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Abstract Theory for the convergence order of the convex relaxations by McCormick
(Math Program 10(1):147-175, 1976) for factorable functions is developed. Convergence
rules are established for the addition, multiplication and composition operations. The con-
vergence order is considered both in terms of pointwise convergence and of convergence in
the Hausdorff metric. The convergence order of the composite function depends on the con-
vergence order of the relaxations of the factors. No improvement in the order of convergence
compared to that of the underlying bound calculation, e.g., via interval extensions, can be
guaranteed unless the relaxations of the factors have pointwise convergence of high order.
The McCormick relaxations are compared with the BB relaxations by Floudas and cowork-
ers (J Chem Phys, 1992, J Glob Optim, 1995, 1996), which guarantee quadratic convergence.
Illustrative and numerical examples are given.

Keywords Nonconvex optimization - Global optimization - Convex relaxation -
McCormick - AlphaBB - Interval extensions

1 Introduction

Some of the most successful methods for global optimization of nonconvex programs, e.g.,
[38], rely on the construction of convex/concave relaxations of the objective and constraints.
To ensure finite termination, these relaxations must converge to the nonconvex functions in
the limit, i.e., as the diameter of the host sets vanishes (reduction to singleton), e.g., through
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branching or subdivision. To limit branching/subdivision and therefore computational time it
is very important to have as tight as possible relaxations. Constructing the convex envelope is
in general as hard as solving the global optimization problem. Therefore, systematic methods
for the construction of underestimators have been proposed.

One of the most established techniques are the McCormick relaxations [24], which con-
sider a factorization of the functions to a finite set of addition, multiplication and composition
operations. Using relaxations for these factors, the relaxation of the function is constructed
via a small set of rules. A similar method is to introduce additional optimization variables
for each factor; this technique is used among others by the well-known solver BARON by
Tawarmalani and Sahinidis [33,38]. Note also the recent solver COUENNE [10]. An alterna-
tive approach is used by the « BB and y BB relaxations, developed by Floudas and coworkers
[1-6,9,18-23]. These latter methods estimate the Hessian of the nonconvex functions and
add a known convex/concave term to the function.

In addition to ensuring convergence in the limit, it is important to consider also the order
of convergence. This concept from interval extensions [8,28] essentially compares the rate
of convergence of the estimation error to the rate of the decrease of the range of the function.
To motivate the importance of the order of convergence, consider the classical branch-and-
bound (B&B) algorithm applied to minimization problems. B&B employs local solutions
as upper bounds and relaxations as lower bounds. The B&B algorithm is inherently worst-
case exponential in the number of variables and to perform well in practice it must fathom
the majority of the nodes as early as possible. Nodes in the B&B tree are fathomed when
their lower bound is higher than the best upper bound. Since the lower bounds are lower
than the optimal objective value confined to this node, nodes with objective value close to
the optimal objective value can only be fathomed when the relaxations are very tight. The
order of convergence provides a criterion on how small the diameter of the node needs to
be to achieve convergence within a prescribed tolerance. Note also that since the relaxations
often become weaker with the number of variables, worst-case complexity is worse than
exponential, and thus fast convergence is even more important. See also the discussion on
the so-called cluster effect [15,30] and a very recent article [34] considering convergence
of geometric B&B methods. In the following, the convergence order is formally defined,
extending the well-known results from interval arithmetic. The main focus of this article is to
consider the McCormick relaxations and determine how the convergence order propagates
through addition, multiplication and composition.

In Sect. 2 basic concepts are repeated for the sake of completeness, followed by the for-
malization of convergence order in Sect. 3. In Sect. 4 lower and upper bounds are established
for the convergence order for the McCormick relaxations. The basic assumption made for
the bounds developed is Lipschitz continuity of the factors. Moreover, simple illustrative
examples are given, demonstrating that the developed bounds are sharp. In Sect. 5 the known
(quadratic) convergence order of the « BB relaxations is formalized. Section 6 uses the results
from Sect. 5 to prove a positive result for the convergence order of envelopes. Finally, in
Sect. 7 numerical examples are presented comparing the two alternative methods in terms of
convergence, and in Sect. 8 conclusions and potential for future work are discussed.

2 Basic concepts
Definition 1 (Relaxation of Functions) Given a convex set Z C Rz and a functionh : Z —
R, a convex function " : Z — R is a convex relaxation (or convex underestimator) of h on

Zif
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h'(z) < h(z), VzeZ

and a concave function h° : Z — R is a concave relaxation (or concave overestimator) of h
on Z if

h®(z) > h(z), Vz e Z.

The convex envelope h"-¢"" : Z — R of h on Z is a convex relaxation of 4 on Z such
that for any convex relaxation 2* of h on Z

h'(z) < h*“""(z), Vz e Z.

Similarly, the concave envelope h” "V : Z — R of h on Z is a concave relaxation of 4 on Z
such that for any concave relaxation 4° of 4 on Z

h”"(z) < h°(z), Vz € Z.

Definition 2 (Diameter of a Set) Let Z C R":. The diameter of Z, denoted w(Z) is the
maximal distance between two points in Z

w(Z) = sup |z; — 22|,
Z1,20€Z

where || - || is the Euclidean norm in Rz,

Definition 3 (Lipschitz Continuous Function) A function f : Z — R is a Lipschitz contin-
uous function with Lipschitz constant M if, for any two points z1, z; of Z, it follows that
| f(z1) — f(z2)] < M|z — z2||, and M is the smallest value for which the inequality holds.

2.1 Interval extensions

Let IR denote the set of closed intervals of R. We define the Hausdorff metric between
intervals of IR as follows.

Definition 4 Let X = [xL, xU] and Y = [yL, yU] be two bounded intervals in IR. The
Hausdorff metric (X, Y) is given by:

)

g(X,Y)=max ”xL - yL

iy

The following is an equivalent definition of the Hausdorff metric between intervals (see,
e.g., [29]).

Proposition 1 Let X = [xL, xU] and Y = [yL, yU] be two bounded intervals in TR. The
Hausdorff metric q(X, Y) is equal to

q(X,Y) =max §sup inf |[x — y|,sup inf |x — y|. (1)
xeX YEY yeyxeX

Definition 5 (Image and Inclusion Function) Consider a continuous function & : Z — R,
where Z is an n;-dimensional interval defined as

Z = I:Z{"Z?:I X+ X I:Zf%v’zfl'ljz:l = [ZL,ZU] .
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The image of Z under # is denoted by the scalar interval nz) = [hL (2), hY (Z)]. Consider
also an interval-valued function

H:7— IR
Y [HL(Y), HU(Y)].

H is an inclusion function for h on Z if the following relation holds
[hL(Y), hU(Y)] —h(Y)C H(Y) = [HL(Y), HU(Y)] , VY elR™:Y C Z.

The natural interval extension is an example of such an inclusion function [28,31]. The
tightness of inclusion functions can be quantified using the Hausdorff metric g (h(Z), H(Z)).
It is well-known that the natural interval extensions have first-order convergence rate (linear
convergence), while there are different methods, such as Taylor models (standard or opti-
mally-centered forms) with second-order convergence rate (quadratic convergence) [8]. The
latter schemes are typically more expensive to evaluate. To achieve convergence of the inclu-
sion function over the entire range of the function, subdivision can be employed. A formal
definition of convergence order is given in the following.

2.2 Convex relaxation

Many deterministic global optimization algorithms rely on the construction of convex relax-
ations. Given a nonlinear program involving nonconvex functions g : Z — R™, with Z =
[zL, zY] c R" the goal is to construct a convex relaxation, i.e., a program with convex
constraints and a convex objective function, whose optimal objective value underestimates
the optimal solution value of the nonconvex NLP. Convex and concave envelopes or tight
relaxations are known for a variety of simple nonlinear terms [3,35,37] and these can be used
for the construction of convex and concave relaxations. Several methods have been proposed,
e.g, [4,16,24,35], which all rely on a few key ideas and elements. McCormick’s theorems [24]
enables the relaxation of factorable functions. Floudas and coworkers [1-6,9,18-23] have
proposed convex relaxations for twice continuously differentiable functions by the addition
of a simple, sufficiently negative function that is known to be convex.

3 Convergence rate of estimators

We are interested in studying the convergence of different convex and concave relaxations.
To do so, we formalize the concept of approximating functions on intervals.

Definition 6 Let Z C R” be a nonempty convex set, and let f : Z — R be a continu-
ous function. Assume that, for every interval Y € IR",Y C Z, we know two functions
fy. fy 1 Y — IR such that

1. the function fy is a convex underestimator of f in Y,
2. the function fy is a concave overestimator of f in Y.

We call the set of functions (fy', f{), ., a scheme of estimators of f in Z. We call such a
scheme continuous if fy, fy are continuous for all Y.

A scheme of estimators of a function f defines an inclusion function for f in a natural
way.
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Definition 7 Let Z C R” be a nonempty convex set, and let f : Z — R be a continuous
function. Let ( v fy ) Ycz be a scheme of estimators of f in Z. The inclusion function H ¢
associated to this scheme is as follows.

Hf:YelR", YCZ—1IR

Hy(Y) = [;21; f¥(@). sup f;m] .

zeY

We next define the order of Hausdorff convergence of an inclusion function (cf. [31]).

Definition 8 Let f : Z C R" — R be a continuous function, and let Hy be an inclusion
function of f on Z. The inclusion function Hy has Hausdorff convergence of order B > 0
if there exists a constant T > 0 such that, for any interval Y € IR", Y C Z,

q (F(), Hp(1)) < tw(1)P.

Note that the constants T and 8 depend on Z but not on the intervals Y. An equivalent
definition of order of Hausdorff convergence (also given in [31]) is the following.

Definition 9 Let f : Z C R" — R be a continuous function, and let Hy be an inclusion
function of f on Z. The inclusion function H; has Hausdorff convergence of order 8 > 0
if there exists a constant T > 0 such that, for any interval Y € IR", Y C Z,

w(H(Y)) —w(f(¥) < tw¥)P.

We note that this second definition of Hausdorff convergence order appears with a typo
in recent articles [11,12,27].

We say that a scheme of estimators (f{,’, f;) of f has Hausdorff convergence of order
when its associated inclusion function has Hausdorff convergence of order §. This notion of
convergence bounds the distance between the infima of f and fy on Y and the suprema of
f and f} on Y. However, it does not give much information about the difference of f with
fy and fy for given points in Y. We next introduce a stronger notion of convergence based
on the maximum difference of f with fy and fy on all points of Y.

Definition 10 Let f : Z C R" — Rbe a continuous function. Let (f{, f7)_, be ascheme
of estimators of f in Z. The scheme has pointwise convergence of order y if there exists a
constant T > 0 such that, for any interval Y € IR", Y C Z,

sup|f(z) — fy (@] < Tw(¥),

zeY

and

sup | () = f{(@)] < Tw(¥)".
zeY
In the rest of the paper we will analyze the behavior of schemes of estimators under these
two definitions of convergence (Definitions 8 and 10). The next theorem shows that pointwise
convergence is indeed stronger than Hausdorff convergence, that is, the inclusion function
associated with a scheme with pointwise convergence of a certain order has also Hausdorff
convergence of the same order.

Theorem 1 Let ( f}‘,‘, Iy ) ycz be a scheme of estimators of a confinuoufv‘function finZ. If
the scheme has pointwise convergence of order y, its associated inclusion function Hy has
Hausdorff convergence of order B > y.
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Proof Let t > 0 be the constant of Definition 10. Let Y be an interval of Z. Letz}, € Y and
Z}, € Y be points where f and f}' attain their minimum in ¥ respectively.
Since f attains its minimum at z,

flzy) = 1 (&),
and therefore
inf f(Y) —inf f*(Y) = f(z3) — f" (2y) < f (2y) — f* (2}).
The scheme has pointwise convergence of order y. Therefore, by Definition 10,
£ (@) = 1" (3) = rwy”.
Combining the last two inequalities we obtain
inf f(Y) —inf f“(Y) < tw(¥Y)".
Note also that 0 < inf f(Y) — inf f*(Y) since f* underestimates f. Then,
0 <inf f(Y) —inf f“(Y) < tw(Y)".

A similar argument shows that 0 < sup f°(Y) —sup f(¥) < tw(Y)", and thus H has

at least Hausdorff convergence of order 8 = y. O

On the other hand, pointwise convergence is more restrictive than Hausdorff convergence:
a scheme of estimators of a smooth, nonlinear function, cannot have pointwise convergence
of order greater than two over the whole domain of the function. The reason is that, for
a smooth function, pointwise convergence of order greater than two implies that both the
convex underestimator and the concave overestimator must have the same curvature as the
function, and that is not possible if the function has nonzero curvature. The next theorem
formalizes this argument. Note also the minimal convergence order of envelopes for smooth
functions, Theorem 10.

Theorem 2 Let Z C R" be a nonempty open interval, and let f : Z — R be a nonlinear,
C? function. Let (fy”, f}f')YCz be a scheme of estimators of f in Z. Then, the pointwise
convergence order of the scheme is at most 2.

2
Proof Recall that the Hessian H of f is given by (aj 3@ 1)1
i <i,j<n

ear C? function, there exists a point X9 € Z such that the Hessian of f evaluated at
Xo is nonzero: H(xg) # 0. In particular, there exists a vector v such that v/ H(xq)v =

. Since f is a nonlin-

Bzf . . _
21§i,j§n Ty, |y, v;v; # 0. Without loss of generality, we can assume that ||v]| = 1.

Let us assume that v H(xg)v > 0; the proof for the negative case is similar and thus
omitted. Since f is C2, there exists an interval Z’ C Z such that Xy € Z’, and so that
M :=infyez vIH(y)v > 0.

Let x be the function

x: R — R",
x(1) = xqo + tv.

Let I C R be an interval containing 0, and small enough so that the image of I under X is
contained in Z’. By applying the Taylor theorem of order 1 to the composite function f o x,
for any ¢ € I the following equality holds

fx(@) = f(x0) + Vf(x0)tv + %tszH(x(E,))v, for some &; € (0, 1).
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For any ¢ € I, the point x(&;) belongs to Z’. Therefore, the following inequality holds.

1 1
Fx(0) = f(x0) + V. f(X0)tv + EzszH(x(s»)v > f(x0) + V.f(x0)tV + ErZM. 2)
Let ¢ > 0 be small enough such that

Yo ={yeR": |y —x%olleo <€} C Z', and
[—e,e] C 1.
By definition, w(Y,) = 2¢, and the values x(#) = x¢ + tv belong to Y, for any ¢ € [—¢, ¢].

The function f{,’s of the scheme ( Iy f{,’) is a concave overestimator of f on Yg; in
particular, the following inequalities hold.

Ycz

1
f, (x(=€)) = f (x(=&)) = [(%0) = eV f (Xo)v + &M, and

1
I, x(©) = [ (x(2)) = f(X0) + eV [ (x0)V + 5* M.
Combining these two inequalities, and since fy is concave, the following inequalities hold.

£7 (x(=€)) + f§ (x(e))
2

In other words, for any ¢ > 0 such that [—¢, ] C 1,

1
1y, (Xo0) = fy, (x(0)) > > f(xo) + 5.sZM.

w(Ye)?

1
sup |1y (¥) — fF(DI = | £y, (%0) — f (x0) | = 582M =M—

yev,
Since this inequality holds for any small enough ¢ > 0, the pointwise convergence of the
scheme (fy, f7)y ., is at most quadratic. o

As the previous theorem shows, a smooth, nonlinear function cannot be approximated
over its domain of definition by a scheme with pointwise convergence greater than two.
However, this result does not rule out the existence of schemes with better than quadratic
convergence on particular points of the domain. For example, the function f : [-1, 1] —
R, f(z) = z* is smooth, nonlinear, and can be approximated by a scheme (f. 17) YCl-11]
defined as follows. For each interval ¥ = [z£, zV] € [—1, 1], let f{!(z) = f(z), and let
fy(2) = max { by, f (YU)}. This scheme has convergence of order four on the origin
(which is also the minimizer of f on [—1, 1]). However, at the point z = 1, the convergence
order is not fourth order, as can be seen by the interval [1 — &, 1].

4 McCormick relaxations
McCormick [24,25], introduced a method to generate convex underestimators and concave
overestimators of factorable functions. In this section, we restate this method in terms of

schemes of estimators and study its convergence rate. Note that in deviation of the original
proposal we do not require the envelopes of the factors.

4.1 Relaxation of sum of two functions

We state McCormick’s relaxation of the sum of two functions in terms of scheme of estimators.

@ Springer
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Proposition 2 (Relaxation of Sum) Let Z C R" be a nonempty convex set, and let g1, g2, g :

Z — R be functions so that g(z) = g1(2) + &2(2). Let (8} y, &7 y)vcz and (85 y. &3 y)vcz
be schemes of estimators of g1 and g» respectively in Z. For each interval Y < Z, let

8%, &y 1 Y — Rbe the functions g (z) = g] y (@) —}—g2 y(@) and g% (z) = g1 y (2) —I—g2 y(@).
Then, (gy, gY)YCz is a scheme of estimators of g on Z.

Having schemes of estimators of g and g, with Hausdorff convergence order 8 does not
imply that the McCormick relaxation scheme for addition has the same convergence order,
as the next example shows.

Example I LetZ = [—1, 1], andletg1(z) = z, 82(z) = % and g(z) = gl(z)+g2(z) =0.
For each interval ¥ = [z§,2{] C Z, let g} ,(z) = z} and let g} ,(z) = z}. Then,
(g% Ly &1, { y)ycz is a scheme of estimators of g of arbitrarily high Hausdorff convergence
order. Similarly, for each interval ¥ = [zy, zy] C Z,let gz’y(z) = zy and let gz’y(z) =
—z%. The scheme (gg’Y, gé”Y)yC 7 of estimators of g also has arbitrarily high Hausdorff
convergence order. For each interval ¥ = [—¢, ¢] C Z, the corresponding McCormick’s
estimators gy and gy of g are as follows:

gy =81 y@ + gy =—¢—e=-2

and
gy(@) =g8ly@ +8y@) =¢+e=2e

Note that the Hausdorff distance between g(¥) = [0,0] and Hy(Y) = [(g%)" (¥),
(g‘)’,)U (Y)] = [—2¢,2¢]is g(g(Y), Hg(Y)) = 2¢ = w(Y). In other words, the measure of
the error between g(Y) and H,(Y) is linear on w(Y). Since this relationship holds for any
0 < & < 1, it then follows that the Hausdorff convergence order of (g?, g?) Ycz is at most
linear in this example.

On the other hand, the McCormick sum estimator preserves pointwise convergence order,
as the following Theorem shows.

Theorem 3 Let Z C R" be a nonempty convex set, and let g1, g2,8 : Z — R be func-
tions so that g(z) = g1(z) + g2(z). Let (g'f,Y, gi),Y)YCZ and (gé‘,y, grz’,y)YcZ be schemes
of estimators of g1 and g respectively in Z and assume that the schemes have pointwise
convergence of order y|, y» > 0 respectively. Then, the scheme (g5, 89)ycz of estimators
of g on Z constructed from (g7 y, 87 y) and (g3 y, &5 y) as in Proposition 2 has pointwise
convergence of order min{y, y»}.

Proof LetY C Z be an interval, and let z be a point of Y. Using the triangle inequality, we
can bound the distance between g(z) and gy (z) as follows.

|g(2) — g} (@] = |(g1() + $2() — (8} y (@) + &5y ()]

|gl(z) - gﬁ‘,y(z)| + |82(Z) - 8g,y(1)|
T w ()" + 1 w(Y)7?,

IA

IA

for two constants 7, and g, that do not depend onz or Y.
Consider now y = min {yi, y»} and two constants T, = Tg max {l, w(Z)Vl’V} and
Tg, = Tg, Max {1, w(Z)VZ_V}. We obtain directly

T w(¥)" < T, w(¥) and 75, w(Y)? < T, w(Y)”,
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and thus
8@ — gy @)] < T w¥) + Tew¥) = (g + T,) w(Y)”.

A similar bound holds for the distance between g(z) and g} (z); since 7, + T4, does not
depend on z or Y, it then follows that the scheme (g”)ﬁ g‘;)Y cz has pointwise convergence
of order y. O

4.2 Relaxation of product of two functions

We state McCormick’s relaxation of the product of two functions in terms of scheme of
estimators, see also [7,32].

Proposition 3 (Relaxation of Products) [24,26] Let Z C R”" be a nonempty convex set,
and let g1,8> © Z — R be two continuous functions. Let (g7 y. g7 y) and (83 y. 85 y)
be schemes of estimators of g1 and g» respectively in Z. For each interval Y < Z, let
gﬁY, g{{Y, giy, gé{y € R such that

L U
8y <812 <gy, VzZ€eY,
L U
8y <8(@) =gy VZeY.
Consider the following intermediate functions g41,y, 8a2,v 8b1,Y» 8b2,Y > 8c1,Y » 8¢2.Y » 8d1,Y »

g2y Y - R,

8a1,y(z) = min { gy y g}, (2). 85 y87 y(@) |, ga2.y(z) = min {gﬁyga‘,y(z),gﬁygs,y(z)}

gty @ = min [g, gt @), ¢¥vel , @), gioy@ = min fol g4, @), 80y 88, @)
L b gar@ =max[el ety @. 0y, @)

g1y @ = max {ek gl @), ek vty @

841,y (z) = max [géj,yg‘{,y(Z), géj,yg?,y(Z)] . ga2.y(z) = max {gﬁygé‘,y(Z), gfyg‘z’,y(Z)] :

Then, g41.v, 8a2.v» 8b1,y and gpp,y are convex on Y while g.1y, 82y, 841,y and gq2.y are
concave on'Y. Moreover, gy, gy : Y — R such that

gy (z) = max {gal,Y(z) + 8a2.v () — 81 y 85y 8b1.¥ (B) + g2y (2) — gffygéfy} ,
gy (z) = min { ge1,y (2) + g2y (2) — g} y g% @) + g2,y (2) — g1 y8Y
Y cl,Y 8c2,Y 81,v82,y: 8dl.Y 842,y 81,y82,v (>

are respectively a convex and concave relaxation of g1g2 on Y. In other words, (g’f,, g‘}’,)
is a scheme of estimators of g1g> on Z.

Ycz

Having schemes of estimators of g; and g» with Hausdorff convergence of order 81, >
does not guarantee that the relaxation of the product has the same convergence order. In
fact, it may not have better than linear convergence. The next example is an extreme case
for the product rule: in it, g; and g, are such that their minima and maxima on an interval
Y centered at O are attained at the extreme points of the interval, but the maximum of the
product is obtained at 0. The schemes that approximate g; and g are chosen so that they
have arbitrarily high convergence order, but they do not approximate well points other than
the minima and maxima of g; and g», and in particular they do a poor job at 0, where the
maximum of g1 g is attained. In Proposition 4, we show that, in this particular example, the
scheme of McCormick’s product rule has Hausdorff convergence order at most linear.
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10 J Glob Optim (2012) 52:1-28

Example 2 Let Z be the interval [—1, 1]. Let g1, g2, ¢ : [—1,1] — R be the functions
g1(@) =1+2z, g2(z) =1 -z and g(2) = g1(2)g2(2) = (1 + 2)(1 —2) = 1 — z%. For each
interval ¥ = [Z)L,, zg] Cl=1 1L letgyy. 8]y 8 y> &y : ¥ = Rbe the functions

gly(@ =14z}, gly@=1 +2Y,

giy@=1-zy, g5, =1-zy.

We note that, since g1 and g; are linear functions, we could have taken g’l" y(@) = gf’y () =
g1(z) and gg’y(z) = ggﬁy(z) = g2(z); instead, we chose an extreme case of bad relaxations.

Similarly, for each interval ¥ = [z}, z{/] C [—1, 1], let g{'y, g{, (¢5 .85 y) be the
minimum and maximum values of g (g2) in Y, namely,

gy =gl =1+zp, gy =g/ =1+,
gry =g =1-z, ¢, =) =1-2}. 3)

We next prove that, for this example, the McCormick scheme for the product g; g» obtained
from the functions g{ . gﬁ”}.,, 85y &5 y and the bounds gfy, g{{y, giy, gé{y has Hausdorff
convergence order at most linear.

Proposition 4 In Example 2, gﬁ v gffy, gi v gé{ y» the lower and upper bounds of g1 and
g2, define the following inclusion functions of g1 and g»:

Hi,Hy:Y €IR", Y C [—1,1] — IR
Hi(Y) = [gfy,gffy],

Ha(Y) = [ghy. 88y .

These inclusion functions are also the ones associated with the scheme of estimators
(81 y> &7 Prci—1,11 and (g3 y, & Yrci-1,11 of g1 and g respectively. These inclusion
functions have Hausdorff convergence of order Bi, Ba, with B1, B2 arbitrarily high. Let
(g?,g?)YC[_lyl] be the scheme of estimators of g(z) = g1(2)g2(z) defined accord-
ing to McCormick’s relaxation of products. The inclusion function H, associated with
(g?, g;))’c[—l,l] has at most linear Hausdorff convergence.

Proof Since for each interval ¥ C [—1, 1], the intervals H(Y), Ho(Y) are equal to
[gﬁ v glL{Y] and [gZL’ v gé{ ylrespectively, it follows that the inclusion functions Hy (Y), Hz(Y)
have essentially Hausdorff convergence of order infinity.

On the other hand, to show that the Hausdorff convergence order of H, is at most one, it is
enough to analyze what happens on intervals centered at0. Let Y = [—¢, ¢] C [—1, 1]besuch
an interval. For this interval, the functions g’f,y, g‘l’,y, ggy, gg’y, and gfy, gﬁy, giy, géfy,
the lower and upper bounds of g; and g», are equal to
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giy@=gry=1-¢ gly@=gly=1+¢

Sy =gky=1-5 g,=g'y=1+e
We note that the z-dependence of the functions g ., &7 ;. &5 y» &5 y is lost due to the chosen
relaxations.

The corresponding intermediate functions g41,y, 842.v, 8b1.Y+ 82,V 8cl.Y > 8c2.Y » 8d1,Y »
842,y 1 Y — R of Proposition 3 are equal to

gal,y(@) =min{(1 —e)(1 — &), (1 —e)(1 + &)} = (1 — &)?,
a2,y (z) = min{(1 —e)(1 — &), (1 —e)(1 + &)} = (1 — &)?,
gy (@) =min{(1+e)(l—e),(1+e)(1+e)}=1-¢%
goy(2) =min{(1+e)(1—e), (1+e)(l+e)}=1—¢?
gety(@ =max{(1—e)(1—e), (1 —e)(1+e)} =1—¢%
g2y (@) =max{(1+e&)(1 —e), 1 +e&)(1+e)} =(1+e)?,
gary(@ =max{(1 +&)(1 —e), 1+ &)1 + &)} = (1 +e)
ga2y(@ =max{(1 —&)(1 —e), (1 —e)(1 + &)} =1 — ¢

Again, these functions are constant because of the chosen relaxations. Then, the convex and
concave relaxations of g on Y are as follows:

gy@=max{(1—-e?+1 -8’ —(1—e (1—e)+(—e)—(1+e?}
:max{1—28+82,1—28—382}=1—28+82,

gy(2) = min {(1 — eM)+(1+e)>—(I+e)(1 —e), (1 — &) + (1 +&)> — (1 —e)(1 + &)}
=min {(1 + )%, (1 + )} = (1 + )%

The inclusion function H, = [inf gy (Y), sup g3 (Y¥)] evaluated on ¥ = [—e¢, £] is equal
to [1 —2¢ + &2, 1 +2¢ + £2]. The interval g([—¢, €]) is equal to [1 — &2, 1], and so

q (2([—e. &), Hy([—e, &) = max {(1 — &?) — (1 —2e + &%), (1 + 2 + &%) — 1}
= max {28 — 282, 2e + 282} >2e =w(Y).

In other words, the measure of the error between g and H, on intervals ¥ = [—e¢, €] is at
least the size of Y. Since this lower bound on the error holds for any 0 < ¢ < 1, the inclusion
function H, has linear Hausdorff convergence at best. O

In the example just analyzed, the relaxation functions g, g7, g5, g5 do not satisfy point-
wise convergence, and that causes the loss of the convergence rate. In the next theorem we
show a positive convergence result of the relaxation of products with pointwise convergence.
If .the schemes of estimators (g'f’y, gf,y), (gg‘:y, gS’Y) (?f g1 and g respectively have.: point-
wise convergence of order y1, y» > 1 respectively, and if the schemes of constant estimators
(gl'y. 8] y). (g5 y, 83 y) converge to g and g3 respectively with order B; > 1 and f > 1,
then (g? gf,), the scheme of estimators of g;g» constructed on Proposition 3 has pointwise
convergence of order y = min{yy, y», 2}. This result has some loss of the convergence rate;
even if the pointwise convergence of (g’f, v gi’, v (gg"y v g‘z” y) is greater thap 2, the pointwise
convergence order of the product scheme is quadratic. In Example 4 we will show that.

Because of Theorem 1, under the hypothesis of the following theorem, the convergence
of the product scheme in the Hausdorff metric (in the sense of Definition 8) is of order
B =y = min{y, y», 2} too, even when the image estimates have convergence order 1. In
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other words, the product scheme can improve on the convergence order of the estimates if
the schemes for the factors have high pointwise convergence order.

We first prove a Lemma that bounds the size of the range of a Lipschitz continuous
function.

Lemma 1 Let f : Z C R" — R be a Lipschitz continuous function with Lipschitz constant
M € R. Let Y be a subset of Z. Then,

w(f(Y)) £ Mw(Y).
Proof By definition of the Lipschitz constant we obtain for any y;,y> € ¥

[ f(y1) — f(yo)l < Mlly1 — yoll

and since ||y; — yoll < w(Y) we also have | f(y1) — f(yo)| < Mw(Y). It then follows that

w(f)= sup |f(y)— fyo)l < Mw(Y).

Yo.yi1€Y

[m}

Theorem 4 Let Z C R" be a nonempty convex set, and let g1,82 : Z — R be
two Lipschitz continuous functions with Lipschitz constants M| and My respectively. Let
(81 y- 81 y)vcz and (83 y. & y)ycz be schemes of estimators of g1 and g, respectively in
Z. Let (gfy, g{{y)ycz and (gé"y, ggy)ycz be schemes of constant estimators of g1 and
g2 respectively in Z. Assume that (8 y, 87 y)ycz and (83 y, &3 y)ycz have pointwise con-
vergence of order y1, y» > 1 respectively. Furthermore, assume that (gfy, gf{y)yc 7z and
(giy, ggy)YcZ have convergence of order at least 1. Let (g?, g‘;)YCZ be the scheme of
estimators of g182 constructed in Proposition 3. Then, the scheme (g')‘,, g‘)’,)y cz has also
pointwise convergence of order min{y, y2, 2}.

Proof Let Y C Z be an interval. We will show that, for any z € Y, the distance between
g1@)g2(2) and g1y (@) + a2y (@) — gF g% 1 is atmost Cow (V)2 + Cruw(Y)" + Crw(Y)??
for constants Cq, C1, C2» > 0 that do not depend on Y. We note that such a bound can be
further estimated as Cw (Y )™"{v1-72:2} for a constant C that does not depend on Y. Since gy
underestimates g1 g2, and since by definition g is at least g1,y (z) + ga2,v (2) — gfygzL’y,
it will then follow that

181(2)g2(2) — g} (2)] < ‘g1(Z)gz(Z) - (gal,y(Z) + ga2.y (2) — gﬁygiy)‘
< Cow(Y)? 4 Crw(Y)" + Crw(Y)™. (4)

, it 1s convenient to

In order to bound ‘g1(Z)gz(Z) - (gal,y(Z) + ga2.y (2) — gfygiy)
rewrite g1(z)g2(z) as follows.

2 @e@ = (810 — gly) (922 — ey ) + 8ly 2@ + ghye1 @ — gy ek y.

Then, the distance between g1(z)g2(z) and (g41,y(2) + ga2.vy(z) — gf" Ygi y) satisfies the
following inequalities.
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|61@82@ — (2a1,y @) + g2,y @) — gl y by )|
= ’(g1(Z) - gf,y) (gz(Z) - gzL,y) + (gfygz(Z) - ga2,Y(z)) + (giyg1(2) - gal,Y(Z))‘

= |(a1@ = efy) (20 = eby) | + sl y82@ - a2y @] + |25 y21@) = gary @)
(&)

We next bound the three terms of the right hand side of Inequality (5).

We claim that the term ‘(gl (z) — gfy)(gz (z) — giy)‘ is at most Cow(Y)? for a constant

Cp > 0 that does not depend on Y. Let g{‘(Y) = inf g{(Y). Since g is a Lipschitz function
with Lipschitz constant M, the following bound holds: [|gi(z) — gF(Y)|| < w(gi1(¥)) <
Mjw(Y) (Lemma 1). Moreover, since (gf v gf{Y) converges to g; with order 1, the
following inequalities hold:

1) — by | = |1 — gb ) + (st 1) — by )|

1@ — gt )| + |eF ) = gl
Miw () +tw¥) = (M; + rhw(Y), (©)

IA

IA

where M| > 0 and 71 > 0 do not depend on Y. Similarly, ‘gg(z) — gzLY‘ < (Mry+)w()
for constants M, > 0and 7o > 0. Therefore, the first term of the right hand side of Inequality
(5) has second order, namely,

212 — gl y) (82 — gby )| < My + 1) (M + )w(Y)? = Cow ()2 (7)
( )( )

We next bound ’ gf v82(2) — ga2,y(2) ‘ We note that, by definition, the function g2,y (z) is

either gf‘ygg y(2) or gf‘Ygg y(@). In either case, we can bound g{‘Ygz(z) — gaz,y(z)‘ as
follows.

lehy 820 = g2y @] < lgky I max {lg2@) — g4, D). 12 — g8, @I} ®)

Since the scheme of constants (g]L v g]U y) converges to g1 with order at least 1, the value

|g1Ly| isat most || g1 ]leo + T1w(Y) < ||g1loo + T1w(Z). We remark that this bound does not
depend on Y or on z.
Since the scheme (g3 y. g5 y) converges to g» pointwise with order y», the term

max {|g2(z) - g y@| |g2(2) — ngJ,Y(Z)|} is at most Tow(Y)?2. Combining these bounds
with Inequality (8), we have that
[¢f 82 = g2y @] < Cown)™, ©)

for a constant C, > O that does not depend on Y. A similar bound holds for
‘ (gg ,21(2) — ga1y (z)) , the third term of the right hand side of Inequality (5):

’gZL,Ygl(Z) - gal,Y(Z)‘ < Ciw(¥)". (10)

Combining Egs. 5, 7, 9, and 10, we proved that the distance between gi(z)g2(z)
and g41,y(z) + ga2.v(2) — gfygiy is at most Cow(¥)? + Crw(Y)" + Cow(Y)”? <
Cw(Y)™nty1.72:2} for a constant C > 0 that does not depend on the point z € Y or ¥
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itself. By Inequality (4), this also implies that the distance between g1(2)g2(z) and gy (z) is
at most Cw (Y)min{r1.v2.2},

A similar argument shows that the distance between g1(z)g2(z) and g7 (z) is at most
C'w(Y)™in{r1,72.2} for a constant €’ > 0O that does not depend on the point z € Y
or Y itself, and therefore, the scheme (gg, g‘)’,) converges to gig> pointwise with order
min{yi, y2, 2}. |

The next two examples show that the bounds on the convergence order in Theorem 4 are
sharp, i.e., the pointwise convergence order of a product may be as low as min{yy, y2, 2}.
Example 3 shows that the convergence order of the relaxations to a product function are
determined by the function with the weaker relaxations, i.e., the relaxations with lower con-
vergence order.

Example 3 Let Z be the interval [0, 1]. Let g; : [0,1] — R be the constant function
g1(z) = 1. For each interval ¥ = [z£,zY] [0, 1], let gly 80y 1Y — Rbeacon-
vex (concave) underestimator (overestimator) of g; defined as

VzeY:giy@ =gy =1

For each interval Y = [z{;, z?] c [0, 1], let gfy, gf{Y c Rbel.
Let g2 : [0, 1] — R be the function g>(z) = z. For each interval ¥ = [zlg, z(y]] c [0, 1],
let ggﬁy, gé’,y : Y — Rbeaconvex (concave) underestimator (overestimator) of g, defined as

L U
gi’,y(Z) =2y, gg,y(z) =2Zy.

For each interval Y = [z%,z?] c [0, 1], let gzLy, ggY € R be gzLY = zlL,, ggY = z%,].

The function g; and the functions of the scheme (g y, g{ y)vcz are all equal to 1, so the
scheme (gﬁ‘y s g‘l’y y)vcz has pointwise convergence order y arbitrarily high. The bounds of

(glL v g{]y)Yc z are also equal to 1, and therefore the corresponding scheme has convergence
arbitrarily high.
On the other hand, the scheme (g5 ,, g9 ;) ycz has pointwise convergence y» = 1, since,

foreach Y = [z£, Y1 c z:
sup [g2(2) = g8 y| = |2 — 2| = w(v),
zeY
sup [82(2) = 88 y| = |ef — 2| = w(¥).
zeY

The product function g(z) = g1(z)g2(z) isequal to g(z) = z. By Proposition 3 (McCormick’s
relaxation of product), it follows that, for each interval ¥ C Z, the resulting approximation
functions gy, gy (z) are equal to gy(z) = gé‘, y and gy (z) = gzL{ y Tespectively. In other
words, the function g is equal to g», and the product scheme (g‘)‘, g‘)’,)y cz is the scheme
(gé”y, gg’y) ycz which has linear pointwise convergence.

In the next example the pointwise convergence of McCormick’s product scheme is qua-
dratic although the estimation schemes for the composing functions are exact. Recall that by
Theorem 4 the scheme of estimators for smooth nonlinear functions have at most quadratic
pointwise convergence.

Example 4 Let Z be the interval [—1, 1]. Let g1, g2, ¢ : [—1,1] — R be the functions
81(2) = £2(2) = z,and g(z) = g1(2)82(z) = z>. Foreachinterval Y = [z§,zY] c [-1, 1],
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letg{ y. 87y, &y &y : ¥ — Rbe convex (concave) underestimators (overestimators) of
g1 and g

glll,y(z) = g?,y(z) = g?,y(Z) = gé’,y(Z) =2z

Similarly, for each interval ¥ = [ZIL,, z%,]] C [—1,1], let glLy, gf{Y (gzLy, ggY) be the
lower and upper bounds respectively, of g; (g2) in Y, namely,

L _ L U _ .U L _ L Uu _ U
81,y =%y, 81y =2y, 8,y =<y 8,y =<y

The estimators g y, &7 y, & y» & y areequal to g1, g2, the functions they estimate. Then,
the schemes of estimators (g{ y., g y) and (g5 y, g3 y) converge to g1 and g» pointwise with
order y; and y», for any y1, y» > 0. For any interval ¥ C Z, the lower and upper bounds
glL v g{]),, gzL s gg y agree with the minima and maxima of g; and g> on Y.

"We will show that the scheme of estimators of Proposition 3 converge to g pointwise with
convergence order at most quadratic. To show this, it is enough to prove a quadratic lower
bound of the distance between g and g{{Y on intervals centered at the origin.

Let Y = [—e&,¢] be an interval of Z. For this interval, the intermediate functions
8al.Y» 8a2.Y, 8b1,y, b2,y of Proposition 3 are equal to

8al,y(z) = min [gzL,Yglf,y(Z)’ gzL,Yg]o,Y(Z)} = min {—¢z, —ez} = —¢z,

gy (@) = min {gfy g4, (2), gty 85,y (@) ] = min (—ez, —e2) = ez,

gp1,y(z) = min {ggyg‘l‘yy(z), ggyg‘f‘y(z)} = min {ez, £z} = €2z,

go2.v (2) = min {g¥y g%, (20, 8y 88,y ()] = min fez, o) = 2. (11)
The convex underestimator of g in Y of Proposition 3 is equal to

gy (z) = max [gal,Y(Z) + 8a2,v(2) — glL,ygzL,y, &n1,y(2) + g2,y (2) — gf],ygg,y]

= max {—2¢ez — e2 2e7 — 82} .

The value of the underestimator function on the origin is gy (0) = —&2. Since g(0) = 0, it
then follows that the pointwise convergence of gy to g is at most quadratic on the size of Y
w(Y)?
sup [g(2) — g5 (2)| = 18(0) — g4 (0)| = £* = :
zeY 4

4.3 McCormick’s relaxation of composition of functions

McCormick [24,25] provided a relaxation result for composition of functions. In what fol-
lows, we use the following function: given three numbers ¢ < b < ¢ € R, we define
mid{a, b, c} = b.

Theorem 5 (McCormick’s Composition Theorem) [24,26]. Let Z C R" and X C R be two
nonempty convex sets. Consider the composite function g = F o f where f : Z — Ris con-
tinuous, F : X — R, andlet f(Z) C X. Suppose that a convex underestimator f* : Z — R
and a concave overestimator f° : Z — R of f on Z are known. Let F* : X — R be a
convex underestimator of F on X, let F° : X — R be a concave overestimator of F on X.
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max

Let x™™ € X be a point at which F" attains its minimum on X, and let x € X be a point

at which F° attains its maximum on X. Then, g* : Z — R,
g"(z) = F* (mid { f*(2), f°(2), x™"})

is a convex underestimator of g on Z. Moreover, g° : Z — R
§°() = F° (mid { /" (2), f*(2), x""})

is a concave overestimator of g on Z.
We now restate McCormick’s Composition Theorem in terms of schemes of estimators.

Theorem 6 Let Z C R" and X C R be two nonempty convex sets. Consider the composite
function g = F o f where f : Z — R is continuous, F : X — R, and let f(Z) C X. Let
( v Iy ) vez be a scheme of continuous estimators of f in Z, and let H y be the inclusion func-
tion associated with this scheme. Assume that an inclusion functionT : Y C Z — Q C X
of f is known. Moreover, assume that T is conservative enough so as to estimate Hy(Y)
also, thatis, Hy(Y) C T(Y) forany Y € IR",Y C Z.

Let (Fé, Fg) ocx be a scheme of estimators of F on X. For each interval Q C X, let
c

XM e O be a point at which Fé attains its minimum on Q, and let x’é’ax

which F& attains its maximum on Q.
ForeachY € IR", Y C Z wedefine the following functions gy : Y — Randg}y : ¥ — R:

€ Q be a point at

gr@ = Fiy, (mid | @, fp@. x|
and
§7@ = Fiy, (mid { ¥ @, Fp0. 275, )

Then, for each Y € IR",Y C Z, the function gy (gy) is a convex underestimator (concave
overeh.vtimator resp.) of g in Y. In other words, the set of functions (g‘)‘,, g‘,’,) yezisa scheme
of estimators of g in Z.

The assumption that the inclusion function 7" also estimates H is required to exclude a
domain violation of gy or g7, see Example 3.1 of [26]. Moreover, we note that this assumption
also implies that the Hausdorff convergence order of H s is at least the Hausdorff convergence
order of T.

In order to associate an inclusion function to the scheme of estimators (gﬁ‘,, g‘}’,) e

yczo W

note that, for each interval Y and each point z € Y, the points mid { fy @), fy (@), x?é‘)‘,)] and
T(Y)

interval H¢(Y). Then, we can associate an inclusion function H, to the scheme of estimators

(g?,, g?)YCz as follows.

mid { fy @, fy @, x7y } are between fy(z) and fy(z), and therefore they belong to the

Hy:Y€IR", YCZ—IR
Hy(Y) = Hrpvy (Hp(Y))

In Theorems 7 and 8 we analyze the convergence order of the schemes defined by
McCormick’s composition method. In their proofs we make use of the following two
Lemmata.
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Lemma?2 Let f : Z C R — R be a Lipschitz continuous function with Lipschitz constant
M € R. Let A, B € IR be two subsets of Z. Then

q (f(A), f(B)) < Mq (A, B),
where q (X, Y) denotes the Hausdorff metric.
Proof In what follows we use the equivalent definition of Hausdorff metric between two

sets X and Y given in Proposition 1, Eq. (1). We can express the distance between F(A) and
f(B) as follows.

q (f(A), f(B)) =max{ sup inf |c—d|, sup inf |c—d|
cef(a) e/ (B) def(B)cef(A)

= max ISUP inf |f(a) — f(b)|, sup inf | f(a) — f(b)|] .12
acAbeB beB acA

Since f is Lipschitz continuous on Z with constant M, for any acA and beB,
|f(@) — f(b)| < M|a — b|. Applying this bound to the right-hand side of Equality (12),
we bound ¢ (f(A), f(B)) as follows.

q (f(A), f(B)) = max [sup inf | f(a) — f(b)|, sup inf | f(a) — f(b)I]
acAbeB beB acA

< Mmax‘sup inf |a —b|, sup in£|a—b|] = Mq(A, B).

acAbeB beB A€

[m}

Lemma 3 Let Z € IR" be a bounded interval. Let f : Z C R" — R be a Lipschitz con-
tinuous function with Lipschitz constant M € R. Let Hy : Y C Z — IR be an inclusion
function of f on Z with Hausdorff convergence order By > 1. Then, there exists a constant
C > 0 such that, for any interval Y C Z, w(Hy(Y)) < Cw(Y).

Proof Since Hy has Hausdorff convergence of order Sy, there exists a constant Ty > 0
such that, for any interval ¥ C Z, q(Hy(Y), f(Y)) < rfw(Y)/sf. In particular, Hy(Y) C
F) + [—t,w¥)Pr, T,w(Y)Pr]. This inclusion between intervals implies that

w(H (V) < w (f) + [=rpw)P 1w @)Pr])
w (f(_Y)) +w ([—rfw(Y)ﬁf, wa(Y)ﬂf])
w (f(Y)) +2t,w(@)Pr. (13)

IA

IA

Since f is Lipschitz continuous on Z with constant M, Lemma 1 implies that w(f(Y))
Mw(Y). Combining this bound with Inequality (13), we obtain

IA

w(H(Y)) < Mw(Y) + 27w (Y)P
= (M +2tpwMP Y w(¥) < (M + 2t,w(2)P N w(y),

where in the last inequality 8y — 1 > 0 is used. We note that the constant C =
(M +2tpw(Z YBr _1) depends on Z but not on Y, and therefore the inequality

w (Hp(Y)) < Cw(Y)

holds for any interval Y C Z. O
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4.3.1 Convergence in the Hausdorff metric

We next show that the Hausdorff convergence order of the composite inclusion function
H, is equal to the Hausdorff convergence order of the range estimator 7" or of the outer
estimator Hr, whichever is smaller. In this result, the Hausdorff convergence order of H,
does not depend on the Hausdorff convergence order of the inner estimator H; this is so
since, under the assumption that the inclusion function T also estimates H y, the Hausdorff
convergence order of 7 dominates, i.e., is weaker than, the Hausdorff convergence order of
Hy.

Theorem 7 Let Z C R" and X C R be two nonempty convex sets. Let f : Z — X and
F : X — R be two Lipschitz continuous functions with Lipschitz constants My and Mp
respectively, and such that f(Z) C X. Let (f{,‘, fl(/))YcZ be a scheme of continuous esti-
mators of f in Z. Let T be an inclusion function of f in Z. Assume furthermore that T
also overestimates the range of the scheme (f)’f, f)?) Yoz namely, Hgp(Y) C T(Y) for any

Y CZ. Let (Fé, F&) ocx be a scheme of continuous estimators of F on X. Furthermore,

assume the following:

L. The inclusion function T of f in Z has a Hausdorff convergence order By 1 > 1.

2. The inclusion function Hr of F in X associated to (Fé, Fé)QcX has a Hausdorff
convergence order BF.

Let g = F o f be the composite function of F and f. Let (g?, g(;)),cz be the scheme of

McCormick’s estimators of g in Z constructed from the schemes ( Iy f;’)y cz and
Fy, FQ , and the inclusion function T as in Theorem 6, and let H, be its corre-
Q7 0)ocx 8

sponding inclusion function. Then, Hg has a Hausdorff convergence order min { Brr,B p}.

Proof LetY C Z be an interval. We are interested in bounding the term ¢ (Hg Y), gy )) =

q (HFT(y)(Hf(Y))v ﬁ(f(y)))
We first observe that, since Hy(Y) C T(Y), it follows that Hp.,, (Hf(Y)) C

HE,, (T (Y)). Moreover, since I:"(f(Y)) C Hpyy, (Hyp(Y)), it follows that
q (Hrpoy, (Hy(Y)), F(F(Y) < g (Hrp, (T(V)), E(F(Y))).

We next bound g (Hp,, (T(Y)), F(f(Y))). Applying the triangle inequality to the
Hausdorff metric ¢,

q (Hpp ) (T (), F(f(Y))) < q (Hpp o, (T(Y), F(T(Y))) 4+ q (F(T(Y)), F(f(Y))).
(14)

We next bound the two terms of the right hand side of this inequality.
The inclusion function Hr converges to F with order SF, and therefore

q (Hpy o (T(Y), F(T(Y))) < T (w(T(¥))PF . (15)

By hypothesis, T converges to f on Z with order B 7. In particular, Lemma 3 implies that
w(T (Y)) < Crw(Y) for some constant Cr that does not depend on Y. Therefore, we can
bound Inequality (15) as follows

q (Hpyp ) (T(Y)), F(T(Y))) < tpChF (w(¥)PF . (16)
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Now we bound the second term of the right hand side of Inequality (14). Since F is a
Lipschitz function with constant My, Lemma 2 implies that

q (F(T(Y)), F(f(Y)) < Mpq (T(Y), f(Y)). (17)

Since T converges to f on Z with order By, 7, it then follows that

q (F(T(Y), F(f(Y)) < Mprr(w(¥)Prr. (18)

Combining Inequality (14) with the bounds of Inequalities (16) and (18), we prove that
H, has Hausdorff convergence of order min{8y,7, B}, namely,

g (Hrpy, (T(Y)), (V) < TrCEF (w(Y )PP + Mprr(w(Y)Fir. o

In other words, McCormick’s composition method is determined by the smallest of the
Hausdorff convergence orders of the outer scheme and of the inclusion function 7', and the
convergence order of the inner scheme is irrelevant. In particular, having inner and outer
schemes with high convergence order is not enough to guarantee a high convergence order
of the composition scheme when the convergence order of the inclusion function 7 is not
high enough.

The following example, based on a well-known result from interval extensions [8] shows
that indeed, the convergence order of the inclusion function 7" determines the convergence
order of the composition scheme.

Example 5 Consider Z =[0,1]and g : Z — R, g(z) = |z — z2 —0.25]. A natural decom-
position is g(z) = F(f(z)) with f : Z — R, f(z) = 7z — 2-025and F : X —
R, F(x) = |x|, with X C R. We will consider the convergence rate for the intervals Y C Z,
st, Y = [0.5 — &1,0.5 + ¢;]. The image of the inner function is f(¥) = [—¢?, 0] and
therefore the image of the composite function is g(Y) = [O, 5%]

The inner function f is a variation of a well-known example [8] for which natu-
ral interval extensions have a convergence of first order and give the inclusion function
TY) = [—281 — 812, 2e1 — 812] In contrast, natural interval extensions for the centered
form feon(z) = —(z2— 0.5)% have a convergence of second order, giving T'(Y) = [—e%, 8%]
As a consequence, natural interval extension gives linear convergence for the composite
function, whereas the centered form gives the exact range.

Consider now the McCormick relaxations. The inner function is itself a sum of monomi-
als, and therefore the McCormick relaxation is the sum of the relaxations. The concavity is
identified, and the relaxations are the envelopes. For Y = [0.5 — &1, 0.5 4 1] these are given
by f(z) = —s% and f°(z) = z —z> — 0.25. As a consequence the scheme of McCormick
estimators is exact in the Hausdorff metric and has a quadratic pointwise convergence. The
outer function | - | is convex and univariate. Therefore, the convex underestimator is the
function itself, and the concave overestimator the secant. The associated scheme of estima-
tors is exact in the Hausdorff metric but has only linear pointwise convergence for intervals
containing zero.

In accordance with Theorem 7 the convergence order of the scheme of McCormick esti-
mators for the composite function is linear when natural interval extensions are used for
the calculation of the inclusion function of the inner function f. When the centered form is
used for the inner function f, the McCormick estimators of the composite function g are
exact.
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4.3.2 Pointwise convergence

We next analyze the pointwise convergence order of McCormick’s composition scheme.

Theorem 8 Let Z C R" and X C R be two nonempty convex sets. Let f : Z — X and
F : X — R be two Lipschitz continuous functions with Lipschitz constants My and Mp
respectively, such that f(Z) C X. Let (f;‘, f;) Yez be a scheme of continuous estimators of
f in Z as defined in Definition 6. Let T be an inclusion function of f in Z. Assume furthermore
that T also overestimates the range of the scheme (f)’,‘, f)‘,’) Yez namely, He(Y) C T(Y)
forany Y C Z. Let (Fé, F&) ocx be a scheme of continuous estimators of F on X as in
c
Definition 6. Furthermore, assume the following:

1. The scheme (f}’,‘, f;) Ycz has pointwise convergence of order yy.
2. The inclusion function T of f on Z has a Hausdorff convergence order By > 1.

3. The scheme (F 5, F 5) has pointwise convergence of order yr.
ocX

Let g = F o f be the composite function of F and f. Let (g’)’,, g?,) be the scheme of esti-

Ycz

mators of g in Z constructed from the schemes ( s Iy ) and (F 5, F 5) ocx’ andfromT,
c

Ycz
as in Theorem 6. Then, (g?, g‘;)YCZ has also pointwise convergence of order min{yy, yr}.

Proof We will show that there exists a constant T, > 0 such that, for any interval Y C Z
and any point z € Y, |g(z) — gy(z)| < rgw(Y)mi“[Vf’VF]. A similar bound will hold for
|g(z) — g7 (2)|, and therefore the proof of this case is omitted.

Let Y C Z. Let z be a point of Y. To simplify notation, we denote by x™4(z) the point

x™Mid(z) = mid {fY” (2), f{(2), x;’i‘(i‘l})}, and so g (z) = FJf ) (x™(2)). We note that x™(z)
alsodependson 7(Y) and F. %( ¥y but to keep the notation simple we omit these dependencies.
We bound the distance between g(z) and gy (z) as follows.

lg(2) — g} @)] = |(s(@) — F (x™@)) + (F&"(2) — g} (2)]
< |g@ — F (@™ @)| + |[F (™ @) - g @) (19)
We next bound each term of the right hand side of this inequality.
‘We note that, by definition, x™Mid (7) is between min{ fy @), fy(@}andmax{fy(z), fy(2)}.
In particular,

Ix™4(z) — f(2)| < max {| (@) — f@|, |f{@ — @I}

Since the scheme ( fy Iy ) has pointwise convergence of order y, there exists a constant
74 > 0 that does not depend on Y such that

|ff@ — f@] < tyw¥)", and
|ff@ — f@)] < Trw ).
Therefore,
lx™(z) — f(2)] < Tpw(¥)7. (20)

Since F is a Lipschitz continuous function with Lipschitz constant M r, and because of
Inequality (20), the first term of the right hand side of (19) is at most

lg@ — F (x™4(@)| = |[F(f(2) — F (x™@)]
< Mp|f@ —x"@)| < Mpryw(¥)". 1)
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Since the scheme (F é, F 5) has pointwise convergence of order yr, we can bound the
second term of the right hand side of (19) as follows.

|F (x"™ @) — gy @)] = |F (<™ @) = Fiy, ((™@)| = tp (T 1)

The inclusion function 7" converges to f with order 877 > 1, and therefore, by Lemma 3,
w(T(Y)) < Cw( f (Y)) for a constant C > 0 that does not depend on Y. Moreover, since f
is a Lipschitz continuous function with Lipschitz constant My, the term w( f (Y)) is at most
M sw(Y) (see Lemma 1), and therefore

|F (x™4(z)) — g% (@) < Tr(CM )" w(¥)", (22)
Combining the bounds of (21) and (22), it then follows that [g(z) — g% (z)| is at most
Mptrw(Y) 4 tp(CM )P w(Y)F = gow(Y)mintr el

for a constant 7, that does not depend on z or on Y. A similar bound holds for |g(z) — g7 (2)|,
and therefore, (g?, g‘{,) Ycz has pointwise convergence of order min{y s, yr}. O

The following example is a variation of Example 5 in which the McCormick estimators
result in an improvement of the convergence order compared to natural interval extensions.
The distinguishing difference is the quadratic pointwise convergence order of the outer func-
tion estimators.

Example 6 Consider Z = [0,1]and g : Z — R, g(2) = (z — z2 — 0.25)2. A natu-
ral decomposition is g(z) = F(f(z)) with f : Z — R, f(z) = z — z* — 0.25 and
F:X—>R, Fx)= xZ, with X C R. Similarly to Example 5 we will consider the conver-
gence rate for the intervals ¥ C Z, s.t., ¥ = [0.5 — €1, 0.5 + ¢1]. The image of the inner
function is f Y) = [—8%, 0] and therefore the image of the composite functionis g = [0, 8‘1‘].

Recall the discussion on the inner function and its estimators based on interval arithmetic
and McCormick relaxations. The outer function (-)? is convex and univariate. Therefore, the
convex underestimator is the function itself, and the concave overestimator the secant. The
associated scheme of estimators is exact in the Hausdorff metric and has quadratic pointwise
convergence for symmetric intervals around zero.

In accordance with Theorem 8 the convergence order of the scheme of McCormick esti-
mators for the composite function is superlinear even when natural interval extensions are
used for the calculation of the inclusion function of the inner function f. When the centered
form is used for the inner function f, the McCormick estimators of the composite function
g are exact in the Hausdorff metric.

5 aBB relaxations

Floudas and coworkers [1-4,9,18-23] introduced the BB relaxations of a function, which
is an alternative method for constructing convex and concave estimators of functions. Given
a C? function f : Z C R" — R, its «BB relaxation consists of adding a (nonpositive)

quadratic term to get a convex underestimator of f. Note also the extension by Zlobec [39]
to Lipschitz continuous functions. For a sufficiently large o > 0, the Hessian of the function

@) = f@ +a" Z CREIICEED
i=1
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is positive semidefinite on Z and therefore f*“(z) is a convex function. In particular, since
the added terms are nonpositive on Z, it is a convex underestimator of f in Z. Similarly, for
a sufficiently large «® > 0, the function

n

@ =@ -ay (u-2F) (@)

is a concave overestimator of f in Z. For the theory developed, we assume o* = a’ = «,
without loss of generality. For the numerical examples separate constants are calculated.

Here, the simpler variant of « BB is assumed using the same « for all components of z.
This results in general in weaker relaxations than possible. Also, the function f is taken as
a whole without decomposing it in terms such as bilinear, univariate concave, etc., as done
in the original work by Floudas and coworkers.

Note that the Hessian of the relaxations f**(z) and f°“(z) do not explicitly depend on
the values of z and zU, but typically depend implicitly by the calculation of «z. We can restate
the BB relaxations in terms of scheme of estimators as follows. Note that we consider a
constant « and thus the analysis is conservative.

Definition 11 Let f : Z C R” — R be a C? function. Let /; j denote the elements of the

2
identity matrix in R” x R”. Let @ > 0 be such that the matrices (% + 2 Il-j)1 and
i <i,j=<n
92 ., . . . . . . . . .
(% —2al; j)l are positive semidefinite and negative semidefinite respectively for
ety <i,j=n

any z in Z. For each interval ¥ = [z)l;, z[){] of Z, let the «BB relaxations f)'f’“(z) Y >R
and fy*(z) : Y — R be given by:

@ =f@+a Zn: (Zi - Z)L’,i) (Zi - Z(f/,,i) '

i=1

and
7@ = @ —a Y (- ) (- ).
i=1

Let (fy . fy“)y _ be the scheme of estimators of f in Z defined by these functions.

In [22] it is stated that the o BB relaxation has quadratic convergence. In the next theorem,
we prove a similar result, namely that the « BB scheme of estimators has pointwise quadratic
convergence.

Theorem 9 Ler f : Z C R" — R be a C? function. Let (f;;’a, f;’a)ycz be a scheme

of estimators defined as in Definition 11. Then, the scheme (fy', fy'*) converges to f
pointwise with order 2.

Proof LetY = [zIL,, z? ] be a fixed interval of Z. For any vector z € Y, we can bound the
distance between f(z) and f},"* (z) as follows.

n n
@ (Zi - Z?i) (Zi - ZIL/IJ) <a),
i=1 i=1

}2 < omw(Y)z.

L U
i —zyillzi —zy;

|f@) — fy“@)|

IA

U L
oan max HZ c— 2y
I<i<n Y,i Y,i
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The constant an > 0 does not depend on z or Y, and therefore, (fy"“, fy'*) converges to f

pointwise with order 2. O

Since pointwise convergence implies Hausdorff convergence (Theorem 1), we have the
following Corollary.

Corollary 1 Let f : Z C R" — R be a C? function. Let (fy", ;’Q)YCZ be a scheme of
aBB estimators defined as in Definition 11. Then, the associated inclusion function Hy of f
has Hausdorff convergence of order 2.

Note also that the estimates on « become tighter for decreasing diameter of ¥ and there-
fore the Hausdorff convergence can have higher than quadratic order. Note however, that by
Theorem 2 the order of pointwise convergence cannot be higher than quadratic.

6 Convergence order of envelopes

The following Theorem uses the properties of «BB relaxations to give a positive result for
the convex envelopes.

Theorem 10 Ler Z C R” be a convex set and f : Z — R. Assume that f is a C* function.
Then, the scheme associated to the convex and concave envelopes has (at least) quadratic
pointwise convergence.

Proof Since f is a C2 function we can construct the o BB relaxations, Definition 11. By The-
orem 9 the scheme associated with these relaxations has quadratic pointwise convergence
order, i.e., there exists T > 0, such that forany ¥ C Z:

sup f(z) — f*%(z) < t(w(Y))?, sup %) — f(z) < t(w(¥)>

zeY

By definition, the convex/concave envelopes are at least as tight as the « BB relaxations
Vze Z: f“" () = [ (@), f7"() < 7% (@2)
and therefore for the chosen T and any ¥ C Z

sup f(z) — [ () < t(w(¥Y)?, sup f7"(z) — f(2) < T(w(Y))?,

zeY zeY

and thus the scheme associated to the convex and concave envelopes has quadratic pointwise
convergence. O

Consequently, envelopes of smooth functions have at least quadratic convergence order
in the Hausdorff metric. This implies that for factorable functions involving only smooth
factors, one can ensure that the McCormick relaxations have quadratic convergence by uti-
lizing the convex/concave envelopes of each factor. Note that this is the original proposal by
McCormick [24]. As shown in Example 5 nonsmooth functions such as the absolute func-
tion can lead to linear pointwise convergence. Recall also, that by Theorem 2 the pointwise
convergence order of a smooth nonlinear function cannot be higher than quadratic.
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Fig. 1 Convergence in the Hausdorff metric of estimators for Example 7 in regular and double logarithmic
scale

7 Numerical examples

In this section the convergence of the McCormick and BB relaxations is studied numeri-
cally for a few small-scale problems. The McCormick relaxations are calculated by 1ibMC
[13,26], now superseded by MC++ [14]. The required constant « in the «BB relaxations
is calculated via interval extensions of the Hessian using Gerschgorin’s theorem, also via
libMC. The entries of the Hessian are calculated analytically in Maple. Two subcases for
the BB relaxations are considered, namely for a uniform «, calculated for the entire host
set Z, and for « calculated as a function of Y C Z. The alternative definition of convergence
order, Definition 9 is used, i.e., using w(H (Y)) — w( f (Y)) as a metric. The numerical exam-
ples illustrate the results developed and provide insight into the properties of the relaxation
methods, but are not meant as a definitive comparison between these.

Example 7 Let Z =1[0.3,0.7]and Y C Z,s.t. Y =[0.5—¢,0.54+¢] and consider [ : Z —
R, f(z) = (z — %) (log(z) + exp(—z)). Recall the discussion in the preceding examples
and in [8] on the convergence order for the term z — z2. Figure 1 shows the convergence in
the Hausdorff metric of the estimators to the true function as ¢ — 0. The «BB relaxation is
tighter than the McCormick relaxations, which is not the case for larger Z. This suggests that
the «BB relaxations converge faster. The double logarithmic plot suggests a linear conver-
gence for the interval extension, quadratic for the McCormick relaxations and higher than
quadratic for « BB.

Example 8 LetZ =[—1,1]and Y C Z,s.t. Y = [—¢,e]and consider f : Z — R, f(z) =
exp(1 — z?). To mimic the weak propagation of relaxations through complicated expressions
the function is coded as f(z) = exp((1 — x)(1 — x)). See also the discussion on relaxations
of products of univariate functions in Maranas and Floudas [23]. As shown in Fig. 2, the
BB relaxations with a fixed o are weaker than the McCormick relaxations. The « BB relax-
ations with a variable o become exact for ¢ < 0.35 since concavity is recognized. This
is a well-known advantage of «BB relaxations, e.g., [16]. Moreover, for 0.35 < ¢ < 0.5

~

the o BB relaxations are not exact, but tighter than the McCormick estimators, suggesting a
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Fig. 2 Convergence in the Hausdorff metric of estimators for Example 8 in regular and double logarithmic
scale

higher convergence order. The double logarithmic plot suggests a linear convergence in the
Hausdorff metric for the interval extension, quadratic for the McCormick relaxations and the
aBB with fixed «, but higher than quadratic for « BB with variable «.

Example 9 This example is problem 4 in Gatzke et al. [16], originally from Goldstein and
Price [17]. Let Z = [—1,1]%and Y C Z, s.t., Y = [—e&, £]* and consider f:Z—R,st,

f@ = (141 +22)% (19— 1421 +3z] — 14(zo — D) + 621 (z2 — 1) +3(z2 — 1?))
x (30 4+ (2z1 — 3(z2 — 1))? (18 — 3221 + 1222 +48(z2 — 1)
—3621(z2 — 1) +27(z2 — D?)) .

Note that x is replaced by z; and y by zo — 1, i.e., the second variable is shifted to be sym-
metric around 0. Recall that the simpler variant of « BB is assumed using the same « for all
components of z.

The behavior is very similar to Example 8. As shown in Fig. 3 for large host sets, the BB
relaxations are much weaker than McCormick, but they converge faster. If « is calculated
for ¢ < 0.0375 then the «BB relaxations are tighter than the McCormick relaxations. Note
that the values for « are positive, suggesting that the tightness is due to a higher convergence
order in the Hausdorff metric as opposed to recognizing convexity/concavity. The double log-
arithmic plot suggests a linear convergence for the interval extension and quadratic for the
McCormick relaxations and the « BB with fixed «. For « BB with variable « the convergence
is higher than quadratic for ¢ € [0.001, 1].

8 Conclusions and future work
Theory for the convergence order is developed for the well-known convex relaxations by

McCormick [24], based on the corresponding theory of interval inclusion functions. Point-
wise convergence and convergence in the Hausdorff metric are considered. The framework is
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Fig. 3 Convergence in the Hausdorff metric of estimators for Example 9 in double logarithmic scale

also used to formalize the quadratic order of convergence for the « BB relaxations. Moreover,
it is shown that the convergence order of the envelopes is at least quadratic pointwise. How-
ever, it is also demonstrated that any convex relaxations of nonsmooth nonlinear functions
cannot have higher than quadratic pointwise convergence.

The convergence order of the McCormick relaxations depends on the convergence order
of the relaxations of the factors, as well as the convergence order of the inclusion functions
used to propagate the range of the functions. Table 1 summarizes the rules for the conver-
gence order of the McCormick schemes. To achieve a high order of convergence for the
estimators of a function it is necessary to have either interval inclusions of high convergence
order, or relaxations to the factors with pointwise convergence of high order, e.g., use the
envelopes. In contrast, it is not sufficient to have relaxations of the factors with high order
of convergence in the Hausdorff metric. In a sense the order of relaxations is as weak as the
underlying interval inclusions. This is proved theoretically and demonstrated in examples.

Schemes combining the «BB and the McCormick relaxations can achieve quadratic con-
vergence. In particular, in the work by Gatzke et al. [16] the “simple hybrid reformulation”
achieves quadratic convergence, because it considers the two relaxations simultaneously,
thus selecting the tighter of the two. In other words, this hybrid method converges as fast
as the fastest of BB and McCormick (lowest curve in Figs. 1-3). Moreover, the “advanced
hybrid reformulation” of Gatzke et al., in which « BB relaxations are used in the factors of
the McCormick relaxations, also achieves quadratic convergence, since « BB has quadratic
pointwise convergence.

It would be interesting to formally consider the convergence order of the relaxations
involving auxiliary variables, [36] as well as for the y BB relaxations [5,6]. Furthermore, the
implications of the convergence order to the global optimization of standard test problems
should be studied.

The theory developed herein considers convergence in the limit. In the practice of global
optimization it is also important to have tight estimators of nonconvex functions over big host
sets, thus limiting branching early on. It is therefore of interest to “reverse” the convergence
in the limit and consider how the estimation error grows with increasing diameter of the
variable host set.
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Table 1 Convergence order of McCormick schemes assuming Lipschitz continuity of the factors

Convergence order of factors Resulting convergence order

Addition g(z) = f1(z) + f2(2)

Scheme for f; has ; No order propagation, g = 1 possible for g; — oo
Scheme for f; has y; > 0 y = min{yy, >}

Multiplication g(z) = f1(z) X f>(z)
Scheme for f; has ; No order propagation, 8 = 1 possible for 8; — oo
Scheme for f; has y; > 1 y = min{yy, y2, 2}

Inclusions for f; have g; 7 > 1
Composition g(z) = F(f(z))

Inclusion of f has 7 > 1 B =min{B 1, Br}
Scheme for F has Br
Scheme for f has y¢ y =min{yys, yr}

Inclusion for f has 877 > 1
Scheme for F has yr

The factors are characterized by the convergence order in the Hausdorff metric 8; and/or the pointwise con-
vergence order y; of the corresponding schemes for i = 1,2, f, F. The additional subscript 7' denotes the
inclusion function used to overestimate the range. The convergence order of the resulting scheme is charac-
terized by the convergence order in the Hausdorff metric 8 and/or the pointwise convergence order y. The
expressions for B, y are the smallest that are guaranteed; these bounds are sharp. Pointwise convergence is
stronger than convergence in the Hausdorff metric
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