J Glob Optim (2013) 57:1299-1318
DOI 10.1007/510898-012-0030-1

Strong convergence for maximal monotone operators,
relatively quasi-nonexpansive mappings, variational
inequalities and equilibrium problems

Siwaporn Saewan - Poom Kumam - Yeol Je Cho

Received: 25 June 2011 / Accepted: 26 December 2012 / Published online: 3 January 2013
© Springer Science+Business Media New York 2012
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of a convex function.
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1 Introduction

The maximal monotone inclusion problem provides a powerful general framework for the
study of many important optimization problems, such as convex programming problems and
variational inequalities. One of the most interesting and important problems in the theory of
maximal monotone operators is to find a zero point of maximal monotone operators. This
problem contains the convex minimization problem and the variational inequality problem. A
popular method for approximating this problem is called the proximal point algorithm intro-
duced by Martinet [24] in a Hilbert space. In 1976, Rockafellar [33] extended the knowledge
of Martinet [24] and proved the weak convergence of the proximal point algorithm. The
proximal point algorithm of Rockafellar [33] is a successful algorithm for finding a zero
point of maximal monotone operators. It gives an approximation to solutions of a variational
inequality for monotone operators, and when the monotone operator be subdifferential of a
proper, convex, and lower semicontinuous function, it gives an approximation to solutions
of a minimization problem for the convex function.

Let E be a Banach space with the dual space E* and the norm || - ||. Let C be a nonempty
closed convex subset of E. Let 6 be a bifunction from C x C to R, where R denotes the set
of real numbers.

The equilibrium problem (for short, EP) is as follows: Find X € C such that
0(x,y) >0, VyeC. (1.1)

The set of solutions of (1.1) is denoted by E P (6).

In addition, there are several other problems, for example, the complementarity problem,
fixed point problem and optimization problem, which can also be written in the form of
an E P(0). In other words, the E P () is an unifying model for several problems arising in
physics, engineering, science, optimization, economics and others. In the last two decades,
many papers have appeared in the literature on the existence of solutions of E P (6) (see, for
example, [3,19] and references therein) and some solution methods have been proposed to
solve the E P (0) (see, for example, [3,7-10,13,16,17,21,27,29,31] and references therein).

Let A : C — E* be an operator. The classical variational inequality problem for an
operator A is as follows: Find Z € C such that

(AZ,y—2) =0, VyeC. (1.2)

The set of solution of (1.2) is denote by VI (A, C). This problems is interesting and
have been studied by many mathematician because it includes various problems in many
branches in mathematics and sciences, for example, linear programming, convex optimization
problems, economics and physics. Let A : C — E™ be a mapping. Then A is said to be:

(1) monotone if
(Ax —Ay,x —y) >0, Vx,yeC;
(2) a—inverse-strongly monotone if there exists a constant « > 0 such that
(Ax — Ay, x —y) > a||Ax — Ay||>, Vx,yeC and x #y.

The class of inverse-strongly monotone mappings have been studied by many authors to
approximating a common fixed point (see [17,21,37,44] for more details).

(3) An operator B C E x E* is said to be monotone if (x — y, x* — y*) > 0 whenever
(x, x), (y, y*) € B. We denote the set {x € E : 0 € Bx} by B~10.
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(4) The monotone operator B is said to be maximal if its graph G(B) = {(x, y*) : y* € Bx}
is not properly contained in the graph of any other monotone operator.

If B is maximal monotone, then the solution set B—10 is closed and convex. Let B be a
monotone operator satisfying D(B) C C C J! (N,~o R(J +rB)), where D(B) is domain
of B and R(J + rB) is range of J + rB. Define the resolvent J, : C — D(B) of B by
J-x = x,.Inother words, J, = (J+rB)~'J forallr > 0. J, is asingle-valued mapping from
E to D(B). For any r > 0, the Yosida approximation of B define by B,x = (Jx — JJ,x)/r.
We know that B,x € B(J,x) forallr > 0and x € E.

Consider the problem: Find v € E such that

0 € Bv, (1.3)

where B is an operator from E into E*. Such v € E is called a zero point of B. When B is
a maximal monotone operator, a well-known method for solving (1.3) in a Hilbert space H
is the proximal point algorithm: x; = x € H and

Xppl = JpXn, Y > 1, (1.4)

where {r,} C (0,00)and J,, = (I +r,B)~!. Rockafellar [33] proved that the sequence {x, }
converges weakly to an element of B~'0.
Let C be a closed convex subset of E. Amapping T : C — C is said to be nonexpansive if

ITx =Tyl <llx—=yl, Vx,yeC.

A point x € C is afixed point of T provided Tx = x. Denote by F (T) the set of fixed points
of T, thatis, F(T)={x € C: Tx = x}.

Recall that a mapping T : C — C is closed if, for each {x,}in C, x, - x and Tx, — y
imply that Tx = y.

A Banach space E is said to be strictly convex if || xer'v | < 1forall x,y € E with
Ixl = llyll =1and x # y.Let U = {x € E : ||x|| = 1} be the unit sphere of E. Then a

Banach space E is said to be smooth if the limit lirr(l) Ww exists foreach x, y € U. It
—

is also said to be uniformly smooth if the limit exists uniformly in x, y € U.
The modulus of convexity of E is the function 6 : [0, 2] — [0, 1] defined by

. x+y
8(e) =inf{l — |—=l:x,y € E, x| = llyll = L. l|lx — yll = &}.

A Banach space E is uniformly convex if and only if §(¢) > 0 for all ¢ € (0, 2].
Consider the functional ¢ : E x E — R defined by

¢(x,y) = lIx[I* = 2(x, Jy) + IylI*, Vx,y € E. (1.5)

where J is the normalized duality mapping. It is obvious from the definition of function ¢
that

Uyl = lIxID* < ¢ x) < (lyll + IxID* Vx,y € E. (1.6)
If E is a Hilbert space, then ¢ (y, x) = ||y — x]|2.

Remark 1.1 1If E is a reflexive, strictly convex and smooth Banach space, then, for any
x,y € E, ¢(x,y) = 0if and only if x = y. It is sufficient to show that if ¢(x,y) = 0
then x = y. From (1.5), we have ||x|| = ||y||. This implies that (x, Jy) = [|x||> = [|Jy]>
From the definition of J, one has Jx = Jy. Therefore, we have x = y (see [12,38] for more
details).
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Definition 1.2 (1) A point p in C is called an asymptotic fixed point of T [34] if C contains
a sequence {x,} which converges weakly to p such that lim,_,  |[x, — Tx,|| = 0. The
asymptotic fixed point set of 7 is denoted by F (T).

(2) A mapping T from C into itself is called relatively nonexpansive ([28,36,42]) if

(R1) F(T) is nonempty;
(R2) ql(p, Tx) <¢(p,x)forallx e Cand p € F(T);
(R3) F(T)= F(T).

A mapping T is called relatively quasi-nonexpansive (or quasi-¢-nonexpansive) if the con-
ditions (R1) and (R2) hold. Obviously, every relatively nonexpansive mapping is relatively
quasi-nonexpansive mappings, but the converse is not true. The relatively quasi-nonexpansive
mapping is sometimes called hemirelatively nonexpansive mapping. The asymptotic behav-
ior of a relatively nonexpansive mapping was studied in [4,5,11]. The class of relatively
quasi-nonexpansive mappings is more general than that of relatively nonexpansive mappings
(see [4,5,11,25,35]) which requires the strong restriction: F(T) = I?(T).

On the author hand, the generalized projection I1¢c : E — C is a mapping that assigns
to an arbitrary point x € E the minimum point of the functional ¢ (x, y), thatis, [Tcx = x,
where X is the solution to the minimization problem:

¢(x, x) = inf ¢(y, x). (1.7)
yeC

The existence and uniqueness of the operator I1¢ follows from the properties of the
functional ¢ (y, x) and the strict monotonicity of the mapping J (see, for example [1,2,12,
18,38]). If E is a Hilbert space, [1¢ becomes the metric projection of E onto C.

Example 1.3 [29] Let I1¢ be the generalized projection from a smooth, strictly convex and
reflexive Banach space E onto a nonempty closed convex subset C of E. Then I1¢ is a closed
relatively quasi-nonexpansive mapping from E onto C with F(I1¢) = C.

In 2004, Matsushita and Takahashi [26] introduced the following iterative sequence {x,}
defined by

Xna1 = Hed " NanJxy + (1 — a,)J Txy), VYn >0, (1.8)

where the initial guess element xo € C is arbitrary, {«,} is areal sequence in [0, 1], T : C —
C is a relatively nonexpansive mapping and I1¢ denotes the generalized projection from E
onto a closed convex subset C of E. They proved that the sequence {x,} converges weakly
to a fixed point of 7.

In 2005, Matsushita and Takahashi [25] proposed the following hybrid iteration method
(it is also called the CQ method) with generalized projection for a relatively nonexpansive
mapping T in a Banach space E:

xp € C chosen arbitrarily,

Yn = Jﬁl(anjxn + (I —a)JTxy),

Cn={z€C:9(z,yn) <Pz, x)}, (1.9)
On={z€C:{xp—2z,Jxo— Jx,) >0},

Xp41 = Il¢,ng, X0, Yn =0.

They proved that {x, } converges strongly to a point Iz ()Xo, where I (r) is the generalized
projection from C onto F(T).

In 2008, Tiduka and Takahashi [14] introduced the following iterative scheme for finding
a solution of the variational inequality problem for an inverse-strongly monotone operator A
in a 2-uniformly convex and uniformly smooth Banach space E: x; = x € C and
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Xpe1 = Hed 7V Uxy — AAxy), V> 1, (1.10)

where Il is the generalized metric projection from E onto C, J is the duality mapping from
E into E* and {A,} is a sequence of positive real numbers. They proved that the sequence
{x,} generated by (1.10) converges weakly to an element of VI (A, C).

In 2009, Inoue et al. [15] proposed the hybrid method in a uniformly convex and uniformly
smooth Banach space E for defined a sequence {x,} as follows:

Up = J_](an-]xn + A —ap)J ST, xn),
Cp={z€Cph:d(z,up) <z, xp),
On=1{z€Cy:(xy—2z,Jx0— Jxn) =0},
Xpy1 = I¢,np, X0, Yn>1,

(1.11)

and, under some control conditions, they proved that the sequence {x, } converge strongly to
a point HF(S)QB_IO'

In 2009, Klin-eam et al. [19] extended the result of Inoue et al. [15] for finding a common
element of the zero point set of a maximal monotone operator and the fixed point set of two
relatively nonexpansive mappings in a Banach space E by using a new hybrid method.

Recently, Takahashi and Zembayashi [39,40] studied the problem of finding a common
element of the set of fixed points of a nonexpansive mapping and the set of solutions of an
equilibrium problem in the framework of Banach spaces. Later, Qin et al. [30] introduced
two kinds of iterative algorithms for the problem of finding zeros of maximal monotone
operators. They proved weak and strong convergence theorems in a real Hilbert space. Also,
they applied the results to a problem of finding a minimizer of a convex function.

In this paper, motivated and inspired by the work mentioned above of Inoue et al. [15],
Klin-eam et al. [19], Matsushita and Takahashi [25] and Takahashi and Zembayashi [39,40],
we introduce a new hybrid projection method for finding the fixed point set of relatively quasi-
nonexpansive mappings, the set of variational inequality, the sets of solution of equilibrium
problem and zeros of a maximal monotone operator in Banach spaces. As applications, we
consider a problem of finding a minimizer of a convex function. The results presented in this
paper improve and extend some recent results of liduka and Takahashi [14], Inoue et al. [15],
Klin-eam et al. [19], Matsushita and Takahashi [25,26], Takahashi and Zembayashi [39,40]
and given by some authors.

2 Preliminaries

We also need the following lemmas for the proof of our main results.
Let £ be a Banach space with the dual space E*. The generalized duality mapping
Jp o E — 2F is defined by

Tp(x) = {x* € E*: (x,x™) = |Ix]|”, |lx*|| = |x|IP~"}, Vx € E.

In particular, J = J; is called the normalized duality mapping. If E is a Hilbert space,
then J = I, where [ is the identity mapping.

Remark 2.1 Let E be a Banach space. Then the following are well known (see [12] for more
details):

(1) If E is an arbitrary Banach space, then J is monotone and bounded.
(2) If E is a strictly convex, then J is strictly monotone.
(3) If E is a smooth, then J is single valued and semi-continuous.
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(4) If E isuniformly smooth, then J is uniformly norm-to-norm continuous on each bounded
subset of E.

(5) If E isreflexive, smooth and strictly convex, then the normalized duality mapping J = J»
is single valued, one-to-one and onto.

(6) If E is reflexive, smooth and strictly convex, then J —lisalso single valued, one-to-one,
onto and it is the duality mapping from E* into E.

(7) If E is uniformly smooth, then E is smooth and reflexive.

(8) E is uniformly smooth if and only if E* is uniformly convex.

Lemma 2.2 [18] Let E be a uniformly convex and smooth Banach space and {x,}, {y,} be
two sequences of E. If ¢ (x,,, yn) — OQand either {x,} or{y,} is bounded, then || x, — y,|| — O.

Lemma 2.3 [2] Let C be a nonempty closed convex subset of a smooth Banach space E and
x € E. Then xo = lcx if and only if

(xo—y,Jx —Jxg) >0, VyeC.

Lemma 2.4 [2] Let E be a reflexive, strictly convex and smooth Banach space, C be a
nonempty closed convex subset of E and x € E. Then

¢(y’ HCX) +¢(HCX»X) = ¢(yv-x)s Vy eC.

Lemma 2.5 [29] Let E be a real uniformly smooth and strictly convex Banach space and
C be a nonempty closed convex subset of E. Let T : C — C be a closed and relatively
quasi-nonexpansive mapping. Then F(T) is a closed convex subset of C.

We make use of the following mapping V : E* x E — R studied in Alber [2]:
Vg, x) = llel® = 2(p.x) + x>, Vo€ E*, x € E. @1

From the definition of the functional ¢ and V, we know that V (Jy, x) = ¢ (x, y) for all
x,y€kE.

Definition 2.6 [2] (1) An operator I1¢ : E* — C is called the generalized projection
operator—if it associates with an arbitrary fixed point ¢ € E* to the minimum point of the
functional V (¢, x), i.e., a solution to the minimization problem:

Vg, c(p)) = inf V(gp,y).
yeC

(2) ¢ (p) € C C B is called the generalized projection of the point ¢.
Remark 2.7 The following properties of V and IT¢ hold (see [2,22] for more detail):

(1) V (g, x) is continuous.

(2) V (g, x) is convex with respect to ¢ when x is fixed and convex with respect to x when
@ is fixed.

3) (el = lxh* < Vg, x) < dlel + IxID*.

4) V(p,x)=0if and only if ¢ = Jx.

(5) V(JUTlcp,x) < V(p,x)forallg € E*andx € E.

(6) MMeJx =x forany x € C.

(7) T¢ is monotone in E*, i.e., for all ¢, ¢ € E*,

(MMeg) — ez, @1 — @2) = 0.
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(8) If E is uniformly smooth, then ¢1, ¢y € E*, we have
ITcgr — Megall < 2R185" (lo1 — ¢2ll/R1).

where R = (||I1ce 12 + IIHc<p2||2)1/2 and ggl is the inverse function to gg defined
by the modulus of smoothness for a uniformly smooth Banach space E.
(9) By (8), we have I1¢ continuous.
(10) If E is smooth, then, for any ¢ € E* and x € C,
xellcp o (p—Jx,x—y)>0, VyeC.
(11) If E is smooth, then, for any ¢ € E* and x € [1¢¢, the following inequality holds:
V({Jx,y) <V(p,y) —Vip,x), VyeC.

(12) The operator I1¢ is single-valued if and only if E is strictly convex.
(13) If E is reflexive, then, for any ¢ € E*, I1c¢ is a nonempty closed convex and bounded
subset of C.

Lemma 2.8 [23] Let E be a reflexive strictly convex and smooth Banach space, then I1¢c =
JL

Lemma 2.9 [41] Let E be a uniformly convex Banach space. Then, for any r > 0, there
exists a strictly increasing, continuous and convex function g : [0, 2r] — R with g(0) =0
such that

ltx + (1 —0yl? < tlxlI* + (1 = OlylI* — (1 = 0g(lx — yl), ¥x,y € By, t €0, 1],
where By = {z € E : |z|| < r}.

Lemma 2.10 /6] Let E be a uniformly convex and uniformly smooth Banach spaces. Then
the following inequality hold

lp + @)1 < llpll*> +2(®, J* (¢ + ®)), VYo, ® € E*.

Lemma 2.11 [20] Let E be a smooth, strictly convex and reflexive Banach space, C be a
nonempty closed convex subset of E and B : E = E* be a monotone operator satisfying
D(B) c C ¢ J YNy=oR(J +rB)). Letr > 0, J, and B, be the resolvent and the Yosida
approximation of B, respectively. Then the following hold:

(i) ¢(u, Jyx) +¢(Jrx,x) < ¢p(u,x) forallx € Candu € B~ lo;
(ii) (Jyx, Byx) € B forallx € C;
(iii) F(J,) = B~0.

Lemma 2.12 [32] Let E be a reflexive, strictly convex and smooth Banach space and B C
E x E* be a maximal monotone. Then R(J +rB) = E* forall r > 0.

For solving the equilibrium problem for a bifunction  : C x C — R, we assume that 0
satisfies the following conditions:

(A1) 6(x,x) =0forallx € C;
(A2) 0 is monotone, i.e., O(x, y) +6(y,x) <Oforall x,y € C;
(A3) forany x,y,z € C,

li&)19(tz +(1—=0x,y) <6(x,y)
t

(A4) forany x € C, y — 6(x, y) is convex and lower semi-continuous.
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For example, let B be a continuous and monotone operator of C into E* and define
O(x,y) =(Bx,y—x), Vx,yeC.

Then 6 satisfies the conditions (A1)—(A4).
The following result is given in Blum and Oettli [3]:

Lemma 2.13 Let C be a closed convex subset of a smooth, strictly convex and reflexive
Banach space E, 60 be a bifunction from C x C to R satisfying the conditions (Al)-(A4),
r > 0 and x € E. Then there exists z € C such that

1
O(Z,y)-l-;(y—z, Jz—Jx) >0, VyeC.

Lemma 2.14 [40] Let C be a closed convex subset of a uniformly smooth, strictly convex
and reflexive Banach space E and 6 be a bifunction from C x C to R satisfying the conditions
(A1) — (A4). Foranyr > 0 and x € E, define a mapping K, : E — C as follows:

1
Kix={ze€C:0(z,y)+—-(y—2z,Jz—Jx)>0, Vye C}, VxeC.
r

Then the following hold:

(1) K, is single-valued;
(2) K, is a firmly nonexpansive-type mapping, i.e., forall x,y € E,

(Krx — Kpy, JKyx — JK;y) < (Kpx — Kyy, Jx — Jy);

(3) F(K,) = EP(9);
(4) EP(0) is closed and convex.

Lemma 2.15 [40] Let C be a closed convex subset of a smooth, strictly convex and reflexive
Banach space E, 0 be a bifunction from C x C to R satisfying the conditions (A1)-(A4) and
r > 0. Then, for any x € E and q € F(K,),

¢(q7 er) + (P(er’ .X) S ¢(41»x)

Lemma 2.16 [43] Let C be a nonempty closed convex subset of a uniformly smooth, strictly
convex real Banach space E and A : C — E* be a continuous monotone mapping. For any
r > 0, define a mapping F, : E — C as follows:

1
Fx={zeC:(y—z,A) + -(y—2z,Jz—Jx) >0, Vye C}, VxeC.
r

Then the following hold:

(1) Fy is single-valued;

(2) F(F,) =VI(A,C);

(3) VI(A, C) is closed and convex subset of C;

(4) ¢(q. Frx) + ¢(Frx,x) < ¢p(q, x) forall g € F(Fp).

3 Main results
In this section, we prove some new convergence theorems for finding a common solution
of the set of common fixed points of relatively quasi nonexpansive mappings, the set of the

variational inequality, the sets of solutions of the equilibrium problem and zeros of a maximal
monotone operator in a real uniformly smooth and uniformly convex Banach space.
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Theorem 3.1 Let C be a nonempty closed and convex subset of a uniformly convex and
uniformly smooth Banach space E. Let B : E = E* be a maximal monotone operator
satisfying D(B) C C and J, = (J +rB)~'J forall r > 0, where J is the duality mapping
on E. Let 0 be a bifunction from C x C to R satisfying the conditions (A1)—(A4). Let A
be a continuous monotone mapping of C into E* and T : C — C be a relatively quasi-
nonexpansive mapping. Define two mappings Fy,, K,, : E — C by

1
Fr,ZX={Z€C1(y—Z,AZ)+7(y—z,Jz—Jx)ZO, Vy € C}

n
and

1
Krnx={zGC:H(Z,y)+7<y—z,Jz—JX>20, Vy € C}.

n

Assume that ® :== F(T) N B~'0N EP@©) N VI(A, C) # @. For an initial point x| € E
with C1 = C, we define the iterative sequence {x,} as follows:

in = Fr,,-xnv
yn =clapJxy + A —ay)JIT Jr,20),
up = Ky, yn, -1

Cn-H = {Z € Cy: ¢(Zv un) < (b(z’ Zn) < (P(Z’ xn)},
X1 =g, Jx1, VYn > 1,

where {a,} is a sequence in [0, 1] and {r,} C [d, 00) for some d > 0. Iflim inf,_, o &, (1 —
ap) > 0, then the sequence {x,} converges strongly to a point p € ©, where p = I1gJ x.

Proof We split the proof into seven steps as follows:

Step 1. We first show that C), 41 is closed and convex for each n > 1.

Clearly, C; = C is closed and convex. From the definition of C,, 1, it is obvious that C,, |
is closed. Suppose that C, is convex. Then for any z € C,,, we know that ¢ (z, u,) < ¢(z, xp)
is equivalent to

2z, Jxn — Jup) < Ixall® = llun . (3.2)

This inequality is affine in z and hence C,,4 is convex for each n > 0. Thus, C,,1 is closed
and convex.

Step 2. We show that ® C C, forall n > 1 and {x, } is well defined.

We show by induction that ® C C, forall n > 1. Putu, = K, y, and v, = J,, z, for
alln > 1. From Lemma 2.14, it follows that K., is a relatively quasi-nonexpansive mapping
and ® C C; = C. Suppose that ® C C,, forsomen > 1.Letqg € ® C C,. Since T
is a relatively quasi-nonexpansive mapping, by nonexpansiveness of J,, (see [38, Theorem
4.6.3]), we have

¢(q.un) = ¢(q, Ky, yn)

= ¢, yn)

=V({Jyn, q)

= V(I (MclanJxn + (1 —an)IT Jr,20)), q)
ViepJxp + A — o) JIT Jp, 20, q)
= V(epJxyn+ A —oap)JTv,, q)
=anV(Jxn, q) + (1 —an)V(ITvp, q)
= an¢(q, xp) + (1 —an)p(g, Tvp)

IA
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< and(q, xn) + (1 — on)@(q, vn)

= an@(q, xp) + (1 — )P (g, Jr, 2n)

= anp(q, xp) + (1 —an)p(q, 2)

= anp(q, xp) + (1 —an)p(q, Fr,xn)

< anp(q, xp) + (1 —an)9(q, xn)

= ¢(q, xn)- (3.3)
This shows that ¢ € C,,4+1 which implies that ® C C,,+; and hence ® C C, forall n > 1.
This implies that the sequence {x,} is well defined.

Step 3. We prove that {x,} is bounded.
From the definition of x,, that x,, = Il¢, Jx1, we have

V({Jxi,xp) = V(Jx1,q), Vq€0. (3.4)

This implies that {V (Jx1, x,,)} is bounded. From the definition of V, it follows that {x,} is
bounded and so {z,}, {v»}, {#,} and {T v, } are also bounded.

Step 4. We show that {x,} is a Cauchy sequence in C.

Since x, = ¢, Jx; and x,,41 = I, Jx1, we have

V(Ux1,xy) < V(UIx1, Xp41), Yn>1, (3.5)

andhence {V (Jx1, x,)}is nondecreasing. From (3.4) and (3.5), it follows that lim V (Jx1, x,,)
n—00

exists. For any positive integers m > n, from x,, = Il¢, Jx1 € C,, C C, and the property

of V, we have

V(Jxn, Xm) < V(Ix1, xm) = V(Ix1,x,), Vn>1

Taking m, n — oo, we have lim V(Jx,, x;;) = 0 and also
n—00
lim ¢ (xp, x,) =0. (3.6)
n—0o0

From Lemma 2.2, we get ||x, — x| — 0 and so {x,} is a Cauchy sequence and, by the
completeness of E and the closedness of C, we can assume that there exists p € C such that
X, > peCasn— oo.

Step 5. We show that || Ju,, — Jx,|| — 0 asn — oo.

From Step 4, taking m = n + 1, we also have

lim ¢ (xp41, xx) = 0. 3.7
n—0o0
Form Lemma 2.2, it follows that
lim |lxp41 — x, |l = 0. (3.8)
n—o0

Since J is uniformly norm-to-norm continuous on bounded subsets of E, we have
lim || Jxp41 — Jxull = 0. (3.9
n—o0

Since x,41 = I¢,,, Jx1 € Cpy1 C Cy, and the definition of C, 1, we have

& (Xpt1, up) < ¢(xpg1,x,), Vn > L

Thus, by (3.7), we obtain

lim ¢ (xp41, up) = 0. (3.10)
n—oo
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Again, applying Lemma 2.2, we get

lim ||x,11 — un| = 0. (3.11)
n—oo
From [lun — x|l = Ity — Xnt1 + Xnt1 — Xnll < Nty — Xng1 | + 1 xn41 — xn ||, it follows that
lim |lu, — x| =0. (3.12)
n—0o0

Thus, since J is uniformly norm-to-norm continuous on bounded subsets of E, we also have
lim |[Jup — Jxp|| = 0. (3.13)
n—oo
Step 6. We show that p € ®, where
©:=F(T)NB'ONEPW®O) NVIA,C)
(a) We show that p € F(T) as n — oo. From (3.3), for any ¢ € O, it follows that
lim ¢(q,z,) = ¢(q, p). Since z, = Fr,,xn
n—oo
¢ (2n, xn)=¢(Fr,1xna X)) < ¢(q, x0) — @ (q, Fr,,xn)=¢(Qa Xp) — @(q,zp) — 0 asn — oo
applying Lemma 2.2, we get
lim ||z, — x,| = 0. (3.14)
n—oo
Since J is uniformly norm-to-norm continuous on bounded subsets of E, we obtain
lim ||Jz, — Jx,|| = 0. (3.15)
n—oo

1

1—a,

From (3.3), we have ¢ (¢, v,,) >
2.12 that

(p(q, un)—a,¢(q, x,)) and so it follows from Lemma

O (Vp, 7)) = ¢(Jr,,zn7 Zn)
< ¢(q,zx) — P(q, Jr,,Zn)
= ¢(q’ Zn) - d)(q’ Un)
1
< ¢(q, ) — ﬁ((b(qy Un) — on®(q, xn))
1

1 — oy

= d)(q’ xn) -
1

1 —ay,
1
1—a,
1

1— oy

(9(q,un) —and(q, xn))

(¢(q7xn) - ¢(Qv I,{n))

Uxall® = llunll? = 24q, Jxn — Ju))

IA

Uxall® = Nl l® 4+ 21g, Txn — Jun))

IA

li(llxn — wnl|(xnll + N ) + 2Mlg 11 %0 = Junl).
—ay

It follows from lim inf,, , 5 @, (1 — ot;) > 0, (3.12) and (3.13) that

lim ¢(vﬂs Zn) =0.

n—oo

Thus, from Lemma 2.2, we also have

lim v, — z,ll = 0. (3.16)
n—oo
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It follows from (3.3) that

d(q,vn) < &(q, xn). (3.17)
On the other hand, we note that

G(q, xn) — D (g, un) = Ixall* — lunl® — 2(q, Jxn — Juy)
< ln = un x|+ ltnl) + 20 g 11T x0 — Jun]l.

Thus it follows from ||x,, — u,|| — 0 and ||Jx,, — Ju,|| — O that

d(q, xn) —P(q,up) > 0 (3.18)

as n — o0. Since {x,} and {T' v, } are bounded, {Jx,} and {J T v,} are also bounded. From
Lemma2.9,if r = sup,~{llJxu}, | Tvysll}, then there exists a continuous strictly increasing
convex function g such that

d(q,un) = ¢(q, K, yu)
= ¢(q. yn)
=V q)
< V(apJxy + A —ay)JIT I, 20, q)
= V(epJxn+ A —oap)JTv,, q)
letn I xn + (1 — ) I Tvy 1> = 2(0tn T + (1 — 0t) I T, q) + lg 11
anll Jxall* + (1 = o) 1T Tva | = 20 (Jxn, q) — 2(1 — 0t) (I Tvn, q) + llg 1
—aty (1 — ap)g (1 xn — I Ty )
an V(I xn, @) + (1 =) V(I T, q) — o (1 — an)g(1xn — JTv,)
and(q, xn) + (A —a)ep(q, Tvy) —ay(1 —ap)g(lJx, — JTuul)
< and(q. xn) + (1 — ) (q, va) — ot (1 — ) g (1 x5 — J T, 1)
< (g, xn) + (1 — ) (q, xn) — ot (1 — ) g (1 x5 — JT v, )
< ¢(q, xn) — an (1 — o) g (12, — J Tyl

It follows that

IA

IA

an(l —an)g(lJxn — JTvpll) < @(q, xn) — $(q, un).
It follows from lim inf,,_, oo @, (1 — ;) > 0 and (3.18) that
lim g(||Jx, — JTv,|) =0.
n—oo
From the property of g such that g(0) = 0, it follow that
lim ||Jx, — JTv,| =0.
n—o00

Since E be a uniformly smooth Banach spaces, E* is a uniformly convex Banach spaces.
Further, since J~! is uniformly norm to norm continuous on bounded set, we get

lim |lx, — Tv,|| =0. (3.19)
n—oo

By using the triangle inequality, we have ||v, — x,|| < |lvs — znll + lzn — X, ||. Thus, from
(3.14) and (3.16), it follows that

lim |Jv, — x| =0. (3.20)
n—0o0
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Again, by using the triangle inequality, we have [|v, — Tv, || < v, — xall + l1x0 — Tog]l.
Thus, from (3.19) and (3.20), it follows that

liminf [[v, — Ta|l = 0. (3.21)
n—00

Therefore, it follows from the clossedness of 7" and (3.20) that p € F(T).
(b) We show that p € EP(6). From (3.3), we get ¢(q, y») < ¢(q, x,). From Lemma
2.14 and u, = K, y,, we observe that

¢ Wn, yn) = ¢(Ky,Yn, Yn)
< ¢(g,yn) — ¢(q, Ky, yn)
< ¢(g,xn) — ¢(q, Ky, yn)
= ¢(q, xn) — ¢ (q, un). (3.22)

From (3.18) and Lemma 2.2, we get
lim |lu, — y,|| = 0. (3.23)
n—00
Since J is uniformly norm-to-norm continuous on bounded subsets of E, we obtain

lim ||Ju, — Jy,| = 0.
n—o0

— O0asn — oo and

From the condition {r,,} C [d, co) for some d > 0, we have M

0(uy,y) + r—{](y —up, Ju, — Jy,) >0, VyeC.
By (A2), we have

I Juy — Jyull 1
Iy —unn”riy” > —(y — tty. Jity — Jyn)

n 'n
> —0(upn, y)
> 0(y,uy), VyeC,

andu, — pandso@(y, p) <Oforally € C.Forany0 <t < 1,define y; = ty+ (1 —1)p.
Then y; € C, which imply that 6(y;, p) < 0. From (A1), it follows that

0=00ry) <t0(y:,y) + 1 =001, p) < t0(y:, y).

Thus 6(y;, y) > 0. From (A3), we have 6(p, y) > Oforally € Candso p € EP(0).
(c) We show that p € VI(A, C). From F,, x, = z, € C, we have

1
(v —2zn, Azy) +7(U_Zn,-]zn —Jx,) =0,
n

that is,

(V= zZn, AZn) 4+ (v — 25, L2=I2y > 0, vy e C. (3.24)

n
Forany O <t < 1, define v; = tv + (1 — t) p. Then v; € C. It follows from (3.24) that

Jzp — Jx,
(vi —zns Azp) + (v — 2y, ———) =0, Vv, €C,

T'n
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that is,

Jz, — Jx
(v — zn, Ave) = (v — zn, Avg) — (Vr — 20, AZy) — (V1 — 2, %) >0, YveC.
n

(3.25)

Thus, by the condition {r,} C [d, co) for some d > 0 and (3.25), we have Jz%njx" =0.
Since A is monotone, we have

(vr — zn, Avy) > (v — zn, Avy — AzZy) 2 0
and so
lim (v, — 24, Avy) = (v; — p, Avy) > 0,
n—00
since z, — p, that
(v—p,Av;) >0, YveC.
Again, taking ¢+ — 0 in the inequality above,
(v—p,Ap) >0, YveC.

This implies that p € VI(A, C).
(d) We show that p € B~10. Since J is uniformly norm-to-norm continuous on bounded
subsets of E, it follows from (3.16) that

lim ||Jz, — Ju,| =0.
n—o0
From the condition {r,} C [d, 0co) for some d > 0, we have
lim L)Jz, — Juull = 0.
n—oo 'n
thus, since J;, z, = v,, we have
lim Bz, = lim | Jz, — JJp, 2, = lim [Tz, — Ju,| = 0.
n—o00 n—oo ''n n—o0 'n

From the monotonicity of B, for any (w, w*) € G(B), we have (w — v,, w* — B, z,) > 0
for all n > 0 and so, letting n — oo, we get (w — p, w*) > 0. So, from the maximality of
B, we have p € B~10. Therefore, it follows from (a), (b), (¢) and (d) that p € 0.

Step 7. we show that p = I1g Jx;.

From the property of II¢ and p € ®, we have

V(ITegJx1, p) + V(Jx1, MeJx1) < V(Jx1, p). (3.26)
Since x,41 = [c41Jx1 € Cy41 and [1g € Cp4g forall n > 1, it follows that
V(I xpt1, DoJx1) + V(I x1, xp41) < V(Ix1, HeJx1). (3.27)
By Remark 2.7(1), that V is continuous and lim,_, », X, = p. Then we get
Jim V(Jxp, xps1) = V(I x1, p). (3.28)
Thus, from (3.26), (3.27) and (3.28), we can conclude that
V({Jx1, p) = V({Jxi, HeJx1),

that is, p = Il Jx1. The proof is completed. O
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Setting A = 0 in Theorem 3.1, then we obtain the following corollary:

Corollary 3.2 Let C be a nonempty closed and convex subset of a uniformly convex and
uniformly smooth Banach space E. Let B : E = E™* be a maximal monotone operator satis-
fying D(B) C C and J, = (J +rB)~'J forallr > 0, where J is the duality mapping on E.
Let 0 be a bifunction from C x C to R satisfying the conditions (A1)—(A4) and T : C — C
be a relatively quasi-nonexpansive mapping. Define a mappings K, : E — C by

1

K,x={zeC:0(z,y)+ —(y—2z,Jz—Jx)>0, VyeC}, VxekE.
'n

Assume that © := F(T) N B~'0N EP(0) # @. For an initial point x| € E with C; = C,

we define the iterative sequence {x,} as follows:

Yn = Me(op Jx, + (1 — O[n)JTJr,,-xn)v
Up = Krnyn,

Chr1={z2€Cp:¢(z,up) <Pz, x)},
Xp1 =g, Jx1, Yn>1,

(3.29)

where {a,} is a sequence in [0, 1] such thatlim inf,,_, 5 o0, (1—a,) > Oand {r,} C [d, 00) for
somed > 0. Then the sequence {x, } converges strongly to a point p € ©, where p = I1gJ x;.

Let E be a Banach space and f : E — (—00, oc] be a proper lower semicontinuous
convex function. Define the subdifferential of f as follows:

f(x)={x*"€E": f(y) >y —x,x)+ f(x), Vy € E}, Vx€E.
Then df is a maximal monotone operator (see [38] for more details).

Corollary 3.3 Let C be a nonempty closed, convex subset of a uniformly convex and uni-
formly smooth Banach space E. Let 6 be a bifunction from C x C to R satisfying the
conditions (A1)-(A4), A be a continuous monotone mapping of C into E* and T : C — C
be a relatively quasi-nonexpansive mapping. Define mappings Fy,, K,, : E — C by

1
Fx={zeC:{y—z,Az)+ —(y—2z,Jz—Jx) >0, Vye C}, VxeE,
'n
and

1
K,x={zeC:0(z,y)+—(y—2z,Jz—Jx)>0, VyeC}, Vx€eE.
r

n

Assume that ® := F(TYNEPO)NVI(A, C) # (. Foran initial point x; € E withCy = C,
define the iterative sequence {x,} as follows:

in = Frnxns
yn = el Jxy + (1 —0y) I Tzy),
uy = Ky, yn, (3.30)

Cov1 ={z2€Cy:d(z,un) <z, x0)},
Xpt1 = I¢,  Jx1, Vn>1,

where {a,} is a sequence in [0, 1] such that lim inf,,_, 5 o, (1 — @) > 0 and {r,} C [d, o0)
for some d > 0. Then the sequence {x,} converges strongly to a point p € ®, where
p= H@ Jxl.
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Proof Let B = dic as in Theorem 3.1, where i¢ is the indicator function, that is,

0, xecC;

00, otherwise. (3.31)

ic(x) = [
For any x € E and r > 0, it follows that

p=Jrx << Jp+rdic(p)>Jx
< Jx — Jp erdic(p)

=icmzl-p ) vicp), vy ek
<— 0> (y—p,Jx—Jp), VyeC

< p =argminyecd(y, x)

< p =Ilcx.

Then we know that B is a maximal monotone operator and J, = Il¢ for any » > 0. Thus,
by Theorem 3.1, we obtain the conclusion. The proof is completed. O

Remark 3.4 Theorem 3.1 and Corollary 3.2 extend and improve the result of Inoue et al. [15]
and Matsushita and Takahashi [25] in the following aspect:

1. from the viewpoint of computation, we remove Q,, (from the CQ-method to the shrinking
projection method);

2. from the viewpoint of mappings, from relatively nonexpansive mapping to quasi -¢-
nonexpansive mappings;

3. from the viewpoint of method, we modify and improve the result’s Matsushita and Taka-
hashi [25,26] and liduka and Takahashi [14] to the new method by using the generalized
projection method, also we obtain a strong convergence theorem.

4 Applications
4.1 Application to Hilbert spaces

If E = H, a Hilbert space, then H is a uniformly smooth and uniformly convex Banach
space E and every closed relatively quasi-nonexpansive mapping reduces to a closed quasi-
nonexpansive mapping. Moreover, J = I (: the identity operator on H) and IT¢ = Pc (: the
projection mapping from H into C). Thus the following corollaries hold:

Theorem 4.1 Let C be a nonempty closed and convex subset of a Hilbert space H. Let
B : H = H be a maximal monotone operator satisfying D(B) C C and J, = (I + rB)~!
forallr > 0. Let 0 be a bifunction from C x C to R satisfying the conditions (A1)—(A4), let
A be a continuous monotone mapping of C into H and T : C — C be a quasi-nonexpansive
mapping. Define mappings F,, , K, : H— C by

1
Fox={zeC:(y—2,A2) + —(y—2,z—x) >0, Vye(C}, VxeH,

I'n

and

1
K, x={zeC:0(z,y)+—(y—2z,z—x)>0, VyeC}, VxeH.
T,

n
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Assume that ©® := F(T)NB~'0N EP@®) N VI(A, C) # @. For an initial point x, € H
with C1 = C, define the iterative sequence {x,} as follows:

in = Frnxns
Yo = Pc(opx, + (1 — an)T]r,,Zn),
up = Ky, yn, 4.1)

Cop1 ={z€Cp:llz —uull < llz — xall},
Xn+l = PC,H,]xla Vn > 1,

where {a,} is a sequence in [0, 1] such thatlim inf,_, &, (1—0,) > Oand{r,} C [d, 00) for
some d > 0. Then the sequence {x,} converges strongly to a point p € ©, where p = Pgx;.

Corollary 4.2 Let C be a nonempty closed and convex subset of a Hilbert space H. Let 0
be a bifunction from C x C to R satisfying the conditions (A1)—(A4), let A be a continuous
monotone mapping of C into H and T : C — C be a quasi-nonexpansive mapping. Define
mappings F,,, K., : H— C by

1
Fox={zeC:(y—z,Az)+ —(y—z,z—x) >0, VyeC}, Vx€H,

'n
and

1
K.x={zeC:0(z,y)+—(y—z,z—x)>0, VyeC}, VxeH.
14

n

Assume that ® = F(T) N EP@®) N VI(A,C) # (. For an initial point x| € H with
C1 = C, define the iterative sequence {x} as follows:

Zn = Fy,xp,
Yn = Pclopx, + (1 —ay)Tzy),
Uy = Kr,, Yn, (42)

Cor1 ={z€Cy: llz —unll < llz — xnll},
Xpt1 = Pc, %1, VYn > 1,

where {a,} is a sequence in [0, 1] such thatlim inf,,_, o &, (1 —0a,) > Oand{r,} C [d, co) for
some d > 0. Then the sequence {x,} converges strongly to a point p € ®, where p = Pgx].

Proof Let B = dic as in Theorem 3.1, where ic is the indicator function. For any x € H
and r > 0, we have

p=Jx &< p+riic(p)>x
<= x — perdic(p)

. xX—p\ .
<=>1c(y)z<y—p,f>+lc(p), Vye H
= 0=>(y—p,x—p), VyeC

<= p = Pcx.

Then we know that B is a maximal monotone operator and J, = P¢ for any » > 0. Thus, by
Theorem 4.1, we obtain the conclusion. O

4.2 Application to a proper lower semi-continuous convex function

In this section, by using Theorem 3.1, we can consider the problem of finding a minimizer
of a proper lower semi-continuous convex function f in a Banach space.
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Theorem 4.3 Let C be a nonempty closed and convex subset of a Banach space E. Let f
be a proper lower semi-continuous convex function. Let 8 be a bifunction from C x C to
R satisfying the conditions (A1)-(A4), A be a continuous monotone mapping of C into E
and T : C — C be a quasi-nonexpansive mapping. Define mappings F,,, K,, : E — C by
Theorem 3.1.

Assume that © = F(T)N3df 'ONEP@O)NVI(A, C) # @. For an initial point x| € E
with C1 = C, define the iterative sequence {x,} as follows:

in = Fr,zxna

vy = argming,ep (£ (W) + - wll® + L (w, z4)),

yn = Hc(@pxy + (1 —ap)Toy), 4.3)
Up = Kr,,)’ru

Chr1={z2€Cp:d(z,up) <Pz, x)},
Xpp1 = ¢, x1, Yn>1,

where {a,} is a sequence in [0, 1] such thatliminf,_, oo o, (1—,) > Oand{r,} C [d, o0) for
some d > 0. Then the sequence {x,} converges strongly to a point p € ®, where p = Pgx].

Proof Since f : E — (—o00, +00] is a proper convex lower semi-continuous function, then,
we obtain that the subdifferential af of f is maximal monotone (see Rockafellar [33]). For
r > 0and x € E, denote J, be the resolvent of 9f. Then we notice that

Jx e JJx +riof(Jyx)

and hence
1 1
0edf(Srx)+—-JJrx ——x
r r

1o, 1
=9(f + Zfll N = =Jx0)(Urx). “4.4)
r r

This implies that
. 1 5 1
Jrx = argmin, e g {f (W) + lwll” + —(w, Jx)}, 4.5)

thatis, forz, € C C E, we have v, = argmin,, g {f(w) + illwllz—i- ! (w, Jzp)} = Jrzn-

n
Thus, from Theorem 3.1, we can get the conclusion. The proof is completed. O

Acknowledgments First, the authors would like to express their thanks to the reviewer for helpful sugges-
tions and comments for the improvement of this paper. This research was supported by Thaksin University
and the third author was supported by the Basic Science Research Program through the National Research
Foundation of Korea (NRF) funded by the Ministry of Education, Science and Technology (Grant Number:
2012-0008170).

References

1. Alber, Y.I., Reich, S.: An iterative method for solving a class of nonlinear operator equations in Banach
spaces. PanAm. Math. J. 4, 39-54 (1994)

2. Alber, Y.I.: Metric and generalized projection operators in Banach spaces: Properties and applications.
In: Kartsatos, A.G. (ed.) Theory and Applications of Nonlinear Operators of Accretive and Monotone
Type, pp. 15-50. Marcel Dekker, New York (1996)

3. Blum, E., Oettli, W.: From optimization and variational inequalities to equilibrium problems. Math. Stud.
63, 123-145 (1994)

@ Springer



J Glob Optim (2013) 57:1299-1318 1317

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Butnariu, D., Reich, S., Zaslavski, A.J.: Asymptotic behavior of relatively nonexpansive operators in
Banach spaces. J. Appl. Anal. 7, 151-174 (2001)

Butnariu, D., Reich, S., Zaslavski, A.J.: Weak convergence of orbits of nonlinear operators in reflexive
Banach spaces. Numer. Funct. Anal. Optim. 24, 489-508 (2003)

Chang, S.S.: On Chidumes open questions and approximate solutions of multivalued strongly accretive
mapping in Banach spaces. J. Math. Anal. Appl. 216, 94-111 (1997)

Cho, Y.J., Argyros, LK., Petrot, N.: Approximation methods for common solutions of generalized equi-
librium, systems of nonlinear variational inequalities and fixed point problems. Comput. Math. Appl. 60,
2292-2301 (2010)

Cho, Y.J., Kang, J.I., Qin, X.: Convergence theorems based on hybrid methods for generalized equilibrium
problems and fixed point problems. Nonlinear Anal. 71, 4203—-4214 (2009)

Cho, Y.J., Petrot, N.: On the system of nonlinear mixed implicit equilibrium problems in Hilbert spaces.
J. Inequal. Appl. Vol. 2010, Article ID 437976, pp. 12

Cholamjiak, W., Suantai, S.: A hybrid methods for a countable family of multi-valued maps, equilibrium
problems and variational inequality problems. Discret. Dyn. Nat. Soc., Vol. 2010 (2010), Article ID
349158, pp. 14

. Censor, Y., Reich, S.: Iterations of paracontractions and firmly nonexpansive operators with applications

to feasibility and optimization. Optimization 37, 323-339 (1996)

Cioranescu, I.: Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems. Kluwer, Dor-
drecht (1990)

Combettes, P.L., Hirstoaga, S.A.: Equilibrium programming in Hilbert spaces. J. Nonlinear Convex Anal.
6, 117-136 (2005)

Tiduka, H., Takahashi, W.: Weak convergence of a projection algorithm for variational inequalities in a
Banach space. J. Math. Anal. Appl. 339, 668-679 (2008)

Inoue, G., Takahashi, W., Zembayashi, K.: Strong convergence theorems by hybrid methods for maximal
monotone operator and relatively nonexpansive mappings in Banach spaces. J. Convex Anal. 16, 791-806
(2009)

Jaiboon, C., Kumam, P.: A general iterative method for solving equilibrium problems, variational inequal-
ity problems and fixed point problems of an infinite family of nonexpansive mappings. J. Appl. Math.
Comput. 34, 407439 (2010)

Katchang, P., Kumam, P.: A new iterative algorithm of solution for equilibrium problems, variational
inequalities and fixed point problems in a Hilbert space. J. Appl. Math. Comput. 32, 19-38 (2010)
Kamimura, S., Takahashi, W.: Strong convergence of a proximal-type algorithm in a Banach space. SIAM
J. Optim. 13, 938-945 (2002)

Klin-eam, C., Suantai, S., Takahashi, W.: Strong convergence of generalized projection algorithms for
nonlinear operator. Abstr. Appl. Anal. Vol. 2009 (2009), Article ID 649831, pp. 18

Kohsaka, F., Takahashi, W.: Existence and approximation of fixed points of firmly nonexpansivetype
mappings in Banach spaces. SIAM J. Optim. 19, 824-835 (2008)

Kumam, P.: A new hybrid iterative method for solution of equilibrium problems and fixed point problems
for an inverse strongly monotone operator and a nonexpansive mapping. J. Appl. Math. Comput. 29,
263-280 (2009)

Li, J.: On the existence of solutions of variational inequalities in Banach spaces. J. Math. Anal. Appl.
295, 115-126 (2004)

Liu, Y.: Strong convergence theorems for variational inequalities and relatively weak nonexpansive map-
pings. J. Glob. Optim. 46, 319-329 (2010)

Martinet, B.: Regularization d’ inéquations variationelles par approximations successives. Revue Fran-
caise d’informatique et de Recherche operationelle 4, 154—159 (1970)

Matsushita, S., Takahashi, W.: A strong convergence theorem for relatively nonexpansive mappings in a
Banach space. J. Approx. Theory 134, 257-266 (2005)

Matsushita, S., Takahashi, W.: Weak and strong convergence theorems for relatively nonexpansive map-
pings in Banach spaces. Fixed Point Theory Appl. 2004, 37-47 (2004)

Moudafi, A.: Second-order differential proximal methods for equilibrium problems. J. Inequal. Pure Appl.
Math. 4, Article 18 (2003)

Nilsrakoo, W., Saejung, S.: Strong convergence to common fixed points of countable relatively quasi-
nonexpansive mappings. Fixed Point Theory Appl. 2008, Article ID 312454, pp. 19 (2008)

Qin, X., Cho, Y.J., Kang, S.M.: Convergence theorems of common elements for equilibrium problems
and fixed point problems in Banach spaces. J. Comput. Appl. Math. 225, 20-30 (2009)

Qin, X., Cho, Y.J., Kang, S.M.: Approximating zeros of monotone operators by proximal point algorithms.
J. Glob. Optim. 46, 75-87 (2010)

@ Springer



1318 J Glob Optim (2013) 57:1299-1318

31.
32.
33.

34.

35.

36.
37.
38.
39.
40.

41.
. Zegeye, H., Shahzad, N.: Strong convergence for monotone mappings and relatively weak nonexpansive

43.

44,

Qin, X., Cho, S.Y., Kang, S.M.: Strong convergence of shrinking projection methods for quasi-¢-
nonexpansive mappings and equilibrium problems. J. Comput. Appl. Math. 234, 750-760 (2010)
Rockafellar, R.T.: On the maximality of sums of nonlinear monotone operators. Trans. Am. Math. Soc.
149, 75-88 (1970)

Rockafellar, R.T.: Monotone operators and the proximal point algorithm. SIAM J. Control Optim. 14,
877-898 (1976)

Reich, S.: A weak convergence theorem for the alternating method with Bregman distance. In: Kart-
satos, A.G. (ed.) Theory and Applications of Nonlinear Operators of Accretive and Monotone Type,
pp. 313-318. Marcel Dekker, New York (1996)

Saewan, S., Kumam P., Wattanawitoon, K.: Convergence theorem based on a new hybrid projection
method for finding a common solution of generalized equilibrium and variational inequality problems in
Banach spaces. Abstr. Appl. Anal., vol. 2010, Article ID 734126, pp. 26

Su, Y., Wang, D., Shang, M.: Strong convergence of monotone hybrid algorithm for hemi-relatively
nonexpansive mappings. Fixed Point Theory Appl. 2008, Article ID 284613, pp. 8 (2008)

Su, Y., Shang, M., Qin, X.: A general iterative scheme for nonexpansive mappings and inverse-strongly
monotone mappings. J. Appl. Math. Comput. 28, 283-294 (2008)

Takahashi, W.: Nonlinear Functional Analysis: Fixed Point Theory and Its Application. Yokohama-
Publishers, Yokohama (2000)

Takahashi, W., Zembayashi, K.: Strong and weak convergence theorems for equilibrium problems and
relatively nonexpansive mappings in Banach spaces. Nonlinear Anal. 70, 45-57 (2009)

Takahashi, W., Zembayashi, K.: Strong convergence theorem by a new hybrid method for equilibrium
problems and relatively nonexpansive mappings. Fixed Point Theory Appl. 2008, Article ID 528476,
pp. 11 (2008)

Xu, H.K.: Inequalities in Banach spaces with applications. Nonlinear Anal. 16, 1127-1138 (1991)

mappings. Nonlinear Anal. 70, 2707-2716 (2009)

Zegeye, H., Shahzad, N.: A hybrid scheme for finite families of equilibrium, variational inequality and
fixed point problems. Nonlinear Anal. 74, 263-272 (2011)

Zhou, H., Gao, X.: An iterative method of fixed points for closed and quasi-strict pseudo-contractions in
Banach spaces. J. Appl. Math. Comput. 33, 227-237 (2010)

@ Springer



	Strong convergence for maximal monotone operators, relatively quasi-nonexpansive mappings, variational inequalities and equilibrium problems
	Abstract
	1 Introduction
	2 Preliminaries
	3 Main results
	4 Applications
	4.1 Application to Hilbert spaces
	4.2 Application to a proper lower semi-continuous convex function

	Acknowledgments
	References


