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Abstract In this paper, we consider the robust facility location problem with penalties,
aiming to serve only a specified fraction of the clients. We formulate this problem as an
integer linear program to identify which clients must be served. Based on the corresponding
LP relaxation and dual program, we propose a primal-dual (combinatorial) 3-approximation
algorithm. Combining the greedy augmentation procedure, we further improve the above
approximation ratio to 2.

Keywords Facility location problem - Approximation algorithm - Primal—dual -
Greedy augmentation

1 Introduction

The classical uncapacitated facility location problem (UFLP), first formulated in the early
60’s, has received widespread attention in the operations research and computer science
community [11,19]. It aims to open some facilities from the given location set to serve all the
given clients, so that the sum of facility opening cost and serving cost is minimized. Since the
UFLP is one of the classical NP-hard problems, recent works have mainly concentrated on
designing approximation algorithms for it [5,9,14,16,17,21,26,30,32]. For a minimization
combinatorial optimization problem (such as the UFLP), an p-approximation algorithm A
is a polynomial-time algorithm which always outputs a feasible solution whose value is no
more than p times the optimal value for each instance of the problem. Here p is called
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the approximation factor. We refer to [33,34] for detailed discussions about approximation
algorithms. Among the existing approximation algorithms for the UFLP, the first constant
factor is 3.16 proposed by Shmoys et al. [30]; and the currently best factor is 1.488 achieved
by Li [21]. It is well-known that the lower bound for the UFLP is 1.463 [14].

Due to practical application, various variants of the UFLP are considered in the literatures
[1-4,6-8,10,12,13,15,18,20,23-25,27-29,31,35-42]. These literature studies various vari-
ants of the UFLP using different techniques and they all design approximation algorithms for
the problem considered. The contributions are improving the approximation ratio or putting
forwards a new model of the problem. To model the case when there are a few very distant
clients (named outliers) for the UFLP, Charikar et al. [6] proposed two variants of the UFLP,
i.e., robust facility location problem (RFLP) and facility location problem with penalties
(FLPWP). In the RFLP, given n clients and an integer parameter ¢ < n, we need to make
sure that at least n — ¢ clients are served while leaving out the rest which are called outliers.
The objective is to minimize the sum of the opening cost and the connection cost. Charikar et
al. [6] presented a primal—dual 3-approximation algorithm for the RFLP. In the FLPWP, each
client has a penalty cost and we will provide service to some of the clients while penalizing
the rest. The objective is to minimize the sum of the opening cost, the connection cost and
the penalty cost. After the primal-dual 3-approximation algorithm given by Charikar et al.
[6] for the FLPWP, Xu and Xu [37,38] presented an LP-rounding (2 + 2/¢)-approximation
algorithm; and then, combining the power of the primal-dual method and greedy augmen-
tation techniques, they further provided an 1.8526-approximation algorithm. Li et al. [22]
presented an LP-rounding 1.514-approximation algorithm which has the currently best ratio
for the FLPWP.

Since the FLPWP does not consider the possibility of outliers, and the RFLP does not
consider the possibility that not all the clients are required to be served and there are certain
penalty cost for the clients, in this paper, we consider the robust facility location problem with
penalties (RFLPWP) in which not all clients are required to be served. Given a parameter
¢, the RFLPWP aims to serve only a specified fraction of the clients, penalize some clients
and ignore at most g outliers. The objective is to minimize the sum of the opening cost,
the connection cost and the penalty cost. We extend the primal-dual method in [17] for the
UFLP to a modified instance of the RFLPWP, similar to the one in [6], and obtain a 3-
approximation algorithm for the RFLPWP. Combining the greedy augmentation procedure
[5,14], we further improve the above approximation ratio to 2.

The rest of this paper is organized as follows. In Sect. 2, we present some preliminaries
including the integer program, the linear programming relaxation and the dual program for
the RELPWP. In Sect. 3, we offer a primal-dual (combinatorial) 3-approximation algorithm.
The improved algorithm and its analysis are given in Sect. 4. Finally, some discussions are
given in Sect. 5.

2 Preliminaries

In the RFLPWP, given a facility set 7 and a client set C, each client j has a penalty cost p;.
The opening cost of facility i € F is f;. The metric connection cost between client j € C
and facility i € F is ¢;j. We are also given g, the number of the outliers. Our objective is
to determine an opening facility set 7 C F, while selecting a penalized client set P C C,
an outlier set O C C (@ = ¢g), and then connect the clients in C\(75 U 0) to the opening
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Fig. 1 The RFLPWP

facilities in 7, such that the sum of the opening cost, the connection cost and the penalty cost
is minimized. We illustrate the RFLPWP through Fig. 1.

We introduce four types of binary variables: y; indicating whether facility i is opened,;
x;j indicating whether client j is connected to facility 7; z; indicating whether client j is
penalized; and r; indicating whether client j is an extra outlier. The RFLPWP is formulated
as

min Z fivi+ Z Z CijXij + Z Pjzj

ieF ieF jeC
t. > xij+zi+rj=1, Vj eC,

ieF

xij <y, VieF, jecC, (Ip)
2.1 <4,

jeC

Xij,vi.z2j,rj €1{0,1}, VieF,jeC.

In the above program, the first constraints denote that each client j € C is connected to a
facility or penalized or ignored as an outlier; the second constraints ensure that if client j is
connected to facility i, then this facility must be opened; the third constraints indicate that
there are at most ¢ outliers.

Relaxing the last constraints, we obtain the LP relaxation.

min > fiyi+ > > CijXij + Z Pjzj

ieF ieF jeC jeC
t. ZXij—i-Z]-i-r] >1, VjelC,
ieF
X<y, VieF.jec (LP)
> rj <q,
jeC

xij,yi-2j,rj =0, VieF,jeC.

Using the duality theory for linear programming, we can easily obtain the following dual
of the program (LP)

max » o —qf

jeC
S. t. o Sﬂ,’j-}-cij, Vi G.’F,j eC,
2 Bij=fi, YieF,
jeC (DP)

oj = pj, VjecC,
O[jf@, VjEC,
aj, Bij,0 20, VieF,jecC,
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where «; can be viewed as the budget of client j, and B;; as the contribution of client j to
facility i.

3 A primal-dual 3-approximation algorithm

In this section, we will first propose a primal—dual algorithm for the RFLPWP, then analyze
the algorithm to obtain the approximation ratio of 3. The main idea of primal-dual algorithm
is to solve the problem combinatorially by first constructing a dual feasible solution, and then
constructing a primal feasible integer solution.

3.1 The primal—dual algorithm
Algorithm 1 (The primal-dual algorithm)

Step 0. Constructing a new instance.

Since there is an unbounded integrality gap for (LP), we guess the most expensive
facility cost in the optimal solution, say fmax. We set fmax := 0 and the facility cost
greater than fmax (the nonzero value in the original instance) to 0o. Let us denote
this new instance as TV, For the instance TV, we run the following steps.

Step 1. Let us introduce time t. The algorithm starts at time t = 0. Initially all the dual
variables are zero, all the facilities are closed, and all the clients are unfrozen. In the
process of the algorithm, client j becomes frozen when the dual variable a stops
increasing. Let F denote the temporarily open facility set, U denote the unfrozen
client set, P denote the temporarily penalized client set, and O denote the outlier set.
For eachi € F, denote Niw” to be the set of the clients whose connecting witness is
facility i (we will explain the connecting witness at Step 2.2). At the beginning of the
algorithm, set F := %, U :=C, P := 0, O := ), N := @ foralli € F.

Step 2. Constructing a dual feasible solution («, 8, ).

For the unfrozen client j € U, we increase aj at the same rate with time t.

Step 2.1 If |U| > q go to Step 2.2. Otherwise, freeze j € U, let ® := U and U := ). We
denote this time by t,. Let 0 := t,4. Go to Step 3.

Step 2.2 As time goes on, some of the constraints of (DP) will become tight, hence the
following events will happen. If several events happen simultaneously, we execute
the algorithm in arbitrary order.

Event 1. There is a client j € U and a facility i € F, such that aj = c;;.
Event 1.1 If the facility i € F, we say client j touches the facility i € F. Seti(j) :=
i and call i(j) the connecting witness of client j. Freeze j, and update
NP = NPT UYL U = U\ {j}
Event 1.2 If the facility i € F \ F, we increase the corresponding dual variable Bij-
Event 2. There is a facility i € F \ F, such that Zjec Bij = fi. We say that facility i
is fully paid, and it can be temporarily opened, record this time by t (i). Update
F := FU{i}, and define Ni" = {j € C|Bij > 0} to be the neighbor of facility
i, L.e., the set of the clients contributing to facility i. For each j € U N N{", set
i(j) :=i and call i(j) the connecting witness of client j. Freeze j € UNN{”",
and update N''' := N U (U N Nf"), U := U \ Nf".
Event 3. There is a client j € U, suchthat aj = p;. Freeze j, and update P=PU{j}
and U = U\ {j}.
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Step 3. Constructing a primal integer feasible solution (x,9,2,7).
Let F denote the finally open facility set, i.e., the facility set opened in the final integer
solution, P denote the penalty client set and O denote the outlier set.

Step 3.1 Determine outliers. If |O] = g, set O := O. Otherwise, there must be a facility
iq gets fully paid at time t; (If not, Event 1 or Event 3 happens, this implies
|U| > q). Choose the clients in N;:” with the maximum q — |O| connection cost

from iy and add these clients to the set O. Let us denote this set as O.

Step 3.2 Determine open facilities. Consider each facility i € F. If there is a facility
i" € F, i’ # i, such that N{o" N NG 5= (4, we say that facility i and i’ are
relevant fo each other. We choose any maximal independent subset FCcF open
all facilities in F.

Step 3.3 Determine penalty clients. Ser P := P\ U 5+ N,

Step 3.4 Connect each client in CV := C \ (P U (9) to its closest open facility in F
respectively.

We declare that the dual solution obtained by Step 2 denoted by («, 8, 6) is feasible. First,
the dual ascending process guarantees that the first three constraints in (DP) are established.
Second, 0 := 1, implies «; < 6 for all clients. The feasibility of the solution (%, ¥, z, 7)
is clearly visible. Note that the new instance Z" just changes part of the facility cost. So
(x,9,2,F) and (o, B, 0) are also feasible to the original instance.

Example of Algorithm 1

Given an instance Z with a facility set F = {iy, i2, i3} and a client set C = {j1, cees Jnbs
n > 7, see Fig. 2. Let € be a small number. The penalty cost pj, ¢ = 1+e+ %5, pj,_, =1,
all the other penalty cost are co. The opening cost f;; =€, fi, = (n — 5)e, f,3 (n —4)e.
The numbers on the solid line are the corresponding connection cost between the facilities
and the clients, all the other connection cost satisfy tight triangle inequality. The number of
the outliers g = 3.

We can see that the optimal solution of Z is to open facility i» and i3, connect clients as
is shown in Fig. 3, penalize client j,_4, choose clients j,_2, ju—1, jn as outliers. The total
optimal costis n — 2 + (2n — 9)e.

It is easy to see that, by the Algorithm I, set f;; := 0, as time goes on, the following
events will happen. At time #; = 1, the clients ji, ..., j,—s5 touch the facilities i1 and i»
respectively, and client j,_4 is penalized; at time #, = 1 + €, facility iy is fully paid; at

Fig. 2 Tight instance Z il iz i
3

jl j2 jn75jn74jn73j)172 jnfl jn

Fig. 3 The optimal solution of 7 i
3

jl j2 jn—Sjn—4jn—3 -]n—2 -]n—l -]n
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Fig. 4 The solution of 1
algorithm 1

.]1 .]2 .]n75]n74-]n73jn72 jnfl jn

timet3 = 1 + € + n%, facility i» is fully paid, client j,_s is penalized; at time 74 = 2,
the client j,_3 touches the facility i3. We then construct a feasible primal integer solution:
open facilities i1, i3, connect clients as is shown in Fig. 4, penalize client j,_4, choose clients
Jjn—2, jn—1, jn as outliers. The total cost is 3n — 14 + (n — 3)e.

The ratio between the result obtained by the Algorithm 1 and the optimal value is 3.

3.2 Analysis

In this subsection, we analyze the approximation factor of Algorithm 1, i.e., analyze the
relationship between the cost of the solution obtained from Algorithm 1 and the cost of
the optimal solution denoted by O PT. Denote O PT ) as the optimal solution cost of the
instance Z(1'. We have O PT > fmax + OPTWD . At the same time we introduce F, ¢V
and P, which indicate the opening cost, connection cost and penalty cost of the solution
(X, 9, z, F) respectively. Furthermore, let Fq(l) denote the facility cost of F \ {ig}-

In order to bound the total cost of the solution (x, ¥, z, 7), we provide the following
lemmas to bound Fq(l), CD and PM by the cost of the dual solution respectively.

According to the construction of F at Step 3.2 of Algorithm 1, we have the following
lemma.

Lemma 1

FV<> > B

ieF jeNgm\venO)

Proof Note that Fq(l) = > fiand fi= > pBjjforeachi e F.
iej:\{iq} JEN{"
It follows from the construction of F at Step 3.2 of Algorithm 1 that

FV= > > pj<> > Bij-

ieF\{ig) JENT" ieﬁjeN,?o"\(N,iI""n@)

For convenience, let us denote

ceon . — U Nicon \ (Nicqon N @)’

iej:
cron .— U (Niwit \Nicon)’
iej:
Cclo = C(l) \ U (Niwit U Nicon).

iej:
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Fig. 5 The partition of clients

set C 5 /><
~4

o
( C con >

clo SL Ctou
IS

Fig. 6 The evaluation of con con
connection cost for client N . Ni ()
j e CL'()I ! J

Note that C = C¢”* UC'** UC UP U Q. The clients in C°°" contribute to some finally open
facilities, the clients in C'*" touch some finally open facilities, and the connecting witnesses
of the clients in C¢' are closed by some finally open facilities. See Fig. 5.

‘We bound the connection cost in the following lemma.

Lemma 2

C(I)EZ Z cij + Z aj+3 Z aj.

ieF jeNgmemnO) jeCc'™ jece

Proof For any client j € CV, i € F, we connect clients in the following ways:

(a) Connect the client j € C“" to the open facility to which it contributes.
(b) Connect the client j € C'*" to the open facility to which it touches.
(c) Connect the client j € C° to the open facility which closes its connecting witness.

We can easily see that in the above assignment, the connection costs are Y > cij
ieF jeNe\enO)
and > ¢j= > «;j fortheclientsin C°" and C'*" respectively.
jeC'™ jeC'™

For client j € C° since its connecting witness i () is closed at Step 3.2 in Algorithm 1,
there must exist a finally open facility i € F and a client j/, such that j’ € N f(‘;'; NN,
According to the above placement, client j is assigned to i (see Fig. 6).

Recall that 7(i(j)) and (i) are the temporarily open time of facility i(j) and i at
Step 2 respectively. Obviously, o; > 7(i(j)). And since j € Nic(".” N Nf°", we have
Cij = o, Ci(jjr = oy and ojr < min{r(i(j)),t(@)} < t(@i(j)). Combined with the tri-
angle inequality, we get

cij < cij +cigyj i <2y +ap <2t0())) +aj < 3a;.

According to Step 2.3 and Step 3.3 of Algorithm 1, we obtain the following lemma.
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Lemma 3

1
P( ) = Zaj.
jeP

Now we are ready to give the main result of this subsection.

Theorem 1 Algorithm 1 is a 3-approximation algorithm for the RFLPWP.

Proof The solution (%, y, z, 7) is feasible in the original instance, and the corresponding
opening cost, connection cost and penalty cost are fuax + F, D and P respectively.
By the definition of Fq(l) and fmax, we have fiax + FO < Smax + fiq + Fq(l) <2 fmax+ Fq(l).
By Lemmas 1-3, we obtain

L L] DD VRN D DD DR

ieF jeNe\(enO) ieF jens\(venO)
+ Z aj +3 z a]+32a]
jeC'™ jeC
=3 Z aj + Z aj +3 z “/+3Z“/
jeC" jeC' jeC jeP
<3 Z aj.
jeC\O

According to the definition of 6 and the fact that the value of the dual solution is a lower

boundon O PTD, we get > wj= > aj—qgh < O PTM  Thus, the total cost incurred
jeC\O jeC

by Algorithm 1 is no more than

fig + foax +3F) + €V 4+3PW <2 f0 +30PTV <30PT.

4 Improved 2-approximation algorithm

In this section, we propose an improved 2-approximation algorithm for the RFLPWP by
combining with the greedy augmentation technique in [5,14].

4.1 The improved algorithm

Algorithm 2 (The improved algorithm)

Step 0. Given a positive constant 8. For any given instance TV, set f = 8fi, foralli € F.
Denote by T the scaled instance.

Step 1. Run Algorithm 1 on T®. Denote by (&', 3, 2, #') the corresponding feasible solu-
tion. Obviously this solution is also feasible for IV Let F, " P and O be the opening
facility set, penalty clients set and outllers set of the solutlon (x’ .2 P for T?,
respectively. Furthermore, let }"g = }' Pg = 73 and (’) = (’) be the corre-
sponding facility set, penalty clients set and outliers set for T (1) , respectively.
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Fig. 7 The greedy improvement (Algorithm 2)

Fig. 8 The solution of 11
Algorithm 2 12

jl j2 jn75jn74jn73jn72 ‘]nfl ]n

Step 2. Greedy improvement.

Step 2.0 Consider TV, For the clients in C \ @g, we add a dummy facility i), to the feasible
solution (X', §', ', ") with opening cost fi, = 0 and connection cost ¢;,; = pj,
VjeC\ @g. For each client j € C\ @g, let w(j) be the closest facility in F. Note
that for each client j € 75g, 7(j) =ip. Let F := FU{ip}, and fg = fg Ulip}

Step 2.1 Greedily find the facility

. [ gain(i) ]
ig 1= arg max_ ,
ieR\F, L i

where

gain(i) := Z (cr(jyj —cij) — fin Vi€ F\Fy.

jeCeen(jyjzcij

Step 2.2 If gain(ig) > 0, update .7-:g = fg U {ig}, and 73g = 75g \{Jlex(jyj = ci,j} goto
Step 2.1; otherwise, go to Step 3.

Step 3. Set C;l) =C\ (75g ) @g). Connect j € Cfgl) to its closest facility i € ﬁ'g. Denote by
(Xg, Vg, Zg, Tg) the corresponding solution (cf. Fig. 7).

Example of Algorithm 2
Consider the instance 7 in Sect. 3.2. Run Algorithm 2. The critical processes are as follows:

(1) Set f/ :=8f;, foralli € F;

(2) Run Algorithm 1 on the scaled instance, we obtain a solution as is shown in Fig. 4;

(3) For the greedy improvement, since gain(iz) > 0, we add to open facility i», and obtain
a solution as is shown in Fig. 8, whose total costis n — 2 + (2n — 8)e.

4.2 Analysis of algorithm 2

Let F, C, P be the corresponding opening cost, connection cost and penalty cost of solution
&,9,2,#) for IV, and F*, C*, P* be the optimal opening cost, connection cost and
penalty cost for ZU), respectively. Denote by F* the opening facility set of the optimal
solution O PT (V. Without loss of generality, we assume that F* > 0.
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Lemma 4 [f Step 2 of Algorithm 2 starts from a solution (x',3y',7',#") with C + P >
C* + P* + F*, then there is at least one facility i with gain(i) > 0.

Proof For each client j € C\ O, add a facility ip to F* with opening cost f;, = 0 and
connection cost ¢;,; = p;. Let F* 1= F* U {ig}, 7*(j) be the closest facility in F* to
client j.

Consider the iteration in Step 2 of Algorithm 2. We add facility i to F ¢ if and only if
7*(j) = i, and connect client j to facility i. Define

gain'() = D (ex(iy; —cij) — fi-
jeCm*(j)=i
It is easy to verify that
> gain(i) > > gain(i)=C+ P —F*—C*—P* >0,
ieF* ieF*
which implies that there is at least one facility i with gain(i) > 0. O

Recall that Step 2 of Algorithm 2 is an iterative process. Denote by C;, P;, F; the corre-
sponding opening cost, connection cost and penalty cost, respectively, after finishing the /th
iteration.

Lemma 5 There exists a facility i € F such that

gain(i) _Ca+ P — F = C*— P*

oz = (1)
1
in the lth iteration.
Proof
max {gam(l)] F* = max [gam(l)] Z fi
ieF* fi ieF* i Py
> > gain(i).
ieF*
Similar to the proof of Lemma 4, we have
> gain(@) > > gain'(i) = Cro1 + Py — F* = C* = P*,
ieF* ieF*
which indicates (1). ]

Let F§, C8, P& be the corresponding opening cost, connection cost and penalty cost of
solution (Xg, Vg, Zg, 7g) for Z M, respectively. Furthermore, let F; and F,f be the facility cost
of ¥ \ {i;} and j—'g \ {i;} for 7, respectively; let Fc; be the facility cost of F \ {i(’i} for7®,
where i (’] is the fully paid facility when the unfrozen clients number is less than g in Step 1 of
Algorithm 2. Let F’, C’, P’ be the corresponding opening cost, connection cost and penalty
cost of solution (X', §', 2/, ') for T, and F™*, C’*, P"* be the corresponding opening cost,
connection cost and penalty cost of the optimal solution for Z(?), respectively.

Lemma 6

< 1 2 )
F; + C® 4+ P® < max 1+ln(38),2—§,1+§ oPrPT'".
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Proof Similar to the proof of Theorem 1, one can prove that
3F, +C'+3P <3(F"+C" + P™).
Thus,
38F,;, +C+ P <3(F*+C*+ P"). 2)
Now we consider the following two cases.

Casel. C+P < F*+C*+ P*.
Then we have

38F, +C+ P 1
et (- P
35 +( 35)(C+ )

3(8F* + C* + P* 1
( +33+ )+(1—§)(F*+C*+P*)

1 * 2 k *
:(2—§)F +(1+§)(C + PY).

Then after Step 2 of Algorithm 2, we still have

Fg+C+P =

1 2
F§+Cg+Pg§(l—g)F*+(L+§)«f+Pﬂ. 3)

Case2. C+ P > F* 4+ C* + P*.
By Lemma 4, we have C; + P, < F* + C* + P* when Algorithm 2 stops. Let k
be the smallest integer such that Cy + P, < F* + C* + P*. By the definition of
gain(7) and (1), we have

CatPa-CG-P-Fb+F._C1+P- F*—C*— P*
Fr— Fi— - F*

’

forall 1 <[ < k. Reformulating the above relation, we have

Ca+Pa1—-C—-P
Crot + Py = C* = P* )’

FI—FIASF*(

which indicates

k

Ci+P1—C—P
k

Fr<F+F ;(CI—I‘FPZ—I_C*—P*).

From the above inequality, we have

F8+C84+ P8 < Fi+ Cr + P

k
Coi1+P_1—C—P
rer Cy + Py. 4

" ;(C1—1+P1_1_c*_P*)+ « + Pk )

IA

Treating the right hand side of (4) as a function of variables Cy and Py, we can
see that it achieves its maximum at Cy + P, = F* + C* 4+ P*. So we can assume
Cr + Pr = F* + C* + P* in the following proof. Noting that | —x < In % for any
x >0, and
C,+P —C*— P*
Ci—1+ Py — C*— P*

> 0,
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we have
Ci+P1—-C—P C+P—-C*—P*

Cioi+ P —C*—P*  Ci_i+ P — C*— P*

C)+ P —C*— p*
Sy ki . )
Ci.i1+ Py —C*—P*

From (4) and (5), we have

F8 +C8 + P8

IA

k
C,+ P —C*— P*
F+F* In + Cr + P,
,le (lel‘f‘Plfl—C*—P* e

C+P—C*—P*

_ *

=F+F ln(Ck+Pk—C*—P*)+Ck+Pk
C+P—Cr—P*

=F+F*ln( + 7 )+F*+C*+P*.

If follows from the above inequality and the definitions of Fqg and F; that

C+P—C*—p*
F*

F§+cg+Pg5@4J”m< )+F*+C*+Pf

Combining the above inequality with (2), we obtain

36 F* — 36F, +2C* + 2P*
F*

I§+C{+&§IQ+Fﬂn( )+F“H7+Pf

One can view the right hand side of the above inequality as a function of F;,. Solving
its maximum value, we get

2
F;’ +Co+ Py < (1+In(38) F* + (1 + %) (C* 4+ P*). 6)

Noting that O PT() = F* 4+ C* + P*, we complete the proof by summarizing the above
two cases together with (3) and (6). ]

Now we are ready to give our improved approximation factor in the following theorem.
Theorem 2 Algorithm 2 is a 2-approximation algorithm for the RFLPWP.

Proof By the definition of fmax and f;,, combining with Lemma 6, and setting § := 0.7192,
we have

fmax +fzq + Fc}g + C8 + P& < meax + 185260PT(1)

< 2(fmax + OPTY)
<20PT,

which concludes the theorem. O

5 Discussions

In this paper, we propose a new model, the RFLPWP, which unifies both the FLPWP and
the RFLP. We formulate it as an integer linear program and present the corresponding LP
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relaxation. By exploring the structure of the dual program (cf. [17]), we propose a primal—
dual (combinatorial) 3-approximation algorithm. Combining with the greedy augmentation
technique in [5, 14], we further improve the approximation ratio to 2.

There are serval interesting questions to study in the future. Recall that the best known
approximation factor for the FLPWP and UFLP are 1.514 and 1.488 respectively. As a
variation of the above two problems, it will be interesting to further improve the approximation
factor of 2 for the RFLPWP. Since the UFLP can be viewed as a special set cover problem,
it would be natural to consider the robust set cover problem with penalties.
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