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Abstract In this paper we examine non-convex quadratic optimization problems over a
quadratic constraint under unknown but bounded interval perturbation of problem data in the
constraint and develop criteria for characterizing robust (i.e. uncertainty-immunized) global
solutions of classes of non-convex quadratic problems. Firstly, we derive robust solvability
results for quadratic inequality systems under parameter uncertainty. Consequently, we obtain
characterizations of robust solutions for uncertain homogeneous quadratic problems, includ-
ing uncertain concave quadratic minimization problems and weighted least squares. Using
homogenization, we also derive characterizations of robust solutions for non-homogeneous
quadratic problems.
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1 Introduction

Consider the non-convex quadratic optimization model problem with a quadratic inequality
constraint
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1
minxeR” EXTAX +aTx (QP)
1 T
Lo =x"Bx <8,
S 2x x=p

where the “data inputs” consist of the n x n matrices A, B and the vector a, and 8 is a scalar.
Model problems of this form, in particular, appear in wireless communication and signal pro-
cessing [19,26], and also arise as a subproblem in trust-region algorithms for unconstrained
optimization and have been studied extensively in the literature [18,20-22,27,30]. These
problems enjoy theoretically useful and computationally attractive features, including no
duality gap [27,31], tight semi-definite programming relaxation [22,29] and dual character-
ization of the solution [13]. Unfortunately, these features can not, in general, be extended to
quadratic problems with more than one quadratic constraint [1,2,16,22]. Moreover, in these
models, it is assumed that data inputs are precisely known despite the reality of input data
uncertainty in real-world models due to modeling or prediction errors.

Over the years, various approaches to addressing optimization under data uncertainty have
been developed. These approaches can be classified into two broad categories: Stochastic and
Deterministic. Stochastic approaches start by assuming the uncertainty has a probabilistic
description. The best known technique is based on Stochastic Programming [24,25]. On the
other hand, deterministic approaches are based on a description of uncertainty via bounded
sets [4], as opposed to probability distribution. Robust optimization has emerged as a leading
deterministic approach to address optimization under data uncertainty [3,5-9,14,17].

Following the framework of robust optimization [3,4], our approach, in this paper, to
studying these quadratic model problems affected by data uncertainty is to treat uncertainty
via bounded uncertainty sets, described by intervals.

Our main objective of this paper is to study quadratic model problems of type (Q P) in
the face of data uncertainty in the constraint, where the matrix B is uncertain and it belongs
to an interval uncertainty set, )V = {B; + uB> : u € [11, 121}, By and B; are given matrices
and 1 and p, are real numbers with ;1 < pj. Our aim is to develop verifiable criteria
for characterizing robust (i.e. uncertainty-immunized) solutions for classes of homogeneous
and non-homogeneous quadratic problems under the interval uncertainty. As an illustration,
consider the uncertain quadratic programming problem

min [lx% —x% | leBx < 1],
xeR? 2 2

by by
by b3
b1, b3, and that the values of by are uncertain in the sense that the nominal value of b, is by
with the possible error of +10%. Then, the effect of the data uncertainty can be captured by
considering the uncertainty set V = {B1 + uB> : u € [—0.1, 0.1]}, where

. b by (01
B = (5253) and By = (10).

We make three key contributions to non-convex quadratic optimization under uncertainty.

First, we establish new robust theorems of the alternative for parameterized quadratic
inequality systems, extending various corresponding powerful theorems of the alternative
such as S-lemma [10,22,28]. Related theorems of the alternative may be found in [12, 13,15,
22]. These theorems play a key role in deriving dual criteria characterizing robust solutions
of uncertain quadratic programs later in the paper.

where B = ( ) is uncertain. Suppose that we know the exact value of by, b3 which is
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Second, we derive necessary and sufficient conditions for robust global optimality for
classes of homogeneous problems (Q P) under interval uncertainty. These results extend
the useful features of non-convex quadratic optimization over single quadratic constraint to
related problems under data uncertainty.

Third, using homogenization, we obtain characterizations of robust global solutions of
uncertain non-homogeneous quadratic problems, where a more general quadratic constraint
%xTBx +bTx + B < 0is uncertain and the uncertain input data (B, b) € V = {B1 + uB> :
w € [, maly x {by +8by : 6 € [81, 821}

The layout of the paper is as follows. Section 2 provides preliminary results on quadratic
forms and inequalities that will be used and, in some cases, will be extended and applied
later in the paper. Section 3 presents robust theorems of the alternative for quadratic inequal-
ities. Section 4 characterizes robust global optimality for classes of homogeneous quadratic
problems under uncertainty. Section 5 presents necessary and sufficient conditions for global
optimality of non-homogeneous quadratic problems under uncertainty.

2 Preliminaries on quadratic systems

In this section we fix the notation and recall some basic facts on quadratic functions that will
be used throughout this paper. The real line is denoted by R and the n-dimensional Euclidean
space is denoted by R”. The set of all non-negative vectors of R” is denoted by R , and the
interior of R’} is denoted by intR’; . The space of all (n x n) symmetric matrices is denoted by
S". The (n x n) identity matrix is denoted by I,,. The notation A > B means that the matrix
A — B is positive semidefinite. Moreover, the notation A > B means the matrix A — B is
positive definite.

The basic and probably the most useful result on the joint-range convexity of homogeneous
quadratic functions is given as follows.

Lemma 2.1 (Dine’s Theorem [11,22]) Let f, g : R" — R be defined by f(x) = xT A1x and
g(x) = xT Aox, where Ay, Ay € S™. Then the set {(xT A1x, xT Axx) : x € R"} is convex.

Dine’s theorem is known to fail for more than two homogeneous quadratic functions.
Polyak [23] established the following joint-range convexity result for three homogeneous
quadratic functions under a positive definite condition on the matrices involved.

Lemma 2.2 (Polyak’s Lemma [23, Theorem 2.1]) Let n > 3 and let f, g, h : R" — R be
defined by f(x) = xT Aix, g(x) = xT Ayx and h(x) = xT A3x, where Ay, As, Az € S".
Suppose that there exist y1, y2, y3 € R such that

Y1A1 +y2A2 + y3A3 > 0. 2.1
Then the set {(xT A1x, xT Aox, xT A3x) : x € R"} is convex.

Using Dine’s Theorem, Yakubovich (cf [22]) obtained the following fundamental S-lemma
which has played a key role in many areas of control and optimization.

Lemma 2.3 (S-lemma [22]) Let Ay, Ay € S". Suppose that there exists xo € R" such that
xg A1xg < 0. Then the following statements are equivalent:

) xTA1x <0=xTArx > 0.
(i) 3r>0)(Vx e R xT (A + 1A2)x > 0.
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The following alternative theorem of Yuan [31] for two strict inequalities played a key
role in the study of eigenvalue problems and convergence analysis of trust-region algorithms.

Lemma 2.4 (Yuan’s Alternative Theorem [31]) Let A|, A> € S". Then, exactly one of the
following two statements holds.

() Ax eRHxTAx <0,xTArx <.

(i) 3, A2) € Rﬁ_\{(O, 0} (Vx € RM xT (A A1 + 1242)x > 0.

3 Robust solvability of quadratic inequalities

In this Section, we examine robust theorems of the alternative for quadratic inequality systems
under linear perturbations.

Theorem 3.1 Let A, By, By € S" and let 11, 2 € R with 1 < wo. Suppose that
(T Ax, xT(By + w1 Ba)x, xT (By + u2Ba)x) : x € R"} is convex.
Then, either one of the following two statements holds:
(1) @x e R, 3x"Ax <, 52T (Bi + uBo)x < . Y € [, 2]
2) @ (1. 22) € RANOD) @p € [, p2]) (Vx € R,
= (1 7 = (1 r
A Ex Ax —a )+ X1 Ex (B 4+ uB)x —p) =>0.
Proof Clearly [(2) = Not(1)] always holds. We show that [Not(1) = (2)].

[Joint Range Convexity of the quadratic maps]. We first show that

Qy = {(xTAx, rélaéxTBx) x e R} 4+ intRi is convex,
€

where V = {B; + uBy : i € [1, m2]}. To see this, let (a1, by) € Ry and (az, by) € Qy),
and let A € [0, 1]. Then, there exist x1, xo € R” such that

T T
x; Ax1 < aj, maxx; Bxy < by
! BeVy !

and
T T
x5 Axy < az, maxx,; Bxy < b.
BeV
For each fixed x € R”, as B + xT Bx is a linear map, we have maxpcy xT Bx is attained at
some extreme point of V. Note that the extreme points of V are By + 1 B> and B; +uy B>. We

now see that, for each x € R", maxgcy x7 Bx = max{x” (B + u1 B2)x, xT (Bi + 2 B2)x}.
So, we have

xl Axy < ay, xI (By + u1Ba)x1 < b1, x! (By + paBa)xy < by,
and

X3 Axy < ar. X3 (Bi + w1 B2)xa < by, x3 (Bi + paBo)xa < bo.
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This implies that

(a1, b1, b1) € {(xT Ax, xT(By + p1Bo)x, xT(By + p2Bo)x) : x € R"} + intR3
and

(a2, by, by) € {(x" Ax, x" (Bi + p1 Bo)x, x" (B1 + 2 Ba)x) : x € R")} + intR}.,

Now, from the assumption, we see that {(xTAx,xT(B; + piB)x,x7T
(B1 + u2B2)x) : x e R*} + intIR3+ is convex. Then,

Alay, by, by) + (1 = A)(az, b2, by) €
x{(xT Ax, xT(By + 1 Bo)x, xT (By + pnaBo)x) : x € R"} + intR?..

So, we can find x3 € R” such that
x3 Axy < har + (1 — Maz, x3 (Bi + p1B2)x3 < b1 + (1 — Wby
and
X3 (B1 + paBo)xs < Aby + (1 = Wby
This gives us that
x3 Axy < ray + (1 — A)az and réleaéngxg < by + (1= 0)by.

So, A(ay, b1) + (1 — A)(az, ba) € Ry, and hence 2y is convex in this case.

[Dualization via separation.] Now, as (1) fails, we have (2«,28) ¢ Qy. Since Qy is
convex, the hyperplane separation theorem gives us that (3 (A1, X2) € ]R_%_\{O}) Vx €

1 1
R™), A (ExTAx — a) + A (rlgla])}( ExTBx — ,3) > 0. As, for each x, maxgey x! Bx =
€

max{x” (By + w1 B2)x, xT (B] + naBy)x}, we have

1 1
max [ExT(MA + X2(B1 + 1 Bo))x, 5xT(MA + A2 (B + usz))x] — (M1 + 12B)

1 1
=X (EXTAX — 01) ) (5 max{x” (By + 1 B2)x, xT (B) + 2 Ba)x} — ﬂ) > 0.
[Simplification]. This shows that the following system has no solution

1 1
5xT(xlA + A2 (Bi + 1B2)x < (A + A2B) and ExT(AlA + Ao (B + p2B2))x
< (Ma + rB8).

From Dine’s theorem, we see that {(x7 (A\{A 4+ A2(By + u1B2)) x, xT (M A + A2(By +
u2B2))x) : x € R"} is convex, and so, the set

Q= {(x" (A +22(Bi + p1B2)) x, x" (M A+ Aa(B1 + paBy)) x) : x € R"} + intR]

is convex. So, (Ao +X128), 2(A 1 +A26)) ¢ 2. Then, the hyperplane separation theorem
again gives us that there exists (81, §2) € Ri\{O} such that for each x € R",

1
81 (ExT(AlA + X2(B1 + 1 B2)x — (na +Azﬂ))

1
+82(§xT(k1A + 22(B1 + n2B2))x — (b + A2ﬂ)) 2 0.
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Letting A1 = 2181 + 82), k2 = Aa(81 + &) and p = SLERI2 we see that €
(11, pal, (A, A2) € Ri\{O} and, for each x € R",

— (1 4 (1 4
1 5% Ax —a ) + A 3% (Bi +uB)x —pB) =0.
So, (2) holds. O

When 1 = uo,i.e, Vis asingleton set, by Dine’s theorem, we see that {(xTAx, xT(B +
wiB)x, xT (B + pniBo)x) : x € R} is always convex.

The following example illustrates that, the set ;11 # w2, {(x TAx, xT (B4 B)x, xT (B
4+ w1B2)x) : x € R"}is, in general, not convex and that the convexity requirement
of Theorem 3.1 can not be dropped.

20 -20 01
Example 3.1 Let A = (O _2),31 = ( 0 0),82 = (1 0) and u; = —1, up = 1.
Let
Q = {(xTAx, xT(B1 + 1 B2)x, xT (B + 12Bo)x) : x € R?}
= {(2)(12 — 2x§, —2x12 — 2x1x2, —2x12 4+ 2x1x3) @ (x1,x2) € ]Rz}.

We first show that 2 is not convex. Indeed, by considering (x1, x2) = (1, 1) and (x1, x2) =
(1, —1), we see that

(0,—4,0) € 2 and (0,0, —4) € Q.

On the other hand,

0.—2 2 040 er 0.-4.0) o

(Otherwise, there exists z, z2 € R such that
271 =223 =0, 227 —2z122 = —2and — 2z} + 22122 = 2.

Solving the last two equations gives us that z% = 1 and zo = 0 which clearly violates the
first equation. This is a contradiction.)

Moreover, one can also verify that the statements (1) and (2) in Theorem 3.1 both fail. To
see this, consider the following system

1 1
[xlz — x22 = ExTAx <OandVpu € [—1,1], —x12 + uxixo = ExT(Bl + uB)x < O].

(3.2)

From the first relation of (3.2), we see that |x{| < |x2|. On the other hand, the second relation
of (3.2) entails that —x]2 + |x1x2] < 0, and so, |x2] < |x1|. So, the above system has no
solution and hence (1) fails. Moreover, for any (A1, A2) € ]Ri\{O} and u € [—1, 1], we have

2(A1 — A2) A2 )

We note that, A1 A + A2(B1 + wB) > 0 implies that 2(A; — A2) > 0 and —2XA; > 0. This
gives us that A = A = 0 which is impossible. So, (2) also fails.

Let us give certain easily verifiable conditions ensuring the convexity assumption in
Theorem 3.1 when t; < uo.
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Proposition 3.1 Let A, By, B, € §" and 11 < uy. Suppose that A, By, B, are all diagonal
matrices. Then,

{(xTAx, xT(Bl + 1 Bo)x, xT(B1 + 2 Bo)x) : x € R"} is convex.

Proof As Bj and B are both diagonal, By + w1 B> and By + upB; are also diagonal
matrices. Let A = diag(ay, ..., a,), By + 1By = diag(by,...,b,) and B + uyBy =
diag(cy, ..., ¢y). Then,

{(xTAx, xT (B + j1B2)x, xT(B) + puaBa)x) : x € ]R"}

n n n

_ [(za,.xg, zb,-xf,zc,.x,z) i) € R”}
i=1 i=1 i=1
n n n

= [(Zdiyi, Zbiyi,zciyi) tO1s - n) € R’i]
i=1 i=1 i=1

and so, is convex. O

Proposition 3.2 Let A, By, By € 8" and pu1 < po. Suppose that n > 3 and that there exist
10, V1, V2 € R such that

YA+ y1B1 + By > 0. 3.3)
Then, {(xT Ax, xT(B1 + w1 B2)x, xT (B1 + 2 Bo)x) : x € R} is convex.

Proof Let 8| = % and 8, = Vi;/;ﬁ L. Then, by (3.3), we have
Y0A + 81(B1 + 1 B2) + 82(B1 + 2 B2) = oA + y1B1 + 2 By > 0.

So, the conclusion will follow from Polyak’s lemma (Lemma 2.2). O

As a consequence of Theorem 3.1 we obtain a generalization of S-lemma for parameter-
ized quadratic inequality systems.

Corollary 3.1 (Robust S-Lemma) Let A, By, By € S" and let i1, n2 € R with puy < po.
Suppose that the set

{(xT Ax, xT (By + p1Ba)x, xT (By + 2 Bo)x) : x € R")

is convex. If there exists xo € R" such that xOT (B1 4+ uB2)xg <0, YV €[y, u2] then, the
Sfollowing statements are equivalent:

(D) [V e lpr, pal, xT(B) + uBy)x <0] = xTAj >0
(2) 3% =0)@p € (1, m2l) (Yx € R, x" (A +X(By + nB))x > 0.

Proof The conclusion will follow if we show [(1) = (2)] as the converse implication always
holds. To see this, assume that (1) holds. Then the following system has no solution:

xTAx <0, x"(Bi+ uBy)x <0, ¥pelur,pal
So, the system

xTAx <0, xT(By +uBy)x <0, Yuelur, 1ol
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has also no solution. Applying Theorem 3.1, there exist (A1, M) € Ri\{O}) andu € (1, ua]
such that for each x € R",

JixT Ax +50xT (By + nBy)x > 0.

But A; # 0 as xOT(Bl + uBy)xg <0, Vi € [y, u2]. Hence (2) holds. ]

In passing, we note that the Robust S-lemma collapses to S-lemma [2] in the special case
when @1 = po. In this case, the convexity assumption always holds.

4 Uncertain homogeneous quadratic problems
Consider the uncertain quadratic programming problem
. L 7
(HP) minycpn Ex Ax
1
s.t. ExTBx < B,

where A € §", 8 > 0 and B € S" is uncertain and it belongs to the interval uncertainty set
V, described by the bounded set V = {B; + uB> : i € [, 2]} where By, B, are given
n X n matrices.

The robust counterpart of (H P) is

1
(HP)) minycpn ExTAx
1 7
s.t. Ex Bx <pB,YBeV.

Definition 4.1 We say that X is a (global) robust solution of (H P) in the sense that it is a
(global) solution of its robust counterpart (H Py).

Theorem 4.1 (Robust Solution Characterization) For the problem (H P), let V = {B] +
wBy i €[, n2l} with By, By € S". Suppose that

{(xTAx, xT(B1 + w1 Bo)x, xT(B1 + 2 Bo)x) : x € R"} is convex.

Then, a robust feasible point X is a robust solution of (H P) if and only if there exist A > 0
and pu € [j1, po] with

(A4 1(B1 4+ uB))x =0 (First-order Condition)
)\(%YT(Bl + uB2)x — B) =0 (Complementary Slackness) 4.4)
A+ XA(B1+uBy) =0 (Second-order Condition).

Proof (Necessary Part.) Let X be a robust solution of problem (H P). Then,
1 7 L g
VBeV, Ex Bxf,B:>5x AxZa:zix AX.

This implies that the following system has no solution

1, 1
—x" Ax <o and max —x" Bx < f.
2 BeV 2
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So, Theorem 3.1 gives us that there exist (A1, 2) € R3\{0} and € [111, 142] such that
kY 1 T _ kY 1 T _ n
A zx Ax —a )+ Ao 2x (Bi+uB)x —p8) >0, VxeR"

We now show that A; > 0. Otherwise, we have A; = 0 and so A2 (%xT (B1+uBy)x — ;8) >0
for all x € R". Letiingix = 0 and notinig that 8 > 0, we have A2 < 0and hence 1, = 0
which contradicts (A1, A2) # {0}. Thus, A; > 0, and so,

1T 1T n
Ex Ax —a )+ A Ex (Bi+uB)x —B) >0, YxeR

where A = % > 0. Letting x = X, we see that )\(%XT(Bl + uB2)x — B) = 0. So,
h(x) = (3xTAx — &) + 2(3xT(B1 + 1By)x — ) attains its global minimizer at X, and
hence VA (x) = 0 and V2A(x) > 0. Thus,
(A4 A(Bi 4+ uBy))x =0and A + A(B) + B) = 0.
[Sufficient Part.] Assume that there exist A > 0 and © € [it1, ;2] such that

(A4 A(Bi 4+ uBy))x =0 (First-order Condition)
A(%YT (B1 + nB2)x — B) =0 (Complementary Slackness)
A+ A(B1+uB2) =0 (Second-order Condition).

Let x be any robust feasible point of (H P). Then VB € V, %xTBx < B, and so,

1
5xT(Bl + uBy)x < B.

By the complementary slackness condition, we have
Aor A_r _
5% (B1+uB)x < AB = 5% (B1 + uBo)x.

Leth(x) = 3xT Ax + A(3x7 (By + 11B2)x — B). Then, the first-order condition and the sec-
ond-order condition give us that % is a convex function with Vi(x) = 0. So, h(x) > h(X).
That is to say,
1_, _ 1_; _ I 7

5 AX + X Ex (Bi+uB)x —B)— A Ex (B + uBy)x — B

1
> E*T AX.

—xT Ax
2

%

So, x is a robust solution of (H P). ]

Remark 4.1 Note that the set of optimality conditions (4.4) means that X is a global solution
of the tractable deterministic quadratic program

1
(P,) minyegn ExTAx

1
S.t. EJCT(B] + ,U«BZ)X = ﬁv

for some € [p1, w2l

As a consequence of Theorem 4.1 we derive necessary and sufficient conditions for con-
cave quadratic minimization problems (H P).
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Corollary 4.1 (Robust Solution of Concave Minimization) For the problem (H P), letn > 3
and A < 0. Let V = {By + uBy : n € [u1, n2]} with By, By € S". Then, a robust feasible
point X is a robust solution of (H P) if and only if there exist A > 0 and v € [y, 2] such
that (A + A(By + /LBZ))Y =0, A(%YT(Bl +uBy)x —B) =0and A+ A(B1 + uBy) = 0.

Proof The conclusion will follow from Theorem 4.1 and Proposition 3.2 as A < 0 ensures
that (3.3) holds. ]

Now, consider the following uncertain weighted least squares:

1 n
(WL) min EZvix? (WL)
i=1

1 < )
S.t. EZ;w,'xi <
1=

where 8 > 0, v; € R and the data w;,i = 1, ..., n are uncertain and each w; belongs to the
uncertainty set V; = [w;, w;] for some w;, w; € R with w; < w;.

Theorem 4.2 (Robust Solution of Weighted Least Squares) A feasible point X is a robust
solution of (W L) if and only if there exist A > 0 and w; € [w;, w;],i =1, ..., n, such that
Z:'lzl(vi + Aw;)x; =0, )»(% Z?Zl wifiz —B) =0and v; + w; > 0.
Proof The problem (W L) can be equivalently rewritten as
1o I 7
min{-—x" Ax | —x" Bx < B},
2 2
where A = diag(vy, ..., vn), B €V = {B1 +ubB: € [uy, pal}, 1 = =1, u2 =1,

By :diag(wl—;wl,..., wn;wn) andl’j’gzdiag(w1 ;wl,..., wn;w")

[Necessary Part.] Let X be a robust solution of problem (W L). Then,
17 1 7 Iy
VBeV, -x"Bx <= -x Ax >« = =X AX.
2 2 2
This implies that the following system has no solution
1

1
—xT Ax < o and max —x” Bx < B.
2 Bey 2

As A, By and B; are all diagonal matrices, Proposition 3.1 gives us that there exist (L, A2) €
R%\{0} and p € [w1, u2] such that

Y 1T kY 1T n
A gx Ax —a )+ X Ex (Bi+uB)x —B) >0, VxeR".

wi —w;

Letw; = 5= + M@ Then,

. 1 n . 1 n
Xl(zzvixiz—a)-‘r}\z(z;wixiz—ﬂ)zo.
1= 1=

@ Springer



J Glob Optim (2013) 55:209-226 219

We now show that 1; > 0. Otherwise, we have A; = 0 and so Xg(% S wix? —B) =0,
for all x € R”. Letting x = 0 and noting that 8 > 0, we have 2> < 0and hence 1, = 0
which contradicts (A1, A2) # {0}. So,

l — l -
(2 E vixl»z—a)+)»(2 E wixiz—ﬂ)zo, Vx e R"
i=1 i=1

where A = % > 0. Now, letting x = X, we see that k(% S wix? — B) = 0. Then,

h(x) = (3 20 vix? —a) +A(% 21, wix? — B) attains its global minimizer atX, VA (¥) =
0 and V2A(X) > 0. These conditions yield

n
Z(vi +Aw)x; = 0and v; + Aw; = 0.

i=1

[Sufficient Part.] This part is similar to the proof in Theorem 4.1. O

5 Uncertain non-homogeneous problems
In this Section, we derive necessary and sufficient conditions for robust global optimality
for classes nonhomogeneous quadratic problems with a single uncertain quadratic inequality

constraint. Let A € §",a,b € R" and B € R, and consider the following nonhomogeneous
quadratic problem with constraint uncertainty:

: [e T
(QP) mingcpn Ex Ax+a' x
1

s.t. ExTBx +bTx + B =<0,

where (B, b) € S" x R” is uncertain and
(B.b) €V ={By +uBy: ju € [u1, u2l} x {by + b2 : § € [81, 821}
The robust counterpart of (Q P) is
: 1 7 T
(QP1) mingepn Ex Ax +a' x

1 _
s.t. ExTBx—i—bTx—i—ﬂSO, Y (B,b) € V.

For a given point X, let « = —(%YT AX + a”x) and denote

(A a _ Bi+wmi1By by +81b2 _( Bi+wm2By by + &b
H”‘(aT 2a)’H1‘(<b1+slbz>T 28 )a“dHZ‘(<b1+szb2)T 2 )

We shall say the problem (Q P) is regular with respect to x if
(T Hox, x" Hyx, x" Hox) : x € R"} is convex.

Note again that in the case where 1| = pup and §1 = 6, (i.e. H] = H») the problem (Q P) is
always regular for any given point X.
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Theorem 5.1 (Robust Solution Characterization) Let X be a robust feasible point of (Q P).
Suppose that (Q P) is regular with respect to X and that there exists xg € R" such that

1 _
ExOTon—i—bTxo—i-,B <0, V(B,b) € V.

Then, X is a robust solution of (QP) if and only if there exist . > 0, u € [u1, u2] and
8 € [81, 82] such that

(A4 A(By +uB)Xx =—(a+ A(by 4+ 6by)) (First-order Condition)
)\(%YT (B1 + wB)X + (b1 +8b2)Tx + B) =0 (Complementary-Slackness) (5.5)

A+ A(By+uBy) =0 (Second-order Condition).
Proof (Necessary Part.) LetX be arobust solution of problem (Q P) and let« := — %YT Ax —
a’x. Then,

— 1 1
V(B,b) eV, ExTBx—i—bTx—I—ﬂ <0= ExTAx—i—aTx—i—a > 0.
This implies that the following system has no solution:

lT T *lT T
2x Ax+a'x+a<0andV (B,b) €V, 2x Bx+b'x+ 8 <0]. (5.6)

[Homogenization.] We first show that the homogeneous system in R”*!
n 1 T T 2. Y
(x,1t) € R" x R, max 2x Bx+tb'x+ Bt°: (B,b) eV
1 7 T 2
< 0 and Ex Ax+ta' x+oat” <0
also has no solution. Otherwise, there exists (X, f) € R"*+! such that
1 - 1 - —
EXTA)? +7a” % + af* < 0and max ’E)ETB)E +ibT% + B> (B,b) € V] < 0.

If 1 # 0, then, we have
1 (:\" (% X
HORIORUG
2\t t t
1R\ (% r (% =
+ o < 0and max A B 7 +b 7 +B8:(B,b)eV; <0

which contradicts the fact that the system (5.6) has no solution. On the other hand, if 7 = 0,
then we have

1 1
§~TA)E < 0 and max [EJETB)E B =By +uBy, uelu, uz]] < 0.
Let x; = sx. Then, as s — +00, %xSTAxS +aTxi+a — —ocoand
I 7 T Y]
max Exs Bxs+b'xs+B:(B,b)eV

1 _
= max ‘SZE)ETB)E +sbT % +B:(B,b) € V] — —00
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This shows us that for large enough s, x; satisfies (5.6) which is a contradiction. So, we see
that the following homogeneous system in R"*! has no solution

1 1 _
I:EXTAX +ta’x + at? <0 and max ‘ExTBx +tbTx + ﬂtz :(B,b) € V] < O].
(5.7)

[Dualization]. Now, we show that there exist (A1, A2) € ]Rf_\{O}, w € [u1, n2] and 8 €
[61, 62] such that

= (1 7 T = (1 r T n
A 2x Ax+a x+o )+ A 2x (Bi+uB)x + (b +68b2)'x+B) >0, Vx e R".

We now split the proof into two cases: Case 1, 1 < uo; Case 2, 1 = wa.
Suppose that Case 1 holds. Let

B, by + 51#2:52M1b2 B, 52:51 by
Wi = ((bl + 51#2—52M1b2)T 5123 H and W) = 3 =8 bZT e 6“ :

H2—[t1 H2— 1
Then,
_ Bi+ 1By by +81b2 _ Bi+u2By by +82b2
Wit mwo= ((bl +8ib)] 2P ) and Wi + 2 Wa= ((bl +60b0)] 2B

It follows from (5.7) that

1 r 1 r
E(’t‘) Ho(f) <0andVp € [u1, 2], 5(f) (W1+qu)(’t‘) <0

has no solution. From the assumption, we see that
(" Hoz, 2" (W1 + 1 W)z, 27 (W) + uaWa)z) = z € R} is convex.

So, Theorem 3.1 implies that there exist (A1, A2) € Ri\{O}, W € [u1, u2], and for each
(x,nT e RMH,

A3 () R (0) e ()

In particular, letting t = 1, we see that, for each x € R”

—_ (1
A (ExTAx +alx +a)

(1 Siiy — & S1iy — 8 r
+A2(2xT(Bl+uBz>x+(b1+(”‘2 MLy o 2’“)192) x+ﬁ)20.

H2 — W2 — 41

S1up—8 S1pp—8
Let§ := ‘Zi_ﬂzl’“ + 1 ‘I’Z_MZ]’“ .As € [u1, 2], we see that § € [81, 8>] and

_ /1 — (1
Py (ExTAx +alx+ oz) + 2 (ExT(Bl + uB)x + (by + 8b2) x + /3) > 0.

Suppose that Case 2 holds and let ;11 = uy = p and let

. B +[LBZ bl _ Onxn b2
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Then,

By + uBy by +681b

Wi+ oW = ((bl +8ib)T 28

)andWl+52W2=( By + uB; b1+82b2).

(b1 + 82b)T 2B

It follows from (5.7) that

1 (x\" X 1(x\" x
5(1‘) Ho(t)<0andV(Se[81,82],E(t) (W1+8W2)(Z)<0

has no solution. From the assumption, we see that
(T Hoz, 2T (W1 4+ 81 Wa)z, 2T (W) + 8:Wa)2) @ z € R} is convex.

So, Theorem 3.1 gives us that there exist (A1, A2) € ]Rﬁ_\{()}, S € [81, 62] such that for each
(x,nT e RM,

XleHx Xlxrwawx>0
3zl 0t+2§t(1+2)t—'
Letting t = 1, we see that, for each x € R”

_ /1 —_ /(1

A (ExTAx +aTx+ 05) + X2 <§xT(Bl + wuB)x + (b1 + Bbg)Tx + ,3) > 0.
Therefore, there exist (A1, 12) € R \{0}, 0 € [i1, o] and § € [8y, 8] such that
= (1 7 T = (1 7 T n
A Ex Ax+a x+a)+ i Ex (B1 + uB2)x + (b1 +8b2) x+ B ) >0, Vx € R".
[Simplification]. Clearly, &| # 0, Otherwise, we have A (x” (B +uBy)x + (b1 +8b) T x +
B) > 0 forall x € R". Letting x = xo, we see that A < 0. So, A, = 0 which contradicts
(A1, A2) # {0}. Thus, A1 > 0, and so,

1 1
(ExTAx +alx+ a) + A (ExUB] + uBy)x + (b1 + 8b)" x + ﬂ) >0, Vx eR",

where A = %—2 > (. Now, letting x = X, we see that
1

1
A (EYT(Bl + uBy)X + (b1 + 8by)) % + ,3) > 0.
This together with the fact that A > 0 and X is robust feasible yields that
1
A (EYT(Bl + uB)X + (b +8by))Tx + ﬁ) =0.
Note that %YTAY +aTx + o = 0. It follows that, for each x € R”,
1 7 T 1 7 T
Ex Ax+a' x+aoa+ A Ex (B1 +uBo)x + (b1 +8b2) x4+ B

1 1
> EETAY—F alXx+a+2 (EET(Bl + wB)X + (b1 4 8b2)Tx + ﬂ).
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Then, h(x) = (337 Ax +aTx + &) + 1 (3x7 (By + wB2)x + (b1 + 8b2)" x + p) attains its
global minimizer at X, and hence VA (x) = 0 and VZh(x) = 0. They give us that

(A4 A(Bi 4 uB2))x = —(a + A(b1 + 8by)) and A + A(B + uB2) > 0.

[Sufficient Part.] Suppose that there exist A > 0, u € [, u2] and § € [81, §2] such that
(A+A(B +uB))X = —(a+ A +8b2)), \GXT (B1 + uB2)x + (b1 +8b) "X+ p) =0
and A 4+ A(B; + uBz) > 0. Then, for any robust feasible point x, we have V (B, b) €
V., 3xTBx +bTx 4+ g < 0, and so,

1
EXT(BI + uBy)x + (by + (sz)Tx + B8 <0.

By the complementary slackness condition, we have
1 7 T 17 - T—
A Ex (B +uB2)x + (b1 +6b2) x ) < —AB=A Ex (B +uB)x + (b1 +6b2) X ).

Leth(x) = (3x7Ax +a”x) +1(xT (B +1B2)x + (b +8by) " x + B). Then, the first-order
condition and the second-order condition give us that / is a convex function with Vi(x) = 0.
So, h(x) > h(x). So,

1 1 1
ExTAx +alx > EYTAY +alx 42 (EfT(Bl + uB)X + (by + 8b2)Tx + ,3)

1
—A (ExT(Bl + uBy)x + (b1 + 8by))Tx + /3)
1
> X Ax+a'x.
2
So, x is a robust solution of (Q P). ]

Corollary 5.1 Letn > 2 andX be a robust feasible point. Suppose that there exist y1, y» € R
such that y1 Hy + y» Hy > 0. and that there exists xo € R" such that

1 _
ExTBx—f-bTx +B <0, V(B,b)eV.

Then, x is a robust solution of (QP) if and only if there exist A > 0, u € [u1, u2] and
8 € [81, 821 such that (A + A(By + nB2))X = —(a + A(by +8b2)), A(3X" (By + 1B2)¥ +
(b1 +8b2)Tx 4+ B) =0and A + A(By + uB>) > 0.

Proof As y1Hy + y2H> > 0, Proposition 3.2 implies that (Q P) is regular for any feasible
point X. So, the conclusion follows from the preceding theorem. O

We finish this Section by providing an example to illustrate our robust solution character-
ization.

Example 5.1 Consider the following nonconvex quadratic problem with data uncertainty
) 2 3,
min xi + x5 — 2x3 + x3
2 2 2
S.t a1xy +axxy +azxy +asxz < 1,

where the data ay, as, az, as € R are uncertain. Suppose that we know that the nominal value
of ai, a3, ag are 1, 1, —0.5 with the possible error of £0.5, and the nominal value of a; is 1
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with the possible error of &1. Then, this problem can be captured by the following uncertain

(QP):
: L 7 T
(QP) min, g3 7* Ax+a' x
1
S.t. ExTBx—i—bTx—I—ﬂ <0,

where § = —1,

200 0
A=1020 }J,a={0],
00-3 1

and (B, b) € §? x R? is uncertain and
(B,b) €V ={By 4+ uBy : € [1, u2l} x {b1 + 8bs : & € [81, 821}

withpuy =—1Lux=1,81=-1,8 =1,

200 100 0 0
Bi=1020]),B,=1020]),b = 0 , by = 0
002 001 -0.5 -0.5
Then,
100 O
H = By +wuiBy by +61b2y 000 0
Y=\ +8160)7 28 ~loo1 0
000 -2
and
300 O
H — Bi 4+ u2By by + 6202 1040 O
2=\ +66)" 28 )T 1003 -1
00-1-2
So, this problem is regular as
100 O
040 0
(=2)H, + H, = 00 1 —1 > 0.
00-1 2

Letx = (0,0, l%ﬁ)T, u =38 = 1and A = 1. It can be verified that x is robust feasible.
Moreover, we see that

(A+ (B + uB)X = (0,0,0)" = —(a 4+ A(by + 8by)) (First-order Condition)

A (3%T (Br + uB)X + (b1 + 8b2)"x + ) =0 (Complementary Slackness)
500 (5.8)

A+ A(Bi+uB)=1060] >0 (Second-order Condition).
000

So, our robust solution characterization is satisfied at x = X. Moreover, we can directly
verify that X is a robust solution. To see this, we note that for any robust feasible point
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x = (x1,x2,x3)7, we have 1x7 (By + uBo)x + (b1 + 8b2)"x + B < 0 with © = 1 and
§=1,i.e.,

1.5x% +2x5 +1.5xF —x3 < 1.

This gives us that, for any robust feasible point x = (x1, x2, x3)T, we must have x3 >
-1+ 1.5)512 + 2x§ + 1.5x§ and hence the objective value

1

ExTAx +alx =x} +x3 - 1.5)632 a3 > —142.5x7 4+3x3 > —1.
As %YTAY +aTx = —1, we see that x is a robust solution.
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