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Abstract In this paper, we show that a minimum non-submodular cover problem can be
reduced into a problem of minimum submodular cover with submodular cost. In addition,
we present an application in wireless sensor networks.
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1 Introduction

Consider the following hitting set problem:

Hitting Set: Given a collection C of subsets of a finite set E , find a minimum subset
A of E such that for every S ∈ C, S ∩ A �= ∅.
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For every A ⊆ E , define

f (A) = |{S ∈ C | S ∩ A �= ∅}|.
Then f has the following properties:

1. f (∅) = 0.
2. f is monotone increasing, i.e., A ⊂ B ⇒ f (A) ≤ f (B).
3. f is submodular, i.e., for any two subsets A and B of E ,

f (A)+ f (B) ≥ f (A ∪ B)+ f (A ∩ B).

A function satisfying above three conditions is also called a polymatroid function on 2E .
Therefore, f is a polymatroid function on 2E . With the function f , Hitting Set can be
represented as a Minimum Modular Cover problem as follows:

min{|A| | f (A) = f (E), A ⊆ E}.
Wolsey [1] showed that if f is an integer, then the Minimum Modular Cover problem
has a greedy approximation with the performance ratio H(γ ) where H(γ ) = ∑γ

i=1
1
i is

called the harmonic function, and γ = max{ f ({x}) | x ∈ E}.
Next, we consider a generalization of the Hitting Set:

Generalized Hitting Set: Given m nonempty collections C1, C2, . . . , Cm of subsets
of a finite set E , find the minimum subset A of E such that every Ci has a member
S ⊆ A.

Let us define the function f on 2E in a similar way:

f (A) = |{Ci | Ci has a member S ⊆ A}|.
Clearly, f (∅) = 0 and f is monotone increasing. Therefore, we can also formulate the
problem as follows:

min{|A| | f (A) = f (E), A ⊆ E}.
However, in general, f is not submodular. To see this, let us show a counter example:

Let E = {a, b, c}, C1 = {{a}}, C2 = {{b, c}}, A = {a, b} and B = {a, c}. Then

f (A)+ f (B) = 2 < f (A ∪ B)+ f (A ∩ B) = 3.

Since f is not submodular, we can not apply the theorem of Wolsey [1] to obtain a greedy
approximation for the Generalized Hitting Set. What should we do? A possibility is to
employ the methods in [2].

In this paper, we propose a new method by reducing it into a minimum submodular cover
with submodular cost [3] in Sect. 2. We also present an application in Sect. 3. Finally, we
conclude the paper in Sect. 4.

2 Minimum submodular cover with submodular cost

Let C = ∪m
i=1Cm . For every subcollection A ⊆ C, define

f (A) = |{Ci | A ∩ Ci �= ∅}|
and

c(A) = | ∪A∈A A|.
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Lemma 1 f and c are polymatroid functions on 2C .

Proof Clearly, f (∅) = c(∅) = 0, and both f and c are monotone increasing. Next, we show
that they are submodular. For any two subcollections A and B of C,

f (A)+ f (B) = f (A ∪ B)+ |{Ci | Ci ∩A �= ∅ and Ci ∩ B �= ∅}|
≥ f (A ∪ B)+ |{Ci | Ci ∩ (A ∩ B) �= ∅}|
= f (A ∪ B)+ f (A ∩ B).

c(A)+ c(B) = c(A ∪ B)+ |(∪A∈A A) ∩ (∪B∈B B)|
≥ c(A ∪ B)+ | ∪A∈A∩B A|
= c(A ∪ B)+ c(A ∩ B).

�
Lemma 2 The Generalized Hitting Set is equivalent to the following problem:

min{c(A) | f (A) = f (C), A ⊆ C}. (1)

Proof f (A) = f (C) is equivalent to the condition that for every i = 1, 2, . . . , m, Ci∩A �= ∅.
For the minimum solution A of the Generalized Hitting Set, suppose Ai is a subset

of A such that Ai ∈ Ci . Then we must have A = ∪m
i=1 Ai , i.e., |A| = c({A1, A2, . . . , Am}).

|A| ≥ min{c(A) | A ⊆ C}.
Conversely, suppose A is a minimum solution of the problem (1). Set A = ∪A∈A A. Then

|A| = c(A). Thus, for any minimum solution A of the Generalized Hitting Set,

|A| = min{c(A) | A ⊆ C}.
Moreover, from a minimum solution A of the Generalized Hitting Set, we can easily
compute a minimum solution {A1, A2, . . . , Am} of problem (1), vice versa. Therefore, these
two problems are equivalent. �

The problem (1) is a minimum submodular cover with submodular cost studied by Wan
et al. [3]. From their results and by Lemmas 1 and 2, we can obtain the following theorem:

Theorem 3 Let C = ∪m
i=1Ci . Suppose f and c are polymatroid functions and f is an integer.

Then Greedy Approximation GHS (Algorithm 1) for Generalized Hitting Set has the
performance ratio χ H(γ ), where

γ = max{ f ({S}) | S ∈ C}
and

χ = min

{∑
S∈A c({S})

c(A)

∣
∣
∣
∣ A is a minimum solution

}

.

3 Application

When all sensors are identical, the wireless sensor network can be formulated as a unit disk
graph G = (V, E), in which all nodes lie in the Euclidean plane and an edge (u, v) exists if
and only if the distance between u and v is at most one.
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1: A← ∅;
2: while ∃S ∈ C such that �S f (A) > 0 do

3: select S ∈ C to maximize �S f (A)
c({S}) ;

4: A← A ∪ {S};
5: Output A.

Algorithm 1: Greedy algorithm for Generalized Hitting Set

A subset D ⊆ V is called a dominating set if every node not in D is adjacent to a node
in D. If a connected subgraph is induced by D, then D is called a connected dominating
set. The connected dominating set plays an important role in wireless network where it has
another name virtual backbone [4–6].

To reduce routing cost [7] and to balance road load [8], Ding et al. [7] and Willson et al.
[8] studied the following problem:

MOC-CDS: Given a graph, find the minimum connected dominating set D such that
for any two nodes u and v, there exists a shortest path between them and with all
intermediate nodes in D.

Ding et al. [7] showed that MOC-CDS is NP-hard and has no polynomial-time approx-
imation algorithm with the performance ratio ρ ln δ for 0 < ρ < 1 unless N P ⊆
DT I M E(nlog log n) where δ is the maximum node degree of the input graph. They also
designed a polynomial-time distributed algorithm which produces approximation solution
within a factor of H(

δ(δ−1)
2 ) from optimal. Could MOC-CDS have a polynomial-time con-

stant-approximation? This is an open problem. In the following, we approach to the solution
of this open problem by showing a little weaker result. We will construct a connected domi-
nating set D of size within a constant factor from optM OC−C DS , the optimal of MOC-CDS,
and with a property that for any two nodes u and v, there is a path with all intermediate nodes
in D and the length within a factor of three from the shortest path.

Let d(u, v) denote the length of the shortest path between u and v and dD(u, v) the min-
imum length of path connecting u and v through D, i.e., with all intermediate nodes in D.
We show a property of dD(u, v).

Lemma 4 If for any two nodes u and v with a distance two, dD(u, v) ≤ 6, then for any two
nodes u and v, dD(u, v) ≤ 5 · d(u, v).

Proof Suppose (u, w1, w2, . . . , wk, v) is a shortest path between u and v where k =
d(u, v)−1. Since d(u, w2) = d(w2, w4) = · · · = 2, there exists paths (u, x11, . . . , x15, w2),

(w2, x31, . . . , x35, w4), . . . such that all intermediate nodes x11, . . . , x15, x31, . . . , x35, . . .

belong to D. Moreover, since d(x15, x31) = d(x35, x51) = · · · = 2, there exists
paths (x15, x21, . . . , x25, x31), (x35, x41, . . . , x45, x51), . . . such that all intermediate nodes
x21, . . . , x25, x41, . . . , x45, . . . belong to D. Therefore, we obtain a path between u and v

with 5k intermediate nodes xi j , 1 ≤ i ≤ k and 1 ≤ j ≤ 5, all in D. Therefore,

dD(u, v) ≤ 5k + 1 = 5(d(u, v)− 1)+ 1 < 5d(u, v).

�
Next, we construct a connected dominating set for the unit disk graph G = (V, E). At the

first stage, we construct a maximal independent set I . From a result of Li et al. [9], we have

|I | ≤ 11

3
optM OC−C DS + 4

3
. (2)
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At the second stage, we connect I into a connected dominating set D such that

(a) |D| ≤ α · optM OC−C DS for a constant α, and
(b) dD(u, v) ≤ 5d(u, v) for u, v ∈ V .

To do so, we reduce this duty to the Generalized Hitting Set problem as follows:
For any two nodes u and v in I with a distance at most four, denoted as Cuv , the collection

of all subsets consists that all intermediate nodes on a path connecting u and v with at most
three intermediate nodes.

Lemma 5 If A ⊆ V hits every Cuv for every two nodes u, v in I with a distance at most four,
then

dD(x, y) ≤ 5d(x, y)

for every two nodes x, y in V where D = I ∪ A.

Proof For any node x , let x ′ denote a node in I , which is either x or a node adjacent to
x . Consider any two nodes x, y ∈ V with a distance two. Then d(x ′, y′) ≤ 4. There-
fore, dA(x ′, y′) ≤ 4. Hence, dD(x, y) ≤ 6. By Lemma 4, for every two nodes x, y in
V, dD(x, y) ≤ 5d(x, y). �

Now, we employ the Greedy Algorithm GHS to find an approximation solution A. Its size
is estimated as follows:

Lemma 6 Let A be obtained by Greedy Algorithm GHS for hitting all Cuv over all pairs of
nodes u, v in I with a distance at most four. Then

|A| ≤ 545 · H(25) · optM OC−C DS .

Proof First, we note that Wan et al. [6] showed that each node is adjacent to at most five
nodes in I . Therefore, there are at most 25 paths sharing the same intermediate nodes and
with endpoints in I . This means γ = maxS∈C f ({S}) ≤ 25.

To estimate χ , we first estimate the number of nodes in I within a distance d from a node
u. For each of such nodes, we draw a disk with center at the node and radius 0.5. Then all
such disks are disjoint, contained in a disk with center at u and radius d + 0.5. Therefore,

the number of such nodes in I is at most π(d+0.5)2

π0.52 = (2d + 1)2.
Now, suppose u is in the intermediate of a path connecting x and y in I with at most three

intermediate nodes. Then there are two cases.

Case 1 Both x and y are within a distance at most two from u. The number of pairs {x, y}
in this case is at most 25(25− 1)/2 = 300.

Case 2 One of x and y has a distance three from u. Then the other must have at most a
distance one from u. Therefore, the number of pairs {x, y} in this case is at most 5 ·72 = 245.

Putting two cases together, we obtain χ ≤ 545. Moreover, any feasible solution of MOC-
CDS is a feasible solution of the Generalized Hitting Set with those collections Cuv .
Therefore, |A| ≤ 545 · H(25) · optM OC−C DS . �

Now, we have our final conclusion.

123



234 J Glob Optim (2011) 50:229–234

Theorem 7 Given any connected unit disk graph G = (V, E), a connected dominating set
D can be constructed in polynomial-time such that

|D| ≤
(

545H(25)+ 11

3

)

optM OC−C DS + 4

3

and

dD(u, v) ≤ 5d(u, v)

for any two nodes u, v ∈ V .

Proof If G is a complete graph, then any point forms a connected dominating set meeting
our requirements. Otherwise, any maximal independent set I contains at least two nodes.
Note that I has the property that for any partition (I1, I2) of I , there exist x ∈ I1 and y ∈ I2

such that d(x, y) ≤ 3. Therefore, we would construct a path connecting x and y at the second
stage. Let A be obtained at the second stage. Then D = I ∪ A meets our requirement. �

4 Conclusion

In this paper, we show that a minimum non-submodular cover problem can be reduced into
a problem of minimum submodular cover with submodular cost. We proposed a greedy
algorithm for Generalized Hitting Set with the performance ratio χ H(γ ), where γ =
max{ f ({S} | S ∈ C} and χ = min

{∑
S∈A c({S})

c(A)
| A is a minimum solution

}
. In addition, we

present an application in MOC-CDS problem in wireless sensor networks.
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