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Abstract A new class of extragradient-type methods is introduced for solving an equilibrium
problem in a real Hilbert space without any monotonicity assumption on the equilibrium
function. The strategy is to replace the second projection step in the classical extragradient
method by a projection onto shrinking convex subsets of the feasible set. Furthermore, to
ensure a sufficient decrease on the equilibrium function, a general Armijo-type condition is
imposed. This condition is shown to be satisfied for four different linesearches used in the
literature. Then, the weak and strong convergence of the resulting algorithms is obtained
under non-monotonicity assumptions. Finally, some numerical experiments are reported.

Keywords Non-monotone equilibrium problems - Shrinking projection methods -
Extragradient methods - Weak convergence - Strong convergence
1 Introduction

Let C be a nonempty closed convex subset of a real Hilbert space ¢ and let f be a function
from s x 7 to R. The equilibrium problem associated with f and C in the sense of Blum
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and Oettli [6] consists in finding a point x* € C such that
f&x*y) =0 VyeC. (1.1)

This problem is denoted by EP( f, C) and its solution set by Sg. The equilibrium problem,
also known under the name of Ky Fan inequality [11], is very general in the sense that
it includes, as special cases, many well-known problems: the optimization problem, the
variational inequality problem, the saddle point problem, the (generalized) Nash equilibrium
problem in game theory, the fixed point problem, and others; see, for instance, [24,26,31],
and the references quoted therein. Associated with the classical equilibrium problem, the
dual equilibrium problem, denoted DEP( f, C), can be expressed as finding x* € C such that

fOr.x*) <0 VyecC. (1.2)

This problem was initially introduced in 1964 by Debrunnen and Flor [9] for variational
inequalities where a first existence result was obtained. In 1967 it was reconsidered by Minty
[21] and its relevance to applications was pointed out in [12].

Let us denote by Sp the solution set of DEP( f, C). The inclusion Sg C Sp holds under
the pseudo-monotonicity assumption of f on C, namely: for every x,y € C

fx, ) >0= f(y,x) <0.
In that situation, the inclusion Sg C Sp can also be expressed as
Vx* e Sg f(y,x*) <0 forallyeC.

As mentioned in [13], the converse inclusion Sp C Sg is true when f(-, y) is upper semi-
continuous for every y € C and f(x, -) is convex for every x € C (see also [5]).

Many methods have been proposed for solving equilibrium problems such as the pro-
jection methods [19,24,32], the proximal point methods [14,23], the subgradient methods
[29,36], the extragradient methods with or without linesearches [25,26,33,38], the gap func-
tion method [20,27] and the bundle methods [34]. Each solution method is adapted to a
class of equilibrium problems so that the convergence of the algorithm can be guaranteed.
The reader is referred to [5] and the references quoted therein for an excellent survey on the
existing methods.

Among the solution methods for solving EP(f, C), the extragradient method is well-
known because of its efficiency in numerical tests. To the best of our knowledge, most
of the extragradient methods require at least the pseudo-monotonicity assumption on the
function f. However, this assumption may not be satisfied in a lot of practical problems
as, for example, in the Nash—Cournot equilibrium problem [25]. So our aim in this paper
is to study a new class of extragradient methods for solving EP(f, C) in the framework of
Hilbert spaces and without assuming any pseudo-monotonicity assumption on f. To do this,
the projection algorithms proposed in [2,10,26] for solving finite-dimensional equilibrium
problems are modified and embedded in a class of extragradient methods. The prediction step
is unchanged but the correction step is new and obtained by projecting the prediction point
onto shrinking convex subsets of C that contain the solution set Sp of problem DEP( f, C).
Since these subsets become smaller and smaller after each iteration, the proposed method
should have a good numerical behavior. Furthermore, this strategy allows us to prove the
convergence of the method without assuming any pseudo-monotonicity property on f but
rather the condition

dx* € S suchthat f(y,x*) <0 forally e C.
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When Sp C Sg, this condition is equivalent to the nonemptyness of the set Sp and allows
us to obtain the convergence.

Recently, Ye and He presented in [37] a double projection method for solving finite dimen-
sional variational inequalities without monotonicity assumptions on the function defining the
variational inequality. Their method is a modification of a method due to Solodov and Svaiter
[30] and coincides with one of the methods studied in this paper when the equilibrium prob-
lem is a finite-dimensional variational inequality problem. Finally, let us mention that other
methods also exist for solving non-monotone equilibrium problems. One of them consists in
solving at each iteration a perturbed equilibrium problem depending on a parameter ¢ that
goes to zero. The reader is referred to [17] for more details.

The remainder of the paper is organized as follows: In Sect. 2, some preliminary results are
recalled. A very general algorithm is presented in Sect. 3 for finding a point in the intersection
of a sequence {Cy} of closed convex subsets of C C .. The weak and strong convergence
of this algorithm is discussed in detail. In the next section, the sets C are defined via an
extragradient method using a general Armijo-type condition. In Sect. 5, four implementable
linesearches satisfying the general Armijo-type condition are introduced and the weak and
strong convergence of the resulting algorithms is proven under the very mild assumption that
the set Sp is nonempty. Finally, some numerical results are reported in Sect. 6 to show the
efficiency of the methods.

2 Preliminaries
Let C be a nonempty closed convex subset of a real Hilbert space .7#. For each x € .77, there
exists a unique point in C, denoted Pcx, such that

lx — Pexll = llx —yll VyeC.

The mapping Pc is known as the metric projection from .## onto C. Below are listed some
well-known properties of the projection Pc (see, for example, [16]).

Theorem 2.1 (a) Pc(:) is a nonexpansive mapping, i.e., forall x,y € 7
[Pcx — Peyll < [lx — vl

(b) Forany x € 5 and y € C, it holds that (x — Pcx,y — Pcx) <O0.
Conversely, ifu € C and (x —u,y —u) <0forall y € C, then u = Pcx.

Let f : 2 x s# — R be a function such that f(x, -) is convex for every x € J7. Let
also x,y € J and ¢ > 0. The e-subdifferential of f(x,-) at y is denoted 95 f(x, y) and
defined by

B fx,y={wen : f(x,2) = f(x,y) = (u,z—y)—¢ VzeH)

When ¢ = 0, the set 95 f(x, y) is written 9, f (x, y) and called the subdifferential of f(x, -)
at y.

One often considers EP( f, C) with some additional properties imposed on the function f
such as monotonicity and pseudo-monotonicity. Let us recall these well-known definitions.

Definition 2.1 A function f : % x 5 — R is called

(i) pseudo-monotone on C if forall x, y € C,

f, =0 = f(y,x)<0
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(ii) monotone on C if forall x, y € C,

J, )+ f(y,x) <0.
It is easy to see that (ii) = (i).
Throughout this paper, for finding a solution of problem EP(f, C), we assume that the

solution set Sp of the dual equilibrium problem DEP( f, C) is nonempty and the function
f A x # — R satisfies the following conditions:

Uy) f(x,x)=0forall x € 57,

(Uz) f(x,-) is a continuous and convex function on 77 for all x € /7

(U3) f is jointly weakly continuous on s x . In other words, if x, y € % and {x,}
and {y,} are two sequences in ¢ converging weakly to x and y, respectively, then

f(xns )’n) g f(xs )’)

From Condition (U;), we have immediately that the function f(x, -) is subdifferentiable
for any x € JZ (see for example [15], Theorem 3.26).

In this paper we do not assume that the function f is pseudo-monotone on C as in the clas-
sical extragradient methods [26] and their variants [2,3,10], where the pseudo-monotonicity
of f is used to get that S C Sp. The following example shows that property Sg C Sp may
not be satisfied when f is not pseudo-monotone.

Example 1 LetC =[—1,1] x[—1,1] C R? and consider the equilibrium function defined,
for every x = (x1, x2), y = (y1, y2) € R? by

FOy) = OF + DI = x1) + (2 = x)].
It is easy to see that
Sg ={(0,0), (=1, =D} and Sp ={(-1,-D},

and thus that Sp C Sg with Sg # Sp. Moreover, for x = (0, 0) and for all y € [—1,0) x
[—1, 0), we have

S, y)=0 and f(y,x)>0.
This means that f is neither monotone nor pseudo-monotone on C.
The next two propositions will be useful for proving the convergence of our algorithms.

Proposition 2.1 Assume that the function f satisfies conditions (U1)—(U3). Let (V%Y and
{wk} be two bounded sequences in C and let { uky be a sequence such that

uk e 8;"f(vk, wk) with 0 <er <1 forallk.
Then

(i) There exists a subsequence of { kY which is bounded;
(ii) If, in addition, e = O for all k and the sequences {(v*} and {w*} are weakly convergent,
then the whole sequence (X} is bounded.

Proof (i) The function f(x, -) being continuous and convex for all x € . (see Condition
(U3)), and p,k belonging to 8;" f (vk, wk) for all k, it follows from the Brgnsted-Rockafellar
property (see [7] Lemma, p. 608) that for all k, there exists r¢ € B(w*, 1) such that

1k e & f (k. %) + B(O, 1)

@ Springer



J Glob Optim (2016) 64:159-178 163

where B(x, r) denotes the ball with center x and radius » > 0. The sequence {w*} being
bounded, it is easy to see that the sequence {r*} is also bounded and thus that one of its
subsequences denoted by {r*/} converges weakly to some 7. Similarly, the sequence {v¥}
being bounded, there exists a subsequence of {v/} denoted again by {v/} that converges
weakly to some v. Then it follows from Proposition 4.3 in [35] that there exist n > 0 and an
integer jo such that for all j > jo

D f@h, iy caf@, 1) +n7" BO, D).
Consequently, for all j > jo,
pki e daf (0,0 + (1 +n"1 B, ).

Since 9, f (v, 7) and B(0, 1) are bounded, the sequence {u¥i} is bounded.

(i) When ¢, = 0 for all k and the sequences {v*} and {w*} are weakly convergent to v
and w, respectively, it follows from Proposition 4.3 in [35] that there exist n > 0 and an
integer ko such that for all k > kg

pk e on fF, wh) C oaf (@, ) + 0" BO, 1.
Since 8, f (v, w) and B(0, 1) are bounded, the whole sequence {x*} is bounded. m}

Proposition 2.2 ([18], Lemma 1.5) Let §2 be a nonempty, closed and convex subset of €.
Let u € # and let {x*} be a sequence in H such that any weak limit point of {x*} belongs
to §2 and

Ix* —ull < llu— Po@)| Yk eN.

Then x* — Po(u) (strongly).

3 A general algorithm

Let C be a closed convex subset of a real Hilbert space .7 and let {Cy} be a sequence of
closed convex subsets of C. Let also Co, be a nonempty closed convex subset of .7 such that
Coo C Cy for all k. In the first part of this section, we consider the sequence {x*} defined by

x%eC and x*''= Pox* forallk. (3.1)

In the next proposition we give some properties of the sequence generated by (3.1).

Proposition 3.1 Let x* € Coo and let {xk} be any sequence generated by (3.1). Then
I — 17 < b =7 = = XK for all k.
Furthermore, the sequence {x*} is bounded and

k+1

[xfF —x*| > a >0 and |x*' = x¥| > 0 ask — oo.

Proof Let x* € Co and let k be fixed. Then x* € Cj and since Xk = Pckxk, we have
(xk — xkFL xx — xk+1y < 0. So we can successively write

||Xk _x*||2 — ||Xk —)Ck+l||2 4 ||xk+l _x*||2 4 2<xk —xk+1,xk+1 _x*>
k k+1)2 k+1 2
> [l — I a2

The rest of the proof is straightforward. O

@ Springer



164 J Glob Optim (2016) 64:159-178

Proposition 3.2 If any weak limit point of the sequence {x*} belongs to Cwo, then the whole
sequence {x*} converges weakly to some ¥ € Cos.

Proof The sequence {x*} being Féjer monotone with respect to C, (see Proposition 3.1),
the result directly follows from Theorem 5.5 of [4]. ]

Now, before proving that any weak limit point of the sequence {x¥} belongs to Coo, we
recall the following definition:

Definition 3.1 ([22], p. 519) A sequence {Si} of subsets of # converges to S C . (in
short, Sy — S) if

S =w — limsup Sy = s — lim inf Sj
where
w —limsup S = {v € Iy, vl = v, vl e Sk; Vje N, {Sk;} C {Sk}}
and
s — liminf S = {v € |3}, vF = v, v* € S Vk € IN}.
Remark 3.1 Since Coo C Cy for all k, we have (see [22], Sect. 3) that
Cy — Cx ifand only if w —limsup Cy C Cuo.

More information about the convergence of a sequence of subsets in a real Hilbert space can
be found in Mosco’s paper [22].

Proposition 3.3 If the sequence {Cy} converges to Coo, then any weak limit point of the
sequence {x*} defined by (3.1) belongs to Cso.

Proof Let x be a weak limit point of {x¥}. Then there exists a subsequence {x/} of {xF} that
converges weakly to x and that satisfies for all j the property: x/ € Ci; where k; = j — 1.
Consequently, x belongs to w — lim sup Cy, and thus also to C, thanks to Remark 3.1. O

Now to obtain that the sequence {Cy} converges to C,, we assume that the sets {Cy}
satisfy the following conditions:
(T1) Ciq1 C Cx C Cforall k;
(T2) Coo = M2C # 0.

Proposition 3.4 Under conditions (Ty), (T»), the sequence {Cy} converges to C, and any
weak limit point of the sequence {x*} belongs to Coo.

Proof Thanks to Remark 3.1 and Proposition 3.3, we have only to prove that
w — limsup Cy C Coo.-

In that purpose, letx € w —limsup Cy. Then there exists a sequence {x7} converging weakly
to x with x/ € Cy; for all j where {ij} is a subsequence of {Cy}. Next, let N € IN. Since
kj — ooas j — oo, there exists jo such thatk; > N forall j > jo. Then, using assumption
(T1), we can write that

x! e Cr; CCn forall j > jo.

On the other hand, the set Cy being closed and convex is also weakly closed. Consequently,
since x/ — x as j — 0o, we obtain that x € Cy. Finally, recalling that Coo = N37_Ch,
we can easily deduce that x € Cwo. O
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From Propositions 3.1-3.4 we can derive the following theorem:

Theorem 3.1 Under conditions (T1), (T>), the sequence {xky defined by (3.1) is bounded
and converges weakly to some x € Cxo.

In the second part of this section, our aim is to generate a sequence {x¥} that converges
strongly to some x* € C, under the same conditions (77) and (73). Furthermore, we impose
that x* = Pc_ (x8%) where x8 € C is given. This can be done by adding a supplementary
step in (3.1). More precisely, let x” = x¢ € C and assume that x* € C is known. Then x¥+!
is computed through an iterate u* as follows:

uk = Pc,(x*) and x*T' = Pg.p,nc(x®) (3.2)

where the sequence {Cy} satisfies conditions (77) and (7>) and the sets By and Dy are defined
for all k by

Bi = {x € | u* — x|l < Ix* = x]) (3.3)
Di={xe | (x—x*xt—x" <o) (3.4)
Using Proposition 3.1 with x**! replaced by u¥, we obtain, for all k, the following inequality
[ e B i A (3.5)

where x* € Cw. In the next proposition, we give the relationship between the set Co, and
the sets By and Dy.

Proposition 3.5 Let By and Dy, be the subsets of 7€ defined by (3.3) and (3.4). Then
Coo CBrNDNC forallk.

Proof Let x* € C. Using (3.5) and the definition of C, and By, we easily obtain that
x* € Bry N C. Let us prove, by induction, that x* € Dy for all k. Since x9 = x8, we have
immediately that x* € Dy. Next, suppose that x* € Dy for some k. By definition of x*+1,
we have that

(x8 —x**1 7 —x¥hy <0 Vze BinDyNC.
Since x* € By N Dy N C, we immediately deduce that
(x8 — xk+1 xx _ xk+ly <,
ie, x* € Dryq. O

In order to prove the strong convergence of the sequence {x*} generated by means of (3.2),
we need the following proposition.

Proposition 3.6 The sequences {x*} and {u*} generated by (3.2) satisfy the properties:

I |lx% —x8| < ||x8 — Pc (x8)| for all k.
2. limg_ oo || — x8|| exists and the sequence {x*Y is bounded.
3. Ixk T — %K) = 0 and ||x* — u¥| = 0 as k — oo.

Proof By definition of Dy, we have that xk = Pp, (x#) and thus that lxk = X8| < |lx —x8]|
forall x € Dy. Since x¥*! € Dy and Coo C Dy, the sequence {llx* — x|} is non-decreasing
and [|xk — x8|| < [lx8 — Pc_, (x®)]|. Hence limg— oo [|x* — x£|| exists and the sequence {x*}
is bounded. The proof of the third part is similar to the beginning of the proof of Theorem
4.11n [10]. O
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Remark 3.2 From the first part of Proposition 3.6, and thanks to Proposition 2.2 with 2 =
Cwo. it suffices to prove that any weak limit point of the sequence {x*} belongs to Cs, to
obtain the strong convergence of {xF} to Pc. (x8).

Proposition 3.7 If the sequence {Cy} converges to Coo, then any weak limit point of the
sequence {x*} defined for all k by (3.2) belongs to Co.

Proof Let x be a weak limit point of {xk}. Then there exists a subsequence {x/} of {x¥} that
converges weakly to x. By definition, u/ = Pc,(x/) € C; for all j. Since x/ — x, and
by Proposition 3.6, ||u/ — x/|| — 0, it follows that u/ — x as j — oco. Consequently, x
belongs to w — lim sup Cg, and thus also to Co, thanks to Remark 3.1. ]

Under conditions (71), (73), it is easy to prove that the statement of Proposition 3.4 is still
valid when (3.2) is used instead of (3.1). So, taking account of Remark 3.2, we can deduce
the next theorem.

Theorem 3.2 Under conditions (T1), (T2), the sequence {Cy} converges to Cso. Further-
more, the sequence {x*} defined for all k by (3.2) converges strongly to the projection of x8
onto Ceo.

To conclude this section, we can say that under conditions (77) and (73), the sequence
{x*} defined by (3.1) converges weakly to an element of Co, and that the sequence {x*}
defined for all k by (3.2) converges strongly to Pc (x¢) € Co.

4 Two convergent algorithms

Our aim in this section is to construct a sequence {Cy} of subsets of C satisfying not only
conditions (77) and (73) but also one of the next properties

1. The sequence {x*} defined by (3.1), being weakly converging to a point of Co, is also
weakly converging to a solution of problem EP(f, C).

2. The sequence {x*} defined by (3.2), being strongly converging to a point of Coy, is also
weakly (and thus strongly) converging to a solution of problem EP(f, C).

So to consider both cases, we assume that the sequence {x*} is weakly convergent and we
prove that any weak limit point of this sequence is a solution of problem EP(f, C). From
now on, we assume that conditions (U1) — (Us) hold.

The strategy developed here is based on the extragradient method and consists in using
separating closed half-spaces to define the sequence {Cy}. More precisely, our general algo-
rithm will take the following forms depending on the type of convergence (weak or strong)
we want to obtain.

Algorithm 1

Step 0 Let x° € C and let ¢ > 0. Set k = 0.

Step 1 Compute yk = arg minyec{f(xk, y) + %Ily —xK12y e yk = x*, then Stop: x*isa
solution of problem EP(f, C).

Step 2 Otherwise find o € (0, 1) and compute F=@a- otk)xk + otkyk such that

e +age |3 = yF)1? < (g5 6 = 26) .1
where g; > 0 and gk € 8;" f(Z*, zX). Denote by Hj, the half-space

He=1{x e |(g" x -2 < e
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Step 3 Compute uk = Pc, (x¥) where Cy, denotes the closed convex set
Ce=nk_,[CNHI

Step 4 Set xF+1 =y,

Step 5 Set k := k + 1 and go back to Step 1.

To obtain the strong convergence of the sequence {x*}, we replace Step 4 in Algorithm 1
by the following step

Step 4a Compute K = Pp,npync(x8) where x8 = x% and By and Dy are defined as in
(3.3) and (3.4), respectively.
The corresponding algorithm is called Algorithm 2.

In this section we make the following assumption: for all k such that x* # y*, it is possible
to find ax € (0, 1) such that the point & =1 —ap)xk —i—akyk satisfies inequality (4.1) where

e >0 and gF e as r(ck, 5.

In particular, note that this assumption implies that g # 0 when x* = y*. In next section,
we will give four examples of linesearches where inequality (4.1) is satisfied when x* £ yk.

Remark 4.1 When Sp is nonempty, the subsets C; = ﬂf:() [C N H;], k € N satisfy condi-
tions (77) and (73). Indeed, condition (77) is immediately verified. To obtain condition (73),
we prove that Sp C N2 (Crk = Coo. Let x* € Sp. Then x* € C and

f(y,x*) <0 forally € C.
So, for all i € IN, by definition of g € 35’ f(z', z'), we can write
—& + (g x" =7 < f(hx*) <0,

and thus x* € C N H;. Consequently, Sp C Cs and condition (73) is satisfied. Furthermore,
the sets Cy being nonempty closed and convex, the projection of x¥ onto Cy is well-defined
at Step 3 of Algorithms 1 and 2. From now on, we assume that Sp is nonempty.

Remark 4.2 In the particular case when f is pseudo-monotone, we know that Sp = Sg C
Coo. So when Algorithm 1 or Algorithm 2 is used, we can replace C by Sk in the statements
of Propositions 3.1, 3.2 and 3.6 and take §£2 = Sg in Proposition 2.2. Hence we obtain that the
sequence {x¥} generated by Algorithm 1 (Algorithm 2) converges weakly (strongly) to some
¥ € Sg when each weak limit point of {x*} belongs to Sg. As we will see it later (see Remark
5.5 and Theorem 5.2), this last property can be proven without using Proposition 3.4 and
Theorem 3.2. So, conditions (77) and (7>) are not requested when f is pseudo-monotone.

Remark 4.3 When 2# = R" and ¢; = 0 for all k, the choice C; = ﬂf.‘zo [C N H;] has
already been considered by Ye and He in [37] in the framework of variational inequalities.

In next proposition, we start by recalling some properties satisfied by the sequence {y*}
defined at Step 1.

Proposition 4.1 [[1], Lemma 3.1 (8)] For every y € C, the two sequences {x*Y and {yk}
generated by Algorithm 1 or Algorithm 2 verify, for all k, the property

T O L R AR
In particular, the inequality || x* — y*||? + f(x*, y*) < 0 is satisfied for all k. Furthermore,
if y¥ = xK for some k, then x* is a solution of problem EP(f, C).
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From now on, we assume that x* # y* for all k and thus that the sequence {x} generated
by Algorithm 1 or Algorithm 2 is infinite.

First we prove that any weak limit point of the sequence {x¥} generated by Algorithm 1
or Algorithm 2 is a solution of problem EP(f, C).

Theorem 4.1 Let X be a weak limit point of the sequence {x*} and let {x*i} be the corre-
sponding subsequence converging weakly to X. If the subsequence {||x*i — y*i ||} converges
to 0, then X is a solution of problem EP(f, C).

Proof Lety € C. Then, for all j, we have, using Proposition 4.1, that
FER ) = FER ) R =Yy =V,

Taking the limit as j — oo, we have that y*/ — % and remembering assumption (U3) and
[lxki — yi|| — 0, we obtain that £ (¥, y) > 0. So X is a solution of EP(f, C). O

Now it remains to prove that {lIxki — ykf I} — 0 whenx¥ — %.In that purpose, we need
the following result.

Proposition 4.2 Assume that Cy C C N Hy, for all k. Then the following inequality holds

2 k_  k
YIP < et = x|

<t
|| k l
for all k. Furthermore,

— 0 ask — oo.

6734 ” k

[

— kI

Proof By construction, for all k, the iterate u* belongs to Cy and thus, by assumption, to Hy.

So (g, uk — z¥) < &;. Consequently, using the linesearch (Step 2), we obtain successively
ex +age x* =y IP < (g x H
= (¢", " =) + (g" uf = 2
< (gf.x )+&
< gl — x|l + ex. (4.2)
But this means that
e = yH 17 < et = 2.

|| kII

Finally, since lu¥ — x*|| — 0 (see Propositions 3.1 and 3.6), we obtain that

iz k”|| K_yk12 > 0ask — oo.

[m}

The next step is to prove that a subsequence of the sequence {g¥/} is bounded when

xKi — X.1In that purpose we first prove that the sequences {y*/} and {z*/} are bounded.

Proposition 4.3 Assume that xKi = . Then the two sequences {ykf' Yand {z¥i} are bounded.
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Proof Let j be fixed and let s € 3, f (x*/, x*7). First we prove that [|x*i — y%i|| < ||s*/]|.
Since f(x%/, x¥/) = 0, we have, by definition of the subdifferential, that f(x*i, yki) >
(ski, yki —x*iy. Hence, using successively Proposition 4.1 and the Cauchy—Schwarz inequal-
ity, we obtain

ki — yRi)2 < — Fehi, yhiy < —(shi, ki — xkiy < stk — yRi.

So [|xk — y¥i|| < |Is%i||. Using Proposition 2.1 (ii) with {v¥} = {x%/}, {w*} = {x*/} and
(i} = {s%i}, and recalling that x¥i —~ %, we can deduce that the sequence {s%i} is bounded.
Hence, the sequence {x*/} being bounded, we have immediately that the sequence {y*i}
is also bounded. Finally, the sequence {zXi} is also bounded because the sequence {(xKi} is
bounded and z¥/ belongs to the segment [x*i; y*i] for all j. O

Proposition 4.4 Assume that x*i — %. If the sequence {g*i} satisfies one of the following
conditions

(Condl) Vj gb €d,” f(zh, ) with0 < s, <1
(Cond2) Vj gki e d,f(zki,xki),

then there is a subsequence of {g*i} that is bounded.

Proof The sequences {z¥/} and {x/} being bounded (see Proposition 4.3), it follows from
Proposition 2.1 (i), that there is a subsequence of {g*/} that is bounded under conditions
(Cond1) or (Cond2). ]

As a consequence, under conditions (Cond1) or (Cond2), it follows from Propositions 4.2
and 4.4 that a subsequence of {ax i llxki — yk/' I} tends to 0. Without loss of generality, we
will assume that

o, x5 =y —> 0 as j — oo (4.3)

To obtain that any weak limit point of the sequence {x} generated by Algorithm 1 or
Algorithm 2 is a solution of problem EP(f, C), it remains to prove that lxki — yki| — 0
when the sequence {x*/} converges weakly to some % (see Theorem 4.1). In that purpose,
we have to precise the way the linesearch is performed in Step 2 of Algorithm 1.

5 A class of extragradient methods

Let x* and y* be the iterates obtained in Step 1 of Algorithm 1 or Algorithm 2. In this section
we assume that x* # y* and we give several procedures for finding the steplength o € (0, 1]
and the vector z¥ = (1 — ap)x* + oy y* satisfying the inequality

k k2 k _k k
ek +oage|lxt —yU|T < (g" x" —2")

where ¢; > 0 and gk € 8;" f (zk, zk). This will be done thanks to a linesearch between x¥

and y*. In the first linesearch, we suppose that &5 = 0.
Linesearch 1: Given « € (0, 1) and p € (0, 1), find m the smallest nonnegative integer such
that

(ghm xk = yk) = pllxk — 412
where 5 := (1 — ™) x¥ 4+ a™ y* and gk € 9, f (5™, Zkm)

and set oy = ™, K =zkm and g" = gk’m-
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This linesearch was used in [10] for solving pseudo-monotone equilibrium problems. It

was proven therein that this linesearch is well-defined. Furthermore, as xk—z¢ = o (xk — yk ),

the following proposition holds immediately.

Proposition 5.1 Let z¥ and g* be generated by Linesearch 1. Then
e e
with ¢ = p.
A second linesearch between x* and y* can be expressed as follows:
Linesearch 2: Given o € (0, 1), g € [0, «] and p € (0, 1), find m the smallest nonnegative
integer such that

2™ + f(&Em YR < —p Xk = yF)2
where zZ5 1= (1 — a™)xk + ™ yk

and set o = &, B = B™ and 2% = 7™ When B = 0, this linesearch coincides with the
one introduced by Quoc et al. in [26] and by Anh et al. in [2].

Remark 5.1 Linesearch 2 is well-defined when x¥ # yX. Indeed suppose, to get a contradic-
tion, that this linesearch is not finite, meaning that for all m € IN, we have the inequality

26" + fE V) > —p = R
Taking the limit as m — oo and noting that f(, yk ) is weakly continuous, we deduce that
FEEV = —plat = V%
On the other hand, from Proposition 4.1, we have
FEE Y < = =R,
Since p € (0, 1), we obtain that y* = x*, which contradicts the assumption that y* £ x*.
Therefore, Linesearch 2 is well-defined.

Linesearch 2 is also a particular achievement of the linesearch considered in Algorithms
1 and 2.

Proposition 5.2 Let z° be generated by Linesearch 2. Then for every g < ,3,% and g* €
a5k f(Z*, 25, we have

e+ ag ¢ lxf = yNIP < (g5 2 = 2
with ¢ = p.
Proof From the definition of z¥ and g¥, we deduce successively that

pllxt — yH|* < f(z ¥ =28

(5.2 =) + e — 28
(&5, 25 =" + B — 2B
<
k

IA I/\I

< (g5 = - B (5.1)

k

Since z¢ = (1—ak)x +aky we have z¥ — y* = (1 —ap)(x* -y ) Hence it follows from

the last inequality that

pllx® — y¥I12 < (1 — a) (g, xF — y%) — Be.
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Multiplying both sides of this inequality by the positive number oy gives
arpllx* = YHI1P < en (1 — an)(gh, x4 — ) — i
< (=) (g o (x* = ) — &
Since zF = (1— ap)xk + oy yk, the last inequality implies
“

agplxd — 12 < (1 — ) (g, x* — 2%) — &

Hence &y + axpllxh — yK|12 < (gF, xk — 2F). a]

The next linesearch, denoted Linesearch 3, was used in [26], Algorithm 2a, for solving
pseudo-monotone equilibrium problems (see also Linesearch 1 in [31]). This linesearch is
well-defined and can be expressed as follows:

Linesearch 3: Given « € (0, 1) and p € (0, 1), find m the smallest nonnegative integer such
that

FEhm xky — fEkm gk = pllxk = yk)12
where 267 == (1 — a™)x* + o™ yk

and set oy = o™ and zK = 7k,
For this linesearch, we have the following result.

Proposition 5.3 Let zX be generated by Linesearch 3 and let g € 3, f (X, x*). Then gk €
SFF (&, ) with e = (gh, x* — 2%) — f(2*, x*) > 0. Furthermore, we have

e +age |3 = yF|I? < (g5 6 =)
with ¢ = p.
Proof From the definition of g¥, we deduce that
FEn = fEE b = (g5 y =2 (5.2)
for every y € C. Equivalently,
fE@ ) =GP =gk y =)+ (gh =)+ AN
for every y € C. Setting
ek = (gh, af =) — (- a0,

we have ¢, > 0 because, by (5.2),

0= f~ 25 = i~ x5+ (g5, 2K = xb).
Then, for every y € C, we obtain that

fE@ ) =P =gy - — e

Hence gk 32€kf(zk, z¥). On the other hand, since z* = (1 — a)x* + axy¥ and f(z*, ) is
convex, we have

0=f(" 2 = A —a) fE& 2" +arf@* yh
which implies, by definition of Linesearch 3, that

F&E ) = al £ x5 = £ &5 9]
> appllxt — yh|2. (5.3)
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Adding ¢ = (g%, x¥ — zFy — £(zF, xF) > 0 to both sides of (5.3), we obtain the requested
inequality

(g5, xF — 25y > appllx® — y¥I1? + &

O
Remark 5.2 Let us observe that when Linesearch 3 is incorporated in Algorithm 1, the half-
space
He=(x e (" x =) < &)
with g = (gk, xk— zk) — f(zk, xk) coincides with the half-space
e | (g" x —af) + £ b < 0)

used in [26]. So our Algorithm 1 with Linesearch 3 incorporated in Step 2 and with Cy =
C () Hy is very close to the extragradient Algorithm 2a proposed in [26] where x¥+! =

Pc (Py, (x%)).

The last linesearch, denoted Linesearch 4, was used in [31] for solving pseudo-monotone
quasi-equilibrium problems. This linesearch is well-defined and can be expressed as follows:

Linesearch 4: Given « € (0, 1) and p € (0, 1), find m the smallest nonnegative integer such
that

F G R A L RN S L R A L
where z5" 1= (1 — ™) x* + oy

and set o = o™ and zF = k-,
Let z* be generated by Linesearch 4. Since f (x*, y¥) < —||x¥ — y¥||2 holds by Proposition
4.1, we have that

FER = Y = A= p) I =%
So the next result follows from Proposition 5.3.

Proposition 5.4 Let zX be generated by Linesearch 4 and let g* € 3 f (z*, x*). Then g €
Békf(zk, Ky with e = (gF, x* — 2Ky — £z, x*) > 0. Furthermore, we have

k k2 k _k k
e +oage flxt —yHIF < (g5, x" —2")

withc =1 — p.

Remark 5.3 In the particular case of variational inequality problems, Linesearch 4 coincides
with the linesearch used in [37]. Consequently, with Linesearch 4, our Algorithm 1 is a
generalization to equilibrium problems of Algorithm 2.1 studied in [37] for solving non-
monotone variational inequality problems.

To summarize, we can say that inequality (4.1) is satisfied when each of the linesearches
considered above is incorporated in Step 2 of Algorithm 1 or Algorithm 2. Now to obtain the
convergence of the corresponding algorithms, it remains to prove that in each situation the
sequence {||x*/ — y*i |} tends to zero when the sequence (ki) converges weakly to x (see
Theorem 4.1). It is the aim of the next proposition.

Proposition 5.5 Let x be a weak limit point of the sequence {xKY and let {x*i} be the corre-
sponding subsequence converging weakly to X. Then ||xXi — y*i|| = 0as j — oo.

@ Springer



J Glob Optim (2016) 64:159-178 173

Proof Since each linesearch satisfies either condition (Cond1) or condition (Cond?2), it fol-
lows from (4.3) that ok llxki — ykf | = 0as j — oo. So to get that llxki — yk-f | = 0as
j — 00, we consider two cases.
Case 1 inf; ay; > 0. In that case, it follows directly from (4.3) that [|x*/ — y*i|| — 0 as
j — oo.
Case 2 inf; oy ;= 0. Then ok, — 0 (for a subsequence). But this implies that ok, < 1 for j
large enough and that the linesearch condition in Step 2 of Algorithms 1 and 2 is not satisfied
for % Let us consider the following vector

7k = (1 - &) ki 4 %ykj'

o o

It is immediate that %/ — .
Now we examine separately the four linesearches.
(a) When Linesearch 1 is used, we have for all j that

(g5, xki — YRy < p xR — yRi 2 (5.4)

where gki € 8, £ (%7, z%/). On the other hand, by definition of g¥/ and 7%/ and by Proposition
4.1, we can write, for all j, the two following inequalities
F@EI, 39 2 (7,9 = 29) = (1= 22) (ghr, 35 — a¥) (5.5)
b — M7 < =y, (5.6)
Using successively (5.4), (5.5) and (5.6), we obtain that for all j

—k; . Ok . . O . .
FE Yz —p (1= =) I =812z p (1= L) rb %) D)
o o

Let 7 be a weak limit point of the bounded sequence {y*/ }. Since the sequence { || x*i — yki ||} is
bounded, there is one of its subsequences (again denoted {lIxki — yk-f [I}) which is convergent
to some a > 0. Taking the limit in (5.7), and observing that %/ — %, x¥/ — X and ay; — 0,
we obtain, thanks to condition (Us), that

F&E,9) = —pa® > pf(%, 7).

Hence f(x,y) > 0 and a = 0. But this means that lxki — yki | > 0as j — oo. m]
(b) When Linesearch 2 is used, we have for all j that

Br; P , ,
25+ FEI ) > —p ks — b2,

From Proposition 4.1 we also have
— M) = R =R

Adding these two inequalities, we obtain for all j that

2% + f@E YRy — R YRy S (1= py ki — YRR (5.8)

Let y be a weak limit point of the bounded sequence { yk-/' }. Taking the limit in (5.8), and

observing that 7k —~ x, xk — ¥ and ,ka — 0, we obtain, thanks to condition (U3), that
the left-hand side of the previous inequality tends to

JG&.y) = fx, ) =0.
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Consequently, we have that || x%i — y%i|| — 0.
(c) When Linesearch 3 is used, we have for all j that

F@EI M) = f @) < pllxh = Y2,
From Proposition 4.1, we also have
Ixh = YR 2 < = f b R,

Let 7 be a weak limit point of the bounded sequence {y*/}. Then combining the last two
inequalities and taking the limit as j — oo, we obtain

f@xx) = f(x,)) = —pf(x,y),
which implies that f(x, y) > 0. So
—f @R YN - = f (7 ) <0,

and || x% — yki||> — 0 when j — oco.
(d) When Linesearch 4 is used, we have for all j that

F@Eh Xk — FER YRy 4 f R YRy < —p IR — R

Let ¥ be a limit point of the bounded sequence {y*/}. Taking the limit as j — oo in
the previous inequality, we obtain directly that the left-hand side tends to O, and thus that
lxki — y%i|> — 0 when j — oo. O

Finally, using successively Propositions 5.1-5.4, Theorem 4.1 and Proposition 5.5, we
obtain the following convergence results without any pseudo-monotonicity assumption.

Theorem 5.1 Assume that Sp is nonempty and conditions (U1) — (U3) are satisfied. Let {xk}
be a sequence generated by Algorithm 1 with one of the Linesearches 1 to 4 incorporated
in Step 2. Then the sequence {x*} converges weakly to a solution of problem EP(f, C). The
convergence of {x*} is strong when Algorithm 2 is used instead of Algorithm 1.

Remark 5.4 Algorithm 2 allows us to construct a sequence of iterates converging strongly to
a solution of the equilibrium problem in the non-pseudo-monotone case. However, this result
is only interesting in the framework of infinite dimensional Hilbert spaces. Indeed, contrary
to the pseudo-monotone situation, we cannot prove in the non-pseudo-monotone case that
the sequence of iterates (strongly) converges to the projection of the starting point onto the
solution set of the equilibrium problem.

Remark 5.5 When f is pseudo-monotone, the solution set Sg of the equilibrium problem is
contained in Coo. In that case, we have seen in Remark 4.2 that the sequence {x*} generated
by Algorithm 1 (Algorithm 2) converges weakly (strongly) to some x € Sg when any weak
limit point of {x¥} belongs to Sg. Now it is easy to see that this last property is a direct
consequence of Theorem 4.1 and Proposition 5.5. So, in that situation, we do not need to use
Proposition 3.4 or Theorem 3.2 to obtain the convergence. However, as we must take account
of Proposition 4.2, we have to choose C; C C N Hi in Step 3 of Algorithm 1.

Theorem 5.2 Assume that f is pseudo-monotone, Sg is nonempty and conditions (Uy)
— (Us) are satisfied. Let {x*} be a sequence generated by Algorithm 1 with one of the
Linesearches 1 to 4 incorporated in Step 2. If Cx, = C N Hy for all k, then the sequence
{(xk} converges weakly to a solution of problem EP( f, C). The convergence of {x*} is strong
when Algorithm 2 is used instead of Algorithm 1.
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In R", when f is pseudo-monotone and Linesearch 1 is used, we find again the conver-
gence theorem of an algorithm proposed in [10]. When it is Linesearch 2 that is used, we
obtain the convergence of an algorithm proposed in [2].

6 Numerical results

In this section, we consider some numerical examples to compare the efficiency of the methods
obtained in Sect. 5. For each of these examples the corresponding equilibrium function is
non-monotone. The algorithms are coded in MATLAB 7.11.0 and their behavior has been
studied on two test problems with one of large size. Different values of the parameters and
different starting points have been used. For each of these test problems, the number of
iterations and the CPU time needed to get a solution are reported in a table where for each
i =1,...,4, Algorithm Ai corresponds to Algorithm 1 with Linesearch i incorporated in
Step 2. Furthermore, for each test, we have chosen « = 0.5 and p = 0.01 for Linesearches
1-3 and p = 0.99 for Linesearch 4. The value of each €; and B; has been taken equal to
zero. Finally, we have also used the stopping criterion | x* — y¥|| < € with e = 1079 for all
test problems.

To illustrate the behavior of our algorithms and to show their effectiveness, first we consider
an equilibrium problem of dimension n = 1000 and afterwards an equilibrium problem
arising from Nash—Cournot oligopolistic equilibrium models of electricity markets.

Problem 1 Let n = 103 and C = [—1, 1]" € R”. The equilibrium function is defined, for
every X = (X1, ..., x,),y = (y1,...,yn) € Cby

Feey) = 1xI1P D i — xi).
i=1

The solution sets of this problem are
Sg ={0,...,0),(=1,...,—D}and Sp = {(—1,..., =D}

Since Sp # Sg and Sp # ¥, our algorithms can be used for solving this problem.
Let us mention here that the subproblems minyec{f(xk, y) + %Hy — x¥)|2} are in fact
quadratic convex minimization problems

. 1 . 2 . k2 k
l;aelg{ZZ;yi +leyl~[||x 12— xk]
1= 1=

and that for all k, g = V, £ (%, 25) = 124121, ..., DT.

The four algorithms A1 to A4 have been applied for solving this problem with the values of
parameters chosen above. The obtained solution is (—1, ..., —1). Furthermore, the number
of iterations and the CPU-time (s) are reported in Table 1. From these results, one can say
that on this example, the numerical behavior of each algorithm is quite similar.

Problem 2 Consider the equilibrium problem recently investigated by Quoc, Anh and Muu
in [25] and based on Nash—Cournot oligopolistic equilibrium models of electricity markets.
Since, contrary to [8], the cost function f is nonsmooth and convex, the resulting equilibrium
problem cannot be transformed into a variational inequality problem. More precisely, the
equilibrium function f : R® x R® — R is defined for each x, y € RO by

Fx,y) =[(A+B)x + By +al” (y —x) +d(y) — d(x)
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Table 1 Results of Problem 1 for Algorithms A1-A4

Starting point xq (i) Number of iterations CPUin s

i = 1-1000 Al A2 A3 A4 Al A2 A3 A4
0.5 26 26 26 26 39.5 40.9 39.4 40.0
0.99 28 27 27 28 42.5 414 41.0 42.1
—0.5 24 24 24 24 36.1 36.8 36.5 39.7

Table 2 Results of Problem 2 for Algorithms A1-A4 and for extragradient Algorithm grad

Starting point Number of iterations CPUin s

Al A2 A3 A4 Grad Al A2 A3 A4 Grad

S1 734 483 734 488 1379 49.9 30.4 50.9 29.1 52.7
52 509 359 509 514 1193 33.4 25.8 34.0 36.5 62.6
53 541 526 541 504 1498 39.3 339 40.1 353 69.8

where A is a nonpositive semidefinite matrix, B is a symmetric positive semidefinite matrix,
a € RO and d is a nonsmooth convex function. The values of A, B, and d(x) can be found
in the statement (59) of [25]. Let us observe that for these values the equilibrium function
is not monotone because the matrix A is not positive semidefinite. Finally the constraint
set of this problem is defined by C = {x|lb < x < ub} where [b = (0,...,0) and
ub = (80, 80, 50, 55, 30, 40).

The four algorithms A1 to A4 have been applied for solving this Problem and their numer-
ical behavior has been compared with the one of the extragradient Algorithm (Algorithm 1
in [26]) applied on a monotone reformulation of the equilibrium problem (see Lemma 7 in
[25]). The three starting points are

st =(1,1,1,1,1, 1); s2 = (30, 30, 15, 20, 10, 10); s3 = (30, 10, 2, 10, 20, 10).

The number of iterations and the obtained CPU-time (s) are reported in Table 2. On this
example, Algorithm A2 seems to have the best numerical behavior.

7 Conclusion

In this paper, we have presented and studied a very general class of extragradient methods
for solving non-monotone equilibrium problems in a real Hilbert space. The difficulty with
these methods is that projections have to be done onto intersections of half-spaces and that
the number of these half-spaces increases at each iteration. So to avoid a huge number of
constraints in the quadratic subproblems, a strategy would be to aggregate the constraints
with the possibility of limiting their number to two. Such a technique, but for solving a similar
problem, has been proposed in Sect. 7.4.4 of [28]. The use of such a method adapted to our
situation could be the subject of a future research.
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