially exploring the feasible domain with 17 function evaluations.
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Fig. 12 Implementation of (a)
Algorithm 4 with yy = 0 on the 200
3D Rosenbrock function (78). a

Function values at the evaluation

points. b Coordinates of the 150
evaluation points

100

Fig. 13 Rastrigin function in 2D
with linear constraints
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Next, consider the 2D Rosenbrock function (76) with the following linear constraints:

—-2<x<2, (80a)
—2<y<2, (80b)
—-22<x+y, (80c)
x+y <22 (80d)

During the initialization step, it is determined that none of the constraints are redundant, since
each constraint is active at exactly two vertices. As shown in Fig. 14, the feasible domain in
this case is a convex polygon with six vertices. The global minimum in this case lies near,
but not on, the constraint boundary (80d). As expected, the results are quite similar to the
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Fig. 14 Rosenbrock function in
2D with linear constraints

case with box constraints (see Fig. 11), and the global minimum is found with 27 function
evaluations.

Finally, we considered the 3D Rastrigin and Rosenbrock functions, (77) and (78), with
the following linear constraints:

—2<x; <2 forl <i<3, (81a)
X1 +x2+x3 <3, (81b)
X1 —x2 —x3 <0. (81c¢)

During the initialization step, it is determined that the constraint x; < 2 is the only redundant
constraint, since each of the other constraints is active at at least three of the vertices. The
feasible domain in this case is a convex polyhedron with 10 vertices; it turns out that the
constraint in (81) is active at six vertices, so one of the faces of this polyhedron is a hexagon.
As shown in Figs. 15 and 16, the behavior of Algorithm 4 is similar to the corresponding
tests with box constraints discussed previously. Note, of course, that all function evaluations
performed by Algorithm 4 are evaluated at feasible points.

7.4 Feasible constraint projections

We now explore the role of the feasible boundary projections introduced in Definition 5, and
incorporated into Algorithm 3, on the convergence of Algorithm 2 with K = 1, focusing
specifically on the impact of the » parameter, taking r = 1.05,7 = 5 and r = 30. We perform
this test using the 2D parabolic function (73) subject to the following linear constraints:

x <0.1, (82a)
—1.1 <y, (82b)
y—x <0.5. (82¢)

The location of the function evaluations for different values of r is shown in Fig. 17.

Recall that 1 < r < oo, with the r — oo limit suppressing all feasible constraint
projections. It is observed that, for small values of r, the algorithm tends to explore more on
the boundaries of the feasible domain, and for large values of r, the triangulation is more
irregular, with certain function evaluations clustered in a region far from the global minimum.
Intermediate values of r are thus preferred.

Figure 18 plots the maximum circumradius r,

as the upper bound for rl’;ax,

k  of the Delaunay triangulation A¥, as well

during the optimization using Algorithm 2 with Algorithm 3
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Fig. 15 Implementation Algorithm 4 on the 3D Rastrigin function (77) with linear constraints. The first row
shows the location of the function evaluations, and the second row shows the actual function values, as well
as the “slack” distance of the function evaluations from the two constraints of L that are not simple bound
constraints. a x| coordinate, b x3 coordinate, ¢ Cost function values, d x| + x> + x3, € x| — X3 — x3

(a) (b) (©
2 2 2

0 50 100 150

(d)

450
400
350
300
250
200
150
100

50

0 0 50 100 150 0 50 100 150
0O 20 40 60 80 100 120

Fig. 16 Asin Fig. 15 for the 3D Rosenbrock function (78). a x1 coordinate, b x coordinate, ¢ x3 coordinate,
d Cost function values, e x| + x2 +x3,f x| —xp — x3

incorporated using different values of r. The maximum circumradius rr/;ax is seen to be
reduced when smaller values of r are used; however, the cases with r = 1.05and r = 5
are not noticeably different in this respect. Another important observation is that the bound
on the maximum circumradius, given by (51), is also reduced when smaller values of r are

used; however, this bound is seen to be quite conservative in this example.
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375

Fig. 17 The location of function
evaluations by Algorithm 2, with
Algorithm 3 incorporated, for
different values of r. The cost
function is simple quadratic
function whose minimizer is an
interior point within a feasible
domain given by a right triangle.
a Implementation for r = 1.05. b
Implementation for r = 5. ¢
Implementation for r = 30

7.5 Parallel performance
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We now test the performance of the constant-K version of Algorithm 5 on the Weierstrass
function (72), over the domain [—2, 7] using n,, = 3 processors, taking K = 15 and, in turn,
¢ = 0,c = 0.5and ¢ = 1. The optimizations were terminated when min . g« [|xx —x]|| < 0.01.
Algorithm 5 fails to converge to the global minimum when ¢ = 0, as multiple function
evaluations are performed at a single step k that are close to each other in this case, which
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Fig. 18 The actual value and the (a)
theoretical bound for the 12
maximum circumradius rﬁlax of
Ak, as a function of &, for the 10} ]
optimizations illustrated in Fig. !
17. Solid line, dashed line, and i
dot—dashed line are the results 81 ;
forr =1.05,r =5andr =30 !
respectively. a Actual value of 6 !
1K ax- b Theoretical upper bound '
for rr];ax 41 i
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causes premature termination of the algorithm. Algorithm 5 converges to the global minimum
for ¢ = 0.5 in 18 function evaluations, and for ¢ = 1 in 21 function evaluations; it is thus
seen that intermediate values of ¢ are preferred. In the ¢ = 0.5 case, after the initialization,
6 iterations were executed, with 7 function evaluations performed in parallel during each
iteration.

Testing Algorithm 2 with K = 15 on the same problem, it is seen that fewer (in this case,
13) function evaluations are required by the serial version of the algorithm, as the location of
each new function evaluation is based on the trends revealed in all of the previous function
evaluations. However, the total number of iterations that need to be executed in this case
is increased from 6 to 10, thus demonstrating the benefit of the parallel algorithm when
performing function evaluations in parallel is possible (Fig. 19).

8 Conclusions

In this paper, we have presented a new response surface method for derivative-free optimiza-
tion of nonconvex functions within a feasible domain L bounded by linear constraints. The
paper developed five algorithms:

e Algorithm 1 showed how toinitialize the problem, identifying the vertices of L, eliminating
the redundant constraints, and projecting the equality constraints out of the problem.
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Fig. 19 Comparison of Algorithm 5, for various values of ¢, and Algorithm 2, all with K = 15, on the
Weierstrass function considered previously. Evaluated points (squares), function of interest (solid line), inter-
polation at last step (dashed line). a Parallel Algorithm with ¢ = 0,n, = 3. b Parallel Algorithm with ¢ = 0.5,
np = 3. ¢ Parallel Algorithm with ¢ = 1, n), = 3. d Serial Algorithm

e Algorithm 2 presented the essential strawman form of the method. It uses any well-
behaved interpolation function of the user’s choosing, and a synthetic piecewise-quadratic
uncertainty function built on the framework of a Delaunay triangulation. A search function
given by a linear combination of the interpolation and a model of the uncertainty is
minimized at each iteration. The search function itself is piecewise smooth, and may
in fact be nonconvex within certain simplices of the Delaunay triangulation. A valuable
feature of the algorithm is that global minimization of the search function within each
simplex is, in fact, not required at each iteration; convergence to the global minimum can
be guaranteed even if the algorithm only locally minimizes the search function within
each simplex at each iteration. Unfortunately, this simple algorithm contains an important
technical flaw: it does not ensure that the triangulation remains well behaved as new
datapoints are added.

e Algorithm 3 showed how to correct the technical flaw of Algorithm 2 by performing
feasible constraint projections, when necessary, to ensure that the triangulation remains
well behaved, with bounded circumradii, as new datapoints are added.

e Algorithm 4 showed how to use an estimate for the lower bound of the function to maxi-
mally accelerate local refinement while still ensuring convergence to the global minimum.
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e Algorithm 5 showed how to efficiently parallelize the function evaluations on n,, proces-
sors at each step of the algorithm.

Four adjustable parameters were identified in the above algorithms, and their effects
quantified in numerical tests:

e Algorithm 2 introduced a tuning parameter K > 0, which governs the balance between
global exploration and local refinement. For sufficiently large K applied to smooth func-
tions (that is, Lipschitz, twice-differentiable, and bounded Hessian), convergence to a
neighborhood of the global minimum is guaranteed in a finite number of iterations. For
larger values of K, exploration becomes essentially uniformly over L.

e Algorithm 3 introduced a tuning parameter » > 1 which controls how frequently feasible
constraint projections are performed. Small values of r leads to function evaluations accu-
mulating on the boundaries of L, and a more uniform triangulation with reduced maximum
circumradius. Large values of r leads to fewer function evaluations on the boundaries of
L, and less uniform triangulations. Intermediate values of r are thus preferred.

e Algorithm 4 uses a tuning parameter yop, which is an estimate for the global minimum.
Convergence of Algorithm 4 was found to be remarkably rapid when yy was an accurate
estimate of the global minimum, both for smooth functions, and even certain nonsmooth
functions, like Weierstrass, characterized by exploitable trends of the global shape of
function. (For problems without such exploitable trends, the algorithm was well behaved,
exploring essentially uniformly over the feasible domain.) When yj is less than the global
minimum, convergence of Algorithm 4 to a global minimizer is guaranteed, though more
global exploration is typically performed in the process. When yy is greater than the global
minimum, convergence of Algorithm 4 to a value less than or equal to yg is guaranteed,
with some local refinement performed thereafter.

e Algorithm 5 uses a tuning parameter ¢ which controls how much closer evaluation points
are allowed to get during the parallel substeps of the iteration. Global convergence is
guaranteed for 0 < ¢ < 1. Small values of ¢ allow function evaluations to get dense
far from the global minimum during the parallel substeps, and slows convergence. Large
values of ¢ force the algorithm to focus primarily on global exploration, again slowing
convergence. Intermediate values of ¢ are thus preferred.

The algorithms described above were tested in Matlab, and Python and C++ implemen-
tations of these algorithms are currently being developed; for more information regarding
availability of these codes, please contact the authors via email. Of course, as with any
derivative-free optimization algorithm, there is a curse of dimensionality, and optimization
in only moderate dimensional problems (i.e., n < 10) is expected to be numerically tractable;
a key bottleneck of the present code as the dimension of the problem increases is the over-
head required with the enumeration of the triangulation. The parallel version of the algorithm
is expected to be particularly efficient in cases requiring substantial global exploration; in
cases focusing primarily on local refinement, the speed up provided by performing function
evaluations in parallel is anticipated to be reduced.

In Part 2 of this work, we extend the algorithms developed here to convex domains bounded
by arbitrary convex constraints. In Part 3 of this work, we extend the algorithms developed
here to approximate function evaluations, each of which is obtained via statistical averaging
over a finite number of samples. The numerical results presented in the present paper are
intended to exhibit a proof of concept of the behavior of the algorithms developed herein;
future papers will consider more practical applications, and compare to other leading global
optimization algorithms available in the literature.
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Appendix: Polyharmonic splines

The algorithms described above require the gradient and Hessian of the interpolant being
used to facilitate Newton-based minimizations of the search function. Since our numerical
tests all implement the polyharmonic spline interpolation formula, we now derive analytical
expressions of the gradient and Hessian in this case.

The polyharmonic spline interpolation p(x) of a function f(x) in R” is defined as a
weighted sum of a set of radial basis functions ¢ (r) built around the location of each evaluation
point, plus a linear function of x:

N
_ . r|l
px) =D wie(r) +v [x] ,

i=1

3

where ¢(r) =r> and r = |x — x;|. (83)

The weights w; and v; represent N and n + 1 unknowns, respectively, to be determined
through appropriate conditions. First, we match the interpolant p(x) to the known values
of f(x) at each evaluation point x;, i.e. p(x;) = f(x;); this gives N conditions. Then, we
impose the orthogonality conditions >, w; = 0and >, w;x;; =0, j=1,2, ..., n.This
gives n + 1 additional conditions. Thus,

VL)) e

Fij = o(llx; — xj||) and
V:|:1 1...1i|. (84)
X1 X2 ... XN

The gradient and Hessian of p(x) may now be written as follows:
s 1
Vp(x) =V (Z wiflx — x;|I* + o7 [x])
i=1

N
=3 willx = xill(x — xi) + 3,

i=1
where v = [vo, v3, ..., v,,+1]T, and

N
2 w2 e w3 T |1
Vp(x)—V(sznx xilIP + v u)

i=1

llx — x;l

N . AT
=3> w (w +lx = xi ||Im) .
i=0

Note that the calculation of the weights of a polyharmonic spline interpolant requires the
solution of a (N +n 4 1) x (N +n + 1) linear system. This system is not diagonally dom-
inant, and does not show an easily-exploitable sparsity pattern facilitating fast factorization
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techniques. Nevertheless, since our algorithm adds only one point to the set of N evaluation
points at each iteration, we can avoid the solution of the new linear system from scratch, and
instead implement a rank-one update at each iteration as follows. First, for the set of initial
points, we calculate the inverse A = [5 VOT ] This step is somewhat time consuming, but
reduces the computations required in subsequent steps. Using Matrix Inversion Lemma, we

then update the inverse of A with the new information given at each step as follows:

77! -1 —13Tp 4=1/,. _a—13T
A;l: AN b _ Ay —i—ANfa1 DAy Jc —AN'b" [c ’ (85)
+ b 0 —bA, /c 1/c
where b is a vector of length n + 1 defined as b = [1xy+ ]T, and ¢ = —bAL'DT is a

scalar. Multiplication of A;,IH in (85) with the vector [f ()0 f (xN+1)]T gives the vector

of weights in an unordered fashion, i.e. [wi v WN1) ]T. Therefore, before adding the new
function evaluation in the following iteration and performing the next rank-one update, it is
necessary to permute the matrix A;,ﬂrl , given by

-1

F v oy — x5 DT
A—l — Vv 0 [l XN-H] ,
N ( ||>[ ! 0
X —Xj
4 N+1 i XN+

such that the desired 2 x 2 block form at the next iteration is recovered:

711
Azl pT = [F+ V+}

N+1 Ve 0
-1
F o(lxnti —xDt vl
oUlxn41 —xil) 0 [1xn41]
\% ! 0
XN+1

After this permutation, it is possible to apply the Matrix Inversion Lemma (85) at the following
step.

Remark 13 Another fast method to find the coefficients of radial basis functions is described
in [35]. Since the present algorithms build the dataset incrementally, the method described
above is less expensive in the present case.

As mentioned earlier, variations of Kriging interpolation are often used in Response
Surface Methods, such as the Surrogate Management Framework, for derivative-free opti-
mization. DACE (see [8]) is one of the standard packages used for numerically computing
the Kriging interpolant. Figure 20a and b compare of the polyharmonic spline interpolation
method described above and the Kriging interpolation method computed using DACE, as
applied to the test function f(r) = r % sin 1/r, where r> = x> + y? with N = 1004 data
points. The data points used in this example are the 4 corners of a square domain, and 1000
random-chosen points clustered within a small neighborhood of the center of the square,
which highlights the numerical challenge of performing interpolation when grid points begin
to cluster in a particular region, which is common when a response surface method for
derivative-free optimization approaches convergence. Figure 20a and b plot the difference
between the real value of f and the value of the corresponding interpolants.

An observation which motivated the present study is that, in such problems, the Kriging
interpolant is often spurious in comparison with other interpolation methods, such as poly-
harmonic splines. Note that various methods have been proposed to regularize such spurious
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Fig. 20 The difference between
the actual function, (a)
f(@r) =rxsinl/r, where 05

=x2+ y2, and its interpolant
for two different interpolation 0.4
strategies when 1000 function
evaluations are clustered near the
center of a square domain. a The 0.2
error of the polyharmonic spline
interpolation interpolant (83). b
The error of the Kriging
interpolant with a Gaussian
model for the corrrelation,
computed using DACE

0.3

0.1

(b)

15000

10000

5000

interpolations in the presence of clustered datapoints, such as combining interpolants which
summarize global trends with interpolants which account for local fluctuations. Our desire
in the present effort was to develop a robust response surface method that can implement
any good interpolation strategy, the selection of which is expected to be somewhat problem
dependent.
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